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Outline

e Characteristics of inverse problems.

e Prior Modeling Using Gaussian Markov random fields.
e Hierarchical Models and MCMC

e The Gibbs sampler and performance characteristics;
e The partially collapsed Gibbs sampler;

e The Marginal-then-Conditional sampler.

e Gradient Scan Gibbs Sampler.



General Statistical Model

Consider the linear, Gaussian statistical model
y = AX + €,

where
e y € R™ is the vector of observations;
e x € R™ is the vector of unknown parameters;
A:R" - R™,
€ ~N(0,\71), ie., € is i.i.d. Gaussian with mean 0 and
variance AL



Numerical Discretization of a Physical Model

For us, y = [y1,...,ym]?, with

yi = y(si)
Mool Mo (def .
= /Qa(si,s Yz (s')ds (— [AmI]z>



Numerical Discretization of a Physical Model

For us, y = [y1,...,ym|’, with

Yi

%

y(si)
’ INE, def ,
/Qa(si,s Yz(s')ds (— [AmI]Z>

n

1
N g a(si, s;)x(s;)  (numerical quadrature)
s

i=1

Axl: ([AJ = yo(sis) mdx = [or,..a 7).

where Q = [0, 1] or [0, 1] x [0, 1], defines the equation

y = Ax.



Synthetic Examples
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Naive Solutions: xrg = Afy
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Properties of the model matrix A

It is typical in inverse problems that if the matrix A has SVD

,
A= Z osw;vl, where 7 =rank(A).
i=1
Characteristics of Inverse Problems:
e the 0;’s decay to 0 as i — r;

e the {u;, v;}’s become increasingly oscillatory as i — n.



Properties of the model matrix A

It is typical in inverse problems that if the matrix A has SVD

,
A= Z osw;vl, where 7 =rank(A).
i=1
Characteristics of Inverse Problems:
e the 0;’s decay to 0 as i — r;

e the {u;,v;}’s become increasingly oscillatory as i — n.

The least squares solution can then be written

Aly = Af(Ax+e€)

T

= Z(VZTV —i—Z(;T)

i=1
—_———

portion due to signal  portion due to noise




Naive Solutions: Xpaive = ATy
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The Fix: Regularization
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Bayes Law:

p(x[y, A, 0) o< p(y[x, A) p(x[d) .
—_——  V—
posterior likelihood  prior

For our assumed statistical model,

A
p(y|x, A) o< exp (—2IIAX - YI!2> :



Bayes Law:

p(x[y, A, 0) o< p(y[x, A) p(x[d) .
—_——  V—
posterior likelihood  prior

For our assumed statistical model,
A 2
p(yxA) ocexp { —Z[|Ax —y[” ).
In this talk, we will assume a Gaussian prior
o 7
p(x]0) o exp —5X Lx |,
so that

A 1)
p(X|y, A? 5) X €exp <_2||AX - YH2 - 5 XTLX> .



Maximum a Posteriori (MAP) Estimation
The maximizer of the posterior density is
XMAP = argmin{ —|[|Ax —y||® + = x" Lx
x |2 2
which is the regularized solution x, with o = §/\.
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Modeling the Prior p(x|d)

Parameter Set P
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Gaussian Markov Random field (GMRF) priors

The neighbor values for z;; are below (in black)

X9;; — {ﬁifl,jyxi,jflaxwrl,j;$i,j+1}

T j+1
Lij-1



Gaussian Markov Random field (GMRF) priors

The neighbor values for z;; are below (in black)

X9y = {ﬁifl,jyxi,jflaxzﬂrl,j;$i,j+1}
Tij+1
Tij—1

Then we assume
xij‘xaij ~ N (3_361‘]'7 (677’1])_1) ’

7 1 o= 1.
where Z,, = e Z(r,s)eaij xyrs and ng; = [0



Gaussian Markov Random field (GMRF) priors

This leads to the prior
n g T
p(x]9) o< 8" exp —5X Lx |,

where if r = (4, j) after column-stacking 2D arrays

4 s=m
[L],s = -1 se€o,,
0 otherwise.

