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Lecture Schedule

Dynamical programming
@ The finite-horizon decision problem
7 February
@® Dynamical Programming
14 February
© DP reformulations and introduction to
Control
21 February
Control
@ Discretization and PID control
28 February
@ Direct methods and control by
optimization
7 March
@ Linear-quadratic problems in control
14 March

@ Linearization and iterative LQR
21 March
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Reinforcement learning

@ Exploration and Bandits
28 March

@ Bellmans equations and exact planning
4 April

@ Monte-carlo methods and TD learning
11 April

@® Model-Free Control with tabular and
linear methods
25 April

® Eligibility traces
2 May

@® Deep-Q learning

9 May

Syllabus: https://02465material . pages. compute.dtu.dk/02465public
Help improve lecture by giving feedback on DTU learn
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Reading material:

* [SB18, Chapter 10.2; 12-12.7]

Learning Objectives
® Using the TD-lambda return to interpolate between MC and TD(0)

® Eligibility traces as an efficient implementation of TD(lambda) and
Sarsa(lambda)

® Function approximators and Sarsa(lambda)

® The online lambda-return, with emphasis on linear function approximators
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DP backups
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Last week: MC backups

M

% (St) —V (St) + « (Gt -V (St))
\)

t
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Last week: TD backups

M

V(St) <V (St) + a(Rip1 + 9V (Sig1) — V (St))

\
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Last week: n-step backup

S
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General plan

® The A-return provides a method to interpolate between TD(0) and Monte-Carlo
® There are forward and backward variant of A-return methods

® Forward: Quite easy to understand; annoying to implement
® Backward: Harder to understand; it has the same updates of
value-function but applied immediately. Much easier to implement.

® Additionally, [SB18] distinguishes between (i) regular TD(A) and a more
advanced variant (ii) online TD(\)

® ...and the online-version also has a forward and backward view...
e ..and [SB18] presents the methods in context of function approximators...

We will focus on the tabular version.
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From last week: The n-step return =
® Recall return is Gy = Ryt1 4+ YRito + v Rigs + V2 Riya + -

n=1: (TD) GV =Ry + G

n=2: ng) =Riy1 +vRi42 + 72Gt+2

ni G{V'= Ris1 + YRes2 + 7 Regs + - + 7" Regn +7"Grin

n =00 (MC): G = Rty +Reyo + - +77 'Ry
® Using the rules of expectations:

Ur(8) =E[Rit1 +yRipo+ -+ 7" ' Ripn + 7" Grynls]
=E[Rij1+7Rii2+ - +7" " Rign +E"GrinlSeqn] |S: = 5]
=E[Rit1 +7Risa+ -+ 7" Rign +7"0x(Si4n)|St = ]

Therefore, the n-step return is an estimate of V(.S;)
Grtan = Riy1 +yRia+ - +79"  Ripn + 7"V (Stin)
® This gives n-step temporal difference update:
V(Sy) < V(St) + a(Griyn — V(St))
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Averaging n-step returns

Graan = Rip1 +YRipa + -+ 9" ' Risn + 7"V (Si4)

® \We can average n-step returns for different n. The estimator

~ 1 2
Gy = th:t+2 + th:t+4

is still an estimator of the return

® More generally assuming that Y .° w; = 1 then

o0
Gy = E Wi Gppi
i=1

is an estimator of the return
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The \-return

M

weight given to
-— - the 3-step return Gt:t+3
is (1 — )\

Weighting  1-2 weight given to (5 is AT~

Time —

e Combine returns Gy.;4,, using weights (1 —X)A"~! (note D07 | (1= A)A""! =1)

G ==X X" Grayn

n=1
® For t+n > T it is the case that Gi.¢yn = Gy

T—t—1
A-return: G} = (1 —)\) Z AN Ghgn + AT1G,

n=1
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® Forward-view TD()) update rule is
V() <V (S) +a (G =V (S))

® Forward-view TD()\) looks into the future to compute G}
® Like MC, it can only be computed from complete episodes

® Theoretically simple, but computationally impractical

12 DTU Compute Lecture 12 2 May, 2025


osvg-37

)
o |
=

Backwards TD()\)

M

weight given to .
the 3-step return (1/;[+;;
is (1—A)\?

