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)
The non-affine problem -

The affine assumption is key to speed

Assumption: - N
a(w,v; 1) Zﬁq aq(w,v),
-y
qg=1
Q1
=20
N =1 J
where
0,0%,0] . P — R 1 — dependent functions,
ag: VxV =R 1 — independent forms,
Jo, g 1 V=R 1+ — independent forms,
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The non-affine problem -

In many problems, this does not hold

» Geometric parametrization
» Material variations
» etc

In this case, we do not have the offline-online decomposition
and cannot eliminate dependence on the truth problem



)
The non-affine problem -

In many problems, this does not hold

» Geometric parametrization
» Material variations
» etc

In this case, we do not have the offline-online decomposition
and cannot eliminate dependence on the truth problem

flosp) =z

Except if we can - somehow |
- express non-affine terms  : |
as an affine expansion, e.g. |
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Empirical Interpolation (EIM) -

We consider a general parametrized function

[ M= {f(:m)|peP}CV, }

and seek to approximate it as

flz,p) = fn(z,n) Zan

and now we seek a problem specific interpolation with

{ @n(x):f(imlun)? n:L"'va J




Empirical Interpolation (EIM)

We consider a general parametrized function

[ M= {f(:m)|peP}CV, }

and seek to approximate it as

fz, 1) = fn(z, p) = Zan

and now we seek a problem specific interpolation with

{ @n(x):f(imlun)? n:L"'va J

How do we find the interpolation points - greedy !
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Empirical Interpolation (EIM) -

Given a parametrised family of functions f(-;u),u € P, a set of N — 1 basis
functions ¢1,...,0onx_1 and N — 1 interpolation points z1,...,xx_1 let us define

v = argmax | £ (1) = Ly ()l

= the worst approximation results if taking .

Thus the basis should be enriched by f(-; un).
Set

[ oy = argmax |f(z; ) — Ino1 f (@) ]

and
_ flrpn) = Inoof(25 ) .

(xn;pun) — In_1f(zn; pn
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Empirical Interpolation (EIM) T
Step N:

Given: {v1,...,on-1}, {T1,.-..,TN_1}.

o Solve the interpolation problem: Find {a, (p)} = s.t.

{ iwn(wi)an(u)=f(a:i;u), 7;1,...,N1}
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Empirical Interpolation (EIM) T
Step N:

Given: {v1,...,on-1}, {T1,.-..,TN_1}.

o Solve the interpolation problem: Find {a, (p)} = s.t.

{ iwn(wi)an(u)=f(xi;u), z‘1,...,N1}

o Compute the interpolating function

{IN 1f (5 Z } (IN—lf(xz';:u) = f(zip), @ = 17"'7N_1)'

n=1




Empirical Interpolation (EIM)

Step N:

Given: {v1,...,oNn_1}, {z1,...

737N—1}-

N—-1

o Solve the interpolation problem: Find {a, (1)}, —1 s.t.

z_: Pn (37@)0% (U)

= f(xi; 1), i=1....N—1.

o Compute the interpolating function

o Eo

n=1

-

(In—1f(zisp) = flzisp), 0=

o Define

UN — argmax
pel

TN = argmax
xr el

| f(sp) = I f (5 )| e @)

fzsun) —In—1f(z; un)l,

flzypun) —In_1f(x; un)

dN =

flen;un) —In_if(en; pn)
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EIM - example e

FEDERALE DE LAUSANNE
B —

Consider the parametrized family of functions:

P 1
{u(a:;,u) =x — 61 : for z € (0,1), u € [0.01,0.5]}
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EIM - example

error [log10]

u

L

error [log10]

-

<
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EIM - example
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Consider the parametrized family of functions:

w—1
{u(af;,u) = 61 , for x € (0,1),u € [0.01,0.5]}
er — 1

— EIM
Polynomaal interpolation |

I~ ——

error [log10]

-10pF

-12
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Consider the parametrized family of functions:

w—1
u(x; p) = x — 61 , for x € (0,1), u € [0.01,0.5].
er — 1

; Interpolation: Bad accuracy un-

+ EM

+ _ Polynomialinterpolation til there are enough interpolation
points in the boundary layer.

