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Lecture 10: Pontryagins principle
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Pontryagins Maximum Principle

Qutline of lecture

@ Recap F9 (End Point Constraints)

@ Free Dynamic Optimization (D+C)
@ End Point Constraints

Constrained Control - Decisions
Pontryagins Principle (D)
Investment planning

Pontryagins Principle (C)

Orbit injection (1)

Reading guidance (DO: chapter 4)
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Dynamic Optimization (D, free)

Find a sequence u;, i =0, ..., N — 1 which
takes the system
xip1 = fi(@s, ug) To = Zg

from its initial state x along a trajectory
such that the performance index

N-1

J = én[zN] + Z Li(x;,us)

=0

is optimized. Define the Hamiltonian
function as:

H; = Li(@i,ui) + Al 1 fi(@, us)

The Euler-Lagrange equations:

zip1 = fi(zi, ) A= —

Dynamic Optimization (C, free)

Find a function u; ¢ € [0; T which takes
the system system
& = fe(ze,ut) o=z,

from its initial state z, along a trajectory
such that the performance index

T
J = ¢T[:DT} +/O Lt(xt,ut) dt

is optimized. Define the Hamilton function
as:

H(I,u, Av t) = Lt(l‘t,Ut) + )‘z—'ft(xhut)

The Euler-Lagrange equations:

z = fe(ze,ut)

o= 2,
out
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Free DDO Free CDO

with boundary conditions:

16)
o = Iy )\%=%¢N($N)

with boundary conditions:

16)
To = XL A% = %(bT(xT)

DDO, End points constraints (EPC)

with boundary conditions:

zo=xy Yn(@n)=0
16) 0
AL =vT Yn(EN) + —on(zN)
oxr N oxr N

CDO, End point constraints (EPC)

with boundary conditions:
xo=zy5 Yr(rr)=0

0 0
N = VT%#’TC”T) -+ E(ﬁT(l’T)
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End point constraints (EPC)

o 0
zo=1zy Yr(r)=0 X =v'—vr(zr)+—dr(z7)

oxr oxp
Simple EPC

o
zr =z A :VT+%¢T(-'L'T)

Linear EPC
Partial simple EPC Cxr=r C: pxn matrix

T = T The boundary conditions are:
T

_ ~ . Cxr =r

T =2Zp T is free T=1I

0
Ar =vTC+—¢r(zr)
de‘T

The boundary conditions becomes:

A

- - < 0
xT :QT )\% :VTJFEQST('IT)
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T is free A = i¢T($T)
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Pontryagins Maximum principle

Constrained decisions:

u; € U;
Example:
|ul| <u
Example:
u<u; <U
Example:
u; <up < Uy
Example:

u; € {—1, 0, 1}
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Lev Semenovich Pontryagin (3 September
1908 - 3 May 1988) was a Soviet Russian
mathematician. He was born in Moscow
and lost his eyesight in a primus stove
explosion when he was 14.

He made major discoveries in a number of
fields of mathematics, including the
geometric parts of topology. Later in his
career he worked in optimal control theory.
His maximum principle is fundamental to
the modern theory of optimization.

Pontryagin was quite a controversial
personality.

Source: Wikipedia
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Pontryagin (D)

Find a sequence u;, it =0, ..., N — 1 where
u; € U;

which takes the system
zip1 = fi(@i, us) To = Z

from its initial state x, along a trajectory such that the performance index

J = ¢[IN + Z xuuz

is optimized (minimized or maximized). Defining the Hamiltonian function
Hi = Li(zi,us) + A5y fi(wi, us)

The necessary equations:

0
Tip1 = fi(zi,w) AL = %Hi u; = arg unlEllI}l [H;]
with boundary conditions:
1o}
To = Zg )\%:$¢N($N) w
N
=

If EPC present the last is as given in Chapter 3.

)
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Example: Investment planning

Plan: During a period of time () to invest a amount of money u; (limitted to max 600 Dkr)
each interval to obtain a specified sum (z ).

