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Picard Iterations
The (Extended) Mean Value Method

Mixed Taylor/Forward Automatic Differentiation

The Interval Package BIAS/PROFIL

FADBAD/TADIFF

— FAD : Forward Automatic Differentiation
— BAD : Backward Automatic Differentiation
— TAD : Taylor Automatic Differentiation



T he extended mean value enclosure

Consider discrete maps of the type:

o(y) = o(y) +<(y)

where:
¢ is differentiable function,

e is a (small) error which can be bounded.

From yo € R” we have a sequence {y;};=o... defined by

yi+1 = e(yj) = &(y;) + &(y;).
Using the extended mean value method, we obtain
two enclosures
Internal representation “rotating rectangle’:

Yi+1 € Uj+1 + Aj41[7j41]
External representation “interval vector”:
Yi+1 € [yj+1]

where ;41 is a real vector, [y;4+1] and [F;41] are interval
vectors and A;4; a real orthogonal matrix.



T he extended mean value enclosure

The algorithm

Initialize:

[yo], o = M([yal), [Fo] = [yo] — Yo, Ao =1I.

Input:

Iteration:

[2j+1] = =([y;]),

[Gj+1] = ¢(7)) + [zj+1],

[S;]1 = &' ([y;]),

gji+1 = M([Fj+1]),

Choose a regular real matrix A;yq,
[yj+1] = ([S;1AN[7;] + [Fj+1],

1) = (AL, ISAANIF] + Ak ([Gi41] — Gi1)-

Output:

lyj+1], Fj+1, [Fj41]-



How to compute ¢(y,) and ®'([y;])

Consider the Cos-Sin map:
x \ _ [ cos(z+ ay)
Pes\ gy | = sin(bz +vy) /)’
The C++ code:

INTERVAL X,Y,PX,PY;
X=0.5; Y=0.5;

PX=Cos (X+4x*Y) ;
PY=Sin (4*X+Y) ;

0.5 c PX
Pes\ 0.5 PY
Evaluates the map in interval arithmetic. And

FINTERVAL X,Y,PX,PY;
X=0.5; ¥=0.5;
X.diff(0,2);Y.diff(1,2);

PX=Cos (X+4x*Y) ;
PY=Sin(4*X+Y) ;

0.5 PX.x() 0.5 PX.d(0) PX.d(1)
90“( 0.5 ) S ( PY.x() )’q’@s( 0.5 ) € ( PY.d(0) PY.d(1) )
Evaluates the map and derivatives in interval arithmetic.
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Using the extended mean value enclosure

Using parameters a = b = 2, and initial values

([zo], [yo]) = ([-107°,107°],[-107°,107°])

we obtain

10°
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J
The graph shows the width of

"*"the simple interval enclosure,
'*"'the extended mean value enclosure.



Discretizing solutions of Ordinary
Differential Equations (ODE’s)

Consider the ordinary differential equation

y' = f(y)
with a solution y : [to,ty] — R”.

Using to < t1 < --- < ty, and y; = y(t;) we have

yi+1 = o(y;) = ¢(y;) + e(y;)

where ¢ is a Taylor polynomial of order k and e the
remainder:

k
S =i+ Y Wity — ),

=1

1
e(y;) = (tjgr — t;)) Tk + 1)/ YT (0t 11 4+ (1 - 0)t;)(1 — 0)*d6.
0

Where
m _ 1dy

= gk and  (yj)r = y[k](tj)-
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Obtaining Taylor coefficients with
Automatic Differentiation

From the ODE 4’ = f(y) we have the recursive relation:

(fn
k+1

(yj)k+1 —

By using Taylor arithmetic to compute (f); we can ob-
tain (y;)r+1 and so forth.

Taylor arithmetic:

(u+v) = (Wr+ (),
(v—v)r = (U)k — (W),
(u-v)p = Z(u) (©)-s Z(un 08

k
W = o <<u>k—2<v>j(u/v)“> for (v)o # 0,

j=1
1 k-1
(cosu), = _EZ(’“ — §)(sinw);(u)_; for k> 1,
Jj=0
1 k—1
(sinu), = EZ(!@ — j)(cosu);(u)_; for k> 1.
J=0

etc...



Obtaining Taylor coefficients using

Example

Automatic Differentiation

fl(ajay) — A—QS‘(B _ajy+ 1)7
fQ(xvy) =$(B—$’y),

Introducing functions 7;(x,y) defined by

we have

T1 - 2y,

™ = B -,

3 = T+ 1,

T4 = XT3.
fi=A-m, for=zm

From the initial value (z;,y;,t;) we can compute

(z)o
(¥)o
(11)o
(m2)o
(13)0
(74)0
(f1)o
(f2)o
()1
(y)1

Yy,
(x)O(y)Ov
B — (71)o,
()0 + 1,
(z)o(73)o0,
A— (7_4)07
(z)o(m)o,
(f1)o,
(f2)o,

(1)1
(m2)1
(13)1
(14)1
(fi)1
(fo)1
()2

()2

(z)o(y)1 + (=)1(y)o,
_(T1)17

(m2)1,

(z)o(m3)1 + (z)1(73)o0,
_(T4)17

(z)o(m2)1 + (2)1(m)o,
(fi)1/2,

(f2)1/2,



How to compute ¢(y;) using TADIFF
Taylor expanding the solution of

! filz,y) =A—2(B —xzy+1),
Y fo(z,y) = (B — zy),

The C++ code:

