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Large-scale systems
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Typical discretization (e.g., finite volume) => stiff ODEs/DAEs Stiffness depends on subsystems
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Numerical methods and model reduction




Model reduction of linear systems

Original model

i(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)

~

/

Reduced model

z(t) = A,2(t) + Byu(t)
@(t) — C?"Q%t) T Dru(t)

x(t) =~ Vi(t)

\
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Model reduction of nonlinear systems

W

(i) = Flat), ult), d(t), p)

A B(t) = f(&(t), u(t), d(t), p)
J(@ (), u(t), d(t),p) = (WIV) W F(Vi(), ult),d(t), p)

» For explicit methods: No gain in computation time
« Difficult to obtain an accurate approximation
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Euler’s implicit method and Newton’s method
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Euler’s implicit method and Newton’s method

DTU
N N N [ )
Aa:,({}rl ~ V’“Awl(fll 331(54:1) Eﬁl + VkAa?l(fJ)ﬂ
T AD A20 T pl0) 1OAO = p0
4 N (., N
X =UZR A =wl Ay,
V=W b\ = wlp

* Columns of U corresponding to singular values
larger than 100*2~-53 times the largest

(oD — 00 4 Ag),
A/(f)Axg—l)—l — b( ) )
(IRel <7 )
(4 = 200
33% 1 +
\bg) — Ry, (3712411) )
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Euler’s implicit method and Newton’s method
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Subspace methods
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Subspace methods
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Simulation based on Newton-like method

Algorithm 1: Simulation based on Newton-like method

Algorithm 2: Newton-like method

1
2
3
4
5
6
7
8

9
10

Input: o, {At, }; Lo {u N {d d N .

N, Ny, Np, 7
Output: {z,}
for k=0.....N —1do
if £ > N, then
Set kj, = max{0.k — N, + 1}:
Set X, = [:1?;;_}1 :1?;;};
Compute V. and Wy using POD of Xj.;
Compute xrp1 using Algorithm 2;
else
Compute xrj1 using Newton’s method;
end
end

Ny = In(n,)
*‘N'rh — \3/ g

Input: xp, Vi, Wi, 7
Output: 74

1 Set / = 0;

2 Set x

(0)

1+1_”=

3 while || Ry (2 L+1)H > T

4

5

[¥—T = - B |

10
11
12
13

14

Set xp.q

if £ > 0 and | Az} .UH < 7 then

k+1
Solve the full order system (9) for A:zrgﬂl;
Compute 1;‘:1) using (5);

Set ||A~1-£;+1H larger than 7;

else

Solve the reduced system (18) for A:if},{il;

Compute 1,1:1) using (17);

end
Increment ¢ by 1;

MO
k41>
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Numerical example
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Numerical example of CO, storage

W

8th — —V : N-w7
0iCr, = =V - Ny, + Qp,
Nk — QCkNO
Y kg —(Y
ut = -——K(VP - p"gVz)
[
Qr = 2, Q°
RT A

0O — by, (V0 + €by) (VO + abyy,)
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Fig. 1. Porosity field.

Fig. 2. Logarithm of the permeability field in m?.



=)
=
—

Numerical example of CO, storage
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Fig. 3. Simulation of COs2 injection over 5 years (1,200 grid cells). Top row: Oil saturation. Bottom row: Pressure in MPa.
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Numerical example of CO, storage
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Future work




=)
=
—

lterative Improvement of subspace
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lterative Improvement of subspace
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- Increase subspace
- Cycle subspaces
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Other directions

W

Consider direct methods for numerical optimal control
(single-shooting, multiple-shooting, fully simultaneous methods)

Create initial guess with Euler’s explicit method

or a linearization of it

Transport processes:
Exploit that most states only change in short periods of time

N N )

Consider the outputs to be the (norm of) the residual function ]
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Summary

W

Combine numerical methods
and model reduction techniques

Apply to numerical solution of IVPs

Preliminary results:
Further developments are necessary
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