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Overall goals

Understand Reduced models

WHAT do we mean by ‘reduced models’ ?

WHY should we care ?

WHEN could it work ?

HOW do we know ?

DOES it work ?

WHAT’s next ?

(i
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Starting point il

We consider physical systems of the form

L(x, p)u(x, p) = f(x, 1) x € ()
u(x, 1) = g(x, p) x € 0f)

where the solutions are implicitly parameterized by

MEDCRM
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Starting point il

We consider physical systems of the form

E(X,/L)U(X, :u) — f(Xv :u) x € ()
u(x, 1) = g(x, p) x € 0f)

where the solutions are implicitly parameterized by

uEDCRM

» How do we find the basis.

» How do we ensure accuracy under parameter
variation ?

» How do we ensure efficiency ?
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Let us define:
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The truth fcoue ronTichNIoL:

Let us define:

The exact solution: Find u(p) € X such that

L)
a(u, p,v) = f(p,v), Vo e X

The truth solution: Find un(t) € Xn such that
ah(uha ,UJ,?Jh) — fh(:uv Uh)? \V/Uh c Xy dlm(Xh) =N

The RB solution: Find urs(r) € XN such that
ap(Urp, 4, vN) = fa(p,vn),Voy € Xy  dim(Xy) =N



Wil
The truth fcoue ronTichNIoL:

Let us define:

The exact solution: Find u(p) € X such that

i)
a(u, p,v) = f(p,v), YoeX

The truth solution: Find un(t) € Xn such that
ah(uha ,u,?}h) — fh(:uv Uh)? \V/Uh c Xy dlm(Xh) =N

The RB solution: Find urs(1t) € X~ such that
ap(Urp, 4, vN) = fa(p,vn),Voy € Xy  dim(Xy) =N

We always assume that N > N
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Solving for the truth is expensive - but we need to
be able to trust the RB solution

Ju(p) —urp()|| < |lu(p) —un(@)|| + |lun(p) — urs (1)
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be as accurate as you desire - the truth



Wil
The truth and errors fcoue ronTichNIoL:

Solving for the truth is expensive - but we need to
be able to trust the RB solution

Ju(p) —urp(p)|| < [Ju(p) —un(w)|| + lun(e) — ure(p)]]

We assume that

u(p) juh

This is your favorite solver and it is assumed it can
be as accurate as you desire - the truth

Bounding “we achieve two things

» Ability to build a basis at minimal cost
» Certify the quality of the model
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G reedy Sdm Pl IN g GO POIVTICHNIOD:

Notation: a function v(-; ) : 2 — R is often denoted as v(u).

Parameter space P Spatial domain 0

x € ()

Solution of PDE u(u) € V. That is u(u) : Q — R.

Spatial domain €2

u(pr)
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Greedy sampling -

Notation: a function v(-; u) : 2 — R is often denoted as v(u).

Parameter space P Spatial domain 0

x € )

Solution of PDE u(u) € V. That is u(pu) : 2 — R.

Spatial domain (2 Spatial domain (2

u(p) u(pi2)
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G reedy Sam Pl IN g ICOIE pOTYTICHNIAUE

Reduced Basis Ansatz:

[ Vo = span{us(p1), - - -, us ()} ]

for some well-chosen sample points f1,..., un.
Example: ' . )
k: 1...96: kK g.75' K ;7% k: 50.6'3 K ;5(1)

1 parameter: wavenumber £
Different snapshots illustrated

Question: How to find the sample points uq,..., ux such that

[ Vi & Ms = {us(pn) : Vp € P}, ]

i.e. such that

[E(M(s,Vrb) = sup inf |Jus(p) — ve||lv < tolj

’UJ(S(,UJ)EM5 'UrbEVrb

for N as little as possible?
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Greedy sampling -

Goal: Selection of sample points (1, ...,y such that

[ Ve = span{us(p1), ..., us(pun)} = Ms j

Greedy algorithm:
Set N =1, choose 1 € P arbitrarily.
1. Compute us(un) € Vs (truth problem: computationally expensive)
Set Vi, = span{ Vo, us(un)}

2
3. Find pun41 =argmaxyep [|us(p) — urn(p)|lv
4. Set N:= N +1 and goto 1. while max,ep ||us() — urp(pt)||v > Tol
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Greedy sampling -

Goal: Selection of sample points (1, ...,y such that

[ Ve = span{us(p1), ..., us(pun)} = Ms j

Greedy algorithm:
Set N =1, choose 1 € P arbitrarily.
1. Compute us(un) € Vs (truth problem: computationally expensive)
Set Vi, = span{ Vo, us(un)}

2
3. Find pun41 =argmaxyep [|us(p) — urn(p)|lv
4. Set N:= N +1 and goto 1. while max,ep ||us() — urp(pt)||v > Tol

Remarks:
e In order to compute ||us(u) — urp(pt)||v, the truth solution us(u) needs to
be computed.

e A sequence of hierarchical spaces is generated (which is not the case for
the sequence of the best approximation spaces in the sens of Kolmogorov).
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Key ingredient: (estimated) error feedback: Consider the mapping

[ = (), ]

where () is an error estimation for ||um, (1) — us(p)|v.
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G reedy Sdm Pl IN g GO POIVTICHNIOD:

Key ingredient: (estimated) error feedback: Consider the mapping

[ = (), ]

where () is an error estimation for ||um, (1) — us(p)|v.