1 HEr + + + + + + + + + + * * 40
05

0 +* 4 + + + + + + + * * F W

0 0.2 04 0.6 08 1
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The error analysis of the interpolation procedure classically involves the Lebesgue

constant Ay = sup,cq Zfll |h¥ (z)|, where the hYY is the associated Lagrange
basis.

A (in practice very pessimistic) upper-bound for the Lebesque constant is 27V —1.

Lemma:

For any f € M, the interpolation error satisfies

[f = Inflloe) < (A +Ax) inf ||f —on|re()

vNEV N

Comparison with polynomial interpolation:
oN+1
eN log N

Chebychev points: Ay < 2log(N +1) +1

Equidistant points: Ay ~
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Lebesque constant Point distribution
18

. 1
T

—— W case éz)
—x— Wz, case ()
—=— WP case (i)
14— Wn%, case 144)
--v-- Chebyshey points :
12F|—— Equidistant points .

16 . Equidistant points

) O O 0O0000000O0OOOOOOOOOOOOOOOO O O O ()

—210_ Chebyshev points
< 000000000000 0000000000 O00O0O0O0oO0o0oaaaQ
8_
6_
Magic points
4_ P OOOO0O O O O OO0 OOOOOOO OOOOLOOLOLOOOOO O
————— 4
2 .
O 1 1 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 0 0.5 1 1.5 2 2.5 3
n cos 1

Magic points:
o Hierarchical set of points.
o Application to any domain (2 as we will see in the next slides.
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25

emagic points
o Heinrichs

151

Ay

On the triangle:

101

35
301
25

201

On a hexagon:

Anr

15f

10}

0 2 4 6 8 10 12 -1 0 1

On a half~-moon:
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A non-affine example -

Let us consider problems described by integral equations

Electric field integral equation (EFIE)

Truth approximation is a
standard MoM solver.

CERFACS




Integral equations

After discretization we again have

a(up(p), vp; p) = flopsp) Vo, € Vp
Output functional is
- D
Ao (u,d) = i d X (u(x) X J)e_ikw'ddw
Ar
) 7\ |2
RCS(u,d) = 101log;, Ao (u, C})‘
Ao (u, dp)|?
N Y

u: current on surface
d: given directional unit vector
dg: reference unit direction

I
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)
Integral equations it

Incident field Ei(z;k) = —pe"® %50

10 /
o E
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-20 F
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0 X y
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Integral equations il

One problem - the affine assumption fails

Caution: This is not feasible in the framework of the EFIE!
et |z —vy]| . .
a(wp,vp; ) = zk:Z/ / |Z, m (z) - v (y) — 72 divr pup(x) - dlvnyvh(y)} dx dy

il ) = sl / 50,0 . gy (@) da
I




)
Integral equations -

One problem - the affine assumption fails

Caution: This is not feasible in the framework of the EFIE!
k:|a: Y| s .
a(wp,vp; ) = zk;Z/ / o ) - vp(y) — 2 dive gup () - dwp,yvh(y)} dx dy

F(oni ) = nx(pxn) [ 25000 (@) da
r

Solution - empirical interpolation method (EIM)

Seek {mm}m-1such that

T (f)(x; 1) Qo (1) f (5 o)

||
Nl
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For the EFIE formulation this results in

4 N
w(z) - v(y)
a(w,v; k) ~ 1 / ——dx dy blue: parameter independent
rxr Arle—y|
red: parameter dependent
B % divrw(x) divro(y) da dy
k% Jrxr Ar|z—y|

£S5 an(k) / P (je—y|yw(x) - v(y)de dy

x I’
M
Qm k ns : :
B Z kg )/ G (|z—y|)divrw(x) divrv(y)dz dy
m=1 I'xI
h )

and for the source




RBM for Integral Equations
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Results for EIM

eikx_l
flaik) = ———, € (0, Rmax], k € [1, Kmax]
1<k=<25
e 1=<k=<50
e 1=<k=<100

0

20 40 60 80 100
k

Picked parameters %, in the parameter domain

relative error

1<k<25
— 1<k<50
— 1<k<100

01
0.01 |~
0.001 |~
0.0001 |~

o
o
S
S
S}
—

|

1x10° [
1x107 [
1x10°8 [
1x107 [
1x1071° |-
1x107" |-
1x10712 -
1x10713 =
1x1071

_l T BTSN TET SIS ST S B
0 10 20 30 40
M

Interpolation error depending on the
length of the expansion
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RBM for Integral Equations -

