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What are distributed delay differential equations?
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Ordinary differential equation (ODE)

Delay differential equation (DDE) w. absolute/discrete delay

Distributed delay differential equation (DDDE), i.e., w. distributed/continuous delay
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System
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Distributed delay differential equation (DDDE), i.e., w. distributed/continuous delay
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Why are we interested in delays?
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Transport through pipes Epidemiology (latency period)

Slow mixing
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Why are we interested in distributed delays?
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1. approximate the kernel 2. transform to a set of ODEs (linear chain trick)
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Is it justified?
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PDF and CDF of Erlang distribution
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Estimation of model and time-delay parameters

7

Dynamical least-squares problem Assumption on initial condition
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Single-shooting approach
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Single-shooting objective function Single-shooting nonlinear program (NLP)

- We use fmincon to solve this

- We provide gradients (but not Hessian)

- We use ode45 for nonstiff systems

- We use ode15s for stiff systems
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Sensitivities
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1. We derive the Jacobian of 

the right-hand side function

2. Can be parallellized

3. Sparsity can be exploited
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Point reactor kinetics model (nuclear fission)
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(U235-graphite reactor)

- Estimate model parameter α and kernel α
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Point reactor kinetics – Noisy measurements
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Top left: True (blue solid) and estimated (red dashed) kernel. Bottom left: The coefficients, cm and a, for the true (blue) and estimated (red) kernel. 
Right (top, middle, and bottom): Simulation based on the true (solid) and the estimated (dashed) kernel as well as the measurements (circles).
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Point reactor kinetics – Exact meas., non-Erlang kernel
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Top left: True (blue solid) and estimated (red dashed) kernel. Bottom left: The coefficients, cm and a, for the estimated (red) kernel. Right (top, 
middle, and bottom): Simulation based on the true (solid) and the estimated (dashed) kernel as well as the measurements (circles).
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Summary
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Approximate delay using a mixed Erlang PDF

Convert to ODEs

Estimate time delay parameters as ordinary 

parameters
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Thank you
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Logistic equation
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- Estimate σ and α
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Logistic equation – Exact measurements, correct M
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Top left: Identified kernel based on 21 measurements without noise (i.e., R = 0). Bottom left: The true (blue) and estimated (red) time-delay and 
model parameters, cm, a, and σ. Top right: Simulation based on the true (blue solid) and estimated (red dashed) parameters as well as the 
measurements (yellow circles). Bottom right: Difference between simulations with true and estimated parameters.



DTU Compute18 August 2023 Estimation of absolute and distributed time delays in differential equations based on the linear chain trick

Logistic equation – Noisy measurements, correct M
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Identified kernels based on 161 measurements with varying values of 
the measurement noise variance, R.
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Logistic equation – Exact measurements, incorrect M

18

Top left: True (blue solid) and estimated (red dashed) kernel. Bottom left: The coefficients, cm and a, for the true (blue) and estimated (red) kernel. 
Top right: Simulation based on the true (blue solid) and the estimated (red dashed) kernel as well as the measurements (yellow circles). Bottom 
right: Difference between simulations with true and estimated parameters. 
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Logistic equation – Absolute delay
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Top left: True delay (blue solid) and estimated kernel (red solid). Top right: Simulation based on the true absolute delay (blue solid) and the 

estimated (red dashed) kernel as well as the measurements (yellow circles). Bottom right: Difference between simulations with true and estimated 

parameters. Bottom:
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Logistic equation – ”Nonconforming” kernel
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Top left: True (blue solid) and estimated kernel (red solid). Bottom left: The estimated coefficients, cm and a, and the estimated model parameter 
σ. Top right: Simulation based on the true (blue solid) and the estimated (red dashed) kernel as well as the measurements (yellow circles). 
Bottom right: Difference between simulations with the true and estimated parameters.
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