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Abstract
The goal in the stochastic vertex cover problem is to obtain an

approximately minimum vertex cover for a graph 𝐺★
that is real-

ized by sampling each edge independently with some probability

𝑝 ∈ (0, 1] in a base graph 𝐺 = (𝑉 , 𝐸). The algorithm is given the

base graph 𝐺 and the probability 𝑝 as inputs, but its only access

to the realized graph 𝐺★
is through queries on individual edges in

𝐺 that reveal the existence (or not) of the queried edge in 𝐺★
. In

this paper, we resolve the central open question for this problem:

to find a (1 + 𝜀)-approximate vertex cover using only𝑂𝜀 (𝑛/𝑝) edge
queries. Prior to our work, there were two incomparable state-of-

the-art results for this problem: a (3/2 + 𝜀)-approximation using

𝑂𝜀 (𝑛/𝑝) queries (Derakhshan, Durvasula, and Haghtalab, 2023)

and a (1 + 𝜀)-approximation using 𝑂𝜀 ((𝑛/𝑝) · RS(𝑛)) queries (Der-
akhshan, Saneian, and Xun, 2025), where RS(𝑛) is known to be at

least 2

Ω
(

log𝑛

log log𝑛

)
and could be as large as

𝑛

2
Θ(log∗ 𝑛) . Our improved up-

per bound of 𝑂𝜀 (𝑛/𝑝) matches the known lower bound of Ω(𝑛/𝑝)
for any constant-factor approximation algorithm for this problem

(Behnezhad, Blum, and Derakhshan, 2022). A key tool in our result

is a new concentration bound for the size of minimum vertex cover

on random graphs, which might be of independent interest.
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1 Introduction
In the stochastic vertex cover problem, we are given a base graph
𝐺 = (𝑉 , 𝐸) and a sampling probability 𝑝 ∈ (0, 1]. The realized
graph 𝐺★

is a random graph generated by sampling each edge in

𝐺 independently with probability 𝑝 . The algorithm does not have

access to𝐺★
directly, but can query individual edges 𝑒 ∈ 𝐸 to learn

whether they appear in𝐺★
. The goal of the algorithm is to output

a near-optimal vertex cover of 𝐺★
while querying as few edges in

𝐺 as possible.

The stochastic setting has been widely considered in graph algo-

rithms. Perhaps the most extensive literature exists for the stochas-

tic matching problem, where the goal is to query a sparse subgraph

𝐻 of the base graph 𝐺 such that the realized edges in 𝐻 contain an

approximately maximum matching of the realized graph 𝐺★
. For

this problem, the first result was obtained by Blum et al. [13], who

gave a 1/2-approximation algorithm using 𝑛 · poly(1/𝑝) queries.
This result has subsequently been improved in an extensive line of

work [2–4, 7–10, 17], eventually culminating in an (almost tight)

result that gives a (1−𝜀)-approximation using 𝑛 ·poly(1/𝑝) queries,
for any fixed small 𝜀 > 0 [5]. Besides the maximum matching prob-

lem, stochastic optimization on graphs has also been considered

for other classical problems such as minimum spanning tree and

shortest paths [11, 14, 19, 21], as well as for more general frame-

works in combinatorial optimization such as covering and packing

problems [1, 12, 15, 20, 22].

In this paper, we consider the stochastic vertex cover prob-

lem. This problem was introduced by Behnezhad, Blum, and De-

rakhshan [6], who gave, for any 𝜀 > 0, a (2 + 𝜀)-approximation

(polynomial-time) algorithm using𝑂

(
𝑛
𝜀3𝑝

)
queries. They also show
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a simple lower bound that Ω(𝑛/𝑝) queries are necessary for any

constant-factor approximation. The latter result is information-

theoretic and rules out algorithms with fewer queries, even al-

lowing an arbitrarily large running time. These results raised the

question of whether there exist (exponential-time) algorithms that

obtain a better-than-2 approximation, while still querying only

𝑂 (𝑛/𝑝) edges. This question was answered in the affirmative by De-

rakhshan, Durvasula, and Haghtalab [16], who obtained an approx-

imation factor of

(
3

2
+ 𝜀

)
, while querying𝑂

(
𝑛
𝜀𝑝

)
edges. This result,

which helped delineate the information complexity of the problem

by breaching the polynomial-time solvability barrier, led to the nat-

ural question: can we obtain a near-optimal (1 + 𝜀)-approximation

algorithm using 𝑂𝜀 (𝑛/𝑝) queries?
Interestingly, Behnezhad, Blum, and Derakshan had previously

addressed this question for bipartite graphs: they obtained an (1+𝜀)-
approximation using 𝑂𝜀,𝑝 (𝑛) queries, although the dependence on