Weighting  1-2 weight given to (5 is A7~

t
® We want to update V(s;) + VTT@) +a(Gr =V (S))
T—t-1
Gr=(1=X) Y X"'Grn+ATG
n=1

= (1 = NGrit1 + (1 = MAGrap2 + (1 = NN Grpsg + -+ AT771Gy
® The return G7 includes the term (1 — A)A2G.13
® This means V' (s;) is updated towards

G} =+ (1= M)A (Reg1 + YRig2 + 7 Reys + 7V (Spas)) + -+
® |dea: Wait until time ¢t + 3, compute above terms and update V (s;) in the past

® The further in the future a term Ry, is, the less it influences past term V (s;)
13 DTU Compute Lecture 12 2 May, 2025



Eligibility trace

® The eligibility trace F; is just af function of states: E;: S — R
® Measures both how frequent and how recent a state was visited
® |nitialized to Fi;—(s) =0

® Updated at each time step as

| YAEi_A(s) if s # s
Ei(s) = { YAE:_1(s)+1 ifs=s;

® States decay at a rate of YA
® Each time they are visited they get a bonus of +1,

14 DTU Compute Lecture 12
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Backward view TD())

M

® |nitialize value function for each state.
® At start of each episode, initialize eligibility trace for each state to E(s) =0

® For each transition S; = s — Syy1 = &, giving reward R;11 = r, compute
ordinary TD error
e =r+V(s) = V(s)

® Update eligibility trace
Et(S) = Et(S) + 1

® For every state s where F;(s) > 0 update

V(s) « V(s) + adE(s)
E(s) « yAE(s)

® See http://incompleteideas.net/book/ebook/node75.html
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A =0 is equivalent TD(0)

® When A = 0 only the current state is updated:

Ei(s) =1if and only if s = S;
V(s) « V(s) + adcE:(s)

® This means TD()) is equal to TD(0) when A =0
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Equivalence of forward/Backward TD()\)

M

Suppose a state S; = s is visited just once at time step ¢
Forward-view The change in value-function V'(s) in the forward-view update
is (G} — V(Sy))
Eligibility traces Implied update is:
® At ¢t we change E(S; =s) =1
® |n subsequent steps we iterate
V(s) < V(s) + adE(s)
E(s) < yAE(s)
® The last update means that at step t + n we have

E(s) = (yA)"
® Total change to value function V(s) is therefore

o (0 + YAGiq1 + (YA g2 +.-.)

Are these two updates the same (is the red stuff equal)?
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Proof: =
Recall Gypyn = Riv1 +YRiso + -+ 1 Rin + 9™V (Stan)
G —V(8) ==V(S) + (1 -)) i AL Glhin
n=1
=-V(S) + (i A”‘th;Hn) + (i —A"’Gtﬂ,b)
n=1 n=1
= -V(S) + (Gtm - i A“Gt:tﬂ) + (i A”Llam,”)
n=2 n=2

= Gt — V(St) + Z NN (G — Grapn1)

n=2

Recall that §; = Ryy1 + YV (Si+1) — V(S:) then

Getsn — Grign—1 = 7n_1Rt+n + "V (St4n) — “/nflV(Stﬂ,q)

1
= 'YTL 5t+n71
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Gi\ —V(S5t) = Grer1 — V(Sy) + Z P (Giten — Grain—1)

19 DTU Compute

n=2

= (Rp1 + 9V (Ser1) = V(S) + DA™ (“/’"715#714)

n=2

= (YA)°6: + Z(’Y/\)n_15t+n—1

n=2

= (7)\)051& + (’Y)\)létﬂ + (7)\)25t+2 + -
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Forward/Backward TD

M

Suppose a state S; = s is visited just once at time step ¢
Forward-view The change in value-function V'(s) in the forward-view update
is (G — V(S)))
Eligibility traces Implied update is:
® At ¢t we change E(S; =s) =1
® |n subsequent steps we iterate
V(s) < V(s) + adE(s)
E(s) < yAE(s)
® The last update means that at step ¢ + n we have

B(s) = (1"
® Total change to value function V(s) is therefore

a (0 + YAGiq1 + (YN g2 + .- .)

