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Motivation: Statistical shape modelling




Standard approach: Principal Component Analysis

Given a set of shapes, x; € R” and a mean shape p, construct
X=[xi—p,x2—p,..., %, — (1)

and calculate maximum likelihood estimate of covariance matrix:

c-L1xxT (2)
m

Calculate the eigenvalue decomposition C = VAV with v; = V,; and \; = A;; being the i’th
eigenvector and -value, then the linear space of shape variation:
z(b) =p+ VADb (3)
Problem:
1. Undersampling, n > m

2. Linearity



Basics: Maximum Likelihood to Estimate Variance

Consider one random variable: Y, E(Y) = u, X =Y — p. Assume,
1 7 9
X ~ —=exp (_ﬁ) = G(z]0,07) (4)
Estimate o2 by maximizing G(z|0, o?):

A Family of Gaussian Distributions A Family of Gaussian Distributions

&)))) —

o
=]
v
-
ok
w
IS
(&)
o

~ OlogG(x|0,v) 1 x? 9 <, 2 2
= . _—2U+2U2 = =z = /_Ooa: G(z|0,0%)dx =0 (5)

Many samples independently and identically distributed: y;,i =1...m, z; = y; —

ﬁG(mi|O,02) ! (—Ll;ﬂ 5 = Zm:a;f (6)
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High Dimensional Correlated Gaussian =~ Hard Work

Many random and correlated variables: X;,i = 1...n, E(X;) = p, E(X; — ) (X; — pj)) = C,
many samples x;,j =1...m

m

: 3 (@i - ) O @i - m) — Gl wanC) (7)

((vary vien" ( 25

Consider Taylor series of f: R — R:

flz + Az) = f(z) + f'(2)Az + O(Az?) (8a)
=  Af(z) = f(z+ Az) — f(z) = f'(z)Az + O(Az?) (8b)
= df = f'(x)dx (8¢)
Ay
f(XC)-If:(f)I(E-)lfO)AAX)§ f(x)
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But What About Vector and Matrix Equations?
Taylor series of f : R™ — R":

file + Az) = fi(z) + Dfi(x)Az + O(|Az|") = df = Df(z)d= (9)
where {Df(z)}:; = {0fi(x)/0z;}. Useful relations (const. A):

flx)=Ax = df=Adx (10a)
gx)=2"Ax = dg=de"Ax+x"Adxr=de"(A+ ATz =2" (AT + A)dx (10b)

Taylor series of F' : R™*" — RPX? < Taylor series of vec(F) = [FZ]... |F:‘fq]T € R in vec(X) €
Rmn,

f(vec(X)) = vec(F (X)) (11a)
DF(X) = Df(vec(X)) (11b)
Useful relations (X invertible):
dtr (X) = tr (dX) (12a)
d|X|=|X]tr (X 'dX) (12b)
d|X|? =dtr (XTX) =tr (dXT X + X" dX) = 2tr (X7 dX) (12c)
I=XX"' = 0=dXX'+XdX' = dX'=-Xldxx! (12d)



Back to Multivariate Gaussian

Trick: X = [@1,..., @) — pll, 30 (2, — p)'C N, — p) = tr (XX'C™),

G(x1, ..., Tm|p,C) =

! L (XXTC—l))

n m CXP (_2
((vam)" vicl)
= log G(x1, ..., Tp|p, C) = —% (nlog 2w + log |C|) — %tr (XXTCfl) =L

1
= dL = —%dlog O] - Sdu (XXTC™)

1 1
o] o]
dir ( XX"C™") =tr (dXX"C'+ XdX"C'+ XX"dC™)
=tr (X'CdX +(CHdX X" -XX"C'dCC™)
=tr (X'CldX+X"(CHYdX -C'XX"CdC)
=tr2X'C'dX - C'XX"C'd0O)

dlog|C| = —-d|C| = IC|tr (C~1dC) = tr (C'dC)



Differential may be Treated in Parts
Mean part:

dX = —dp 1l

=0=dL,=—tr (X"C"dX) =tr (X"C 'dpl]) =tr (1} ([@1,...

=0=1"([z1,...,zn)" — Lap") =10 [21,. .., 2] — mp”
1 m
kT

Covariance part:

(15a)

) mm]T - 1mIJ'T)Cil dl-l')
(15b)

(15¢)

(15d)

0=dLc = —%tr (Cc1dC) + %tr (C'XX"C'dC) =tr (—mC~'dC + C'XX"C™'dC)

=0=C'XXTC!'-—mC
=mC'=C'XxX"C!

1
=C=—XXx"
m

(16a)
(16b)
(16¢)
(16d)
(16e)



Log-Likelihood Mean Estimator does not Min. Quadratic Loss!
Assume X € R", E(X) =p, and p = L 57" @,

Lo(p, o) = || — l” (17)

James-Stein Mean Estimator (m=1)

James-Stein Mean Estimator (m=100)
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Consider m =1, x1 = p+€, ot = x1:

L,= Z(,ul —x)? = Z € ~m (18)
i=1 i=1

Hence, shrink for n > 2 (Stein 1956, James-Stein 1961):
n—2
m(p —w)TC-H(p —

p(p, w) = fr — o) (i — w) (19)



Log-Likelihood Covariance Estimator does not Min. Loss!

Consider:

- - 2
L,(C,C) =tr (((101 - I> ) (20)
The optimal estimator invariant to C — HCH", C — HCH", where H lower triangular is,
C(mC)=TDT" (21)

where T lower triangular such that mC = TTT, and D = diag(Fflf), where

Fi=n+m-—2i+1)(n+m—2i+3) (22a)
Fij=Mn+m-—2j+1) (22b)
fi=n+m+2i+1 (22¢)
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Undersampling = Maximum A Posteriori

Small set of samples requires added knowledge, i.e. Bayes theorem

P(xy,...,xn|p,C)P(u,C)
P(xzq,...,xy) ’

P(I’I‘7C|wla"'7wm> = (23)

The point of maximum a posteriori density is practical and found by

0=dlog P(u,C|xy, ..., ) = dlog P(x1, ..., Tp |, C) + dlog P(u, C) — dlog P(x1, ..., &), (24)

dlog P(x1, ...,y |p, C) = %tr (c'XX"C™' —mC™)d0O) (25)
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Inverted Wishart prior gives Simple Structure

Assuming independent P(u,C) = P(u)P(C) and consider prior P(C). E.g. Inverted Wishart
distribution

B 1w |7 exp —itr (wC)

WHC|®, ) = o2 |G, () (26a)

= dlogW 1(C|¥,n) = —Wcﬂog c| - %tr (wdC) (26D)

— —Wtr (c'dC) + %tr (wCctdcc) (26¢)

= tr <(%C‘1\IIC‘1 - WC*) dc> (26d)

dlog P(zxy, ..., xm|p, C) + dlogW(C|¥,n) (27a)
= %tr ((C'XXTC™' —mC™)dC) + tr ((%0—1\1}0—1 = Wcﬂ) dC) (27h)
=0=C'XX"C'-mC'+Cc'¥C' - (n+n+1)C* (27c)
=0=XX"-mC+¥ - (n+n+1)C (27d)
;xC:n+m1+n+1(XXT+\II) (27e)
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What are good values for ¥?
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What do you believe in?

P (:r) 1 —x?
auss = exX = 5
¢ V2mo? P 202
1 _
Prp(7) = — exp <“—§> , 20

Gives polynomial systems of equations:

mC = X X7+
PGauss PExp
I

we) "9 | L

cr, |1
|C| - C —|CIC

e |
C —cc’c cc’c
ICll| 52 pENTe]

14

(28a)
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