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The gl obal picture o ronEcHNIOU:

» Lecture | - Introduction to UQ

Motivation, terminology, background, Wiener chaos expansions.

» Lecture Il - Stochastic Galerkin methods

Formulation, extensions, polynomial chaos, and examples.

» Lecture lll - Stochastic Collocation methods

Motivation, formulation, high-d integration, and examples.

» Lecture IV - Extensions, challenges, and open questions

Geometric uncertainty, ANOVA expansions, and discussion of open questions.
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On smoothness o ronEcHNIOU:

The assumption of smoothness is on the random variable
- not on the solution - in MC something similar is natural

Probability Density

Imagine an experiment
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The local picture
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A brief reminder
Stochastic Galerkin methods for ODEs
Stochastic Galerkin methods for PDEs

Extensions to non-Gaussian variables

Summary

Lin et al, 2008 2~




A brief reminder cou et

Through a series of arguments we realized

» We need to be able to quantify with the impact of
uncertainty in modeling of complex systems.

» While MC is tested and tried, its cost is problematic
for complex systems and/or high accuracy requirements

» For many systems the random variables have smooth
densities and this we should explore

» We introduced the Wiener Chaos expansion for
this purpose



A brief reminder cou et

We introduced the homogeneous Chaos expansion

—~ N +d)!
InX) =¥ fidi(X) e PE  dim P! :(Njyd) &V + 9

|4]=0

to represent functions of d-dimensional random vectors

Fx. (x;) = P(X; < x;)
X = (X1, ..., Xy)

FX:FXl X...XFXd

Here we defined the Chaos polynomial

(I)Z(X) = (I)il (Xl) X ... X (I)id(Xd)

E[®;(X)P;(X)] = /‘I%(X)q’j (x) dFx (x) = iy v = E[®;]

For Gaussian variables, these are known as Hermite Poly.
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Stochastic Galerkin for ODEs .(”_

Let us now see how we can use these development

We consider again the simple ODE

du
(. 2)=~a(Zu,  u(t=0,2)=p.

Let us assume that « ~ N(u,0%) and express it as

N
ay(Z) = ) aiH{(Z), aw=u, ay=o,  a=0 i>1I
1=0

Similarly for the deterministic initial condition

N
By =Y biHi(Z), bo=B, b =0, i>0,
1=0

Note: This is very simple for illustration only !
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Stochastic Galerkin for ODEs .(”_

We now seek solutions of the form

N

1=0

To find the N+ unknown we apply the Galerkin procedure

d
E {%H}C} — —E[&NUNHk], Vk = O,. .. ,N

Yielding
dv
ﬂ:——ZZalv]euk Vk=0,..., N, eijr = E[H;H;Hy]
i=0 j=0

ﬁk(O)Ibk, 0<k<N\.

Can now be solved using a standard method
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Stochastic Galerkin for ODEs -

Define (N+1)x(N+1) matrix N
|
Aj = —E ;aieijka

to recover the system

_(t) — AT v(0) =
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- —&—— Mean
—H&—— Variance
107 |-
0.5
g - 10°F
. =
3 0 e ——m==cmm DT T T T - g
(@] \\\ T = - — w
7)) T~ -
o5k - 10
T —
Yy, (mean) \\\
1 ———-y, ~_ 4
zz ™o 107
- — = -y, ~ -
15 - — . -y, \\
F - Deterministic
_27\\\ ] IR I N N N I N R NN 10-5\\\\|\\\\|\\\\|\\\\|\\|
0 0.25 0.5 0.75 1 0 1 2 3 4 5
Time P

Xiu et al, 2002



)
Stochastic Galerkin for ODEs .(”_

A few observations are worth making

» Solving with the mean coefficients is not sufficient

» A stochastic scalar problem becomes a
deterministic system

» Some work is needed to derive system and
matrix entries e;jr = E[H; H; H]

» System is only coupled with multiplicative randomness

» Spectral convergence is clear, i.e., we have recovered
the benefits of global expansions from PDE solvers



Stochastic Galerkin for ODEs o rorEcNIOU:

Let us briefly discuss the generalization to general SDEs

du(;f,t) = f(a(X),u,t) + g(B(X),t), u(X,0)=h(y(X))

Parameters depends on d-dimensional random space

B(X) = (61(X),. .., Bi(X)) X = (Xy,...,Xq)

