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Motivation

How do we obtain derivatives?

1) Symbolic differentiation: On expressions. By
hand or by a computer algebra system (Maple, Ax-
iom or Mathematica).

PROBLEMS: Some “simple” expressions will lead
to complicated derivatives which are expensive to

evaluate
Example:
g(z) = 2ze” sin(e”)
Jd(x) = 26$25in(em2)—|—4a:26$25in(em2)—I—

2
4 2 (em2> cos(e™)
d'(z) = 12ze® sin(e®) + 12" cos(e® )z +
8 z3e” sin(e”’) + 24 23e?* cos(e”’) —
8 z3e3* sin(e”")
etc.

Most of time in Global Optimization goes to eval-
uating functions and their derivatives.



Motivation

How do we obtain derivatives?

2) Numerical differentiation (divided differences):
On a “black box" which evaluates the function.
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The function g(z) = 2ze® sin(e*’).

PROBLEMS: Truncation errors, inaccurate and no
interval enclosures.



Motivation

How do we obtain derivatives?

3) Automatic Differentiation on a program which
computes function values.

g(x),¢'(x),¢"(x) can be computed by:

void main(){
FFINTERVAL x,gx,tmp;

x=1.5; // The point of evaluation.

x.diff(0,1); // Get first order derivatives wrt. x.
x.x().diff(0,1); // Get second order derivatives wrt. x.

tmp=exp(sqr(x)); // This is the function
gx=2*x*tmp*sin (tmp) ; // implementation.

cout << gx.x().x() << endl // Print function value,
<< gx.d(0).x() << endl // first order derivative,
<< gx.d(0).d(0) << endl;// second order derivative.

Quite efficient and only the function and not the
derivatives has to be implemeted!



PROBLEM FORMULATION

Consider the interval function:

INTERVAL g(INTERVAL x){
INTERVAL tmp(Exp(Sqr(x)));
return 2xx*tmp*Sin(tmp) ;

}

The equivalent Directed Acyclic Graph (DAG):

Sqgr Exp Sin * * *
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And the equivalent Codelist:

™n = X

™ = sqr(m)
™3 = exp(m)
74 = sin(ms)
5 = T3-T4
T6 — T1-Ts
T = 2

T8 = T7-T6



PROBLEM FORMULATION

In general we have:

initialize the values:
n=fi=xz;, fore=1,...m.
compute:

fori. =m 4+ 1 to n,

7= fi(T1,...,7Ti-1).

The “chain rule” for composite functions:

oT; . ofi Oty . 1 1=
=%+ Z 5. Wwhere 65 = { 0 otherwise

Or in matrix formulation:

Dr =14 DfDr,

where
0 \
Of; 92
Df fi _ 87‘ « o
R — | 9 g :
7_.7 2,7=1,....n o o1, .. .)
1 0
oT; % 1 \
DT — { } = 7_; o7y 1
87_] z,y:]_’ . 8_7-1 8_,7_2 )



OBTAINING THE MATRIX Dr

Dr =1+ DfDr

(I-DfDr =1

Dr = (I - Df)~!

From (1) we get: I =
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THE TWO METHODS

Let a; be the arity of f; and define the map
lﬂii{l,... ,ai}HIiC{l,... ,i—l},
so that

7o = fi(Tuits v s Thia,)-

The FORWARD method is given by:

initialize the values:

Ti = xi, Tij = 0;5, fore,7 =1,...m.
compute:
fort: =m <+ 1 to n,
T = fi(Teils oo s Thia)s
@
- ~ J9fi . .
Tij = g 8—7’7}%;&]' for gy =1,...m.
’ T, /
k—]. h/,k
—~ _ 877 . - .
Tij = 5 fore=1,...,n,3=1,...,m after the algorithm

has stobped.



Differentiating g(z) = Dpet’ Sin(er)

Using the forward method:

71
72
73
T4
75
76
7
78

X ?1’1 p—
sqr(ry) To1 =
exp(72) T31 =
sin(r3) Ta1l =
T3 * T4 T51 =
T1 - T5 Te,1 —
2 ?7’1 pu—
T7 - T Tg1 =

Total 20 flops.
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2711 - ?171

exp(m) - .1
COS(Tg) . ?3’1
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73,1 + T3 - T41
T1,1 + 71 - T5,1

T6.1 + Te - T7.1



THE TWO METHODS

Let D be the set of indices of the dependent variables
which is to be differentiated.