Same updates!
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Forward/Backward TD (Summary)

® Forward view is just using G} is an estimate of return
® Forward/Backwards TD are equivalent

® Both change the value function the same way
® Forward-view just changes value-function during an episode

® TD(A = 0) is equivalent to TD(0)
® TD(1) corresponds to MC

21 DTU Compute Lecture 12
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From last week: n-step Sarsa

M

Recall the decomposition:

Gt = Rep1 +YReso + -+ 7" Rin +7"Grpn

® As before:

4r(s,0) =E[Rit1 +YRiyz + -+ 7" ' Rign +7"Gpn| St = 5, Ay = d
=E[Rit1 +7YReq2 + - + ’Y"_lRtJrn + 7" qr (St4n, At4n)|St = 5, Ay = a

® Therefore, the following n-step action-value return is an unbiased estimate of ¢,
Qt(tn) = Rip1+yRipo+ -+ 7" R + 7" 4x (Stin, Avgn)
® Suggest the following bootstrap update of the action-value function

Q (S, 4) « Q (S, A) +a (4"~ Q(S1, A1)

(+ ) lecture_12_sarsa_nstep_open.py
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Forward-view Sarsa

weight given to
-— - the 3-step return Gt:t+3
\ is (1 - A)A?

M

Weighting  1-2 weight given to (5 is A7~

Time —
® Use weights to combine returns q¢.¢4r,
Qtn = Rig1 + YRz + ...+ 7" Regn + 7" Q (Stqn, Atn)

® Fort+mn > T itis the case qu.¢1n = Gy:

T—t—1

qi‘ = (1 — )\) Z A"_lqt;t_M + )\T_t_th
n=1

® We therefore obtain the following generalized update rule

Q (S, A) + Q (St Ap) + o (¢ — Q (S, Ay))

23  DTU Compute Lecture 12 2 May, 2025
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Backward view Sarsa()\)

M

® We once more introduce an eligibility trace E;, updated as before:

Ey(s,a) = { YAE:—1(s,a) +1 if s =s; and a = ay; for all 5.4

Tl YAEi—1(s,a) otherwise.
® Each each step, given (s,a,r,s’), update

6t = Riv1 +7Q (Se41, Air1) — Q (S, Av)
Q(s,a) + Q(s,a) + ad E(s, a)

24 DTU Compute Lecture 12 2 May, 2025



Sarsa(\) control algorithm (tabular version)
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See http://incompleteideas.net/book/first/ebook/node77.html

Initialize Q(s, a) arbitrarily, for all s € 8,a € A(s)
Repeat (for each episode):
E(s,a) =0, for all s € 8,a € A(s)
Initialize S, A
Repeat (for each step of episode):
Take action A, observe R, S’

0+ R+ 'YQ(SlvAI) - Q(Sv A)
E(S,A) «+ E(S,A) +1
For all s € 8,a € A(s):
Q(s,a) + Q(s,a) + ad E(s,a)
E(s,a) < YAE(s,a)
S« S8, A+ A
until S is terminal

Choose A’ from S’ using policy derived from Q (e.g., e-greedy)

25 DTU Compute
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- - - >
Implied updates in the Open gridworld example =
Recall only terminal state has a reward of +1
Action values increased Action values increased Action values increased
Path taken by one-step Sarsa by 10-step Sarsa by Sarsa()) with A=0.9
[ ] > > + RN
[ [ v i
o h nall ] b
++ gl [] G G| [y G
-] [) A o] A |

[+ ) lecture_12_sarsa_open.py , [+ ) lecture_12_mc_open.py ,
[+ ) lecture_12_sarsa_lambda_open.py
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From last time: Feature vectors and linear representations

® Represent value function by a linear combination of features
o(s,w) =x(s)'w, weR?

