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Abstract

Two-level A-calculi have been heavily utilised for appli-
cations such as partial evaluation, abstract interpreta-
tion and code generation. Each of these applications
pose different demands on the exact details of the two-
level structure and the corresponding inference rules.
In a previous paper we have developed a descriptive
framework for characterising the key ingredients used in
the various applications. Based on the insights offered
by this characterisation we now develop a prescriptive
framework that offers firm guidelines on what we regard
as “good” definitions of multi-level lambda-calculi.

1 Introduction

The literature has seen quite a number of multi-level
languages used for different purposes: partial evalua-
tion 5], code generation [8] and abstract interpretation
{7]. At the surface, they all seem very different and in
a recent paper [11] we performed a careful descriptive
study of the multi-level lambda-calculi found in the lit-
erature. This allowed us to highlight a number of com-
monalities as well as differences between existing lan-
guages. By using a common approach we were sure not
to be influenced by design decisions of no inherent im-
portance as concerns the study of multi-level languages
(like whether or not to insist that the domain of the
type environment is equal to the set of free identifiers
of the expression). Furthermore, we were able to iden-
tify design decisions in existing languages that should
perhaps be reconsidered. In recent work [12] this de-
scriptive approach has been extended to more general
classes of programming languages than those based on
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the A-calculus; in short several syntactic categories (like
expressions and commands) as well as type and kind
structures can be incorporated.

Such a development is potentially very useful because
it allows to “port” interesting applications like partial
evaluation also to such widespread languages as C++
and Java, not to mention functional languages with
primitives for concurrency and object-orientation. Yet
in fulfilling this goal it becomes apparent that the de-
scriptive approach is much too flexible and hence pro-
vides too few guidelines when addressing an unfamiliar
language.

This then suggests to refine the insights obtained from
the descriptive approach into something more prescrip-
tive. It is natural to start with a study of A-calculi since
this is the area where multi-level languages have most
flourished, and this will be the aim of the present pa-
per. It is important to stress that while the descriptive
approach aims at encompassing all design choices, the
aims of the prescriptive approach is to be much more
selective and indeed to exclude certain design choices.

To clarify our distinction between descriptive and pre-
scriptive it may help to draw an analogy with denota-
tional semantics. A main aim is the ability to describe a
vast selection of programming languages, regardless of
how intricate their semantics may seem. Another long
term aim is to aid in the design of new programming
languages by prescribing that decisions be made about
a number of key notions: what are the denotable values,
the storable values, the L-values etc. Indeed careful de-
cisions at just this level was believed to be so powerful
as to essentially describe the semantics of the program-
ming language in question [13]. Thus the prescriptive
approach aims at introducing some useful structure that
captures most (but not all) of the power of the descrip-
tive approach and that provides further guidance on the
design of concrete applications.

In essence our prescriptive approach is based on the fol-
lowing key ingredients:
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o A multi-level structure B containing a set B of lev-
els of interest together with information about how
to pass between them; the latter can conveniently
be specified in an algebraic style by a set Q of op-
erators.

A kind of B-algebra R specifying the conditions
that have to be fulfilled in order to pass between
the levels.

A systematic construction of a multi-level language
L[B, R); the well-formedness rules for the language
are naturally separated into rules belonging to a
single level and into so-called bridging rules that
allow us to move from one level to another.

This development is performed in Section 3. To facil-
itate obtaining a Curry-Howard isomorphism we shall
annotate all syntactic constructs with level information
and we shall have explicit syntactic constructs for pass-
ing between the levels.

While the development of Section 3 presents clear guid-
ance concerning how to design a multi-level language
it may be argued that the notation is muct too ver-
bose: there are annotations everywhere and there is
explicit syntax for passing between the levels. To il-
lustrate the variations possible we consider in Section
4 how to introduce additional parameters to the pre-
scriptive framework and the two main ones answer the
following questions:

o Are the terms annotated with the associated level?

¢ Do we have explicit operators for moving between
levels?