1/𝑝 and 1/𝜀 were triple-exponential [6]. The first algorithm to

obtain a (1 + 𝜀)-approximation for general graphs was obtained

recently by Derakhshan, Saneian, and Xun [18], but their algorithm

uses (super-linear) 𝑂

(
𝑛
𝑝 · RS(𝑛)

)
queries. Here, RS refers to Ruzsa-

Szemerédi Graphs and RS(𝑛) is the largest 𝛽 such that there exists

an 𝑛-vertex graph whose edges can be partitioned into 𝛽 induced,

edge-disjoint matchings of size Θ(𝑛). The value of RS(𝑛) is known

to be at least 2

Ω
(

log𝑛

log log𝑛

)
and could be as large as

𝑛

2
Θ(log∗ 𝑛) .

Although the number of queries in this last result is super-linear,

it applies to a more general setting. Previously, [16] had observed

that under a regime permitting “mild” correlation between edge

realizations, surpassing the
3

2
factor requires Ω (𝑛 · RS(𝑛)) queries.

Since the result of [18] applies to this regime as well, their bound

is tight in this mildly correlated setting. This left open the question

of whether one can obtain a tight bound of 𝑂𝜀 (𝑛/𝑝) in the original

setting of independent edge sampling, or whether this dependence

on the parameter RS(𝑛) was fundamental to the problem even with

full independence.

1.1 Our Result
In this paper, we give a (1 + 𝜀)-approximation algorithm for the

stochastic vertex cover problem using 𝑂𝜀 (𝑛/𝑝) queries, for any
small 𝜀 > 0. By the lower bound of [6], our algorithm is optimal, up
to the dependence on 𝜀 which is 1/𝜀5. To the best of our knowledge,
the only previously known (1 + 𝜀)-approximation with linearly

many (in𝑛) queries was for bipartite graphs, but a linear dependence

on 1/𝑝 (or polynomial dependence on 1/𝜀) was not known even

in this special case. Our result also shows that the dependence on

RS(𝑛) in [18] was an artifact of the correlations between edges,

and in this sense, is not fundamental to the stochastic vertex cover

problem itself.

Theorem 1.1. For any 𝜀 ∈ (0, 𝑐), where 𝑐 > 0 is a small enough
constant, there is a deterministic algorithm for the stochastic vertex
cover problem that achieves an approximation factor of 1 + 𝜀 using

𝑂

(
𝑛
𝜀5𝑝

)
edge queries.

Similar to all previous algorithms for stochastic vertex cover,

our approximation factor is with respect to the expected size of

the minimum vertex cover in the realized graph 𝐺★
, and the set of

edges queried by our algorithm is non-adaptive, i.e., independent
of the realized graph 𝐺★

.

1.2 Our Techniques
Description of the Algorithm. Our algorithm is simple, and in

some sense, canonical among non-adaptive algorithms. Since the

set of edges queried by the algorithm is non-adaptive, the output

must deterministically include a valid vertex cover on the remaining

(non-queried) edges in 𝐺 to ensure feasibility. Call this determinis-

tic vertex set 𝑃 . Since 𝑃 is always part of the output, it is wasteful

to query any edge incident to 𝑃 . So, we query the edges that are

not incident to 𝑃 , i.e., that are in the induced graph𝐺 [𝑉 \𝑃]. These
queries reveal the realized graph 𝐺★[𝑉 \ 𝑃]; we compute its mini-

mum vertex cover and add these vertices to 𝑃 in the output. Finally,

to choose 𝑃 optimally, we solve an optimization problem that min-

imizes the expected size of the vertex cover output by the above

algorithm, under the constraint that the number of edges in𝐺 [𝑉 \𝑃]
is at most 𝑂𝜀 (𝑛/𝑝), our desired query bound. This optimal choice

of 𝑃 is denoted 𝑃 . We call this the Vertex-Cover algorithm and

formally describe it in Section 2.3.

