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Research question

i

Delay differential equation with absolute time delay

2(t) = fa(t),z(t — 7))

Linearize delayed state

r(t—7)~ x(t) — z(t)r

Question: Can we develop numerical optimal control methods based on this approximation?
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. Ly : .
§ Optlmal control problem e :/ O(z(t), u(t), d(t), p) dt, Ttr)gck;_ng/economlc
min - ¢ = ¢z + Pau to objective
» N-1
trbio day = 1 Z Auj, Wi Auy, Rate-of-movement
subject to Au — At penalization
x(t) = xo(t), t € [to — Tmax,to|, Initial state function
t(t) = f( (), 2(t),u(t),d(t),p), Delay differential equations
1 (t — 7'1)
(Time delays are )
2(t) = : : Memory states nput-dependent
Tm(t — Tm) | S T@-(u(t)))
r;(t) = h ( (t),p), Delayed variables
w(t) = up, tE€ [tr, tril,
( ) g [ g kH[ Zero-order-hold (ZOH) parametrization
d(t) — dka S [tkatk—l—l[;
Tmin < (1) < Tmax, State bounds
Umin < Uk < Umaxs Input bounds



@ Linearize delayed variables

o

Linearize delayed state Original characteristic equation

r(t — 1) ~x(t) — z(t)T; 9f 92 o
A < T'L —ATi(us) _
det (/\I Z 0z Or; 8:(; ) %

Approximate system

z(t) = f(x(t), z(¢), u(t), d(t), p),
1 (t)
2(t) = S( | » det (AI _9 Z 0f 02 Ori (y _ m(us))) —0
Tm (T

ri(t) = h(z(t) — z(t)7,p), i=1,...,m

- Approximate characteristic equation (e=% =~ 1 — x)

0z Or; 83:
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The approximate system may be unstable

i

<
oo

Imaginary part
Imaginary part
(e
Imaginary part
o
\']

1
=
-
St
o
o

-0.1 ‘ ‘
-0.1 -0.05 0 0.05 0.1 -0.3

Real part Real part Real part

Main conclusion: The numerical approach must be able to handle unstable systems
- Multiple-shooting methods
- Simultaneous methods



@ Discretization w. Euler’s implicit method

o
Euler’s implicit method
Lk nt+1 — Lkn — f(zck,n—l—la Zkn+1, Uk, dkap)Atk,n =0

Approximate linearized delayed state

Lk ntl — LTk,n

Vi, kn+1 = LThkn+l — Aty T%(uk)
N
k-2 k-1 Kk k+1

n, n+1

Main conclusion: The dependencies in the discretized equations are fixed (independent of u,)




@ Transcribed optimal control problem (nonlinear program)

o
Nonlinear program Discretized objective
N—-1M-1
%1111 N1 w — w:ﬁ + QSAU wa; — Z Z (I)(:Bk,n—l—h ug , dkap)Atk,n
{{xk,n—l—l}nzo vuk}k:() k=0 n=0
subject to

Rk,n (mk,n—i—la Lk n, Uk, dkap) — OJ

L'min < Lk n+1 < Lmax s

Umin < U < Umax s
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Molten salt nuclear reactor

W

Fission reaction
Molten salt w. fuel

neutron Control rod
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én + 28§U—> 2ggU—> Z V; ZE, + Vv (l)n r ~N s L I
=1 Heat Q Reactor
Delayed release of a neutron exchanger core
\ Y, g y,

neg. beta neutron ‘ 1
decay emission
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41770

I

a Coolant

Z

i 5 a;—1 - 1
:'Ei z z,-+1Ei Tl




DU Molten salt nuclear reactor model

== Molten salt w. fuel
<

Mass balance equations ‘ 1 ‘
. )

Ci(t) | (Ciin(t) — Ci(t))D(t) + Ri(t), i=1,...,N, 4 h 4 h

) Heat Reactor
Cn(t) = Ry(t) exchanger O core

N0 " —=T1 T
Pth = —K1(1

Coolant J ‘ 1

Delayed variable

Ci,'m (t) = O@ (t — T(t))e_AiT(t)

Other variables

E L

nergy balances T(t) _ (t)
. ) v

7, () f;ﬁ) (Tha(t = 7(1)/2) = T () + giiij 0= ) D
a0 12O (1,0 7)) - Tu0) - 2 @) -7 Q) = QoG
— Mpgy My Cp n,O
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Numerical example
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Summary + future work

W

Numerical optimal control w.
input-dependent delays

Linearize delayed state

Simultaneous approach

Approximate the state trajectory
w. polynomials
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Thank you
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Appendix: Molten salt nuclear reactor model

i

D(t) = F(t)/V
F(t) = Auv(t)

1 1 ] I A C1(t) ]

S(t) = L ) = :
1 1 An, C, (1)
B By, p(t) — B Cn(t)/A
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Appendix: Rigorous time-varying time delays
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Error in generated

Error in generated

thermal energy
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Appendix: Numerical example

Distributed time delays
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