The BACKWARD method is given by:

initialize the forward sweep:

T, =z, fOore=1,...m.

forward sweep (function evaluation):
fort =m -+ 1 to n,

T, — fi(Tf\"fi]-? s e 77-/‘61'&1‘)7
initialize the reverse sweep:
Tij =20 forteD, j=1,...,n.

reverse sweep (function differentiation):
for j = n downto m + 1,

a .
Tiwk = Tipk + J; T, forteD, k=1,...,a;.
87—@]{:
Tij = % for: € D, g = 1,...,n after the algorithm has
stopped.



Differentiating g(z) = Dpet’ Sin(er)

Using the backward method:

T =
™ = sqr(r) 81 + = 271782
T3 = exp(m) Ts2 + = exp(m)-Tg3
T4 = sin(rs) Te3 + = co0s(73) - Tg4
Ts = T3-T4 T84 + = T3-T85
83 + = Ta-Tgp
6 = T1-T5 85 + = T1-T86
781 T+ = 75786
T = 2
T8 = T7°7T6 Tse + = 7T7-Tas
87 + = T6-Tss
78,8 = 1

Total 26 flops.
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The C++ package “FADBAD”

FADBAD is available from the WWW-page:

<http://www.imm.dtu.dk/"os/fadbad.html>

How it works:

e Overloading every elementary operation by chang-
ing the arithmetic type. eg.
FINTERVAL

INTERVAL — BINTERVAL

e The computational Graph (DAG) is “recorded” us-
ing the backward method.

e Higher order derivatives are found by overloading
the computations in the package ifself. eg.
FFINTERVAL

FINTERVAL — { BFINTERVAL

Main strategy:

e Transparency: Programs does not change func-
tionality when differentiating them.

o Flexibility: Can be used with INTERVAL, double, etc.
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Using the C++ package “FADBAD”

Example:

void main(){
int 1,];
FINTERVAL x[2],r;

x[0]=3;x[1]=-5; // Initialize independent variables.

x[0].diff(0,2); // Specify the variables to differentiate
x[1].diff(1,2); // the computations with respect to.

r=0;
for(i=0;i<2;i++)
for(j=1;j<=5;j++) // Do some

r+=j*sin((j+1)*x[il+j); // computations

cout << r.x() << endl // Print the function value
<< r.d(0) << endl // And the partial derivatives
<< r.d(1) << endl; // of r wrt. x[0] and x[1].

Members of the forward type:
.X() Returns the value of the variable.

.diff(i,J) differentiate wrt. this variable which is the (z+
1)th out of j. This operation should be performed on
the independent variables before running the code which
is to be differentiated.

.d(i) Returns derivative number ¢ in the overloaded type.
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Using the C++ package “FADBAD”

Example:

void main(){
int 1,j;
BINTERVAL x[2],r;

x[0]=3;x[1]=-5; // Initialize independent variables.
r=0;
for(i=0;i<2;i++)

for(j=1;j<=5;j++) // Do some

r+=j*sin((j+1)*x[il+j); // computations
r.diff(0,1); // Specify the variables to differentiate
cout << r.x() << endl // Print the function value

<< x[0].d4(0) << endl // And the partial derivatives
<< x[1].d4(0) << endl; // of r wrt. x[0] and x[1].

Members of the backward type:

.X() Returns the value of the variable.

.diff(i,j) differentiate this variable which is the (i 4+ 1)th
out of 5. This operation should be performed on all of
the dependent variables after running the code which is

to be differentiated.

.d (i) Returns derivative number ¢ in the overloaded type.
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Using the C++ package “FADBAD”

Using backward-forward differentiation:

void main(){
int 1,];
BFINTERVAL x[2],r;

r=0;
for(i=0;i<2;i++)
for(j=1;j<=5;j++) //

r+=j*sin((j+1)*x[i1+3);//

r.diff(0,1); //
//

cout << r.x().x() << endl //

<< x[0].d(0).x() << endl //
<< x[1]1.d(0).x() << endl //

<< x[0].d(0).d(0) << endl //
<< x[0].d(0).d(1) << endl //
<< x[1].d(0).d(0) << endl //
<< x[1].d(0).d(1) << endl;

x[0]=3;x[1]=-5; // Initialize independent variables

x[0].x().diff(0,2); // compute second order derivatives
x[1].x() .diff(1,2); // with respect to x[0] and x[1].

Do some
computations

Specify the variables to
differentiate.

Print the function value.

And the partial derivatives
of r wrt. x[0] and x[1].

And the second order partial
derivatives of r wrt.
x[0] and x[1].
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