Dynamics:
ziv1 =14+ a)z;+u; z0=0 zy = 10.000 Dkr
Objective:
N-1,
=0
subject to:

0 < u; < 600DEr
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800

12000

10000

8000

6000

4000

2000

Input sequence




The Hamiltonian function

1
Hi:§u?+)\i+1[axi+ui] a=1+a«

EL (or KKT) conditions:

Tir1 = ar;+u; zog =0 xn = 10000
A = a>\¢+1 )\N =V
;i = arg min (H;
Uj QUieui( l)
Ai = valV—t
u; = —Ajy1 for  uw<wu; <u

(mu>Xip1 > —1)

or

u; = maz(u, min(a, —va®™ 1))

For a given v solve the state equation with the control inserted.

Ajusting v such that EPC is met

TN =z = 10000 Dkr

=
=

i



Investment planning with economical (linear) cost

What happens (?) if the objective is changed into:

N—-1
Min J J=>u
i=0
In that case:
H = u; + Nip1(az; + uy) = (14 XNig1)us + Aipraw;
and Pontryagins principle yields:
Tiy1 = ax;+u;
Ai = aliq1
A 3 H.:
u; arg uI;ngllI}l (H;)

As previuos we have the costate evolution (v is a constant or a Lagrange multiplier)

\i = val¥?
The optimization gives:
w=d 4 (I+Aip1) >0 Aip1 > —1 DTU
‘ U (]+)\i+l)<0 Aig1 < —1 ==
>
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Pontryagin (C)

Find a function u; t € [0; T where
ut € Uy

which takes the system system
T = fe(xs, ut)

from its initial state x, along trajectories such that the performance index

T
J = (f)T[CET] +/ Lt(xt,ut) dt
0

is optimized. Define the Hamilton function as:
Hy(z,u, A) = Li(ze, ur) + AL fi(@e, ut)

Then the necessary conditions for this problem can be written as:

. 0
T = fe(xe,ut) — AT = TmHt us = arg qu,neiﬁt [H¢]
with boundary conditions:

1o} 0

To =T Ap = —— T -
0= %0 T = g 07(T) 927 DTU
>
or as in Chapter 3 for EPC. =
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Orbit injection problem I

‘.‘/

z

The problem is to find the specific thrust force with components, a7 and a?, satisfying
(@)? + (a})? = a?

such that the terminal horizontal velocity, ur, is maximized subject to the dynamics

ut ai uQ 0
d | v | _ | af vw | _ |0
dt z T owe 20 10
Y vt Yo 0

and the terminal constraints
vp =0 yr=H

[==1
=5
=

i

J=ur (¢pr=ur Lt=0)
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The Hamilton functions (and others) are

He = AYaf + Aal + Aue + Aoy

The costate equation:

d

SRR
has the boundary conditions
T=ve  Ap=uy

AL =1 A5 =0

resulting in

MW I=[a A 0 0]

(fixed state, free costate)

(free state, fixed costate)

N=0 A=y

=1

A =vy +ry(T —1t)
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The maximization of

subject to

has the solution:

} = argmax (Af'af + AYal + Afut + AYvr)
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The MP problem

has the solution:

Geometric approach
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Analytic approach

Jp = bTu+ A(uTu —a?)

KKT:
uTu < a?
bT + 2)\uT =0
b 9 bTb @
U=—— _ w— —b
2A 4a? N
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Orbit injection problem (TDP)
T T

-1 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time (YT)
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Orbit injection problem (TDP)
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%

function main2

%

T=1; % parameters

a=1;

H=0.2;

parm=[-2.4 4.7]’; % Initial guess on parm
x0=zeros(4,1); % Initial state variable
opt=optimset; % Options for fsolve

opt=optimset (opt,’Display’,’iter’);
parm=fsolve(Qerf,parm,opt,T,a,x0,H); % Call fsolve for finding parameters

[err,time,xt]=erf (parm,T,a,x0,H); % Call erf ones more for getting the
avt=[1; % state trajectories.

for i=1:length(time),

t=time(i);

la=[1; parm(1)+parm(2)*(T-t)];

av=la/sqrt(la’*la)*a; % Thrust force as vector

avt=[avt; av’]; % and stored in a matrix

end

% Here goes the plotting commands. (file: “nkpo/02711/dist3/main2.m)
plot(time, [xt(:,1:2) avt]); grid minor; % Plot

21
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yA
function [err,time,xt]=erf (parm,T,a,x0,H)
yA
% Determine the end point error (err) given the EPC Lagrange multipliers
% in parm (and the constants that specifies the problem).