Where feature vector is defined as:

® The gradient is simply:
Vi(s,w) = x(s)

® For (-values we only need to change the feature vector:

i(s,a,w) = x(s,a) " w

27 DTU Compute
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From last time: implementation details

M

® TD learning

V(s) < V(s)+a(r +V(s') = V(s))
w+w  ta(r+0(s’,w) — 0(s,w)) Vo(s,w)

® Sarsa learning

q(s,a) < q(s,a)Fa (r+vq(s',d') — q(s,a))

® Using a general estimator:

Q(Sva') A Q(Saa)—i_a (G - q(s, a))
w—w  Fa(G—4(s,a,w)) Vi(s,a, w)

28 DTU Compute Lecture 12 2 May, 2025
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Forward and backward view

M

Assuming linear function approximators: V{(s,a,w) = x(s,a)

® Forward view Sarsa(\) is exactly as before
w — wtao (Gf‘ — cj(s,a,w)) Vi(s,a,w)

® Keep track of terms that include which gradient to get backward view of
Sarsa(\):

0t = R + Y4 (Seg1, Aegr, W) — G (St, Ar, Wy)
zt = YAz + VG(Se, A, wy)

Wiyl < Wy + @2y
® The gradient plays the role of state-action pairs visited. It is propagated into the
future but attenuated by yA

® A change in the past (gradient) which lead to a poor (or good) result &; will be
penalized (promoted)

® Forward/backward view equivalent in the linear case
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Cliffwalk example

Comparison of Sarsa(\) and Sarsa on the cliffwalk example

0
- —20
—_
@©
2
[}
o —40
°
]
=
©
>
g 60
=1
(9}
<
-80
— (2x)CliffWalking-vO_SarsalL
—— (2x)CliffWalking-v0_Sarsa
-100
0 100 200 300 400 500
Episode

(Note that results are somewhat sensitive to the to learning rate)
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Quiz: Exam problem spring 2023

M

Which one of the following questions are correct?

a. TD(\) cannot be used with function approximators

b. The role of the eligibility trace is to let reward obtained earlier in an
episode affect the change in the value function later in the episode

c. The eligibility trace cannot be negative

d. The eligibility trace is a measure of the amount of reward obtained in a
given state weighted by an exponential factor

e. Don't know.
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Using binary features

Sarsa(\) with binary features and linear function approximation
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for estimating w'x ~ ¢, or g,

Input: a policy 7 (if estimating ¢, )
Algorithm parameters: step size a > 0, trace decay rate \ € [0, 1]

Loop for each episode:
Initialize S
Choose A ~ 7(:|S) or e-greedy according to ¢(.S, -, w)
z+ 0
Loop for each step of episode:
Take action A, observe R, S’
=R 5+ R-—w'x
Loop for i in F(S, A):

If S’ is terminal then:

W W+ adz

Go to next episode
Choose A" ~ 7(-|S") or near greedily ~ ¢(S’,-, w)
Loopfori-im F (S AL 6= d4yw; § «— § + yw ' x’
W W+ adz
Z — Yz
S« S A A

Input: a function F(s, a) returning the set of (indices of) active features for s,a

Initialize: w = (w1,...,wq)’ € R? (e.g., w=0), 2= (21,...,24) €R?

06— w;
Ty 2 — 2+ T (accumulating traces)
orzi+1 (replacing traces)

32 DTU Compute
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Truncated, online and true online \-return algorithms
(advanced)

M

® Recall the A-return is defined as:
T—t—1
Gr=(1=X) > XN"'Grn+ NG
n=1
® Each Gy is an estimate of the return and the sum of the weights is 1

® More generally the truncated A-return estimator is

h—t—1
Gl = (1= Z N7 G + NGy, 0<t<h LT

n=1
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Using the estimator

® Recall the forward-view TD()) algorithm:
V(S1)  V(Si) + oG = V(Sy))
® The truncated A\ return fixes h = n and do:
V(St) < V(S) + Gliosn = V(S1)
® Or as weight updates
Wiyn = Wiin-1+a (Ghypp — 0(St, Wiyn-1)) VO(St, wein—1)

® This requires a fixed n and that we store previous results. Can we do better?