While the reader may prefer some of the variations from
Section 4 over the one developed in Section 3, we believe
it is important to fix the parameters “once and for all”
in a manner acceptable to the community at large.

2 Preliminaries

Programming languages are characterised by a number
of syntactic categories and by a number of constructs
for combining syntactic entities to new ones. Using the
terminology of many-sorted algebras [3, 14] we shall rep-
resent the syntactic categories as sorts and the methods
as operators.

The simply typed A-calculus X is the programming lan-
guage specified by the following data. The sorts (or
syntactic categories) are:

Typ, Exp
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The signature (or the set of type and expression forming
constructs) ¥ is given by

—: (Typz;Typ) int : (; Typ)
bool : (; Typ)
c: : (;Exp) z; : (;Exp)

Az;. - (Exp; Exp)
if : (Exp®; Exp)

e : (Exp?; Exp)
fix : (Exp; Exp)

for i ranging over some unspecified index set.

There are two well-formedness judgements: Tt for the
well-formedness of the type t and A+Fe : t for the well-
formedness of the expression e (yielding type # assum-
ing that free identifiers are typed according to the type
environment A). For types, we shall prefer to specify
the well-formedness judgement by the following infer-
ence rules:

FTt,  FTt
—_
F t1 = 1o

Flint FTbool

This is equivalent to simply stating that all types are
well-formed, but as we shall see it pays off to have ex-
plicit rules.

For expressions we shall specify the well-formedness
judgement by the following inference rules

I , T
T Ci:tlft—Type(c,) AT
. _ . T
y v xi:tlft—A(:z:,)/\ 't

Alz; : t;)FBe:t

. T X
AFENz; e t; o t if -t

Al“Eeo AR 7Y AF—Eel h
A }'Eeoﬁ ety

ArBe:t ¢t
AFEfixe:t

AFEBeg:bool AlFe it
AFFifeg e eq:t

AlEey:t

for some unspecified table Type giving the type of con-
stants. Note that the side conditions of form +T¢ are
vacuously fulfilled, but we shall see that it pays off to
include them explicitly.

In summary this is just the algebraic presentation of the
well-known simply typed A-calculus: we have the two
syntactic categories (represented by the sorts), we have
the abstract syntax (represented by the signature), and



we have the well-formedness judgements and the infer-
ence rules for their definition. We are stepping slightly
outside the algebraic framework in allowing type en-
vironments, and operations upon these, even though
there is no sort corresponding to type environments;
this could very easily be rectified but at the price of a
more cumbersome formalisation.

3 Multi-level lambda-calculi

One of the key parameters in defining a multi-level
lambda calculus is the multi-level structure B. It is
characterised by the sorts Typ and Exp inherited from
A, and

e anon-empty set W2 (also denoted B) of levels, and

o a (W5 x {Typ, Exp})-sorted signature & (also de-
noted ).

We shall write | B| for the cardinality of W&. In order to
simplify our notation we shall assume that all operators
w have rank of the form ((b1,5) - - - (bn, s); (b, 5)) for some
by, +,bp,b € B and s € {Typ,Exp}. The multi-
level structure is called uniform if all operators w are
of unary rank {((b1,s); (da,s)) for b;,bp € Bands €
{Typ, Exp}. It turns out that most multi-level languages
found in the the litterature fall into this subclass; the
most noticable exception being a two-level language for
abstract interpretation {11, 6].

Example 3.1 As a running example throughout the
paper we shall consider a (uniform) multi-level structure
B, with levels {0,1,---} and the operators

BOX® : ((b+1,Typ); (5, Typ))
boz® : ((b+ 1, Exp); (b, Exp))
unboz1® : ((b, Exp); (b + 1,Exp))

where b ranges over {0,1, - - -}. The presense of the oper-
ator BOX? indicates that types may be moved from level
b+ 1 to the lower level b; there is no operator allowing us
to move types in the opposite direction. The presense of
the operators boz® and unboz1® shows that expressions
may be moved in both directions. It will emerge that
this is the multi-level structure of the modal language
MiniMLE (1, 11]. a