An Adaptive Algorithm as an Analysis Tool. While our algorithm

is simple, its analysis is quite subtle. In the rest of this section,

we give an outline of the main ideas in the analysis. Since our

algorithm is defined via an optimization problem, it is difficult to

directly compare its cost to opt, the expected size of an optimal

vertex cover. Instead, we first define a surrogate algorithm that

adaptively chooses a set SEED(𝐺★) such that 𝐺 [𝑉 \ SEED(𝐺★)]
has 𝑂𝜀 (𝑛/𝑝) edges. Later, we will compare this adaptive strategy

to our non-adaptive Vertex-Cover algorithm. The set SEED(𝐺★)
has two parts: a non-adaptive part SEEDNA and an adaptive part

SEEDA (𝐺★). First, we describe the choice of SEEDNA. Let MVC(𝐻 )
denote a minimum vertex cover of any graph 𝐻 . We partition the

vertices into three groups, 𝐿,𝑀 and 𝑆 , according to their probability

to appear in MVC

(
𝐺★

)
. Vertices in 𝐿 have “large” probability (at

least 1 − 2𝜀), those in 𝑀 have “moderate” probability (between 𝜀

and 1 − 2𝜀) and the ones in 𝑆 have “small” probability (at most 𝜀).

Observe that we can safely include all vertices in 𝐿 to SEEDNA.

That is because (1 − 2𝜀) · |𝐿 | ≥ opt, from which it follows that

E[|𝐿 \MVC

(
𝐺★

)
|] ≤ 𝑂 (𝜀) · opt. Next, we can discard all vertices

in 𝑆 ; these vertices will not appear in SEED(𝐺★) for any𝐺★
. Using

the fact that the vertices in 𝑆 are infrequent in the optimal solution,

we show that there are only𝑂𝜀 (𝑛/𝑝) edges that are entirely within

𝑆 or between 𝑆 and𝑀 , therefore these edges can be queried (notice

that the edges between 𝑆 and 𝐿 will be covered by vertices in 𝐿).

This allows us to focus on the subgraph 𝐺 [𝑀] in the remaining

discussion.

Deciding the Adaptive Part of SEED(𝐺★). The remaining vertices,

namely the set𝑀 , appear in MVC

(
𝐺★

)
with probabilities ranging

from 𝜀 to 1−2𝜀. We cannot afford to add all vertices in𝑀 to SEEDNA,

but we cannot discard all these vertices either. Instead, we use

a greedy algorithm to select vertices in 𝑀 to add to SEEDNA. A

natural strategy would be to choose vertices with high degree in𝐺 .

Indeed, if the degree of a vertex is at most 𝑂𝜀 (1/𝑝), we can query

all its incident edges, and hence, it is redundant to add such a vertex

to SEED(𝐺★). But, in general, high-degree vertices in𝑀 may only
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appear in MVC

(
𝐺★

)
with probability 𝜀, and as such, they might be

numerous compared to opt. Since we cannot afford to add all these

vertices to SEEDNA, we ask: which high-degree vertices should we

prefer?

The answer to the above question lies at the heart of our analysis.

Observe that if a high-degree vertex 𝑣 is not in MVC

(
𝐺★

)
, then all

the neighbors of 𝑣 must be in MVC

(
𝐺★

)
. Using this observation,

we define a deterministic procedure (called the Vertex-Seed algo-

rithm) that outputs a sequence of vertices𝑄 , where the 𝑖-th vertex 𝑣𝑖
has the following property: with probability at least some constant

𝛿 over the choice of 𝐺★
, the vertex 𝑣𝑖 is not in MVC

(
𝐺★

)
and has

a large neighborhood in 𝐺 among vertices whose status (whether

in MVC

(
𝐺★

)
or not) has not been “decided” by previous vertices

in 𝑄 . The intuition is that such a vertex reveals a large number of

previously undecided vertices to be in MVC

(
𝐺★

)
, and therefore,

allows |𝑄 | to be bounded against opt. We add the vertices in 𝑄 to

SEEDNA, and show that the expected size of |𝑄 \MVC

(
𝐺★

)
| is at

most 𝑂 (𝜀2) · opt (a bound of 𝑂 (𝜀) · opt would suffice for now, but

later, we will need the sharper bound of 𝑂 (𝜀2) · opt). Furthermore,

we add the neighbors of vertices in𝑄 \MVC

(
𝐺★

)
to the adaptive set

SEEDA (𝐺★); since these vertices must be in MVC

(
𝐺★

)
, this does

not affect the approximation bound.

Finally, we consider the vertices 𝐴 that reveal a large number

of previously undecided vertices to be in MVC

(
𝐺★

)
for a specific

realization 𝐺★
, but are not in 𝑄 because they do not meet the

probability threshold 𝛿 over the different realizations of 𝐺★
. We

add the vertices in 𝐴 to the adaptive set SEEDA (𝐺★) as well, and
show that the expected size of 𝐴 \ MVC

(
𝐺★

)
is also 𝑂 (𝜀) · opt.