Tspan=0:T;

[time,xt]=0de45 (@tdpc,Tspan,x0, []1,parm,T,a);

xT=xt(end,:)’;

err=[xT(2)-0;

xT(3)-H];
%
function dx=tdpc(t,x,parm,T,a)
%

% System model. Determine the (time) derivative of the state vector
% given the time, state (x) and the EPC Lagrange multipliers.
u=x(1); v=x(2); z=x(3); y=x(4);

pl=parm(1); p2=parm(2);

la=[1; pl+p2*(T-t)];

av=la/sqrt(la’*la)*a; % Specific thrust force as a vector
dx=[av; % remember - a vector

u;

vl;
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Resource Allocation

Free production

Consider a production
Tt = Tt

where a > 0.

Resource Allocation

Let 0 < ut < 1 be the fraction kept for
production (reinvestment).

Then 1 — u+ will be the fraction to be
harvested.

The DO problem is:

:i?t = QUtTt Z

xTo =
and
T
J = / (1 — ut)xtdt
0

Maximize J subject to 0 < u < 1.

H =

= (1 — ut)a:t + Ataur

=x¢ + (Ot)\t — 1)xtut

Ty = QutTt o =5 >0

—}\t =1+ (Ot)\t — 1)ut

1
Ut =

since x+ > 0:

Ar =0
(Xt — 1)zt >0

0 (aXi—1)zt <0

1
1 Xt > — (Production)
Ut = @

1
0 Xt < — (Harvest)
a




Resource Allocation

Since -
there exist an interval [Th;T] (11 < T) For0<t<Ti
where
1 wr =1
At < —
o .
5 8 a T = aTt o = Xy
Here (in this interval): L
At = —aX Ar, = —
w =0 t QA ™=
z: =0 T =TT . ”
. = @ — aly
M=—1 A=(T—1 T =o€ xr, = xo€
From this we have (A7, = é =T -T) A\t = B e(T1—1))
a
1 v
T =T-—
o
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Resource allocation

Solution summary | /

1
TN =T-=
(0%

. 1 for 0<t<Ty
=10 for T <t<T

[ zoe*® for 0<t<Th
TE= o et for Ty <t<T

At =

é eT1=1)  for 0< ¢t < Ty | .
T—t for W <t<T |

I X—




Resource allocation
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Resource allocation
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Road construction
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Road construction

The Terraine and its slope
25 T T T T T T T

altitue and slope
o

o 3

T T

5
o
T

-15
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Road construction

Objective: Find road level, z+, such that
T
J = —(:l?t — Zt)th
t=0 2

is minimized. Here z; is the level of terrain.

The dynamic is:
Tr=u T = Z
where
lut] < a
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Road construction

1
H; = E(xt - Zt)2 + Atug P(xr) =0
Ty =1u To = T
M=zt — 2t Ar =0

1
ut = arg min {E(wt — )%+ )\tut}

|ut|<a
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t
At = / (Zt — :Et)dt
0

Notice: A\t = 0 for x¢+ = 2¢.

a for A <0
up = ? forA=0
—a forA>0

Optimal trajectories are obtained by concatenation of three types of arcs

@ Regular arcs where A\¢ > 0 and uy = —a (maximum downhill slope ars).
@ Regular arcs where A\t < 0 and u¢ = a (maximum uphill slope ars).

@ Singular arcs where As = 0 and where |u¢| < a can take any value.

In that interval }\t =0 and then xt = 2z¢. Since £ = u we have u = 2.

=
—
=

i

32/36



Assume |2] < a

then

altitue and slope

25

15

0.5

The Terraine and its slope
T

T

Tt = 2t

=
—
=

i

33/36



c
.0
gt
8]
S
P -
s
(2]
c
o
O
©
@
o
o

Regular arcs

=il

34 /36



Road construction

U = —a

Tt = 2ty —a(t —tl)
1

At = / (2¢ — x¢)dt

t1
y

ut = —a

Tty = 2t — a(t2 — tl)

ta
Aty =/ (2¢ — x¢)dt

ty

A\

For determination of ¢1 and ta:

U

=

ta
/ (2t —x¢)dt =0 zty = 2t; — a(ta — t1)
t1

1=

w
o
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Reading guidance

DO: Chapter 4
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