Recall that us(p) the truth approximation defined by: find us(u) € Vs such that

[ a(us(p),vs; ) = f(vs; ), Yos € Vs, ]

and upp (1) the reduced basis solution defined by: find (@) € Vi, such that

[ a(urn (1), Vro; 1) = f(vrps ), Vorp € Vop.

The Galerkin framework allow for a residual-based a posteriori estimators without
computing us(p). This will be discussed at a later stage.
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Greedy algorithm:
Set N =1, choose 1 € P arbitrarily.

Compute us(un) € Vs (truth problem: computationally expensive)
Set Vi, = span{ Vi, us(pun)}

Find pny1 = argmax,ep 1(p)

Set N := N + 1 and goto 1. while max,cp 7(p) > tol
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Greedy sampling -

Greedy algorithm:
Set N =1, choose 1 € P arbitrarily.
1. Compute us(un) € Vs (truth problem: computationally expensive)
Set Vi, = span{ Vi, us(pun)}

2
3. Find pny1 =argmax,cp n(n)
4. Set N:= N +1 and goto 1. while max,ecp 1(p) > tol
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Greedy sampling -

Greedy algorithm:
Set N =1, choose 1 € P arbitrarily.

Compute us(un) € Vs (truth problem: computationally expensive)

Set Vi = span{Vyp, us(pn)}

1

2

3. Find puny1=argmax,ep 1(u)

4. Set N:= N+ 1 and goto 1. while1

-
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Greedy sampling - example -

- + Error estimate
+ True error
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Greedy sampling - example

Error estimate

True error
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Greedy sampling - example -
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G reedy sam Pl INg - theo ry fcoue ronTichNIoL:

Convergence: Is the convergence of the greedy algorithm comparable with the
decay of the Kolmogorov N-width? Recall that the Kolmogorov N-width is the
error using the best possible N-dimensional space (which is unknown in practise).

Theorem: Assume that the set of all solutions M has an exponentially small
Kolmogorov N-width

[ dy (M) < ce™ ™, ]

for an a > log (1 + \/g ), then the reduced basis approximation converges expo-
nentially fast in the sense that there exists a § > 0 such that

LVM € P lus(p) = ure(p)lv < CeﬁN}

Another result exists which says that if the Kolmogorov N-width decays with
an algebraic rate, then so does the reduced basis approximation based on the
greedy-algorithm. The rates are however different.
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How to solve the problem: For i € P, find the solution ., (1) € Vi, of

[ a'(urb (:u)a Urp, :u) — f(vrb; ,u)v v,Urb < Vrb )

It consists of a linear problem with /N degrees of freedom, thus results in a V-

dimensional linear system
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( Arb Upp = frb? )




)
Need for speed il

How to solve the problem: For i € P, find the solution ., (1) € Vi, of

[ a'(urb (,U), Urb, :u) — f(vrb; ,u)v v,Urb S Vrb ]

It consists of a linear problem with /N degrees of freedom, thus results in a V-

dimensional linear system
BB e
( Arb Upp = frb? )

However: Let the reduced basis space be given by V4, = span{&y,...,En},
then the N-dimensional matrix

[(Agb)’ij =a(&, & p), 1<14,7<N, j

needs to be reassembled for each new parameter value y € P and the assembly
process depends on N5 = dim(Vy): AL = BT ALB.




Need for speed

The affine assumption

Assumption:

where

09,0707 : P — R

ag: VxV—=R
Jobg: V=R

1+ — dependent functions,
1+ — independent forms,

1 — independent forms,

(gl
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N eed fOI” speed GO POIVTICHNIOD:

Example: Convection-diffusion

Example: Heat conduction on thermal blocks

15
a(w,’v;,u)zz,ui/ Vw-VU+/ Vw - Vo,
i=1 Ri R

P41

a;(w,v; 1) = / Vw - Vo, 0 (1) = i, i=1,...,15,
Ri
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Need for speed il

4 . .
Off-llne. leen Vrb p— Span{€17 .. ,fN} preCOmPUte

(AL)i; = aq(&5,&), V1<i,j7<N,
(£5): = fa(&), V1<i<N,
Ll = 4,0E), V<1< N.