The multi-level \-calculus L = L{B, R} uses the same
sorts Typ and Exp as A. The signature £ = X is given
by
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—*: (Typ?; Typ) int® : (; Typ)
bool® : (; Typ)
et : (;Exp) z; : (;Exp)

Mz;. : (Exp; Exp)

if? : (Exp®; Exp) fix® : (Exp; Exp)

w:(s;s)iffw € U((b1,5) - (bn,8)i(b,5))

where b ranges over B (i.e. W) and i ranges over
some index set. Thus we have |B| copies of the sig-
nature for A where each copy is annotated with a level
b from B. Furthermore, for each operator w of Q of
rank ((by,s8)---(bn,s); (b, s)) we have a distinct unary
operator w in the signature for L; these operators will
be called bridging operators.

Well-formedness rules. The basic idea is now to
have well-formedness judgements for L of the form ]t
and Al-fe : t; they denote whether or not the type or
expression is well-formed at level b. A well-formed term
from A that has just been annotated throughout with a
particular level b is also going to be well-formed in L so
the inference rules for L will contain a copy of the rules
for A for each level b in B. For types we thus have the
following rules:

Fit, Ht
}";rtl —-)btz

i—bl int? F{boo1®

It is important to note that while +7¢ holds for any
type t of A this is not going to be the case here. At this
stage, if F]¢ holds then all annotations of t will be b;
we shall shortly introduce rules allowing us to mix the
levels in a controlled but still restricted way.

Following the same pattern we shall have |B| copies of
the well-formedness rules for expressions in A:

iy b T
—E—L—A'_bci ~ if t = Type(c?) A F, ¢t

g — ) T
Aot ift = A(z:) A Ht

Alz; : t;]FEe: t
AFENz e 8%

if Fg-t,'

AI‘EGO : tl—)th AI—Eel A1
Al’feoQb e : tz

ArEe:t—b
TR
Al fix* et

Al-feo : bool? Al—fel t
Al—Eif" ep ey ep:t

ArEey it




It is easy to see that if we remove all annotations (or
have |B| = 1) then we get exactly the rules for A. Un-
like Section 2 the side conditions of the form [t no
longer hold vacuously and hence express a deliberate
restriction.

Bridging rules. So far no well-formed type or ex-
pression can contain annotations with distinct levels.
To obtain some interaction between the levels we shall
now introduce rules for the operators w coming from the
multi-level structure B; these rules are called bridging
rules since they show how to pass between the levels.
The general form of these rules are as follows. For each
operator wr € Q of rank ((b1, Typ) - - (bn, Typ); (b, Typ))
we have the rule:

Flty- F] ta
_..I_T_n__
!,.

Tort if Ry (t1, < tn,wr t)

Here we make use of a relation R, to express any re-
strictions in the applicability of the rule; we shall later
see that this relation can be viewed as the interpretation
of wr in an algebraic structure for B. For each operator
wg € Q of rank ((by, Exp) - - - (bn, Exp); (b, Exp)) we have
the rule:

A1 }“5161 . tl . ‘An F—Enen : tn
Abfwge:t

" It A

Rug ((A1, 61,t1), <y (An, e"-)t"-)l (Ain C,t))
Once more we make use of a relation R,, to express
any restrictions on the applicability of the rule.

In the formulation of the typing rules for expressions
we have decided to highlight that the resulting type is
well-formed as this allows us to state:

Fact 3.2 If AFfe: ¢ then H]t. o
Fact 3.3 If ]t and ]t then b = ¥'; if A+fe: t and
Atfe:t' thenb=1b'. m|

It is easy to see that we have a Curry-Howard isomor-
phism: there is a one-to-one correspondance between
the syntactic constructs and the inference rules of the
type system.

Example 3.4 Returning to Example 3.1 we observe
that the operators BOX®, boz® and unboz1® of By gives
rise to the following operators in the signature of the
multi-level language:

0 : (Typ; Typ)
box®, unbox1® : (Exp; Exp)
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This facilitates defining the following bridging rule for
types:

It expresses that we can move a type from level b+ 1 to
level b by boxing it.