NOTE: L = 2D discrete unscaled neg-Laplacian. Recall the
MAP estimator

1
X, = argmin< - ||Ax — y||* + 2 xTLx
x 2 2
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2D GMRF Increment Models
For a 2D signal, suppose

LTi+1,5 — Tij  ~ N(O, (wzhjé)_l), i,j:1,...
wigr =z~ N0, (wyo)™h), ij=1...

5%



2D GMRF Increment Models
For a 2D signal, suppose

LTi+1,5 — Tij  ~ N(O,(wﬁ‘jé)_l), Z',jzl,...,\/’?l
i —ay o~ NO,(wio) ), ij=1...,vn.

Assuming independence the density function for x has the form

6 ﬁ
p(x|6) o 62 exp ~3 Zw%(xHLj—xij)z X
ij=1
5
exp | =5 Z w; (T4 j41 — mij)Q
ij=1

— 5"2exp (_ZXT(D{ ApDy + DEAUDU)X> ’



2D GMRF Increment Models
For a 2D signal, suppose
:EZ'JrLj—l‘ij ~ N(O, (wg‘jé)_l), i,j = 1,...,\/’71
Tiji1 — iy~ N(O, (wi)™h), i,j=1,...,v/n.

Assuming independence the density function for x has the form

6 ﬁ
p(x|6) o 62 exp ~3 Zw%(xHLj—xij)z X
ij=1
5
exp | =5 Z w; (T4 j41 — mij)Q
ij=1

— 5"2exp (_ZXT(D{ ApDy + DEAUDU)X> ’

e D, =1®D, D, =D ®I, where D = 1D difference matrix;
o Ay = diag(vec({wl}Y2))), Ay = diag(vec({w}; }2))).



2D GMRF Increment Models
The matrix ﬁD:}fAhDh + ﬁDfAvDU is a discretization of

5 (w5 ) = g3 (w5013

% 10
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9.1396

Left: wh. = w;; =1 for all 4j.
Right: wl. = w;; = 0.01 for ¢j on the circle boundary.



GMRF Edge-Preserving Reconstruction

0. Set A =1
1. Define L = D?;AD;L + DTAD,, where
2. Compute
X, = (ATA +oL)'ATy
using PCG with « obtained via L-curve, GCV, etc.
3. Set

A(xa)

= dia !
— Dt Doxa)? 151

0 < 8« 1, and return to Step 1.

NOTE: This is just the lagged-diffusivity iteration.



Numerical Results
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Infinite Dimnensional Limit

Question: When is

def .
plzly,A,0) = lim p(x]y,A,0)

well defined?



Infinite Dimnensional Limit

Question: When is

def ;.
plzly,A,0) = lim p(x]y,A,0)
well defined? First
lim [|Ax — y|” = [ Anz — v,

where

[Anx]; = / a(si, s)x(s)ds', i=1,...,m.
Q

Note: A, : C*°(Q) — R™, where Q = [0,1] or [0,1] x [0, 1], and
C>°(Q) is the space of smooth functions on €.



The Infinite Dimnensional Limit

Next,

lim ¢(n)x’Lx = (z, Lz) dof / z(s)Lx(s) ds',
Q

n—00



The Infinite Dimnensional Limit

Next,

lim ¢(n)x’Lx = (z, Lz) dof / z(s)Lx(s) ds',
Q

n—00

where ¢(n) = n in one-dimension and

d d
L 7 (w(s)d8>, 0<s<1;

whereas ¢(n) = 1 in two-dimensions and

0 0 0
L= ~ s (wS(S’t>&9> o (wt<sat)at> ;o 0<st <l



The Infinite Dimnensional Limit

. A 9 dc(n) p A 9 0
nl;ngo{2||Ax—y|] X Lx —§\|Ama:—yH —|—§<x,£x>,
and hence

A 1)
palyrd) x exp(~5ldne -yl - SloLo)).



The Infinite Dimnensional Limit

. A 9 dc(n) p A 9 0
HIL%O{2||Ax—y|] X Lx —§\|Ama:—yH —|—§<x,£x>,
and hence

A 0
palyrd) x exp(~5ldne -yl - SloLo)).
Question: When is the resulting probability measure well-defined:

() S [ plaly. x.6) do?
A



The Infinite Dimnensional Limit

. A 9 dc(n) p A 9 0
nlLII;O{2||AX—y|’ X Lx —§\|Ama:—yH —|—§<x,£x>,
and hence

A 0
palyrd) x exp(~5ldne -yl - SloLo)).
Question: When is the resulting probability measure well-defined:

ummﬂg/ﬁmmx®M?
A

Answer [Stuart]: When £7! is a trace-class operator on L?(12),
i.e., when > (¢, L71¢;) < oo for any o.n. basis {¢;} of L*(Q).



