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Research question

Delay differential equation with distributed time delay

. Associated weight Present time
\
i) = F(a(t), f ot — 5)a(s)ds) AN |
— 00 Current state
Linearize delayed state /\/\/\
/
z(s) =~ x(t) +x(t)(s — 1) 7
Past state

Question: Can we develop numerical optimal control methods based on this approximation?
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- min ¢ = b, + dau
{“k}fc\r:_ol
subject to
.’B(t) — Ll?o(t), t € (—OO,t()],

z(t) = f(x(t), 2(¢), u(t),d(t), p),
(g k1) (t) ]
2(t) = ; ,
(o, *x 7)) (E)
ri(t) = hi(z(),p),

u(t) = ug, t€ [ty tri],
d(t) =dg, t€ [t trr1l;

Lmin § %(t) S Lmax s

Umin S UL S Umax s

Optimal control problem

Tracking/economic

o = / " B(a(t), u(t), d(t), p) dt,

to objective
N—1 A Ty, A
DAy = 1 Z wy, Wi Auy, Rate-of-movement
Au =5 At penalization
k=0

Initial state function

Delay differential equations

Memory states — given by the convolution

(@) = | |

— 00

a;(t — s,u(t))r;(s)ds

Delayed variables
Zero-order-hold (ZOH) parametrization

State bounds

Input bounds
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Linearize delayed variables

i

Linearize delayed state
ri(s) = ri(t) +ri(t)(s —t)

Convolution

(oz@- *Ti)(t) ~ Ti(t> — Tz(t) /Ooo ()éi(T,U(t))TdT.

Kernel “mean”

Yi(u(t)) = /OOO a; (T, u(t))Tdr
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Discretization w. Euler’s implicit method

Approximate system

2(t) = f(x(t), 2(t), u(t), d(t), p),
. ) -

i

2(t) = Substitute linearized variables

Euler’s implicit method

LTkn+l — LTkn — f(mk,n—l-la Zk,n+1, Uk, dkap)Atk,n =0

Approximate linearized delayed variable

o Tikm+1 — Tikn
Vi k41 = Tikntl — A vi(uk)
tk,n
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Simultaneous approach

i

Discretize the objective function (right rectangle rule)

—1M-1

Z Z O (zk nt1, Uk, di, ) Atk n

k=0 n=0

Transcribed optimal control problem

min VY =Yg + OAu,

{zkn+1}nso uk}iso

subject to

Rk,n (mk,n—l—la Lk.n, Uk, dkap) — Oa
Tmin < Lk.n+1 < Tmax;

Umin g Uk S Umax s
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Distributed time delays from nonuniform velocity profiles

oD
o
o
Hagen-Poiseuille flow Kernel (tau >= tau0)
AP o
2 2 _ _ 0
v(ir) =a(R° —r a=—— alt) =22
(1) =a(R? —1?), o= (1) =25
Minimum travel time Kernel “mean’
—L Y =2
'TO j— p— T
aRQ ? O
— — — —
— — — —
> > > >
> > = >
— — — —
— — — —

*We also derive a formula for general monotonic velocity profiles
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Molten salt nuclear reactor

W

Fission reaction
Molten salt w. fuel

neutron Control rod
absorp. fission Vp \ l ‘

1 235 236 a; |

=1 Heat ) Reactor
Delayed release of a neutron exchanger core
g J g J
neg. beta neutron ‘ 1
; decay . emission 01 | Coolant
[ s o i~ *
ZiEi z-+1Ei zi+1Ei * ol

I




@ Molten salt nuclear reactor model

o

Mass balance equations

. )
Ci(t) | (Chin(t) — C5(#))D(t) + Ri(t), i=1,...,N,
Co(t) | Ra(t)

pn(t) f= =T (t)

Delayed variable (Hagen-Poiseuille for a length of L)
t
Cyin(t) = e / o (t = 5)Ci(s) ds
— 0

Energy balances

T:(8)]|= fm—(” (Trin (@) — T(2)) + f;ii (02
o)l 228 (7 (1) = Tha()) = 2
\ / Mpr MpgeCP

(Tha(t) = Tt) Thain(t) = /

Other variables

p(t) = pun () H{pear (1))
Chn

Qg(t) — QQ,O O (t)

,0

We contro hich affects &vf, v, and 7y

Delayed variables (Hagen-Poiseuille for L/2)

T in(t) = /too

t

ap(t —s)T-(s)ds,

ap(t — )Ty (s)ds,

— 00
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Numerical example
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Summary and future work

W

Numerical optimal control w.
input-dependent distributed delays

Linearize delayed variables

Simultaneous approach ]

N Y )

Ritschel, T.K.S., Wyller, 1., 2025. An Algorithm for Distributed Time M

Delay Identification without A Priori Knowledge of the Kernel. . .

Automatica 178, pp. 112382. DOI: 10.1016/j.automatica.2025.112382. Kernel approximations R t t
Ritschel, T.K.S., 2025. On Erlang Mixture Approximations for for dIStrIbUted tlme delays m=~m
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Thank you
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Appendix: Molten salt nuclear reactor model

i

D(t) = F(t)/V
F(t) = Auv(t)

1 1 ] I A C1(t) ]

S(t) = L ) = :
1 1 An, C, (1)
B By, p(t) — B Cn(t)/A
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Error in generated

Error in generated

thermal energy

[MW]

Appendix: Numerical example

Distributed time delays

1 : : 5 &
5 8 o 10°
— 10.0 MW g 5 !
228 102
0 jue 7.5 MW &0 —
— g O
5.0 MW g S g 10
s 2.5 MW j_'{ a, .ﬁ.
-1 1 ! = g 10°
Time [min)] Time [min]
Absolute time delays
— 9
1 S .9
‘8* E o 10°
== 10.0 MW & '?) ‘E 102
0 pueet 7.5 MW — S =
5.0 MW § S g 10!
— 2.5 MW i= 2=t
~ 10
1 Sz
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Time [min| Time [min]
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