For expressions we have two bridging rules:

AFE e:t .
AFfooxt e by 1 A =g
Arbge: 0%t 8r(A1) = gr(4z)[b A

Az FE, junboxtb e : ¢ gr(Az) = gr(42)[(b+1)

Here

{(=2,0) | Az}) =t}
{=¥,1) € gr(4) | ¥ < b}

gr(4)
gr(A)[b

The rule for box® expresses that an expression can be
moved from level b+1 to level b by boxing the expression
as well as its type. The side condition ensure that the
type environment “belongs” to level b: in a judgement at
level b the type environment should only contain entities
that are well-formed at level b or at a lower level, i.e. the
lambda-bound identifiers are all introduced at level b or
lower. The rule for unbox1® expresses that an expression
of boxed type can be moved from level b to level b+ 1
by unboxing it. The side condition ensures that the
type environment enjoys the same properties as in the
previous rule: the type environment in the conclusion
should “belong” to level b+ 1 and the type environment
in the premise should “belong” to level b and otherwise
be equal to that of the conclusion. This allows us to
prove:

Fact 3.5 If AFfe:tand z € FV(e) then z € dom(4)
and 3 <b: FLA(z). a

The rules for 0%, box® and unbox1? can be reformulated
80 as to more directly be instances of the rule schemes
considered above:

T
Foritl

rbrél;m if t1=t2

|‘It2 Ae =e A
ta = BOJY6 ti A

gr(41) = gr(4z) A
gr(Az) = gr(42)[b

}‘bT_th Ae=e A

t; = BOX® to A

gr(A:) = gr(A42)[bA
gr(Az) = gr(A42)[(b+1)

A1 }‘bE+161 : tl
Ay I-bEbox" ey :ly

Al I-,,Eel h
A, I-E+1unbox1" ety




To see that this is indeed a valid reformulation note that
according to Fact 3.2 +[, ¢; will hold for the rule for
box® because of its premise and hence ] 0 ¢; will hold
thanks to the rule for BOX® and it follows that ] ¢,
since t; = 0% t;. For the rule for unbox1® we get that
FIt; holds from Fact 3.2 and the premise of the rule;
since ¢; = O° t, it follows that ] ,t; holds (proved by
“inversion” of the inference showing ] 0° t5). a

Algebraic structure. To be more formal about the
relationship between R and B we shall say that R is a
B-algebra except that we interpret operators in the cat-
egory Rel of relations rather than in the category Set
of sets. In this case the carrier Rt of sort Typ consists
of sets of types (i.e. terms of sort Typ) and similarly
for the carrier Rg of sort Exp. For each operator wr
of rank ((by, Typ) - - - (bn, Typ); (b, Typ)) we shall require
that R, specifies a n + 1-ary relation on Ry. For each
operator wg of rank ((by, Exp) - - - (by,, Exp); (b, Exp)) we
shall require that R, . specifies a n + 1l-ary relation on
R} x Rg x Rr; this functionality is needed because
R, . is a relation over triples consisting of the type en-
vironment, the expression as well as the resulting type.

Example 3.6 The following is an algebra for the multi-
level structure B,,; of Example 3.1. For BOX we have:
iff

Rpoxy(t1,t2) tp =04

For box we have:

Rboz”((Al r elatl)? (A27 €2, t2))
iff
es =boxP e; Ata=0b ¢ A
gr(Az) = gr(A1) A gr(Az) = gr(A2)[b

For unboz we have:

Runbo:l"((Al 1 €1, tl)’ (AQ, €2, t2))
iff
€y = unbox1? e;1 AN = gob to A
gr(A1) = gr(A2)[b A gr(Az) = gr(A2)[(b+ 1)

It is straightforward to see that this algebra captures
the formulation of Example 3.4. O

Prescriptive versus descriptive. In a previous pa-
per [11] we have given a general descriptive definition of
a multi-level language and we shall now show that the
language L{B, R} introduced above is indeed a multi-
level language in this sense.