The Infinite Dimnensional Limit

In one-dimension, if

d d
L—_£ (w(s)d5>, 0<8<1,

then £~ is trace class.



The Infinite Dimnensional Limit
In one-dimension, if
d d
L—_ds(w(s)ds>, 0<8<1,

then £~ is trace class.

In two-dimensions, if

0 0 0
L= (i) -5 (wts05) . 0<si<t

then £~ is not trace-class.




The Infinite Dimnensional Limit
In one-dimension, if
d d
L—_ds(w(s)ds>, 0<8<1,

then £~ is trace class.

In two-dimensions, if

0 0 0 0
L= (i) -5 (wts05) . 0<si<t

then £~ is not trace-class.

FIX: in two-dimensions, use £ def L2, which is trace class; note
that if ws = wy = 1 above, this is called the biharmonic operator.



An Alternative: Second-Order GMRFs
For a 2D signal, suppose

(

Ti-1,j — 2@ij + xip1; ~ N0,
Tij1 = 2xij + zijen ~ N(O,(

(who)™), d,j=1,...
w}’jé

5%



An Alternative: Second-Order GMRFs
For a 2D signal, suppose
Tio1y — 2@+ wigy; ~ N0, (who)™h), dj=1,...,vn
Tij—1 — 2T + Tij1 ~ N(0, (w%é)fl), i,j=1,...,v/n.
Assuming independence, the density function for x has the form

5 n
p(x|6) o 62 exp —3 Z w?j(mi_l,j — 225 + wip15)? | X
ij=1
6 n
exXp —5 Z w;?’j(:zi’j_l - 2-771']' + xi,j+1)2
i,j=1



An Alternative: Second-Order GMRFs
For a 2D signal, suppose
Tio1y — 2@+ wigy; ~ N0, (who)™h), dj=1,...,vn
Tij—1 — 2T + Tij1 ~ N(0, (w}’jé)’l), i,j=1,...,v/n.

Assuming independence, the density function for x has the form

5 n
p(x|6) o 62 exp —3 Z w?j(:ri_l,j — 225 + wip15)? | X
ij=1
5 n
exXp —5 Z w%(ibi’j_l - 2-771']' + xi,j+1)2
i,j=1

_ 671,/2 exp <_;§XT(L%—‘A}LL}I + L;J;AUL’U)X> )

e L,=L®I L,=1I®L, L =1D discrete neg—Laplacian;
o Ay = diag(vec({wl}Y2))), Ay = diag(vec({w}; }12))).



The Infinite Dimensional Limit

Let L = LzAth +LTA,L,, then

lim ¢(n)x!Lx = (z, Lz),

n—oo

0? 0? ok 0?
L= ~ 52 (ws(s,t)8> Er) (wt(s t) 8t2> 0<s,t<1,



The Infinite Dimensional Limit

Let L = LzAth +LTA,L,, then

lim ¢(n)x!Lx = (z, Lz),

n—oo
where
0 0*\ & 0’
L= ~5a (ws(svt)882> 2 (wt(svt)atg> , 0<st <,

NOTE: £~ is trace-class, and the posterior density function

A 0
alyrd) x exp (5l —yIP - 5o La)

is a well-defined probability measure on L2(€2).



Higher-Order GMRF, Edge-Preserving Reconstruction

0. Set A, =A, =1.
1. Define L = LT A, Ly, + LTA,L,, where
2. Compute
xo = (ATA + oL) ATy
using PCG with « obtained using GCV.
3. Set

. 1
o = ()

. 1
i = e[ )

0 < 8« 1, and return to Step 1.