34 DTU Compute Lecture 12 2 May, 2025
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Online \-return

h—t—1
Ghn=(1=X) > XN Gy + N 'Gpp, 0<t<h<T

n=1

® Once we have observed h steps of an episode, we can evaluate
A A A
GO:ha Gl:hv RS Gh—l:h

® Online \-return: After h steps, perform h updates corresponding to all h returns
® Repeat each time h is increased

h=1: wi=w}+a[Gh —(So,wh)] Vi(So,wp),

h=2: wi=wj+a[Ghy—(So,wd)] Vi(So,wi),

w3 = wi + o [Gly — 9(S1,wi)] Vo(S1,wi),

h=3: wi=wj+a[Ghs—0(So,ws)| Vo(So,wp),
wi+a [G?:B - 'IfV(Sl,w:f)} Vo (S1,wh),
Wl + [l — 3(Spwd)] Vi(So wd).

W

3
2
wi

® |.e. for each new step h —1 — h repeatt =0,...,h — 1:

h _ h A ~ h - h
Wi =Wy + [Gt:h — (S, wy )] Vo (Se, wy')
35 DTU Compute Lecture 12 2 May, 2025
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True online TD())

M

® Online TD(\) is computationally very wasteful

® For linear function approximators online TD()\) allows a backwards view known
as True online TD(\)

wt+1 = Wt —+ adtzt + a(w:wt — 'th_lzct)(zt — .’Bt)

zy =y Az + (1 — OK’Y)\ZtT—lmt)mt

® The control algorithm is true online Sarsa(\)

36 DTU Compute Lecture 12 2 May, 2025



True online Sarsa()\)

True online Sarsa()\) for estimating w'x ~ ¢, or ¢.
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Input: a feature function x : 8+ x A — R? such that x(terminal,-) = 0
Input: a policy 7 (if estimating ¢, )

Algorithm parameters: step size o > 0, trace decay rate A € [0,1]
Initialize: w € R? (e.g., w = 0)

Loop for each episode:
Initialize S
Choose A ~ 7(+|S) or near greedily from S using w
x < x(S5, A)
z<< 0
Qotd < 0
Loop for each step of episode:

Take action A, observe R, S’

Choose A’ ~ 7(-|S") or near greedily from S’ using w
x' + x(S5",A")

Q+w'x

Q/ «— WTX/

0+ R+7Q —Q

Z «— YAz + (1 - a’y)\sz) b'q

W W+ a0+ Q — Qoa)z — a(Q — Qoia)x

Qold <~ Q/

x  x
A A

until S’ is terminal

(wewill.implement this during the exercises)

ompu
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Mountaincar example
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Comparison of Sarsa(\) and Sarsa on the Mountaincar example

500

450

400
350

300

Length

250
200

150

(10x)mountaincar_semigrad_q
(10x)mountaincar_Sarsa
(5x)mountaincar_sarsalL
(10x)mountaincar_SarsaN

100

0 50 100 150
Episode
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[ Richard S. Sutton and Andrew G. Barto.

Reinforcement Learning: An Introduction.

The MIT Press, second edition, 2018.
(Freely available online).
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Appendix
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A more challenging pacman environment

® Use successor representation: §(s,a,w) = x(s’) ' w,

=
—
=

M
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A more challenging pacman environment

1000  _ (20x)smallclassic_Q

—— (20x)smallclassic_linear-Q
—— (20x)smallclassic_linear-Sarsa(lamb)

800

600

400

200

Accumulated Reward

-200

-400 MALALAEA Ao M SN e MANARLTSRESAAD

(=]
=
=

M

0 20 40 60 80 100

Episode
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