INTERVAL X0(0.3),Y0(0.4),PX,PY;
TINTERVAL X(X0),Y(Y0),F1,F2;

F1
F2

A - X*%(B - XxY + 1);
Xx(B - XxY);

PX=X[0];

PY=Y[0];

for(i=0; i<N; i++){
Fl.eval(i);
F2.eval(i);

X[i+1] = F1[il*h/(i+1);
Y[i+1] = F2[i]l*h/(i+1);

PX+=X[i+1];
PY+=Y[i+1];

}

705 )e(m)

Evaluates the map in interval arithmetic. And ...
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How to compute ¢(7,) and ®'([y,]) using
FADBAD and TADIFF

The C++ code:

FINTERVAL X0(0.3),Y0(0.4),PX,PY;
X0.diff(0,2); Y0.diff(1,2);
TFINTERVAL X(X0),Y(YO),F1,F2;

F1i
F2

A - Xx(B - X*xY + 1);
Xx(B - XxY);

PX=X[0];

PY=Y[0];

for(i=0; i<N; i++){
Fi.eval(i);
F2.eval(i);

X[i+1]
Y[i+1]

Fi[il*h/(i+1);
F2[i]*h/(i+1);

PX+=X[i+1];
PY+=Y[i+1];

~( 0.5 PX.x() =, ( 0.5 PX.d(0) PX.d(1)
4 ( 0.5 ) < ( PY.x() ) P ( 0.5 ) < ( PY.d(0) PY.d(1) )
Evaluates the map and derivatives in interval arithmetic.
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The Lorenz equations
The Lorenz equations are given by

g = o(y—=x),
vy = rz—y-—xz,
2 = xy— bz.

Using the parameters b = 8/3,r =28 and ¢ = 6 and the
initial values:

2(0) = 4.1879, y(0) = 6.7601 and 2(0) = 16.1091

Matlab finds the numerical solution (shown i phase space):
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Using ADIODES to solve the Lorenz equations we obtain:
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for parameters b = 8/3,r = 28 and o = 6.
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Using ADIODES to solve the Lorenz equations we obtain:
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for parameters b = 8/3,r = 100.5 and ¢ = 10.
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Periodic solutions of the Lorenz equations
The following periodic solution were proved to exist for parameters
b=28/3,r =28 and o = 6,

by using ADIODES and the Interval Newton method:
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Solution 1:1, proved to exist for initial values:

T € [2.594277]],
z(0) € [4.1942603],
y(0) € [-5.173485]],
2(0) = 27.
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Periodic solutions of the Lorenz equations
The following periodic solution were proved to exist for parameters
b=28/3,r =28 and o = 6,

by using ADIODES and the Interval Newton method:
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Solution 2:1, proved to exist for initial values:

T € [2.594277]],
z(0) € [4.1942603],
y(0) € [-5.173485]],
2(0) = 27.
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Periodic solutions of the Lorenz equations
The following periodic solution were proved to exist for parameters
b=28/3,r =28 and o = 6,

by using ADIODES and the Interval Newton method:
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Solution 3:1, proved to exist for initial values:

T € [3.405937%,
z(0) € [3.9523323),
y(0) € [-5.9283517],
2(0) = 27.
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Periodic solutions of the Lorenz equations
The following periodic solution were proved to exist for parameters
b=28/3,r =28 and o = 6,

by using ADIODES and the Interval Newton method:
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Solution 2:2, proved to exist for initial values:

T € [3.4693227],
z(0) € [4.3126928],
y(0) € [-4.8029677],
2(0) = 27.
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Periodic solutions of the Lorenz equations
The following periodic solution were proved to exist for parameters
b=28/3,r =28 and o = 6,

by using ADIODES and the Interval Newton method:
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Solution 4:1, proved to exist for initial values:

T € [4.20127733]],
x(0) € [3.7720541%3],
y(0) € [-6.486675843],
2(0) = 27.
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Periodic solutions of the Lorenz equations
The following periodic solution were proved to exist for parameters
b=28/3,r =28 and o = 6,

by using ADIODES and the Interval Newton method:
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Solution 3:2, proved to exist for initial values:

T € [4.3001042%]],
z(0) € [4.0501795g],
y(0) € [-5.62420599],
2(0) = 27.
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Cconclusion

Download FADBAD/TADIFF and ADIODES from:
<http://www.imm.dtu.dk/fadbad.htmI>

The Extended Mean Value Form also works on dis-
crete mappings.

ADIODES uses automatic differentiation so that
the user only have to provide C++ code imple-
menting the right hand side of the ODE.

Using ADIODES we can prove properties of ODE’s
which are hard to prove by hand.

NEGATIVE:
e The Picard itarations takes small stepsizes.
e We need new (implicit) methods for stiff problems.

e Overloading in FADBAD/TADIFF is expensive be-
cause of memory management.

e FADBAD/TADIFF and ADIODES are not ported
to Visual C++.
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