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Motivation: Statistical shape modelling
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Standard approach: Principal Component Analysis

Given a set of shapes, xi ∈ Rn and a mean shape µ, construct

X = [x1 − µ,x2 − µ, . . . ,xm − µ] (1)

and calculate maximum likelihood estimate of covariance matrix:

C =
1

m
XXT (2)

Calculate the eigenvalue decomposition C = V ΛV T with vi = V ∗i and λi = Λii being the i’th
eigenvector and -value, then the linear space of shape variation:

x(b) = µ+ V Λb (3)

Problem:

1. Undersampling, n > m

2. Linearity
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Basics: Maximum Likelihood to Estimate Variance

Consider one random variable: Y , E(Y ) = µ, X = Y − µ. Assume,

X ∼ 1√
2πσ2

exp

(
− x2

2σ2

)
= G(x|0, σ2) (4)

Estimate σ2 by maximizing G(x|0, σ2):
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x=1
x=3

0 =
∂ logG(x|0, v)

∂v
= − 1

2v
+

x2

2v2
⇒ ṽ = x2 ⇒

∫ ∞
−∞

x2G(x|0, σ2) dx = σ2 (5)

Many samples independently and identically distributed: yi, i = 1 . . .m, xi = yi − µ:
m∏
i=1

G(xi|0, σ2) =
1(√

2πσ2
)m exp

(
−
∑m

i=1 x
2
i

2σ2

)
⇒ σ2 =

1

m

m∑
i=1

x2
i (6)
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High Dimensional Correlated Gaussian ⇒ Hard Work

Many random and correlated variables: Xi, i = 1 . . . n, E(Xi) = µi, E((Xi − µi)(Xj − µj)) = C,
many samples xj, j = 1 . . .m

1((√
2π
)n√|C|)m exp

(
−1

2

m∑
i=1

(xi − µ)TC−1(xi − µ)

)
= G(x1, ...,xm|µ,C) (7)

Consider Taylor series of f : R→ R:

f(x+ ∆x) = f(x) + f ′(x)∆x+O(∆x2) (8a)

⇒ ∆f(x) = f(x+ ∆x)− f(x) = f ′(x)∆x+O(∆x2) (8b)

⇒ df = f ′(x) dx (8c)

f(x)

x �x+  x

f(x)

x

f(x+  x)�0

0

0 0

f(x)+f'(x)  x�0 0

y
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But What About Vector and Matrix Equations?

Taylor series of f : Rm → Rn:

fi(x+ ∆x) = fi(x) +Dfi(x)∆x+O(‖∆x‖2) ⇒ df = Df(x) dx (9)

where {Df(x)}ij = {∂fi(x)/∂xj}. Useful relations (const. A):

f(x) = Ax ⇒ df = A dx (10a)

g(x) = xTAx ⇒ dg = dxTAx+ xTA dx = dxT (A+AT )x = xT (AT +A) dx (10b)

Taylor series of F : Rm×n → Rp×q ⇔ Taylor series of vec(F ) = [F T
∗1| . . . |F T

∗q]
T ∈ Rpq in vec(X) ∈

Rmn,

f(vec(X)) = vec(F (X)) (11a)

DF (X) = Df(vec(X)) (11b)

Useful relations (X invertible):

dtr (X) = tr (dX) (12a)

d |X| = |X| tr
(
X−1 dX

)
(12b)

d ‖X‖2 = dtr
(
XTX

)
= tr

(
dXT X +XT dX

)
= 2tr

(
XT dX

)
(12c)

I = XX−1 ⇒ 0 = dXX−1 +X dX−1 ⇒ dX−1 = −X−1 dXX−1 (12d)
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Back to Multivariate Gaussian

Trick: X = [x1, . . . ,xm]− µ1Tm,
∑m

i=1(xi − µ)TC−1(xi − µ) = tr
(
XXTC−1

)
,

G(x1, ...,xm|µ,C) =
1((√

2π
)n√|C|)m exp

(
−1

2
tr
(
XXTC−1

))
(13a)

⇒ logG(x1, ...,xm|µ,C) = −m
2

(n log 2π + log |C|)− 1

2
tr
(
XXTC−1

)
= L (13b)

⇒ dL = −m
2
d log |C| − 1

2
dtr
(
XXTC−1

)
(13c)

d log |C| = 1

|C|
d |C| = 1

|C|
|C| tr

(
C−1 dC

)
= tr

(
C−1 dC

)
(14a)

dtr
(
XXTC−1

)
= tr

(
dXXTC−1 +X dXTC−1 +XXT dC−1

)
(14b)

= tr
(
XTC−1 dX + (C−1)T dXXT −XXTC−1 dCC−1

)
(14c)

= tr
(
XTC−1 dX +XT (C−1)T dX −C−1XXTC−1 dC

)
(14d)

= tr
(
2XTC−1 dX −C−1XXTC−1 dC

)
(14e)
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Differential may be Treated in Parts