)
B
|
2
»
2
»

As in the simple case they are expanded in Chaos expansion

an(X) =Y 4;®(X) On(X) =) BiP(X) w(X)= ) 5iPi(X)
3|=0 |4|=0 |3|=0

@i:%wxm(xn @-:%E[MX)@(XM 5 %Eh(X)@(X)}
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Stochastic Galerkin for ODEs (”_

Now proceed and express the solution as
N
un (X, t) = ) (1) (X)
1i|=0

Applying a Galerkin approach yields the system to solve

d dii
ﬁE[uCI)k] — dtk = E[f(an,un) ®r] + E[g(By) ®r], V|k|=0,...,N
. 1
5 (0) = —E[h(yn) k], k| =0,...,N
Yk
: (N +d)! N9
» Total number of variables T~

» Generally terms E[f(an,un) ®rland  E[g(n) ®s]
must be evaluated through quadrature
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Stochastic Galerkin for ODEs .(”_

Consider a biological cell-signal problem

dt 1+ Guegp K1+ (1 —e1p) Kpo+erp
d€2p Vmax 3€1p(1 - 62}0) Vmax 4€2p
dt K+ (I—ez) Kmatey < Vimaz >= ( )

deSp o Vmax,5€2p(1 — 63p) Vmax,6€3p

delp o I(t) vaax,l(1 - elp) Vmax,Qelp K 1_g = O 2
m,1—-6 — Y.

dt  Kps+(1—es) Kpnetesp I(t) is a control parameter
—MOdeI Vmax,i =< Vmaﬂc > (1 + UXZ) oc=20.1 sz — U(_17 1)
2 0.4 0.4f
0 0.5 |nput 1 1.5 —(()).2 0 0.2 0.4 0.6 |nput 0.8 1 1.2 1.4 1.6

Xiu, 2007
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Stochastic Galerkin for ODEs .(”_

Consider as example a genetic toggle switch

w_ @
dt 1+ P o= (a, -, 0) = (a1,00,B,7.0,%)
dv

— = —V
d 1+or :
IPTG is a control parameter

u
-~ (1+[IPTG]/ )"
Model % Hi --ﬂ
0.8F 1 ]
a(X) =< a > (1+ 0X) 8 T
fx, =U(-1,1) goel ¢
&
(o) = (156.25,15.6,2.5,1,2.0015,2.9618 x 107)  Eos
£
o=0.1 S
0.2
Experimental data "
: o © s F
Computation results

! ! ! ! ! ! ! ! !
-6 -55 -5 -4.5 -4 -3.5 -3 -25 -2

N=2 0g10(IFTG) Xiu, 2007



Stochastic Galerkin for ODEs o rorEcNIOU:

Lets summarize our results for SDEs

» Approach is systematic

» SDE scalar problems leads to deterministic coupled
systems of ODEs

» Results for both linear and non-linear are convincing
and the potential for savings significant.

What changes for SPDEs ?
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Stochastic Galerkin for PDEs (”_

Consider the general SPDE
u;(x,t,w) =Lw), Dx(0,T]x €2,
B(u) =0, dD x [0, T] x £,

U = U, D x {t =0} x Q,

Assume that the uncertainty can be represented by
L = (Z4y,...,2y)

to recover the recognizable formulation

u,(x,t,7) = L), Dx(0,T]x R,
B(u) =0, 0D x [0, T] x R¥,

U = uo, D x {t =0} x R4.



Stochastic Galerkin for PDEs o ronEcHNIOU:

Let us first consider the elliptic problem

{ V- lk(z;w)Vu(xr;w)] = flz;w), (r;w) € D x
u(z;w) = g(o;w), (x;w) € 0D x )

We continue as before
N

in (2, Z(w)) =Y fin(2)®n(2)
(@, 2@) = Y fal@)@a(z) V@ ZW) =2 n(@)®a(2)

and seek solutions of the form
N

un(z, Z(w)) =) iin(2)Pp(2)

n=0
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Stochastic Galerkin for PDEs .(”_

Inserting this into the PDE yields

> >1 /{nvum)] ©, Py, = Z fnq)n

n=0 m=0 n=0

Applying the Galerkin procedure yields

y S‘ /{nvum emnk — ka[(I)2]

n=0 m=0
Cmnk — E[(I)m (I)n (I)k]

with boundary conditions
fLALn — E[gN (I)n]

Essentially the same as for the SDE



Stochastic Galerkin for PDEs

» Requires the solution of N+ coupled of the form

N N
n=0

m=0

» In space you can discretize as you prefer to recover
Au=f*

where (u,f) are (N+1)xDOF long vectors.