Results for EIM

fla;p) =e"3"9®  z el peD,
p=(k0), ¢ fixed,
D = (1, kmax] % [0, 7]

e R T .. * 3 °F 1<k <625
- . . - <k <6.
160 — | © ¢ ° ° o . ° o . ¢ 1 = — 1=<k=<125

- o ) o ) = -
140 — o ¢ . o o 0.1 F 1=k=25
- [ o [ . [ [ i
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: ( o e :
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- © i
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40 — -
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20__ -
- 1x107 F
O_— = = = ® P N
- I T I S B I R B T T B I I v 1x10'8 :_I I I I I I I I
5 10 15 20 25 8 1 4 1 & 1 J ' & 11/ 81!\ / 0! '\ 0 | |/ 8 1] 1 4]/
Kk 0 20 40 60 80 100 120 140

M



relative error

RBM for Inte g ral EC| uations o ronECHNIOU:

Extension to an element based EIM

10 p=
: — 1 element [ @
1 =
F — 4 elements D E = * * ¢
01 F 16 elements (] [ ] [ )

- — 64 elements
— () [ ]
: e sl P _e
o o ._' °
Z_ o o
:_ o
- ® ¢
5 o
F o

1x107 |
2 o
;_ [ ] o 9 L el
:_ 100 |- - tol=1e-8
F B -~ tol=1e-10
;_ tol=1e-12
| ] ] L ] ]
0

50 1oolvI 150 200 Objective iS
to reduce
online cost

# of elements
=
T

100
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RBM for Integral Equations

Picked parameter values and EIM elements
(tol=1e-12):
M=218 (without refinement)
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More complex examples
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Convergence:
2 parameters, u = (k,0) with D = [1,13] x [0, 7] 0
6 = 0 fixed
0.1
S 001k
® :
Q@ o0.001 F
5 -
© 0.0001 F
0.00001 |
) 1x10% F
Picked parameters: AT T T P T
1x1077 b L L
0O 20 40 60 80 100 120
- ° ° ° ® o N
() ® ® (]
— ® ® . . .
. . O . Computing time:
Z_ ‘ ° * ? ® [ — 1 mp element
- ° o 0.12 = — 4 mp elements
- . o ° o
:— . o @ { . ®
L ([ ]
L o @
[ e
o ®
E_ : o 1 o) ’ ¢
B * °
- ¢ ¢ ° °
. ) ® ° ®
- e o e o o 3
Cl P | 1 1 1 1
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2 parameters, p = (k,0) with D = [1,25] x [0, 7]
¢ = 0 fixed




Scattering example

2 parameters, p = (k,0) with D = [1,25] x [0, 7]
¢ = 0 fixed

&

3.14 1~ o o o [ ]
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() (]
o
[ )
@
236 | ° ° ° ® °
® ¢ ® ¢ ¢ e ®
o
()
o
° ®e
D 1.57 ¢ o
o
o © ¢
) o ®
. . o0 . .
° @ ®
0.79 I~ e ® ®
o ® e
( J
°
Y ()
0.00 @ e (] °®
] ] ] ] I ] ] ] ] I ] ] ] I I I
5 10 15 20 25
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Scattering example
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2 parameters, p = (k,0) with D = [1,25] x [0, 7]
¢ = 0 fixed

P/
y
/
X |
Picked parameters:
3.14 o o o o ®
[ ] [5)
i e °
i °
[ ) o ® ®
= ] (<]
236 |- ® ° o ¢ o °
= () ( ] ® ® [ ] [} ®
B [ ] )
B o o ° PY ( ] @
D 1.57 |- ) .
o
i o o
| () ° ¢ ) ]
i () ® o0 ® ) ®
° ¢ °
0.79 F ) R e °
i ® ° o °
o ® ) ®
() o
| . ® ]
0.00 o ) o ® )
] ] ] ] I ] ] ] ] I ] ] ] ] I ] ] ] ] I ] ] ] ] I
5 10 15 20 25

relative error

0.1

0.01

0.001

1

— RB approximation error
---- Singular values

1 llllllll 1 llllllll 1 llllllll

IIIIIII

u

0

20
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Scattering example il

1 parameter, u = k with D = [1, 25.5]
(0,0) = (%,0) fixed
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1 parameter, u = k with D = [1, 25.5]
(0,0) = (%,0) fixed