Plot after 10 iterations
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Hierarchical Bayes: Assume Hyper-Priors on A and ¢
Uncertainty in A and : A ~ p(A) and ¢ ~ p(d). Then

p(x, A, dly) o< p(ylx, \)p(A) p(x[)p(6),

is the Bayesian posterior



Hierarchical Bayes: Assume Hyper-Priors on A and ¢
Uncertainty in A and : A ~ p(A) and ¢ ~ p(d). Then

p(x, A, dly) o< p(ylx, \)p(A) p(x[)p(6),

is the Bayesian posterior, where

A
bl ) s A2 exp (- 1Ax -y

and we choose a GMRF prior and Gamma hyper-priors:

p(x|6) o 62 exp <—ZXTLX>,

p(N) o AP exp(=N),
p(8) oc 8% exp(—ps0),

where oy = a5 = 1 and 8\ = 85 = 1074, and hence

mean = o/ =104, var = a/p% = 10°.



The Full Posterior Distribution

p(x, A, 0|y) o< the posterior

A o
)\m/2+a>\716n/2+a571 exp (—2||AX _ yH2 — 5XTLX — A — 665> .



The Full Posterior Distribution

p(x, A, 0|y) o< the posterior

A o
)\m/2+a>\716n/2+04571 exp <—2||AX _ yH2 — 5XTLX — A — 565> .

By conjugacy, the full conditionals are in the same family as the
prior/hyper-prior distribution:

1. p(\|x,6,y) oc A™/2tea—Texp (- (%HAX —y[I2+ 8 A);
2. p(d|x, A, y) ox 6™/2 sl exp (— (%XTLX + B5) 6);

3. p(xIA.d,y) o exp (—3(x — ) (AATA + 0L) (x — ),
where p = (AATA +6L)"1)\ATy.



The Gibbs sampler for sampling from p(x, A, 0|y)

Choose x°, and set k = 0;
Compute Ay ~ T (/2 + a3, YIAX* —y[ + 3,);
Compute 851 ~ ' (n/2 4 as, 3(xF)TLx* + 55);

Compute x*t1 ~
N (A1 ATA + 6,1 L) A1 ATy, (At ATA + 631 L) 1) 5
4. Set k =k + 1 and return to Step 1.

w = o

NOTE: the Markov chain {(xx, Ak, dx)} generated by this Gibbs
sampler is guaranteed to converge in distribution to the posetior
density function p(x, A, d|y).



An example from X-ray Radlography (W/ Luttman)
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Deblurring with periodic boundary conditions
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Deblurring with Neumann boundary conditions (w/ Nagy)
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Computational bottleneck: Step 3. Compute
xF ~ N <()\kATA + 5kL)71)\kATy, ()\kATA + (SkL)*l)

The conditional density for x|y, A, d, dropping k for simplicity, is

S S LIk )}




Computational bottleneck: Step 3. Compute
xF ~ N <()\kATA + 5kL)71)\kATy, ()\kATA + (SkL)*l)

The conditional density for x|y, A, d, dropping k for simplicity, is

1 )\1/2A )\1/2}’ 2
wonis = (][ ][]

From here on out, we define:

_ AL2ZA B )\1/2y
S B

Note then that

1, - _ A 1)
SIAx =y = JllAx - y|? + Sx"Lx.



Computational bottleneck: Step 3. Compute
x ~ N ((AATA + 6L)"']AATy, (AATA + 6L) )

For large-scale problems, you can use optimization:

x = argn;inu&/; —(y+e)* e~N(OTI).



Computational bottleneck: Step 3. Compute
x ~ N ((AATA + 6L)"']AATy, (AATA + 6L) )

For large-scale problems, you can use optimization:

x = argn;inu&/; —(y+e)* e~N(OTI).

Note x is a random variable defined by

x=(ATA)'AT(y +¢€), e~N(0]I).



Computational bottleneck: Step 3. Compute
x ~ N ((AATA + 6L)"']AATy, (AATA + 6L) )

For large-scale problems, you can use optimization:

x = argn;inHA¢ —(y+e)* e~N(OTI).

Note x is a random variable defined by
x=(ATA)'AT(y +¢€), e~N(0]I).

QR-rewrite: if A = QR, with Q € R™*", R € R"*", then

x = R'Q'(y+e¢), e~N(0,)
N————

def
=V

Y P lv), v~NQTy T



Proof that
x ~ N ((AATA + 6L)"']AATy, (AATA + 6L) )
What we know:
o v~ N(QTY,T) = po(v) xexp (—3]v — QTF|?);
e F(x) =Rx.