In [11} we distinguish between ezplicit and implicit op-

erators in the signature { of the multi-level structure
B: there is no restriction on the ranks of the explicit
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operators whereas those of the implicit operators must
have the form ((s1,b)---(sn,b); (s,b)), i.e. they are re-
stricted to just one level but may involve different sorts.
The distinction between implicit and explicit operators
is used to restrict the form of the inference rules in the
multi-leve]l language: all rules have to identify one of
the operators and the premises and the conclusion of
the rules have to “match” the rank of the operator. In
the present development, where we take a number of
copies of the rules of A, this condition is satisfied by
construction. (To be formal we just add all implicit
operators in the manner of [11].)

The development of [11] also requires that we define a
uniform derivor § mapping the signature of the multi-
level language to the signature of A. In our case we
shall let § be the mapping that deletes all annotations
and that is undefined on the operators w. Note that
since all w are unary operators this does indeed define
a uniform derivor in the sense of [11]. By extending &
to type environments in a pointwise manner we obtain
the following result:

Fact 3.7 If [t then HT4(¢); if Atfe
S(A)FES(e) : 8(2).

t then
(]

showing that well-typing is preserved under erasure of
annotations.

4 Variations over a theme

The framework presented in the previous section goes
a long way towards capturing the essential features of
the various multi-level languages presented in the litter-
ature. However, there are certain aspects that are not
captured, in particular concerning the actual syntax of
the multi-level language, and the extent to which the
multi-level structure is reflected in the syntax:

e Are the terms annotated with the associated level?

o Do we have explicit bridging operators?

In the course of the development we shall see yet another
important design decision come up:

e Does the type environment contain information
about the binding level of identifiers?

So far the latter question has been of no concern thanks
to the Curry-Howard isomorphism: a type can be well-
formed at only one level. However, this is no longer the
case when terms need not be annotated or when not
all bridging operators are present. In this section we
shall see how the framework can be extended to deal
with these aspects and in the Conclusion we shall then
discuss what constitutes a “good” design decision.



4.1 No annotation of terms

The explicit annotation of all terms with level informa-
tion may seem cumbersome so we shall now present a
version L,[B, R] of the multi-level language where

e a specifies which operators of the signature that
have to be annotated.

Here we shall only consider the case where none of the
operators are annotated; the previous section studied
the case where all operators were annotated and obvi-
ously these are the two extremes of a spectrum of possi-
bilities. The signature of L,[B, R] is then the signature
of A extended with

1 (s;8) iff w € Qby,8)-(bn,8)i(b)9))

For this approach we no longer require that there is
a one-to-one correspondance between the operators w
in the multi-level structure and the operators w in the
signature of L,[B, R}.

The typing judgements have the forms ] ¢ and A+Fe
as in Section 3. For types the rules are as before except
that all annotations have been removed:

I—g—tl F:tz
Fyint k4 bool Foti — t2
Fit
_‘Ll.r_n_ if Ryp(ts, -y tn,wr t)

Here wr ranges over the operators in the signa-
ture corresponding to some wr € 1 (of rank

((b1, Typ) - - - (bn, Typ); (b, Typ))).

Clearly we do not have a Curry-Howard isomorphism
for this la.nguage for a type like int we will have an
inference tree !-b int for each b € B. In particular
this means that, contrary to what was the case in the
previous section, a type can now be well-formed at many
levels. Consequently it is no longer sufficient to know
the type of a bound identifier in order to determine its
binding level. In the rest of this subsection we shall
therefore ensure that the type environment associates a
type as well as a level with each identifier; we shall later
consider the case where only the type is present. The
typing rules for expressions then are:
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ey , T
_T_AF-bc,- 3 if t = Type(ci) A Fyt

TP b T
_—E—Al-bx.-:t ift = A(x}) At

A[:L'? : t,'] I—,'fe
AP—E/\zi.e =t

if Fit;

AI‘ECO AR D) AI—Eel h
AI-bEeOQ e :ty

Atfe:t ot
AFffixe:t

Arfeg :bool  Alfe :t
AbFifepe ezt

Atfeq:t

Ay I—Elel tty - Ap I-Enen tin
Abtwpe:t
FlgA

R»wE((Alaelatl),"'

if (Any en, t), (A, wE €, 1))
Here wp ranges over the operators in the signa-
ture corresponding to some wg € 2 (of rank
(b1, Exp) - - - (bn, Exp); (b, Exp))).