» Procedure requires solvers to be rewritten.

EEEEEEEEEEEEEEEEE
EEEEEEEEEEEEEEEEE
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Stochastic Galerkin for PDEs .(”_

Lets consider a couple of examples

d du
. [/@(x;w)@(aﬁ;w)] =0, x € [0,1], u(0;w) = 0, u(l;w) = 1.

Diffusivity is assumed random

k(r;w) =14 e(w)x,

Model °F
e(w)=0X
h10'5—
fX — N(07 1) %
oc=0.1
10° |
—A— 0=0.1
: : '

Xiu, 2004

go el o
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Stochastic Galerkin for PDEs (-

Consider a 2nd example

Ve, y;w)Vulz, y;w)] = f(z,y;w), (z,y) € [—1,1] x [-1,1]

uLyw) =1 PLyw)=0,  ule-Lw) =0,  So(rLw) =0
€T

MOdel f(x)y,Xl) — O'le /i(x,y;XQ) — (1 —I_ O-K,)XQ sz — [07 1]

1 0.46 — e Deterministic
- . Chaos: p=4
-\ 0.45 | e MC: 1,000
ook ————— Deterministic o — — — - MC:5,000
R e  Chaos: p=4 04af T~ MC: 10,000
- N — = mg;,ggg . T~ MC: 20,000
08| \. ~ — — - MC:5, =,
E X MC: 10,000 043 e
MC: 20,000 R
o =0,=02 | 042t
E 0.41F
N=4 T i
ool 039~
o 0.38 T
0.4 - \“\\\\__h 037F I T
[ R TN TN TN NN N N TN MR B | - I S T N N T T NI TN NN N NN N R MR |
1 -0.5 0 0.5 1 0'360.6 0.7 0.8 0.9 1
X X

Xiu, 2004



Stochastic Galerkin for PDEs

Let us also consider time dependent problems

ou(x,t, 2 ou(x,t, Z
u(x ) — «(2) u(x )’
ot 0x

u(x,0,2) =up(x, 2).

We proceed as before

N

oy (x,t, Z) = Z v; (x,)P;(2)

i=0

Applying the Galerkin procedure results in

v (x, 1) B
ofr

aﬁi(x, f)

dik
0x

M-

I
S

l

or the system

xe(—1,1), >0,

u(l,t, Z)y=uxr(t, 2), c(Z) > 0,
u(—1,t,2)=u;(t, 2), c(Z) <O0.

(gl
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Stochastic Galerkin for PDEs .(”_

Consider Maxwell’s equations

OE?®
€ —V x H® 4+ 0E® + S,
ot
OH?
— _V x E* + S
P ot i

We first consider a | D cavity problem

€1 ‘ €2 ‘

|
‘ M1 | K2 |
S smat — 22 = L

Z2
= = = /) =2251(1
€1 = U1 = U2 e2(x, Z) < +01 n ZQ)

We wish to estimate sensitivity of eigenfrequencies
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Stochastic Galerkin for PDEs o ronEcHNIOU:

Direct comparison with MC

Mean and Standard deviation of » values for Monte Carlo

1.5
mean ®
——— 0to
1 -
0.5
0
0 1.1937 2.5703 3.6550 5.0175 6.2320 7.4096 8.7921 9.8922 11.2306 12.7214

()

* material 6 2=.1, T=100, 1200 samples

1200 samples

Mean and Standard deviation of ® values for Gegenbauer expansion )

1.5
— mean ®
— 0t o
1k
0.5+
0
0 1.1936 2.5688 3.6538 5.0163 6.2286 7.4049 8.7880 9.8867 11.2267 12.6794