05 F
0 :— oo
0.5 F
1 | | | A A | | A A |
0 5 10 15 20 25
k
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10

1 parameter, ;= k with D = [1, 25.5] t
(9 ¢) ( ) fixed 0.1 —

0.01

0.001

0.0001

relative error

0.00001
1x10° F

1x107

- { I [N TN N I N [ [N [ I A I A N N A S
1x10°8

05 F

0.5 F
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10

1 parameter, ;= k with D = [1, 25.5] t
(9 ¢) ( ) fixed 0.1 —

0.01

0.001

0.0001

relative error

0.00001
1x10° F

1x107

1x10°8

0 5 10 15 20 25

20.00 |
10.00 |

Repartition of 23 first picked parameters:

o

o))

\l
I

Speed-up
o
3
I

0.5 |
O:_ [ N N J [ o oo° [ [ [ ] [ N ] o o [ J [ ] [} [ J o 060 oo 400

[ —O— version 1
- —O— version 2

:IIIIIIIIIIIIIIIIIIIIIIIIIIII : 1

-1 —2— version 3

0 5 10 15 20 25 2.86 [~
k IIIIIIIIIIIIIIIIIIIIIIIIIII

20 40 60 80 100 120 140
N

0.5 | 3.33
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The non-compliant problem



. )
Non-compllant case M-

A case is called non-compliant if

Compliant output: if s(u) = f(u(p); pu) = flu(p); ).
Here: if s(u) = f(u(p); p) # f(ulp); p).

In that case we must also solve the dual problem

Exact solution: for some p € P, find ¥(u) € V such that

o e = L), YoeV. |

Truth solution: for some p € P, find ¢5(u) € Vs such that

[ a(vs, Ys(p); p) = —L(vs; ), Vs € Va-}




)
Non-compllant case M-

The resulting RB approximation uy, € Ve, ¥rp € Vg, solve

4 )

a(urb(:u)a Urb; :u) — f(Urb), Vur, € Vpra
CL(Urb, wrb(:u“)a :u) — _é(vrb)a \v/’Urb € Vau.

- J

Then, the RB output can be evaluated as

[ senln) = U(urs) = e (Vinip) |

where

Tpr(UJ M) — f(v) — a(urb,v; M)a
rau(v; p) = —£(v) — a(v, Yro; 1)

- J

are the primal and the dual residuals.

The output error bound takes the form

f rac sl el )l
1) = G (o) /2




Includin g the adjoi Nt o rorEcNIOU:

Note: we can allow different approximation spaces based
on different parts of the problem

Primal Dual Primal-Dual
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Let’s consider an example il

2D EM scattering off
an open PEC cavity

Parameters are angles
and frequency

We consider an output of interest known as the RCS

w

F(wﬁ,%ﬁ):m

/ ngeHy —nyHy + (cosyn, E, +sinyn, E,)| e~ w(@costysiny) ;g
S

|F(w, 6, ¢)\2] Treated by empirical

s(w,0,¢) = 10log; [27T|Emc(w 0)|2 interpolation



2D EM problems

We consider the 2D Maxwell problem

/

\

1 0 (0OF oF
_ 2E'$ — g _ i — 1 Jx
€W + oy \ on Dy (X0,
1 E By .
—erEy - 0 (9Ly - 0 = wdy

por \ dr Oy

Parameters can be in the

» Materials

» Sources

» Frequencies
» Geometries

Problem is non-coercive and internal problems

can have resonances

(gl
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2D Scattering example
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v/ Problem is affine in the frequency

v' Non-affine in the angle(s) and output

v Both primal and dual problem are solved

Primal parameters. Dim = 250
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Greedy selection of samples

Max of the primal estimator on the training set

0 50 100 150 200 250

Dim

Max error in primal error estimator



Primal vs dual solution
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Primal problem

Primal parameters. Dim = 250
00 © 0 @ ° 00 00 000 90-00°00° O
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Max of the primal estimator on the training set
10 T T T T

10

Primal estimator

10
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100 150 200 250
Dim

Primal estimator

10
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Dual problem

Dual parameters. Dim = 250
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o 000 - o-e- 000 - "o
[ ]
° ° ° . e @ ° .. .
Y N .

