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1 Introduction

One of the most successful areas of interval analysis is global optimization. Many different variants
of the traditional branch and bound technique initially introduced by Skelboe/Moore [8, 10] has
been proposed. A common thing about most of these algorithms is that the user has to provide
subroutines for calculating the object function f : C*(D,R), the gradient V f and the Hessian V?f.
We will in this poster investigate a method for obtaining these derivatives of f automatically by
means of forward- and backward automatic differentiation.

Automatic differentiation is widely known to people in the interval community. It is a method
which uses the “chain rule” for composite functions to build a triangular system of equations. This
system of equations can be solved in two different ways, both ways using the computational graph
and the temporary values of the function evaluation itself [1, 9]. The two methods for solving the
system of equations are usually called the forward- and the backward methods. The two methods
are structurally very different — giving them different properties.

The forward method is easy to understand as well as to program on a computer. The method
computes derivatives alongside the evaluation of the function itself. When the function evaluation
has completed, the derivatives have also been calculated.

The backward method is based on a not as obvious way of using the “chain rule”. The first
step of the method is to evaluate the function itself while storing information about intermediate
values and the structure of the computational graph for the evaluation. This first step is also called
a “recording” of the function evaluation. When the evaluation is done the derivatives are calculated
by traversing the “recording” in reverse order, propagating derivatives down to the initial values.
Because of the “recording” and the reverse propagation this method is also the most difficult to
program on a computer.

2 The FADBAD package

FADBAD is a C++ program package for doing forward as well as backward automatic differentiation
of function evaluations programmed in C+4. The package works by overloading all arithmetic
operations used in the function evaluation by changing the type of the used variables to an automatic
differentiation type which is generated by the FADBAD package. The automatic differentiation
type can be generated on any arithmetic e.g. float, double, interval or even another automatic
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differentiation type. This way forward- and backward automatic differentiation can be combined

into delivering higher order derivatives.
The FADBAD package is public domain. The package and a technical report[1] can be obtained
from the FADBAD homepage

<http://www.imm.dtu.dk/documents/users/os/fadbad.html>
or directly by ftp from
<ftp://ftp.uni-c.dk/uni-c/uniche/FADBAD/FADBAD-1.0.tar.gz>.

3 Differentiating the object function

The number of operations used in differentiating a vector of functions ¢ : R” — R™ has been
investigated [2, 4]. If L(---) is the number of operations used to calculate --- then Lyyu4(g,.JJ) =
O(n) - L(g) for the forward method and Lyyq(g,J) = O(m) - L(g) for the backward method, where J
is the Jacobian matrix of g. An actual upper bound on the fraction L(g,.J)/L(g) can be found if we
know what functions we will use.

Assume that we have a program which computes the function g and we use FADBAD to compute
J. The cost of a single elementary arithmetic operation, e in forward automatic differentiation is

€ L(e) L wa(e)
r4+y,x—vy,—x 1A nA
+z 1A 0
Txy,a/y 1M 2nM 4+ nA
pow(z,y) 1F 2nF +4nM 4+ 2nA
pow(z,int), cos(x) 1F nk +2nM
exp(z), log(z) 1F nM
sqrt(z) 1F 2nM
sin(z) 1F nF +nM
tan(z),atan(z) 1F nF+nM+nA
asin(z) 1F INF +nM +nA
acos(z) 1F INF +nM + 2nA

Where F' is a function evaluation, M is a multiplication or a division and A is an addition or a
subtraction. Taking the worst case pow(z,y) we obtain Lyyuu(g,.J)/L(g) < 8n.
In backward automatic differentiation we have

€ L(e) Lywa(e)
r+vy,x—y,+tr,—x 1A 2mA
Txy,x/y 1M 2mM + 2mA
pow(z,y) 1F 2mF + 4mM + 2mA
pow(:c,int) 1F mF +2mM +mA
exp(z),log(z),sin(z), cos(z) | 1F mM +mA
sqrt(;v) 1F 2mM + mA
tan(xz) 1F mFE +mM+mA
asin(z), acos(z) 1F 2mFE +mM 4+ 2mA
atan(z) 1F mF +mM +2mA

Also here the worst case is pow(z,y), and we obtain the bound Lyui(g,J)/L(g) < 8m for the
backward method.’