Rem. Size of AL and £, 1% is N x N resp. N.

r
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Need for speed CoR R
4 . )
Off-line: Given V,,, = span{&y,...,&En} precompute
(Agb)w :aq(£]762)7 V1 SZ)]SNa
()i = fa(&), V1<i<N,
(Irp)i = £q(&:), vi<i< N
Rem. Size of AL and £, 1% is N x N resp. N.

\_ J

Rem. The assembling depends on Ns = dim(Vy). Indeed:

[ AL =BTAIB, L =BTf! 14 =B, )

where (Ag)w — &CI(SOjvgp'i)v (fg)j — fq(@pj) and (lg)j — fq(gpj) for 1 <4,j < Ns.
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Need for speed il

On-line: For each new parameter value u € P

1. Assemble (depending on Q.,Q: and N, i.e. ~ Q.IN? resp. ~ Q¢ N)
Al = Z 04 (1) Al fh = Z 0F (1) I3,

2. Solve Al ufy =f£ . (depending on N, i.e ~ N3 for LU factorization)
3. Compute

seo (1) = Lluzn(p); 1) = > 07 (1) (k)" 1,
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Need for speed SO ToNTCNal
On-line: For each new parameter value u € P )
1. Assemble (depending on Q.,Q: and N, i.e. ~ Q.IN? resp. ~ Q¢ N)
A, = Z 0 (1) Ay f, = Z 07 (1) £,
2. Solve Al ufy =f£ . (depending on N, i.e ~ N3 for LU factorization)
3. Compute
Q1
seo (1) = Lluzn(p); 1) = > 07 (1) (k)" 1,
=1
- : J

This is independent on N !
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Need for speed -

Computational costs:

o Off-line procedure: T, s¢.
o One on-line evaluation: 7,,.
o One truth solve: Ti. > T,,.

Evaluation for M parameter values:

1. Brute force approach: M - Ti..
2. Reduced basis method: Tose + M - T,.
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Need for speed il

Computational costs:

o Off-line procedure: T, s¢.
o One on-line evaluation: 7,,.
o One truth solve: Ti. > T,,.

Evaluation for M parameter values:
1. Brute force approach: M - Ti..
2. Reduced basis method: Tose + M - T,.

Theoretical considerations:

o The parameter space P is a continuous space (not discrete): M is potentially
arbitrarily high.

o Whenever the number M of parameter evaluations is high enough, the
reduced basis method is always cheaper.



Need for speed

Computational costs:

o Off-line procedure: T, s¢.
o One on-line evaluation: 7,,.
o One truth solve: Ti. > T,,.

Evaluation for M parameter values:

1. Brute force approach: M - Ti..

2. Reduced basis method: Tose + M - T,.

Realistic example:

o T.,,=1.
o Tir = 10? (realistic speed-up).
o Ther = 10* (N = 100).

100
80

60

Brute force: M - T., = M - 10?
RBM: Toss + M - Toy = 104 + M

Speed-up

40

20

(gl
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1x10°

1x10* 1x10°
Number of parameter evaluations: M

1x10°
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The method - so far o ronmichNIoL:

Offline procedure:

1. Construct the reduced basis space V., empirically based on the weak
greedy algorithm using an a posteriori estimator 7(u)

2. Precompute the p-independent matrices A?, and the vectors 2,17 .

Online procedure:

[ pw  —  solve for: up(p) —>  Sep(p) = (uw(p); @) j

which consists of

1. Assemble
Ay = Z 02 (1) Ay frp = Z 0f (1) 1

2. Solve AX ul, = {5 (N-dimensional linear system, N < Ny)
3. Compute spp(p) = Llu(p); 1)

4. Compute the a posteriori error estimator n(u) to certify the accuracy

Jus (1) — urn () v < m(p).

Characteristics: Independent of Ns = dim(Vs): cheap. Feasible in a many-
query context.
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The method - so far .(”_

Offline procedure:

1. Construct the reduced basis space V., empirically based on the weak
greedy algorithm using an a posteriori estimator 7(u)

2. Precompute the p-independent matrices A?, and the vectors 2,17 .

Online procedure:

[ pw —  solve for: up(p) —  Sep(p) = uw(p); p) ]

which consists of

1. Assemble

2. Solve AX ul, = {5 (N-dimensional linear system, N < Ny)
3. Compute spp(p) = Llu(p); 1)

4. Compute the a posteriori error estimator 7

Jus () — urn ()[4

Characteristics: Independent of N5 = dim(V
query context.

ertify the accuracy

. Feasible in a many-




SIS (-
The a posteriori estimator T

So far we assumed the existence of the a posterior: estimation process:

[ w  —  solve: a(up(p), ve; ) = f(Vr; 1), Yo, € Vi, —> () ]

where n(u) is an a posteriori estimation for ||uy, () — us(p)||v;-

o Estimates the discrete error ||us(u) — urn(p)||v by n(p): error with respect
to the truth approximation us(u).

o lIdeal scenario:

[ lus() - wn(@llv < n(w),  VueP. )

Certifies the model order reduction error with a computable bound.

o Crucial for selection process in weak greedy algorithm. (Off-line)
o Should be cheap, i.e., independent on N5 = dim(Vs). (Off- and On-line)
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Why only |lus (1) — ure(p2)]|v?