-2

Max of the dual estimator on the training set
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2D Scattering example
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w =1.5708. Dim = 150

w =1.5708. Dim =180
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RCS in dB
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-16

_-'.-_—_
———

-18¢

RCS in dB. Dim = 200




RCS in dB
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2D Scattering example -

w =1.5708. Dim =150 ) .
RCS in dB. Dim = 200

w =1.5708. Dim =180

&)
-18¢ ' @ gl
0 1 2 h w = 1.5708. Dim = 200
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RCS in dB
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2D Scattering example

w = 7.854. Dim = 150
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2D Scattering example

w = 7.854. Dim = 150
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RCS in dB

2D Scattering example
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w = 7.854. Dim = 150

RCS in dB
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=7.854. Dim =180

w = 7.854. Dim = 200
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2D Scattering example
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14

-16

0 =1.0836. Dim =150

RCS in dB

08 =1.0836. Dim =180
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RCSindB
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log10( output estimator ). Dim = 150
] . i

-----

Global convergence of
error estimator
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2D Scattering example -

log10( output estimator ). Dim = 150
] . i

-----

Global convergence of
error estimator
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2D Scattering example -

log10( output estimator ). Dim = 150
] . i

-----

Global convergence of
error estimator

-2.5
log10{ output estimator ). Dim = 200
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The non-stationary problem



Time-dependent problems
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Continuous problem: For any p € P, find for any ¢t € [0,7] the function
u(-,t; 1) € V such that

/

d

dt

(u(-t 1), v)v + a(ul(- 6 p), v p) = fo,t;p),
u(z, 0; 1) = uo(x),
w(z, t; p) = gz, 5 p),

Vv eV,
Vo € (),
Va € 0.




. )
Tlme-dependent problems -

Continuous problem: For any p € P, find for any ¢t € [0,7] the function
u(-,t; 1) € V such that

i L (u(- b 1), v)v + a(u(- 6 p), v p) = f(v, 6w, Vo €V, A
u(x,0; 1) = ugp(x), Vo € Q,
u(x,t;pu) = g(x, t; uw), Vo € 0f).

~ J

Full discretization (forward Euler scheme in time for simplicity): For
any p € P, find for any n =1,..., Ny the function uf(-; 1) € Vs such that

4 R
ALt(u?—i_l(lu)?v(s)V — ALt(ufg(:u)er(s)V - CL(U?(,M),U(;;/L) -+ f(v(Satn;:u)v \V/fU(s S V(Sa
ug (3 p) = us,o(x), Vz € ,
ug (x5 1) = gs(x,tn; 1), Vo € 09,
- Y,

with t,, = nAt.



. )
Tlme-dependent problems M-

Suppose: A reduced basis approximation space Vy is given (it’s construction
is discussed later).

RBM approximation: For any i1 € P, find for any n = 1,..., Np the function
ul (p) € Vyp such that

4 R

A%(U?Jl(ﬂ)a Vrb )V = A%(Uf’b(ﬂ)a ’Urb)V - a(“?b(/i), Urb; M) + f(vebs tns t), VU € Vi,
Uge (T 1) = Usrp,0(T), Yz € Q,
u?b(gj,,u) :grb(ajatn;:u)a Vr € 0f2.

- J

Again: We are mimicking the truth solver but are restricting the solution space
from Vs to V4.



Time-dependent problems

Remaining question: How to construct the reduced basis space V7
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1.

POD /Greedy algorithm:
Set N =1, choose 1 € P arbitrarily.

Compute the time series uf (un) for all n =1,..., Ny
(truth problem: computationally expensive)

Define the error trajectory el (1) = uy(un) — ugy (1n)

Compute a POD of the error trajectory el (1) and retain the most
important mode &;.

Set Vo = Span{Vrbv ‘51}

Find pn41 = argmax,ep n(p)

Set N := N + 1 and goto 1. while max,cp n(p) > Tol
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Tlme-dependent problems -

Remaining question: How to construct the reduced basis space V7

POD /Greedy algorithm:
Set N =1, choose 1 € P arbitrarily.