Proof that
x ~ N ((AATA + 6L)"']AATy, (AATA + 6L) )
What we know:
o v~ N(QTY,T) = po(v) xexp (—3]v — QTF|?);
e F(x) =Rx.

x=F~1(v) = p(x):|det(%F(x)) ’pV(F(x))

b = () e (R exp (IR - Q7

= (27) "2 |det (ATA)|"? exp <;||Ax - yr2>



Proof that
x ~ N ((AATA + 6L)"']AATy, (AATA + 6L) )
What we know:
o v~ N(QTY,T) = po(v) xexp (—3]v — QTF|?);
e F(x) =Rx.

x=F~1(v) = p(x):|det(%F(x)) ’p\,(F(x))

n 1 _
b = () e (R exp (IR - Q7
o 1 -
= (2m)7"2|det (ATA)|"* exp (2||Ax - y!2>
Thus as desired, we have

x ~ N((ATA)'ATy, (ATA)Y)
N (AATA + L) AATy, (AATA 4 6L) 7).



MCMC Chain Diagnostics

Question: How correlated is the MCMC chain {(x*, A, 8%) 2, ?



MCMC Chain Diagnostics

Question: How correlated is the MCMC chain {(x*, A, 8%) 2, ?

Answer: First, note that

p(x, A, 0ly) o< p(x|y, A, 8)p(A, dly).

Thus one can compute an independent sample (x’, X', ¢") from
p(x, X, 8ly) via:

L (N, &) ~p(X, d'ly),

2. %~ p(ly, X, ).

Key Observation: the correlation in the (), §)-chain drives the
correlation in the (x, A, §)-chain.



Chain Correlation: How correlated is {8;}* ;7

The autocorrelation function is defined

p(k) = C(k)/C(0),



Chain Correlation: How correlated is {8;}* ;7

The autocorrelation function is defined

p(k) = C(k)/C(0),

where

1 K—|k| k
C = d; 5 51 — ) = 7> i
)= F=i] 2 = Dlipy =), where 5= 7320

where K is the smallest integer such that K > 37,



Chain Correlation: How correlated is {8;}* ;7

The autocorrelation function is defined

p(k) = C(k)/C(0),

where
= ) k
C(k) = T Z; (8 — 8)(8i4 k) — 9), where 521(;52

where K is the smallest integer such that K > 3%, and

# independent samples in {5i}£(:1 ~ K /Tint.



As n — oo, correlation in \/d-chains disappears/increases
(Work with S. Agapiou, O. Papaspiliopoulos, & Andrew Stuart)

MCMC chains for A, n=50

Disc n = 50, for 5000 samples the ESS M/t = 1274.8
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As n — oo, correlation in \/d-chains disappears/increases
(Work with S. Agapiou, O. Papaspiliopoulos, & Andrew Stuart)

n = 500

Disc n = 500, for 5000 samples the ESS M/t = 4244.3
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MCMC chains for 3, n=500
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To overcome this issue, we use marginalization

First note that

AllylI” = " (AATA + 6L)p) +
U(\0)

50c— T OATA +5L)(x — ),

A 1 1
§HAX —ylPP+ QXTLX = 3

where p = (AATA +6L)"1)\ATy.



To overcome this issue, we use marginalization

First note that

AllylI” = " (AATA + 6L)p) +
U(\0)

50c— T OATA +5L)(x — ),

A 1 1
§HAX —ylPP+ QXTLX = 3

where pp = (AMATA + 6L)"'AATy. Then
1
PNty o p(pB)exp (~5U00)) %

exp (—;(x — )T AATA + L) (x — u))



To overcome this issue, we use marginalization

paly) [ plxdly)ax
o< POV exp (~5U00) ) %

/]R" P <_;(X — 1) (AATA +0L)(x - u)) dx

(2m)"/2 det(AAT A+5L)—1/2




To overcome this issue, we use marginalization

paly) [ plxdly)ax
o< POV exp (~5U00) ) %

/]R" P <_;(X — 1) (AATA +0L)(x - u)) dx

(2m)"/2 det(AAT A+5L)—1/2

1 1
< p(A)p(d)exp fiU()\, J) — 3 Indet(AAT A + 6L)

c(\,0)




To overcome this issue, we use marginalization

Thus we have the marginal density

p(A. ly) o< p(\)p(6) exp (—;U(M) - ;«(m) ,

where

UN6) = yIANI—XAMNATA +6L) 1Ay
¢(\,0) = Indet(AATA +0L).