Ju(p) — urn () |lv

< Jlulp) —us(llv -+ JJus(u) = uen(p)lv
Error of truth Error of model
approximation order reduction
Given by the Depends on the
approximation reduced basis
space Vs space Vi,
Assumption: Needs to be estimated

sup [lu(p) — us(p)llv < tol
pel

by the choice of 0 in Vy.



The error estimate o ronECHNIOU:

Consider the discrete truth problem

A(p)un(p) = fr(p)
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The error estimate (”_

Consider the discrete truth problem

A(p)un(p) = fr(p)

Express the solution as
up € Xp,

Up, = UN + U | un € Xn



The error estimate

Consider the discrete truth problem

A(p)un(p) = fr(p)

Express the solution as

Up, = UN + U |

up € Xp,
uNGXN

This results in the truth problem

A1 1
- Aoy

Ao

Az o |

UnN
U

- frB

S1

as well as the reduced problem

A1,1URB = /RB

(il

EEEEEEEEEEEEEEE QUE

EEEEEEEEEEEEEEEEE



The error estimate

This yields the estimate for the error

A1
- Aoy

Aq o

A2,2 1 L

UN — URB

U

0

- J1— A2 1urB

EEEEEEEEEEEEEEEEE
EEEEEEEEEEEEEEEEE



The error estimate

EEEEEEEEEEEEEEEEE
EEEEEEEEEEEEEEEEE

|

This yields the estimate for the error

A1
- Aoy

Aq o
As o 11

UN — URB
U

0

. J1L — As1urB

We can recognize the right hand side as

0

Ji— A2,1URB }

and we recover

lun () —urB(p)|] < [|A™ () ||| R(1) |

|

JrRB — A1,1URB
J1— A2,1URB

— fu — Augp = R(p)

So with the residual and an estimate of the norm of
the inverse of A we can bound the error
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Error estimation cou rovrtcra

Truth solution: Find us(u) € Vs such that

[ aus),vsin) = fosim), Vs €V, )

RB solution: Find wu., () € Vi, such that

[a(urb(:u)a Urb :u) — f(vrb§ M)a Vorp € Vip.

Since V4, C Vg, there holds that

[ (s (1) — g (1), vs5 1) = f(vg; 1) — alun (1), V53 18),  Vos € V. j




Error estimation

Truth solution: Find us(u) € Vs such that

[ aus),vsin) = fosim), Vs €V, )

RB solution: Find wu., () € Vi, such that

[a(urb(:u)a Urb :u) — f(vrb§ ,u)a Vorp € Vip.

Since V4, C Vg, there holds that

[ (s (1) — g (1), vs5 1) = f(vg; 1) — alun (1), V53 18),  Vos € V. j

Define the error function e(u) € Vs and the residual r(-; 1) € V5 by

e(p) = us(p) — urp(p) € Vs,
r(vs; i) = f(vs; p) — alurs(p),vs5 1), Vs € Vs

This establishes the following error equation

 aleln). vsi ) = rlvs:p), Vs € V5. |

(gl
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Error estimation

(i

EEEEEEEEEEEEEEE QUE

EEEEEEEEEEEEEEEEE

For coercive problems:

with ags(u) > as > 0.

In consequence

(s sl < alvs,vsip), )

4 , 1 1 | N
HW)_:( z;rbmg [ < o pyaleln)s e(win) = —sr(e(un)ip
- = i el < sl el
Thus




Error estimation

EEEEEEEEEEEEEEEEE
EEEEEEEEEEEEEEEEE

For coercive problems:

with ags(u) > as > 0.

In consequence

(s sl < alvs,vsip), )

4 , 1 1 | N
HW)_:( z;rbmg [ < o pyaleln)s e(win) = —sr(e(un)ip
- = i el < sl el
Thus
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Computing the stability constant TR
In the coercive case ags(w) is defined by
4 )
as(i) = inf a'(v57v52; n e a(vs, vs; )
Vs EVs ”U5 ||V VsEVs (’U(S, U5)V
- J

Thus ag(p) is the smallest eigenvalue of: find (A, ws) € RT x Vs such that

[ a(w(g,v(;;,u) = A (TU5,U5)V, \V/U5 S V5° j




Computing the stability constant

In the coercive case ags(w) is defined by

-

o

) = &,

a(vs, vs; )

lvs 5

- a(vs, vs; )

vsEVs (’U(S, U5)V .