®

* material 6 2=.1 T=100; 120 modes, 28800 samples

N=120
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Stochastic Galerkin for PDEs
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Computation for large variation

o= 0.25

Mean and Standard deviation of ® values for Exact solution *

— 0t o

mean o

1.1409 2.4885 3.5279

4.9424 6.1535 7.2612 8.6052 9.7133 10.9929 12.2329

®

*material ¢ °=.5 115200 samples

Mean and Standard deviation of ® values for Gegenbauer expansion *

mean o
- — oto a— .
]
- }—{ ]
o
- }—{ _
o
- H _
H
- H ]
f
! ! ! ! ! ! ! ! ! !
0 1.1367 2.4943 3.5421 4.8325 6.1541 7.3621 8.6847 9.7910 11.036712.2900

®

material 6 %=.5 T=75, 120 modes, 28800 samples
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Stochastic Galerkin for PDEs o ronEcHNIOU:

Let us also consider a 2D scattering problem

RCS (in dB)

14 F
12 F

10 F

RCS average

RCS+sqrt(variance)
_______ RCS-sqgrt(variance)

! 1
U lI
1
| | | LY | | K | | | | | | |

100 200 300
polar angle ¢

_____ MC 100
—_ MC 400
—_ PC

0.2 /

N

Ll

LS

(]

(&)

c

8

0.1}

N=4

k(Z) = [cos(0.17),sin(0.12)]



Stochastic Galerkin for PDEs
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ECOLE POLYTECHNIQUE
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Consider a 2D material scattering problem

Ez average
N

5 N
1l enit

“I% e

by

RCS (in dB)

-10

0.14
0.13
0.12
0.11

0.1
>

T0.09

5,

3 08
.07
_GS
£0.06
>0.05
0.04
0.03
0.02

0.01 F

MC 150

MC 600
PC

RCS average
RCS+sqri(variance)
RCS-sqrt(variance)

200
polar angle ¢
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Stochastic Galerkin for PDEs .(”_

Let us again consider

ou(x,t, 2 ou(x,t, Z
u(x ) — «(2) u(x )’
ot 0x

Xiu, 2010

10° . . ; ; 1
== - Q@ > S

1
— Exact

0.9
107 |

0.8

107
07F

-6
10 0.6

107 | 0.5F

0.4}
107"

0.3F

1072
02f

1074 H —*- t=

0.1

| (R L L 1
DHN = =0N

N ~, N T T - ~ ,

1 1 1 1 1 0 1 1 N \4 A \/—'JI/ k‘/’ﬂ>/ ‘\"z.lfl\-/~|‘/'— el =

4 6 8 10 12 14 16 18 20 0 5 10 15 20 25 30 35 40 45 50
Order t

107°

0

» Spectral convergence at fixed time as expected

» Resolution requirement is time-dependent
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Stochastic Galerkin for PDEs .(”_

One easily proves the following result
C

Elllu — un ) < <yt

m depends on smoothness in Z
Assume periodicity in x and write the solution as
Un(t, Z) = Uy, (0) exp(inc(2)t)
Shows that in Z the wavenumber to resolve is t-dependent

It is a property of the equation -- worst case scenario.

This remains a major practical challenge
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Stochastic Galerkin for PDEs .(”_

Let us briefly consider nonlinear problems

Uy + Uy = vy, x €[—1,1],
u(—1) =14+4¢2), ull)=-1,

Assume again .
oy (.1, Z) =) Di(x, H®;(Z)
i=0

Following the same procedure yields

N N

0V 1 00 327
avl‘k | y:y:ﬁiﬁeijkzvﬁ k:O,...,N,

Yk 20 =0

More complex non-linearities become problematic

e’ = E [e™ @] = f eZi "V Dy (2)d Fy (2),
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Stochastic Galerkin for PDEs .(”_

Consider the Burgers problem

v — 0.05 Xiu, 2010




Stochastic Galerkin for PDEs o rorEcNIOU:

» Galerkin approach reformulates SPDE to larger
system of deterministic PDE

» The approach is systematic and applicable to general
systems of SPDFE'’s.

» Standard PDE solvers need to be rewritten but
standard methods are applicable

» Main issue with nonlinear problems is cost.

» Advection dominated problems have special challenges
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Non-Gaussian variables and gPC il

Focus has been on homogeneous Chaos expansions and
Hermite polynomials as originally proposed by Wiener.

From the weak approximation results, we know this is ok

But is it a good idea !