1. Compute the time series ujy (pun) for allm =1,..., Np
(truth problem: computationally expensive)

2. Define the error trajectory el (1) = uf (un) — uly (1N )

3. Compute a POD of the error trajectory e (1) and retain the most
important mode &;.

4. Set Vyp =span{Vy, &1}

5. Find puni1 = argmax,cp n(u)
6. Set N:=N+1 and goto 1. while max,ep n(u) > Tol

A posteriori estimator: n(u) ~ ||us(1) — uwn (1) |[j0,71x0:

o Needs to be developed for each type of scheme/equation.
o Sharp estimate is important for good parameter selection in greedy algorithm.

o Is used to certity the error tolerance.
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Time-dependent problems i

We consider time-dependent heat problem

Fbottom

I right

8
a(w,v; 1) = Z L) / Vw - Vou + Vw - Vo,
=1 2, 0

Hip) - [01,10] fOI'p — 1,. .. ,8.

flosp) = pg / v.

Fbottom

L € [—1,1].



Time-dependent problems
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We consider time-dependent heat problem
Ftop

1000

100 E

0.01 k

ooof b4 o 00
0

I right

Fbottom

bV

o

*\.ﬂ\k\

O

5 10 15 20
Number of basis functions

8
a(w,v; 1) = Z L) / Vw - Vou + Vw - Vo,
=1 2, 0

Hip) = [01, 10]

fosp) = M[91/

forp=1,...,8.

V.
Fbottom
L € [—1,1].
N Nen,av e:E:Een,max e:E:Een,av
5) 0.18 24.67 7.51
10 0.07 26.27 7.69
15 0.03 25.82 6.79
20 0.02 31.63 9.53




Time-dependent problems -
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Truth Reduced
3.703e+00 3.703e+00 Error
E E 1.407=04
TS _73 EU.UUUI
: : 5
2 2 o
-0.0001
1 1
0.000e+00 0.000e+00

- AtT=3

-3838=04
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Tlme-dependent problems -

Truth Reduced
3.703e+00 3.703e+00 Error
E E 1.407=04
TS _73 EU.UDUI
E E _fu
2 2 u
-0.0001
| | At T=3
—
-0.0003
0.000e+00 0.000e+00
-3.838=04

Reduced Error
3.170e-01 1.250e-02

0.01

0.2

iR TN s
o
o an ERRTRRE RN
o
=

-0.0
-1

0.000e+00 3e-02

0.000e+00
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Time-dependent problems

Truth Reduced
3.703e+00 3.703e+00 Error
E E 1.407=04
73 73 EU.UUUI
z = o
2 2 r
-0.0001
| | At T=3
—
40.0003
0.000e+00 0.000e+00
-3.838=04
Truth Reduced Error
3.228e-01 3.170e-01 1.250e-02
Eo‘s E 0.01
=02 0.2 X
0
0.1 0.1
-0.01
0.000e+00 0.000e+00 -1.183e-02
Truth Reduced 14 Error
Eu.oooemo b) Eo‘oooemo \C) Es.:rss.e-os
E = —0.002
0.1 0.1
0
0.2 0.2 -0.002
-2.3368-01 -2.336e-01 -2.950e-03
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Caution is needed M-

Satellite modeling by reduced basis — careful

[km]
A b o v r 0o o
| e

/ —5
0 6
1
0 x10

. " System is Hamiltonian -
structure must be preserved.
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Hamiltonian reduced model o ontc o

W tion: - A
ave equation » size of original system : 1000

q=7p » size of reduced system : 30
p= CQQ:EQ: » AH =5 X 10_4.
Hamiltonian: >y = yrllL, =5 x 107
H(q,p) = 2
1 2 1 2 2
/(219 +26 qx> dx
1 Y -
\
0.5F -
Stability by construction / \
Df—%— kT e ——F—F———%
-05 1 1 1 1 1 1 1 1 1
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Hamiltonian reduced model o ontc o

W tion: - A
ave equation » size of original system : 1000

q=7p » size of reduced system : 30
p= CQQ:EQ: » AH =5 X 10_4.
Hamiltonian: >y = yrllL, =5 x 107
H(q,p) = 2
1 2 1 2 2
/(219 +26 qx> dx
1 Y -
\
0.5F -
Stability by construction / \
Df—%— kT e ——F—F———%
-05 1 1 1 1 1 1 1 1 1
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The non-intrusive problem
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Non-intrusive approach M-

Challenge: All approaches so far requires that we have
access to the full solver and all operators

For many problems and solvers this is problematic
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Challenge: All approaches so far requires that we have
access to the full solver and all operators

For many problems and solvers this is problematic

Question: Can we build reduced models without having
access to the solver, i.e., all we have are snapshots !