~

J

(gl

ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE

Thus ag(p) is the smallest eigenvalue of: find (A, ws) € RT x Vs such that

[ a(w(g,v(;;,u) = A (UJ5,U5)V, \V/U5 S V5° j

This can be translated to find the smallest eigenvalue of the generalised eigenvalue

problem

{ Alvs = X\ Myvy, }

where (Af)i; = a(e;, 05 1), (Ms)ij = (95, :)v and recall that {;};2%) is a basis

of V(;.

Depends on N
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How to compute ||7s(u)||v?

Let

[r(; =ff — AL B uf, € RY j

be the residual vector of the Ngs-dimensional linear system

[Au i _ g j

for the truth solution for a particular . The quantity B uf, is the representation
of uzp () in the basis {@; )22,

{ [#5() v = £/ ()T M ek J

The quantity ||7s(u)||v can thus be computed but the costs depends on Nj.

Then
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FEDERALE DE LAUSANNE

How to compute ||75(u)||v?

Let

(%=1 -A{Buf e RV,

be the residual vector of the Ngs-dimensional linear system

[ A — g ]

for the truth solution for a particular . The quantity B uf, is the representation
of uzp (1) in the basis {@;}2, .

{ [#5() v = £/ ()T M ek J

The quantity ||7s(u)||v can thus be computed but the costs depends on Nj.

Then

Strategy: Use the affine decomposition in combination with pre-computations
that are pu-independent.
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Let us thus define

_ 7s()lw
77(:“) T aLB(M)

p
Theorem: We just proved that there holds

Jus(p) — wen () ||v < m(p)-

Theorem: The estimator is efficient

Vs (1)
n(u) < —

Jus (1) — urn (1) |v-
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Let us thus define

_ 7s()lw
77(:“) T aLB(M)

p
Theorem: We just proved that there holds

Jus(p) — wen () ||v < m(p)-

Theorem: The estimator is efficient

Vs (1)
n(p) < —

Jus (1) — urn (1) |v-

/Proposition. In the compliant case, i.e. £(-; 1) = f(-; #) and a symmetric, there

holds that
ss(p) — seo(p) = JJus(p) — urn(p)

kfor all yu e P.




(gl

Computing the stability constant T
Recall: : )
— in a\vgs, Vs, W
Oé(s('u) o v5€£75 HUgH%;

Goal: Design an off-line/on-line procedure where the on-line part consists of

( p— ars(p) ]

such that 0 < arp(p) < as(p) and in a fashion that is independent of Nj.

as () is the smallest eigenvalue of: find (A, ws) € RT x Vg such that

[ a(ws,vs; 1) = X (ws, vs5)v, Vus € V. j

which can be translated to find the smallest eigenvalue of the generalised eigen-
value problem

[ Alvs =\ M5V5,]

where (Af)i; = a(e;, @i 1), (Ms)i; = (05, @i)v and recall that {o;};2; is a basis
of V(s.
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Special case: If the decomposition

e )
a(w, v; @) Zﬁq w) ag(w,v)
- J
is such that
a )
Hg(ll'l/)>07 \V/MG]P)7 q:17°°°7Qa7
aq(vs,vs) > 0, Vs € Vs, q=1,...,Q,.

\ J
we call the bilinear form a(-,-; 1) to be parametrically coercive.
Example: Heat conduction on thermal blocks

a(w,v;,u)zz,uq/ Vw - Vv + Vw - Vo,
— Rq Rie

aq(w,v; p) :/ Vw - Vo, 0L(p) = g, g=1,...,15,
R

q

a16(w,”U;,LL) — / Vw - VU,
Ris
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Computing the stability constant T
Devel -
evelop as(p) = inf CL(U(S,U(SQ,M)
Vs EVs HU(SHV
o S 93 (j) “a\ V2 1)
vs€EVs —1 2 HU(sH%,
W Sl (P AT
— 11
vsevs £ 02(u) 2 M T us |

v
=
L
=
-

Then
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Min-© approach
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Min-© approach
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Min-© approach

Exact coercivity constant

Multiple anchor points ] Min-0

———— Multi-parameter Min-60

0.2 |-
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Min-© approach

g / 09 (1) h
Qo — o min a < o
e(p) = as(p) | _in, Oa(p’) ~ i
% €(0,00) y

. . - Exact coercivity constant
Multiple anchor points ] Mi-6 '

———— Multi-parameter Min-60

/ 0.8 :—
(1B (,U) — k:Hll,E.)i}.(,K (Ozd (Mk) .o
\_ I

Limited and not very accurate

0.1 1 10

M1



Computing the stability constant (SCM)

Consider the coercive case (for simplicity)

Qa
an(Vn, b, Un) ar(vn, vn)
a(p) = inf f O
N R R T
and define
ar(wp,, w
Y = {y < RQaEwh € Xn;Yk = k’(|w};“2h)}

(i

EEEEEEEEEEEEEEE QUE

FEDERALE DE LAUSANNE



Computing the stability constant (SCM)