INote that the operation pow(z,y), where y is a variable, is not a common operation.



Obviously the independency of n in the backward method makes it in most cases superior to the
forward method when calculating first order derivatives of an object function (since m = 1) with a
high number of input variables n.

As the Hessian V2f : R” — R x R" of f is found by differentiating V f, the number of operations
to calculate f, Vf and V*f becomes L(f,V[,V?f) <8n - L(f,V[) for the forward method as well
as for the backward method. It is for this reason hard to say if we should use forward or backward
automatic differentiation to calculate the Hessian. From the above list of operations we should expect
the forward method to be a little better than the backward method.

4 Measuring the performance of automatic differentiation

Usually the computation time is used in measuring performance of algorithms. These measurements
are however platform dependent. On multiuser systems two measurements on the same program can
give completely different results, depending on the load of the system, making it difficult to compare
performance. To circumvent these problems a C+4 class Iflop has been made to overload the
INTERVAL type defined in the BIAS/PROFIL package [7, 6]. This new class increments a flop-counter
each time an arithmetic operation on the class is used. This approach — measuring Iflops (interval
flops) instead of computing time — makes the measurements completely platform independent and
independent of the load on multiuser systems. The flexibility of FADBAD makes it possible to apply
automatic differentiation on these Iflops without problems.

A set of 50 test examples has been compiled. All examples are from the book “Global Optimiza-
tion Using Interval Analysis” by E. Hansen [3] and from the technical report “A Global Minimization
Method: The Multi-Dimensional Case” by C. Jansson and O. Kniippel [5]. The performance of ob-
taining first and second order derivatives using the FADBAD package has been measured on each
example. First order derivatives are always computed using the backward method giving a mea-
surement LB = Ly,q(f,Vf). The second order derivatives are computed by differentiating the
first order derivatives using the backward as well as the forward method giving the measurements
LBB = Lywi( [, Viwaf, V*f) and LBF = Lyi(f, Viwaf, VAf) respectively.? The complexity of
evaluating the function is L = L(f). Furthermore we introduce the fractions LB/L, LBB/L and
LBF/L.

The results are listed if figure 1. From this figure we see that Ly,q(f, Vf)/L(f) ~ 4, i.e. the
cost of evaluating an object function and all partial derivatives is approximate 4 times as expensive
as evaluating the function itself. Furthermore from LBB/L and LBF/L it can be seen that using
the backward method to compute second order derivatives are generally a little less than twice
as expensive as using the forward method. In figure 2 the values of LBF/L for the problems of
dimension n < 10 has been plotted. From the figure we obtain L fyq(f, Viwaf, V2f) & 5n + Lywa(f).

5 Conclusion

In this poster we have seen that higher order derivatives can be obtained by the use of automatic
differentiation. Using the package FADBAD we are capable of obtaining second order derivatives in
an efficient way by using the backward method to obtain the gradient while all calculations in the
backward code again are differentiated using the forward method to obtain the Hessian. Using this
mixed forward- and backward method we use approximate 5n times as many operations to compute
£,V [ and V*f as computing f : R™ — R alone. The way of computing derivatives presented in this
report 1s especially useful in global interval optimization where the second order derivatives are used
in a interval Newton iteration to prove existence of global minima.

2We use the notation Vy,4f to emphasize that backward differentiation was used to calculate first order derivatives.