. . )
Non-intrusive approach -

Challenge: All approaches so far requires that we have
access to the full solver and all operators

For many problems and solvers this is problematic

Question: Can we build reduced models without having
access to the solver, i.e., all we have are snapshots !

Answer: Yes - but... !
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Non-intrusive approach M-

Simple approach: Solve problem at grid in parameter
space and interpolate in parameter space
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Non-intrusive approach M-

Simple approach: Solve problem at grid in parameter
space and interpolate in parameter space

Problem: High cost
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Solution: Greedy approach based on accuracy of
interpolation
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Simple approach: Solve problem at grid in parameter
space and interpolate in parameter space

Problem: High cost

Solution: Greedy approach based on accuracy of
interpolation

New Problem: Interpolation on
arbitrary grid in parameter space



N on-intrusive ap P Foac h scou rouicn ot

Simple approach: Solve problem at grid in parameter
space and interpolate in parameter space

Problem: High cost

Solution: Greedy approach based on accuracy of
interpolation

New Problem: Interpolation on
arbitrary grid in parameter space

Improved solution: Interpolation based on radial basis
functions

f(x, ) =;f(x»m)¢z‘(ﬂ) di (1) = o(||e — pall)
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Example - Driven Cawty Flow M-

We consider the Navier-Stokes —Ei-;
equations in a driven cavity

7,
%%—(u-V)u—VV%:—V(%)%—g -
V-u=20
1
24-A——4 PO A
18Fa ) ‘A A

First 34 samplesin [ .

) - A

parameter SpaceE 14¢ A a

12k s
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Example - Driven Cawty Flow M-

We consider the Navier-Stokes —Ei-;
equations in a driven cavity

ou 5 p 0,

— + (u-Vu—vVu=-V(—)+g

ot Po

V-u=>0
'0-5‘"‘I""I""I"“I"“I““I“" '0-5‘"'I""I""I"“I"“I““I"" O 77T

——A—— Maximal error 1 i —A—— Maximal error 1 I ——&—— Maximal error
--—-@-—-— Meanerror from t=0 to t=T | i —--—-@-—-— Meanerror from t=0 to t=T | ! --—-@--—- Meanerror from t=0 to t=T |
— —w¥ —— Meanerror at t=1 - 1k — —w¥—- Meanerror at t=1 ) 4 ——¥—— Meanerror at t=1

Log. (error)
N

1 1
(&%)
T T T T T T T T T T T T

Firg |
PIE:A| \\"‘w

250 E 015 20 25 30 35 290 5 10 15 20 25 30 35 Y0 5 10 15 20 25 30 35
Iterations Iterations Iterations

(a) u 1£.‘(b)v‘.m% () p

12 14 16 18
0.




Non-intrusive approach

1 -0.282 -0.154 -0.026 0.1020.23 1 1 -0.282 -0.154 -0.026 0.100.23
0.8 ‘ 0.8
| ‘
osfl oo f
- - |

Direct solution
[ il | [ | [ |

V: -041 -0.282 -0.154 -0.026 0.102 0.23 V: -0.41 -0.282 -0.154 -0.026 0.102 0.23 V: -041 -0.282 -0.154 -0.026 0.102 0.23
= —— = ——a = 5

1 r— 1= = —=

0.8 0

: 0.6 0.
> > | >

: 0.4} 0.