Consider the coercive case (for simplicity)

Qa
o = i, S =
and define
Y- {y € R¥|Fwn € Xpsyp = akl(lzfz:!ll;h)}
If we have N
J:R%xD =R T =2 Qi

k=1

then

o(p) = min J (y, p)

I

ECOLE POLYTECHNIQUE
EEEEEEEEEEEEEEEEE
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Strategy: Find upper and lower bounds such that

Yup CY CJYVLB

and define

app(p) = min I(p;u) ayp(p) = o I(p;w),
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Strategy: Find upper and lower bounds such that

Yup CY CJYVLB

and define

app(p) = min I(p;u) ayp(p) = o I(p;w),

Introduce

o, = inf @ (Vn, Un)
o uexn ||onl|?

< k<
bsksQ n ar(Vn, vn)
o = sup
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Strategy: Find upper and lower bounds such that

Yup CY CJYVLB

and define

app(p) = min I(p;u) ayp(p) = yg}gB I(p; u),

Introduce

o, = Inf @ (Vn, Un)

on€Xn  ||lvpl?
< k<
lsks Qa + ak(vhavh)
o) = sup >
oneXn  |lvnll
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Algorithm: Offline-procedure of the SCM

Input: An error tolerance Tol, some initial set C; = {u1} and n =1
Output:  The sample points Cx = {u1, ... ,un}, the corresponding coercivity constants as (i)
and vectors y”, n =1,..., N, as well as the lower bounds aiy () for all 4 € 5.

1. For each p € =;:
a. Compute the upper bound ogp(p) = mingeyn S(u,y).

b. Compute the lower bound afy(p) = mingeyn (1) S(p,y)-

arp ()
ol ()’

c. Define the error estimate n(u;C,,) =1 —

Select pip11 = argmaxuepn(,u; C,) and set Cpq1 = Cp, U {ptn+1}-

If max,ep n(p; Cp) < Tol, terminate.

Solve the generalized eigenvalue problem (4.26) associated with t, 11, store as(tni1), y* .

g S W N

Set n :=n + 1 and goto 1.

Online part

ap(ft) = yerar;i%) S(u,y),
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The upper bound

Assumption: We know the coercivity constant o(w,) for a
given point set C'x = {w1,...,wk }

Then define

VuoB(Cr) ={y " (wp)|l <k <K}, y'(p) = argyiggf(u,y)

Greedy by

ars ()

: s (1)

)
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The upper bound

Assumption: We know the coercivity constant o(w,) for a

given point set Oy = {wq,...,wik}
Then define
Yus(Cr) = W wn)l1 s k< K, y7(p) = arg Il T4, )
/“ Cxk 2 D
Greedy by ,'"/
1 arp (1) B . 1*/

)

s (14)
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The lower bound is found though

m

)

M
Yip(m;Ck) = {y € By > 0™ ) ym > an(p'), Vu' € Pu, (15 Cr)

M
> 0™ (W) ym 20, V' Py (12 }
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The upper and lower bound computation requires
V' Local minimization to compute upper bound

V' Linear programming problem to compute lower bound
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The upper and lower bound computation requires
V' Local minimization to compute upper bound

V' Linear programming problem to compute lower bound

Complexity is independent of A/
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The upper and lower bound computation requires
V' Local minimization to compute upper bound
V' Linear programming problem to compute lower bound

Complexity is independent of A/

Set (i is computed through greedy approach by minimizing
difference between upper and lower bound estimate

auB(B;Ck)—arp(u; Cx)
ayB(u;Ck)

Find Q241 = argmax,,c=

Update Cx11 = Cxr Uwgq
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In the first examples, the lower bound on the
stability does not play an essential role.



(gl

ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE
ﬁ

Lets see if it works

In the first examples, the lower bound on the
stability does not play an essential role.

1 , x
2 l 2, 2D EM problem
0.7} |
] Parameters are material
| properties in right half
0.3} 1
‘ s = / E,+ E,dx
% 0.25 0.5 1 22

[ O N |
-14-12 -1 -08-06-04-02 0 0.2 04 06 08 1 1.2 1.4




Lets see if it works

This is in fact a hard problem

Eo . w:57r/2

1S a resonance

1.5434
1.6357
1.8532
2.2456
2.9069
2.6983
3.8615
4.0033

(a) Resonances.

0.12

0.1

0.08

0.06 -

0.04 -

0.02-

!
1.5

N = 11884, 4th order, 282 elements

!
25

(b) BP(w).

!
3.5

(gl
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This is in fact a hard problem

£9

. w = 57/2

1S a resonance

1.5434
1.6357
1.8532
2.2456
2.9069
2.6983
3.8615
4.0033

(a) Resonances.

N = 11884, 4th order, 282 elements

0.12

0.1

0.08

0.06 -

0.04 -

0.02-

! ! !
25 3 3.5 4

(b) BP(w).