Example 4.1 An analogue of Example 3.6 for L,[B, R]
is obtained by taking the signature of the multi-level
language to be:

—: (Typ®; Typ) int : (; Typ)

bool: (; Typ)

ci : (;Exp) z; : (; Exp)

Az;. : (Exp; Exp) @ : (Exp®; Exp)
£ : (Exp®; Exp) fix : (Exp; Exp)

0 : (Typ; Typ) box : (Exp; Exp)

unbox1 : (Exp; Exp)

By letting the type environment contain level informa-
tion we obtain a multi-level language that is equal to
the language Lk of [11], which is equivalent to the
modal language MiniMLE of [1]. o

4.2 No bridging operators

So far we have assumed that the syntax of the multi-
level language contains explicit operators for moving be-
tween the levels. We shall now present a version of the
multi-level language called L,[B, R] where

e o specifies which operators from the multi-level
structure B that gives rise to bridging operators.



Here we shall only consider the case where none of the
operators give rise to bridging operators; in the previons
cases all the operators have given rise to bridging op-
erators and obviously these are the two extremes of a
spectrum of possibilities. As our starting point in this
subsection we shall take the language of Section 3 but
clearly the development can be combined with that of
Subsection 4.1.

The syntax of the language is now given by |B| copies
of the syntax of A:

—b: (Typ?; Typ) int® : (; Typ)
bool® : (; Typ)

¢t - (;Exp) z; : (; Exp)
Xz;. : (Exp; Exp) 5 . (Exp®; Exp)

i£? : (Exp®; Exp) fix® : (Exp; Exp)
For types we have |B| copies of the rules for A together
with a bridging rule:

Flt-

._x__,r_.n_ waT(tla ' mt)

(bn, Typ); (b, Typ))-

Example 4.2 The two-level language for code gener-
ation is an example of a multi-level language of form
L,[B, R]. To see this let By be the multi-level struc-
ture with levels ¢ (for compile-time) and r (for run-time)
and operators:

for wr € Q of rank ({(b1, Typ) - --

UP: ((r, Typ); (c, Typ))
up : ((r, Exp); (c, Exp))
dn : ((c, Exp); (r, Exp))

The bridging rule corresponding to UP is given by:

Tt .
FT— if Ity,te:t=112"1t

The idea is that at compile-time we can manipulate run-
time code (not run-time values) and since code corre-
sponds to computations the type has to be a (run-time)
function type in order to be embedded at the compile-
time level. Note that a type like int"—"int" will be
well-formed at level r as well as ¢: at level r we may
think of it as a run-time value (i.e. the result of a higher
order computation at run-time) and at level ¢ we may
think of it as the code of some function (to be executed
at run-time). O
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As in the previous subsection we clearly do not have a
Curry-Howard isomorphism: a type can we well-formed
at more than one level. Once more we shall therefore
decide to incorporate level information into the type
environment and this yields the following typing rules
for expressions

1= b T

AFEE if t = Type(c;) A Fyt
» - @ T

yy= ey ift =A(z) Ayt

Alzb : t;]FEe
A}-E/\bxi.e : t,'—)bt

if }"-brti

A"bEeo H tl—)btz A l-fel 2
A Ffeoﬂb e : iy

Arte:tobt
TTEet
Aljtix’ e:t

AFEey :bool®  ArEe :t
A"'Eifb €p €1 €2 t

AI"ECZ ot

A1 |'§161 : t1 An I—Ene,., : tn
Arfe:t

Flt A

f RwE((Alvelatl)

(An, €n, tn)a (A> €, t))
where we have one copy of the latter rule for each oper-
ator wg € 2 of rank ((by, Exp) - - - (b, Exp); (b, Exp)).