Partially Collapsed Gibbs: Step 1, Reduce Conditioning

First ‘reduce the conditioning’ in the problematic step 2 of the
Gibbs sampler, which is guaranteed to improve performance.

Reduce Conditioning in the Gibbs Sampler
0. Choose x", and set k = 0;
1. Compute Agr1 ~ I (m/2+ oy, 3[|AX* — y||2 + B));
2. Compute (X, 041) ~ P(X, Opt1]y, Aer1);

previously: 6x+1~p(0k+1|y,%x* Aet1)
3. Compute x*+1
N (Arr1ATA + 001 L) N1 ATy, M1 ATA + 6,1 L) ) 5

4. Set k =k + 1 and return to Step 1.

~



Partially Collapsed Gibbs: Step 2, Collapse/Marginalize
In step 2, x is redundant, so we can integrate in out, to obtain
Opr1 ~ / P(X, 01|y, Aky1)dx
RTL

/d/
= POk41ly; Art1)
1 1
o< p(b+1) exp (2U(>\k+1, Op+1) = 5 (A1, 5k+1)) :



Partially Collapsed Gibbs: Step 2, Collapse/Marginalize

In step 2, x is redundant, so we can integrate in out, to obtain

1~ /P(ﬁ,5k+1|y7Ak+1)dﬁ
RTL

/d/
= POk41ly; Art1)
1 1
o< p(b+1) exp (2U(>‘k+1a5k+1) - 2C(>\k+1a5k+1)) :

Partially Collapsed Gibbs Sampler for p(x,d, Aly).
0. Choose x°, and set k = 0;
1. Compute Agi1 ~ I (m/2 + oy, 3[|AX" — y |2 + B));
2. Compute g1 ~ p(0r+1|y, Ait1);
3. Compute xF+1 ~
N (M1 ATA + 0,01 L) A1 ATy, e ATA + 6.0 L)1) 5
4. Set k =k + 1 and return to Step 1.



2. Compute 0,1 ~ p(5k+1‘y, )\k+1>
nuvu adaptive Metropolis steps: Set 00 = dx and j = 1.

(i) Compute p* ~ N (In(dg j—1),03%) and set 6. = exp(p*).
With probability

. { P(Okly, M) }
a=ming 1, ———"—>_ %
P(Ok -1y, Ak)

set Opj = Opx, else g j = Op j—1.
(i) If j < nym, set j = j + 1 and return to step 2(i).
(i) Else once j = nym, define dg+1 = Onyy s

O-]%’—i-l = Var([ln 517 coyIn 5k+1])a

and go to step 3.



2. Compute py1 ~ p(Ops1]y, Ait1)

nuvu adaptive Metropolis steps: Set 00 = dx and j = 1.
(i) Compute p* ~ N (In(dg j—1),03%) and set 6. = exp(p*).
With probability

. { P(Okly, M) }
o=minql, ——"—" 25
P(Ok -1y, Ak)

set Opj = Opx, else g j = Op j—1.
(i) If j < nym, set j = j + 1 and return to step 2(i).
(i) Else once j = nym, define dg+1 = Onyy s

O-]%’—i-l = Var([ln 517 coyIn 5k+1])a

and go to step 3.

NOTE: if nyp is sufficiently large, this will yield essentially
independent samples from p(d|y, A\g+1)-



Chain auto-correlation plots for Partially Collapsed Gibbs

MCMC chains for A, n=1000
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Some observations regarding p(\, d|y)

Note that
p(x, A, 8ly) o< p(x[y, A, 0)p(A, oly).
Thus one can sample from p(x, A, d|y) via
L ()‘Iv 5/) ~ p()‘/7 5/’}’)7
2. x' ~pXy, N, d").

Fox and Norton call this marginal-then-conditional sampling.



Some observations regarding p(\, d|y)

Note that
p(x, A, 8ly) o< p(x[y, A, 0)p(A, oly).
Thus one can sample from p(x, A, d|y) via
L ()‘Iv 5/) ~ p()‘/7 5/’}’)7
2. x' ~pXy, N, d").

Fox and Norton call this marginal-then-conditional sampling.