In this case the stability constant is important
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Point sets computed for lower-bound computation

1.2 =

211§
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Point sets computed for lower-bound computation

1.2

1.1

Lower bound
approximation

Y
| L il
| \ .

QP I~
o
(o))
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Point sets computed for lower-bound computation

1.2

1.1

HIHIATATARIRI

Lower bound |

I I * 1 - 1 Ul
approximation W
| l!:;iiiiﬂllﬂn
15 : 5'5 |

Accuracy
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Imaginary part of the Reduced Basis Output. Confidence region
0.1 T T | T |

N=10

-0.2 | | | | |
1 1.5 2 2.5 3 3.5 4

Imaginary part of the Reduced Basis Output. Confidence region

N

N=12

-0.1 N
0.2 | | | | |
1 1.5 2 2.5 3 3.5 4
Imaginary part of the Reduced Basis Output. Confidence region
0.1 T T T T T
0 — —
-0.1 i
02 | | | | |
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Lets see if it works o ronECHNIOU:

Imaginary part of the Reduced Basis Output. Confidence region
0.1 T T | T |

N=10

> — 500 sec 1

-0.2 | | | | |
1 1.5 2 2.5 3 3.5 4

Imaginary part of the Reduced Basis Output. Confidence region

N

N=12

-0.1 N
0.2 | | | | |
1 1.5 2 2.5 3 3.5 4
Imaginary part of the Reduced Basis Output. Confidence region
0.1 T T T T T
0 — —
-0.1 i
02 | | | | |
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Lets see if it works o ronECHNIOU:

Imaginary part of the Reduced Basis Output. Confidence region
0.1 T T | T |

N=10 0.25 sec
> — 500 sec 1

-0.2 | | | | |
1 1.5 2 2.5 3 3.5 4

Imaginary part of the Reduced Basis Output. Confidence region

N

N=12

-0.1 N
0.2 | | | | |
1 1.5 2 2.5 3 3.5 4
Imaginary part of the Reduced Basis Output. Confidence region
0.1 T T T T T
0 — —
-0.1 i
02 | | | | |
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Imaginary pa

rt of the Reduced Basis Output. Confidence region

0.1 T T T T T
N=10 |
> — 500 sec |
-0.2 | | | | |
1 1.5 2 2.5 3 3.5 4
Imaginary part of the Reduced Basis Output. Confidence region
0.1 T T I I I
ol \# /_/H
-0.1 .
0.2 | | | | |
1 1.5 2 2.5 3 3.5 4
Imaginary part of the Reduced Basis Output. Confidence region
0.1 T T T T T
0 — —
-0.1 _
02 | | | | |

0.25 sec

0.28 sec
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Imaginary pa

rt of the Reduced Basis Output. Confidence region

0.1 T T T T T
N=10 |
> — 500 sec |
-0.2 | | | | |
1 1.5 2 2.5 3 3.5 4
Imaginary part of the Reduced Basis Output. Confidence region
0.1 T T I I I
ol \# /_/H
-0.1 .
0.2 | | | | |
1 1.5 2 2.5 3 3.5 4
Imaginary part of the Reduced Basis Output. Confidence region
0.1 T T T T T
0 — —
-0.1 _
02 | | | | |

0.25 sec

0.28 sec

0.35 sec



An acoustic horn problem
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Geometry Parameters:

L

Length of waveguide and flare

waveguide width oo

height of 1st slice of flare from center oal

!
L . o
4 : :

b, b, Ib

............... 4----»&_----.}*{.---.;7

1/3L 1/3L 1/3L

height of 2nd slice of flare from center ( 4

final height of flare from center
[

n

Governing Equation: Helmholtz equation

Vu + k*u = 0,

By A. Patera and K.Willcox

T




Reflection coefficient s )

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

An acoustic horn problem
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Wavenumber is parameter. N=150

I I I I I I
I REB certified region
i RB solution |
FE (truth) solution
I--‘

= II-I)) : ]
l l | | | l l |

0 0.2 0.4 0.6 0.8 1.2 1.4 1.6 1.8 2

0.16
0.14:
0.12¢

0.1+
0.08-
0.06-
0.04:
0.02-

N =60

B RB certified region
—RB solution
- FE (truth) solution

13

0.16

0.14:
0.12-

0.1+
0.08-
0.06-
0.04-
0.02¢

1

1.35 14 1.45 15

N =170

I RB certified region
— RB solution
- FE (truth) solution

3 1.35 14 1.45 15
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2 D Pacman problem fGoFs ROCTSC TS