Mean part:

dX = −dµ1Tm (15a)

⇒ 0 = dLµ = −tr
(
XTC−1 dX

)
= tr

(
XTC−1 dµ1Tm

)
= tr

(
1Tm([x1, . . . ,xm]T − 1mµ

T )C−1 dµ
)

(15b)

⇒ 0 = 1Tm([x1, . . . ,xm]T − 1mµ
T ) = 1Tm[x1, . . . ,xm]T −mµT (15c)

⇒ µ =
1

m

m∑
i=1

xi (15d)

Covariance part:

0 = dLC = −m
2

tr
(
C−1 dC

)
+

1

2
tr
(
C−1XXTC−1 dC

)
= tr

(
−mC−1 dC +C−1XXTC−1 dC

)
(16a)

⇒ 0 = C−1XXTC−1 −mC−1 (16b)

⇒ mC−1 = C−1XXTC−1 (16c)

⇒ C =
1

m
XXT (16d)

(16e)
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Log-Likelihood Mean Estimator does not Min. Quadratic Loss!

Assume X ∈ Rn, E(X) = µ, and µ̃ = 1
m

∑m
i=1 xi

Lq(µ, µ̃) = ‖µ− µ̃‖2 (17)
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Consider m = 1, x1 = µ+ ε, µ̃ = x1:

Lq =
m∑
i=1

(µi − x1)
2 =

m∑
i=1

ε2i ' m (18)

Hence, shrink for n > 2 (Stein 1956, James-Stein 1961):

µ̂(µ̃,w) = µ̃− n− 2

m(µ̃−w)TC−1(µ̃−w)
(µ̃−w) (19)
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Log-Likelihood Covariance Estimator does not Min. Loss!

Consider:

Lq(C, C̃) = tr

((
C̃C−1 − I

)2
)

(20)

The optimal estimator invariant to C →HCHT , C̃ −HC̃HT , where H lower triangular is,

Ĉ(mC̃) = TDT T (21)

where T lower triangular such that mC̃ = TT T , and D = diag
(
F−1f

)
, where

Fii = (n+m− 2i+ 1)(n+m− 2i+ 3) (22a)

Fij = (n+m− 2j + 1) (22b)

fi = n+m+ 2i+ 1 (22c)
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Undersampling ⇒ Maximum A Posteriori

Small set of samples requires added knowledge, i.e. Bayes theorem

P (µ,C|x1, ...,xm) =
P (x1, ...,xm|µ,C)P (µ,C)

P (x1, ...,xm)
, (23)

The point of maximum a posteriori density is practical and found by

0 = d logP (µ,C|x1, ...,xm) = d logP (x1, ...,xm|µ,C) + d logP (µ,C)− d logP (x1, ...,xm), (24)

d logP (x1, ...,xm|µ,C) =
1

2
tr
((
C−1XXTC−1 −mC−1

)
dC
)

(25)

11



Inverted Wishart prior gives Simple Structure

Assuming independent P (µ,C) = P (µ)P (C) and consider prior P (C). E.g. Inverted Wishart
distribution

W−1(C|Ψ, η) =
|Ψ|η/2 exp−1

2
tr
(
ΨC−1

)
2ηn/2 |C|(η+n+1)/2 Γn

(
η
2

) (26a)

⇒ d logW−1(C|Ψ, η) = −(η + n+ 1)

2
d log |C| − 1

2
tr
(
ΨdC−1

)
(26b)

= −(η + n+ 1)

2
tr
(
C−1dC

)
+

1

2
tr
(
ΨC−1 dCC−1

)
(26c)

= tr

((
1

2
C−1ΨC−1 − (η + n+ 1)

2
C−1

)
dC

)
(26d)

d logP (x1, ...,xm|µ,C) + d logW−1(C|Ψ, η) (27a)

=
1

2
tr
((
C−1XXTC−1 −mC−1

)
dC
)

+ tr

((
1

2
C−1ΨC−1 − (η + n+ 1)

2
C−1

)
dC

)
(27b)

⇒ 0 = C−1XXTC−1 −mC−1 +C−1ΨC−1 − (η + n+ 1)C−1 (27c)

⇒ 0 = XXT −mC + Ψ− (η + n+ 1)C (27d)

⇒ C =
1

η +m+ n+ 1

(
XXT + Ψ

)
(27e)
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What are good values for Ψ?
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What do you believe in?

PGauss(x) =
1√

2πσ2
exp

(
−x2

2σ2

)
(28a)

PExp(x) =
1

µ
exp

(
−x
µ2

)
, x ≥ 0 (28b)

Gives polynomial systems of equations:

mC = XXT+

PGauss PExp

tr (C)
tr (C)

σ2
C2 1

µ2
C2

|C| |C|2

σ2
C

1

µ2
|C|C

‖C‖ 1

σ2
CCTC

1

µ2 ‖C‖
CCTC

(29)
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