[ Name of function f T n ] L [ LB [ LBB | LBF [ LB/L [ LBEB/L [ LBFJ/L ]
Beale function [3] 2 16 64 392 232 4.00 24.50 14.50
Booth problem [3] 2 9 35 179 97 3.89 19.89 10.78
Box 3D function [3] 3 90 350 2624 1478 3.89 29.16 16.42
Branin [5] 2 11 44 214 128 4.00 19.45 11.64
Branin2 [5] 2 14 58 314 190 4.14 22.43 13.57
Chichinadze [5] 2 19 76 354 214 4.00 18.63 11.26
Exp2 [5] 2 120 480 2436 1434 4.00 20.30 11.95
Goldstein-Price [5] 2 22 92 532 308 4.18 24.18 14.00
Griewank 10 [5] 10 43 191 4591 2541 4.44 106.77 59.09
Griewank 2 [5] 2 10 42 222 140 4.20 22.20 14.00
Hartman 3 [5] 3 60 236 1790 971 3.93 29.83 16.18
Hartman 6 [5] 6 108 428 6272 3248 3.96 58.07 30.07
Kowalik problem [3] 4 110 440 4304 2356 4.00 39.13 21.42
Levyl [3] 1 8 34 126 81 4.25 15.75 10.12
Levy10 [3] 5 57 227 2587 1377 3.98 45.39 24.16
Levyll [3] 8 57 227 4003 2067 3.98 70.23 36.26
Levyl2 [3] 10 57 227 4947 2527 3.98 86.79 44.33
Levy13 [3] 2 18 75 439 261 4.17 24.39 14.50
Levyl4 [3] 3 26 108 900 510 4.15 34.62 19.62
Levy15 [3] 4 34 141 1525 841 4.15 44.85 24.74
Levyl6 [3] 5 42 174 2314 1254 4.14 55.10 29.86
Levy18 [3] 7 58 240 4384 2326 4.14 75.59 40.10
Levy2 [3] 1 25 100 263 179 4.00 10.52 7.16
Levy3 [3] 2 51 205 1061 629 4.02 20.80 12.33
Levy3 [5] 2 51 205 1061 629 4.02 20.80 12.33
Levy4 [3] 4 34 141 1525 841 4.15 44.85 24.74
Levy5 [3] 2 57 227 1171 687 3.98 20.54 12.05
Levy5 [5] 2 57 227 1171 687 3.98 20.54 12.05
Levy8 [3] 3 33 134 1022 563 4.06 30.97 17.06
Levy9 [3] 4 57 227 2115 1147 3.98 37.11 20.12
Matyas problem [3] 2 7 31 159 91 4.43 22.71 13.00
Powell problem [3] 4 15 61 557 281 4.07 37.13 18.73
Price [5] 2 11 47 291 173 4.27 26.45 15.73
Rastrigin [5] 2 9 37 193 123 4.11 21.44 13.67
Rosenbrock function [3] 2 7 29 161 91 4.14 23.00 13.00
Rosenbrock [5] 2 7 29 161 91 4.14 23.00 13.00
Schwefel 1.2 [3] 50 | 1375 | 4225 | 426625 146675 3.07 310.27 106.67
Schwefel 1.2 [5] 4 18 62 550 234 3.44 30.56 13.00
Schwefel 3.1 [3] 3 21 81 651 357 3.86 31.00 17.00
Perturbed Schwefel 3.1 [3] 3 30 126 966 537 4.20 32.20 17.90
Schwefel 3.7 [3] 5 28 108 1378 718 3.86 49.21 25.64
Schwefel 3.7 [3] 10 63 243 5983 3013 3.86 94.97 47.83
Schwefel 3.7 [3] 30 203 783 56403 27693 3.86 277.85 136.42
Shekel 10 [5] 4 150 550 5822 3014 3.67 38.81 20.09
Shekel 5 [5] 4 75 275 2907 1499 3.67 38.76 19.99
Shekel 7 [5] 4 105 385 4073 2105 3.67 38.79 20.05
Simplified Rosenbrock [5] 2 7 29 161 91 4.14 23.00 13.00
Six hump camel back [5] 2 15 65 337 195 4.33 22.47 13.00
Three Hump Camel Back [5] 2 12 52 264 152 4.33 22.00 12.67
Treccani [5] 2 6 26 166 94 4.33 27.67 15.67

Figure 1: The complexity of differentiating using the FADBAD package on a scalar function f :
R™ — R. All measurements are in interval operations. L = L(f) is the number of operations to
evaluate the function. LB = Ly,q(f, V f) is the number of operations to evaluate the gradient using
the backward method. LBB = Lyu(f, Viwaf, V*f) is the number of operations to evaluate the
gradient and the Hessian using the backward method. LBF = Lyya(f, Viwaf, V2[f) is the number of
operations to evaluate the gradient using the backward method and the Hessian using the forward
method.

60 0]

40 O -

LBE 30 | o 0 -
é 0
20 -
R |
8
0 | | | | |
0 2 4 6 8 10

n

Figure 2: The complexity of evaluating f V[ and V*[ using forward-backward automatic differen-
tiation class (LBF/L).
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