" /\/\V\/ LVAVAVIVAVAV iV AVAVAVILVALV:
|

JAWN X

X0 VAYAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAN ZAVAVAVAVAVAVAY.
ol AvAVAVAVAVAVAVAVAVAVAVAVAVQAVAVAVAVAVAVAVAVAVNAVAVAVAVAVAQgh S
RS RS
<P <
L R & Sc g DYy 2D PEC Pacm
NI :;V KIS < RRRSERSKIKIE
RO SOOI
O AVAYAVAY SSCRRNPEKP
<SR SRSAIKIEKED
PRIEKNAAYY KIS
KPKINAKT CRISKEERISKKIAS
RN S RERERRRER
KR SRS
KK PRI
PRI SRR P
SO PR SPESERSRISKIP t
B e ackscatter depends very sensitively on
KA RO 0% S
PRRSAAD SRR
<PRREAAIA <RI
PRI PRI
5 Moty e NG tout
: SERasit A cutout angle and frequency.
3 S P
>§ <> 55""' '1‘>><> 1»5I4§"‘WF%E§’Q>
RIS KSR~ 7SR K KIAOKISKISKISR
B AT A VRS S S
IR AR I AT A AN NSRRI
PO aVAVAVAVNVAVAVAY SVAVAVAVAVAY N vaVAVAVAvA o Y ¢
D> VAYAVAVAVAVAVAVAVAVA VAV, \WAVAV \VAVAVAVAVAVAVAVAVAVAUL OO 4
S Dy UAVAVAVAVAVAVAVAVAVAVAVAVAV,VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA S SOX
>3 AVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAV O
.4hnvAVAVAVAVAVAVAVAVAVAVﬂJAvAﬂvAvAVAVAVAVIAVAuvvvvg
NAYAV 2 a
30 T T T T T T
— Cylinder /
20+ —— WedgeAngle = 18.5 D&g| -
—— WedgeAngle = 21.57Deg
10k [ 4
A CRYA ANIaNY

ol Y ' T B v Y‘ |
10 Difference in scattering is clear in fields

_20 | | | | |
0 1 2 3 4 5

o)_

TM polarization
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2D Pacman problem AT

Greedy approach selects critical
angles early in the selection process

| | | | |
9.6 11.6 14.3 18.5 21.5

13.45 18.5 23.55
15 T I I I I
10W
5 i °
ol Convergence of output with
5| [ O(l10) basis elements
Truth
—10} — RB with 9 Bases |_
— RB with 11 Bases
-15 | '

|
9.6 11.6 14.3 18.5 21.5



2D Pacman problem
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40
20
O -
—20"| —— RB output with 13 bases
Output + error estimate
_aoUd Output - error estimate | |

9.6 11.6

12

18.5 21.5

Convergence of error bounds over
full parameter range

Exponential convergence of

(@2 \V) A O ©
T T T T

—— RB output with 15 bases
Output + error estimate
Output - error estimate

predicted error estimator and

real error over large training set

—— RB output with

Output + error estimate | -
Output — error estimate

—a— \Worst Case RBM Error
o —e— \Worst Case Error Estimate
)
© 10°
£
L%
LLd
| -
17 bases 9
L]
= 10}
(@]
| -
| -
L

5 10 15 20 25 30
Number of Bases

11.6 14.3 18.5 21.5

Note: Linear scale, not db scale
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Fast evaluation over parameter space allows for rapid
uncertainty quantification

20
10+
ok
~10f
Mean Output
-20 Mean + S.D. |7
Mean - S.D.
—30— ' ' ' |
9.6 11.6 14.3 18.5 21.5
20
10
ol
ol Uniformly distributed
20} oan Ouput | 5% randomness in
Mean + 2 S.D.|
-30 Mean - 2 S.D. gap angl e
-40

1 1 |
9.6 11.6 14.3 18.5 21.5
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One last exam P le o ronECHNIOU:

Thermal fin optimization

.
LN
1

0.001
0 5 10 15 20
Number of basis functions

) Three parameters

u €0.1,1.0),  pe €[0.5,10.0], e € [1.0,10.0).

ao (W, v; () = Ly Vw-Vv+/ Vw-Ver,um/ wu,
I
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Basis functions

u

3.258e+00

w

u
E7.057e+00

N

o
~o
w

8.497e-01

MIIHIIIIIIHIIIIIIIH I
o~
ey

5.950e+00

Verification

o
o

2.547e-04

uE1'5836+00 E4.1b1e+00
; 2 23
éo.a éz
S04 E]
E 4.038e-01

2.072e-10

u_rom error
8.6056-01 2.500e-05
Eos [_2e-5
éU.é o
2 0
=04 £
Eio.z E—Qe—S
2.085e-04 -3.1926-05



Where are we now 7 GO POIVTICHNIOD:

So far we have established

» Method works and efficient though greedy
» Performance depends on N
» Error is certified

Still to consider the ‘non’s’

» Non-affine problems

» Non-compliant problems

» Non-intrusive problems Lecture 3
» Non-stationary problems

» Non-standard problems

Questions ?