Xiu, 2010

1.5 T T T T T 3.5

[

aAw-=>0

534
- Xe)
sad
[CRC]
e

3_

25F

2+

1.5F

0.5F
1F

|
|

|

I |

| |

l |

| | 0.5

I 1

l |

I |

1 | 1 1 0 g =

0

1 1 1 1
1 -0.5 0.5 1 1.5 2 -0.2 0 0.2 0.4 0.6 0.8 1 1.2

1.4 1.6

Approximation of uniform density Approximation of Beta density



Non-Gaussian variables and gPC R

Recall that we introduced the polynomial chaos basis as

E[®, (X) P (X)] = /q)m(X(x))‘Pn(X(ﬂf))de(w) = VnOmn

Yo = E[@5(X)]
and the Chaos expansion as
J) =3 huX) o= EFX)0(X)
n=0 n

dF'x = p(x)dx
where the density is associated with the random variable

—z2/2

Fx :N[O, 1] = o(z) =

e

V2m

This suggests that the suitable basis depends on the density



)
Non-Gaussian variables and gPC il

Uniformly distributed variables:  U[-1,1]

Legendre polynomials

Po(z) =1, Pi(z) =z, Pyx)— %(3;1;2—1),...
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Non-Gaussian variables and gPC il

Beta-distributed variables: B(a, 3)
Jacobi polynomials: PP (g) =1, PP () = %(a _ B+ (a+8+2)),

p(x):C(a,ﬁ)(l—x)a(1+x)ﬁ, re|—-1,1], a,8>0

_ ['(a+ 8+ 2)
Cla, B) = 2o+ T (o + DI(B + 1)
WVell suited to model
general densities.

0.35F

0.3F

Ex: Approximation of
Gaussian by P(10:10)(y)

0.15F

0.1

Effective truncated
Gaussian

0.05F
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Non-Gaussian variables and gPC il

Gamma distributed variable:  I'(r,¢)

Laguerre polynomials

1
Lo(x) =1, Li(x) =—x+1, Lg(x):§(x2—4x—|—2),
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Non-Gaussian variables and gPC T

What about discrete random variables ?

There is no essential difference

E[®,,(X)P,(X)] = Z D (24) P (i) pi = Yndnm

This defines the appropriate Chaos basis

Ex: Poisson distribution

0.40
0.35
0.30

_0.25

-

2 0.20

=
0.15
0.10
0.05

*? o A=1
e ,\ — |
o A=10
5 0e
. . . ™
e, e Q
® . e @) .
G - - o “o.
ool " NecoRBaneosanom]
0.00 5 10 15 20

AZe—A

!

p(x) , x=0,1,2,3,...

Charlier polynomials is
the appropriate basis
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Non-Gaussian variables and gPC il

The much broader class of processes to consider is
known as generalized Polynomial Chaos (gPC)

Continuous  Gaussian Hermite (—00, 0)
Gamma Laguerre 0, 00)
Beta Jacobi a, b]
Uniform Legendre a, b]

Discrete Poisson Charlier {0,1,2,...}
Binomial Krawtchouk {0,1,..., N}
Negative binomial ~ Meixner {0,1,2,...}
Hypergeometric Hahn {0,1,..., N}

Xiu, 2010

What about ‘non-classic’ cases ?

Given a weight one can always constructed a
corresponding orthogonal polynomial basis



Non-Gaussian variables and gPC
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We consider again the simple ODE

du
“(t. X) =
dt(’ )

Assume a Gamma distribution of the unknown -

—k(X)u, u(0) =

o o
» [e0) -

Solution

o
~
I I I I I

| —®—— Mean (0=0)
4 ——8—— Variance
- — —A—-— Mean (a=1)
-~ —-—A—-— Variance (a=1)

o

N
1 1 1

\

o
5
S
|
i
|
l
I
|

Xiu et al, 2002
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Non-Gaussian variables and gPC

We consider again the simple ODE

d—u(t,X) = —k(X)u, u(0)=1

dt

Assume a Poisson distribution of the unknown -

Solution

Xiu, 2010
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We have achieved quite a bit

» Developed and demonstrated the Stochastic Galerkin
methods to quantify uncertainty in general problems

» Discussed both steady and time-dependent problems

» Introduced generalized Polynomial Chaos to most
effectively deal with general random variables

Problems remain

» New solvers are required

» Computational cost