Example 4.3 Continuing Example 4.2 the bridging
rules for expressions are given by:

A1 l—Ee 0t . T

m if }_rt A gr(Al) - gr(Az)
A tFEe:t gr(4;) C gr(4z) A
AFEe:t gr(Az) = gr(4z)[c

Here we define gr(A)[c = {(z¢,t) € gr(A) | F1t}. This
formulation is equal to the two-level language L., stud-
ied in [11], which is equivalent to the language consid-
ered in [10]. a

4.3 No level information in type envi-
ronment

So far we have assumed that the type environment
uniquely determines the level at which the bound iden-
tifiers are introduced: In L[B,R] the level could be
deduced from the type since each type could be well-
formed at only one level, and in L,[B, R] and L,[B, R]



we ensured that the information was explicitly present
in the type environment. For our final variation we in-
troduce the parameter [ where

o [ specifies whether or not the type environment con-
tains explicit level information.

QOur main concern in this subsection will be the typ-
ing rules for identifiers and lambda-abstractions. In the
case where all expressions are annotated with level in-
formation we simply use the following rules:

. _ . T

Alz; : t:)FEe: t

if Ft;
AFE T 6ot o o

If the expressions are not annotated with level informa-
tion the latter rule is replaced by:

A[.'l:,' : t.'] }-fe A
AFEXz;e:t; ot

if ";rt,‘

Example 4.4 Returning to Example 4.3 let us consider
the two-level language obtained by not including level
information in the type environment. The relationship
between the resulting two languages is very close: There
is an important difference only when (i} some A(z;)
has ] A(z;) for b = ¢ as well as b = r, and (4) one
cannot freely move between the possibilities ] A(z;)
and +TA(z;) using the bridging rules. In fact, the lan-
guage obtained here is very close to the language used
in [9], and it differs from that of Example 4.3 because
the bridging rules for expressions do impose constraints
on type environments when moving between the levels.

Example 4.5 Finally we shall illustrate how the multi-
level language developed in [2] for partial evaluation
can be seen as an instance of the present frame-
work. Consider the multi-level structure B,,. with levels
{0,1,-- -,max} and operators

DN : ((b+ V', Typ); (b, Typ))
dn? : ((b+ ¥, Exp); (b, Exp))
upt’, liftl - (b, Exp); (b+ b, Exp))

where 0 < b < b+ b’ < max. Here 0 is the binding
level corresponding to static and 1,---,max denote var-
ious levels of dynamic binding levels. The role of the
operators DN',:', dn',j' and upg' are basically as in the
previous examples whereas the role of liftg’ will be to
lift values at level b to level b'.
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Consider now the signature obtained by annotating all
the operators of A and only adding the following bridg-
ing operator:

1ift! : (Exp; Exp)

This choice reflects that in [2] lifting is seen as the im-
portant bridging operator whereas the movement of val-
ues between levels corresponding to up and dn have
lesser significance.

The bridging rule corresponding to DNg‘ is given by:

For expressions we have the bridging rules:

Arfe:t

e if Fl,
Abp ye:t Pyt

AFE et

AI-bEe it

Arfe: int®
ARE L 1iftY e intbtd

AtFEe : bool®
AFE ,1ift? e :boolb+?

This formulation is equivalent to the language L,,, pre-
sented in [11], which is equivalent to the multi-level lan-
guage of [2] except that we have an operator £ix® for
all choices of b whereas [2] only have the operator £ix°,
reflecting that they only see a need for static fixed point
operators. In the case where max = 1 this is essentially
the system of {4] (excluding polymorphism). a

5 Conclusion

Multi-level lambda-calculi. In this paper we have
defined parameterised classes of multi-level lambda-
calculi that capture the gist of most languages found
in the literature and where the specification of the pa-
rameters give a succinct way of expressing the essentials
of a given application of multi-level ideas; this follows
the aims of [13] in giving succinct definitions character-
ising a programming language. The main parameters
are:

o a multi-level structure B specifying the set of levels
and operators for passing between the levels, and

¢ an algebraic structure R specifying the conditions
that have to be fulfilled in order to pass between
the levels.