) ) 02 04 06 08 1 ) )
X X X

Reduced order model
(&)01 =1 (b)(gl =1.3 (0)91 =1.6
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Non-intrusive approach -




)
Non-intrusive approach M-

Observations:

»Works well
»Simple, in particular for non-linear problems etc

Problem:

»No rigor in error control - but maybe ok ?
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The non-standard problems



A summary SO far GO POIVTICHNIOD:

We have so far discussed how to

» Solve known problems faster
» Doing so with confidence in accuracy

» Minimize off-line cost
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A summary SO far GO POIVTICHNIOD:

We have so far discussed how to

» Solve known problems faster
» Doing so with confidence in accuracy
» Minimize off-line cost

We will now consider how to use the same ideas to solve
problems for which we do NOT have a large scale solver
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Multiple scattering problems T

Exploring related ideas for many body scattering

» Build an RB for each scatterer

» Build an RB for the interaction operation

» Combine through Jacobi-like iteration to enable
rapid modeling of complex scatterer configurations
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Multiple scattering problems il

Exploring related ideas for many body scattering

» Build an RB for each scatterer

» Build an RB for the interaction operation

» Combine through Jacobi-like iteration to enable
rapid modeling of complex scatterer configurations

This is not a RBM is the classic sense

.. but using RB ideas allows us to solve problems
that are otherwise very hard to approach
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Towards multi P le scatterin g o ronECHNIOU:

— 4 —
@ @ Endfire incidence for k=11.048

2524 3048 3572 4096 462 5144 5668 61.92 67.16
kd
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Towards multiple scattering -

—a—

n @ Endfire incidence for k=11.048

ka =kb =11.048
= .0355

8§ __ 1T02

>
&th.03
o

10 logg (o/a)

<2, 08 ¢
IIIIIIIII

oo
eb. 08
|
T
L, ——
———

'ZO'azﬁ.m: wn | wuw | w7 wes
: kd

-24.18 -

SRR EEEEE EEEEE EEN N

2524 3048 3572  40.96

K 18059.9



Multiple scattering problems

¢ €10,27];k=3,0 =m/2 2

SRRty
00060606
00006606

RB for single scatterer has 5 parameters
(frequency(l), angle (2), polarization (2))

RB for interaction operator has 8 parameters
(frequency(|), relative size(l), distance (2),

rotation (2), polarization (2))

Full scattering result computed with iteration
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Multiple scattering problems il

RB for single scatterer has 5 parameters st CNGSN I
(frequency(l), angle (2), polarization (2)) s O ik

phi (RCS)

RB for interaction operator has 8 parameters
(frequency(|), relative size(l), distance (2),
rotation (2), polarization (2))

Full RCS computed in less than

Full scattering result computed with iteration 3 minutes for 36 spheres



Multi P le scatterin g pro blem o ronECHNIOU:

&J & .

\Z

o

‘ B
| % Vertical position of

middle cavity uniformly
distributed within [-1,]]
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Multiple scattering problem il

- - - k=3,¢0"=0,0"=0,90

50 = 0.0° = 0 — 180

B N
pe |
8 g

Z _40 i l 1 1 1 1 l 1 1 1 1 l 1 1 1 1 l 1 1 1 1 l 1 L 1 1 l 1 1 1 1 l 1 1

| theta (RCS)
e
p -

‘ 'y 25 | A
| % Vertical position of o P A

middle cavity uniformly

distributed within [-1,1]  “f « V V V
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In a similar spirit i

A company - Akselos (CH) - is making a business of this

(a) Shiploader model.
Figures by Akselos, S.A.

e -‘ iy = f e

P ——

..fn‘-.-.-.rﬂf_‘.:t. | g E ‘ﬂ""_ P —
Wt g W WY,

[ :
T T A A P T AT ATAT AW Wy,
T o o T W i i ¥ T

(d) Parametrized crack component.

(b) Stress visualization.
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In a similar spirit i

(a) Shuttle model with clamp- T
ing locations. (b) First mode. (¢) Fifth mode.

Figures by Akselos, S.A.
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In a similar spirit i

Speed up vs. FEA 700
Maximum error vs. FEA | 1%

(c) t=0.6s (d) t=1s

Figure 7: A local lateral shock is applied at initial time t=0s.

Figures by Akselos, S.A.
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You do not have to do it all yourself

rbMIT - MATLAB based

http://augustine.mit.edu/methodology/
methodology rbMIT_SystemPackage.htm

RBniCS - python based with FEniCS link
http://mathlab.sissa.it/rbnics

pyMOR - python based with FEniCS/DUNE link
http://pymor.org



http://augustine.mit.edu/methodology/methodology_rbMIT_SystemPackage.htm
http://mathlab.sissa.it/rbnics
http://pymor.org
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Questions !

Thank you !