Observation: one can use MCMC to compute a (A, §)-chain for
p(A, dly) in step 1, then afterwards compute x-samples in step 2.



Sample directly from p(A,d|y) using adaptive Metropolis

0. Initialize Ao, 8o, and Cg € R?*2. Set k = 1. Define kiotal-
1. Compute [ 5* ] ~N ([ m( A1) } Ck1> and set

ln(ék 1)
A, 0%]T = [exp(p*), exp(7*)]T. With probability
Oé:mil’l{l, p()\ ’5 ’y) }’
P(Ae—1,0k-1y)

set [k, 0x]T = [\*, 6%]7, else set [Ag, 617 = [Mo—1,0_1]7.

2. Update the proposal covariance:

In(Ag) In(do)
Cj, = cov : : +eI, O<ex 1.

hl()\k) ln(ék)

3. If k = kiotar stop, else set kK = k + 1 and return to Step 1.



Chain diagnostics for AM applied to p(\, d|y)
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Computational Bottlekneck

Evaluating

1 1
pOBIY) o POV exp (~5T00) = 30000)).
requires

UNG) = yTOI-X2AWNATA + L) 'AT)y
¢(\,0) = Indet(AMATA +5L),

which in turn requires
e computing xyap = (AATA + 6L) "1 AATy;
e computing Indet(AATA + 6L).



Computational Bottlekneck

Evaluating

1 1
pOBIY) o POV exp (~5T00) = 30000)).
requires

UNG) = yTOI-X2AWNATA + L) 'AT)y
¢(\,0) = Indet(AMATA +5L),

which in turn requires
e computing xyap = (AATA + 6L) "1 AATy;
e computing Indet(AATA + 6L).

NOTE: For the CT test case, these can only computed
approximately.



The Gibbs sampler for sampling from p(x, A, 0|y)

do, and Ag, and set k = 0;
Compute Mgy ~ I (n/2 + ay, 3[[AxF — y |2 + 8));
Compute dg41 ~ I' (n/2 + as, 1 (xF)TLx* 4 85);

Compute x**1 ~
N (A1 ATA + 6,1 L) N1 ATy, (At ATA + 6 L)1) 5
4. Set k =k + 1 and return to Step 1.

w N = o

NOTE: step 3 is the computational bottleneck for many
large-scale problems, such as computed tomography.



Gradient Scan Gibbs Sampler

Replace step 3 of the Gibbs sampler
X~ N (A1 ATA + 61 L) " A ATy, e ATA + 6,1 L))
with j, CG iterations applied to
AATA+6,L) (xF14p) = MATy+0 2 A€, +6,° D e, (1)
where €; ~ N(0,1,,) and €3 ~ N(0,1,,), and then define
xk = xk=1 4 pik,
where p’* is the final CG iterate.

NOTE: in exact arithmetic, if j; = n, using (1) is equivalent to
the orginal Gibbs sampler.



Gradient Scan Gibbs Sampler

0. Initialize Ao and dg, set k = 1 and define kita. Define x° to
be the j(t)h iterate of CG applied to
(MA*A + JoL)x = AgA*y;

1. Compute A\, ~ T (M/Z + ay, %HAxk_1 —yl?+ ,3,\);

2. Compute 6 ~ T (N/2+ ag, %(xk_l)Tka_1 + Bs);

3. Apply ji iterations of CG to

AATA+6L)(x* 1 +p) = ATy + A *AT e, +6,/*D ey,

and define x* = x*~1 4+ pi*, where p* is the j,tgh CG iterate.

4. If k = kiotar stop, otherwise, set £k = k + 1 and return to
Step 1.

NOTE: the smaller is j;, the more correlated will be the x-chain.



Grad Scan Gibbs Numerical Test: j;, = 20, n = 1282
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Conclusions/ Takeaways

e Inverse problems have unique characteristics, making the
use of Bayesian methods for their solution practical,
challenging, and interesting.

e GMRFs provide a way of modelling the prior from pixel-level
assumptions. However, not all GMRFs yield a well-defined
posterior density in the infinite dimensional limit.

e Placing probability densities on A and J yields a hierarchical
posterior density p(x, A, d|y).

e We provided MCMC methods for sampling from the
posterior p(x, A, d|y) and the marginal density p(A,d]y).