The multi-level structures we have studied have a va-
riety of properties. Some of the structures have had a
finite number of levels, e.g. those for code generation
{10, 9] and partial evaluation [2, 4], whereas those for
modal languages have been infinite [1]. Turning to the
operators of the multi-level structures they have all been
unary in the present paper although examples of non-
unary operators do exist (e.g. for two-level languages
for abstract interpretation [11, 6]). The operators in-
duce an ordering on the levels and in some cases it has
been a reflexive ordering (e.g. for the language MiniML%,
of {1}) and in other cases it has been reflexive as well as
transitive (e.g. for multi-level partial evaluation in [2]).
We believe that the ease with which we can model such
scenarios is largely a benefit of the algebraic approach;
it would seem to be much more complicated to use an
approach where the multi-level structure is just a partial
order or even a category.

Variations over a theme. For even finer control
over the multi-level language than is offered by the pa-
rameters B and R, we have given a systematic way
of constructing the multi-level language and its well-
formedness rules subject to the following additional pa-
rameters a, o and {:

¢ g specifies which operators of the signature that are
to be annotated,

e o specifies which operators from the multi-level
structure B that give rise to bridging operators,
and

¢ [ specifies whether or not the type environment con-
tains explicit level information.

The table below summarises some of the main combi-
nations considered in the paper:

a 0 I | reference
modal lang. | none | all | yes (1]
code gen. all | none | yes [10]

all | none | no [9]
partial eval. | all | some | no [2, 4

Good design choices. In the Introduction we ex-
plained the difference in motivation between a descrip-
tive and a prescriptive approach: the descriptive ap-
proach aims at incorporating almost all existing systems
(perhaps identifying a few design considerations in ex-
isting languages that should be reconsidered), whereas
the prescriptive approach aims at being much more se-
lective and indeed to exclude certain design choices.

One can view the combined development of Sections 3
and 4 as developing just one parameterised framework.
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The examples then show that this is a very powerful
framework that is “almost as flexible” as the descriptive
approach in the ability to treat existing systems. In
other words, the overall approach of this paper is not
too restrictive. But perhaps it is still too flexible in
not providing enough guidance when approaching an
unfamiliar language?

It is therefore likely that one should choose one of the
four developments (or perhaps some other less extreme
combination of the possibilities we have outlined) as
the canonical one. This will also allow the develop-
ment of generic tools for specifying multi-level languages
and for constructing parsers, inference algorithms, and
other program manipulation systems. From a theoreti-
cal point of view the most pleasant candidate seems to
be the system of Section 3 because it admits a Curry-
Howard isomorphism. However, from a pragmatic point
of view it is less clear that this is the system that “the
community at large” will find most attractive since it is
a rather verbose system. Only time can tell!

However, regardless of the choice of canonical frame-
work, we believe that the way we have structured the de-
sign choices may help to increase awareness of how to de-
sign multi-level languages: by not needlessly mixing de-
sign components corresponding to “different parameter-
s”. One analogy is the design of type systems for poly-
morphic languages. Here one can choose to integrate the
generalisation rule with the rule for the let-construct or
one can choose to keep them separate. In a similar way
one can choose to integrate the instantiation rule with
the rule for variables or one can choose to keep them
separate. For some systems (like ML-polymorphism)
the choice is non-essential, but it is usually considered
“bad taste” to mix the two choices: either we integrate
in both situations or else we keep the rules separate
in both situations — unless of course there is a very
good reason for deviating from this piece of advice. An-
other analogy is the design of operational semantics.
For a given syntactic category one can choose to use a
small-step semantics (also called structural operational
semantics) or one can choose to use a big-step seman-
tics (also called natural semantics). Again it is generally
considered good style to use the same choice for all syn-
tactic categories — unless of course there is a very good
reason for deviating from this piece of advice {as indeed
there occasionally is).
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