This completes the description of the set SEED(𝐺★). This last step
ensures that the vertices outside SEED(𝐺★) each have only𝑂𝜀 (1/𝑝)
edges in 𝐺 [𝑀] that need to be queried.

Using SEED(𝐺∗) to Analyze Our Algorithm. So far, we have de-

scribed the adaptive set SEED(𝐺★), and outlined intuition for two

facts: (1) that SEED(𝐺★) contains at most (1 +𝑂 (𝜀)) · opt vertices
in expectation, and (2) that there are at most 𝑂𝜀 (𝑛/𝑝) edges in
𝐺 that are not covered by SEED(𝐺★). We remark that although

SEED(𝐺★) satisfies the conditions of the optimization problem in

the Vertex-Cover algorithm, it does not immediately give an adap-

tive algorithm with 𝑂𝜀 (𝑛/𝑝) queries. This is because the computa-

tion of the set SEED(𝐺★) can require more than 𝑂𝜀 (𝑛/𝑝) queries.
So, the reader should view the definition of SEED(𝐺★) strictly as

an analysis tool, and not an alternative adaptive algorithm. Intu-

itively, we want to compare SEED(𝐺★) to 𝑃 , the vertices chosen

non-adaptively in the Vertex-Cover algorithm. If SEED(𝐺★) were
non-adaptive, this comparison is immediate since it would be a

valid choice of 𝑆 in the optimization problem defining the Vertex-

Cover algorithm. But, in general, SEED(𝐺★) can vary based on the

realization of 𝐺★
, and therefore, the expected size of SEED(𝐺★)

might be smaller than |𝑃 |.

Dealing with the Adaptivity of SEED(𝐺★). Note that SEED(𝐺★)
contains two parts: a non-adaptive set SEEDNA and an adaptive

set SEEDA (𝐺★). The set SEEDA (𝐺★) only depends on two random

quantities: the identity of the set 𝑄 ∩ MVC

(
𝐺★

)
and the realiza-

tions of edges incident to vertices in 𝑄 \MVC

(
𝐺★

)
. Importantly,

our choice to include 𝑄 in SEEDNA makes SEED(𝐺★)’s extension

to a valid vertex cover (i.e. MVC

(
𝐺★[𝑉 \ SEED(𝐺★)]

)
) indepen-

dent of the realizations of the edges incident to 𝑄 ∩ MVC

(
𝐺★

)
.

This allows us to fix the realization of these edges, and analyze

SEED(𝐺★) over the remaining randomness in 𝐺★
. This limits the

adaptivity of SEED(𝐺★), as it now only depends on the set 𝑄 ∩
MVC

(
𝐺★

)
which can take at most 2

|𝑄 | = 2
𝑂 (𝜀2 ) ·opt

values. In ad-

dition, we show that the size of the SEED(𝐺★)’s extension, namely

|MVC

(
𝐺★[𝑉 \ SEED(𝐺★)]

)
|, sharply concentrates. We do so by

proving a general theorem on the convergence of |MVC

(
𝐺★

)
| on a

randomly generated graph 𝐺★ ∼ 𝐺𝑝 :

Theorem 1.2. Let𝑍 = |MVC

(
𝐺★

)
|, opt = E𝐺★∼𝐺𝑝

[
��
MVC

(
𝐺★

) ��].
Then for any 𝑡 ≥ 0,

Pr[|𝑍 − opt| ≥ 𝑡] ≤ 2 exp

(
− 𝑡2

4𝐶 · opt + 2𝑡/3

)
, (1)

where 𝐶 < 8 is a constant.

Note that this theorem is not specific to our construction and

establishes a general concentration result for minimum vertex cover.

The tail bound proven is much sharper than what one can obtain

from standard techniques (e.g., vertex exposure martingales) and

we believe it might be of independent combinatorial interest.
1

Finally, we use a union bound over the 2
𝑂 (𝜀2 ) ·opt

different realiza-

tions of𝑄∩MVC

(
𝐺★

)
, for each of which the tail bound on the size of

MVC

(
𝐺★[𝑉 \ SEEDNA]

)
applies. Using this, we can now claim that

the advantage of adaptivity in defining SEED(𝐺★) is negligible. For-
mally, we show that, for any fixed realization of the edges incident

to 𝑄 , the set SEED(𝐺★) can take at most 2
𝑂 (𝜀 ) ·opt

different forms

for the graphs 𝐺★
that are consistent with the fixed realization of

edges incident to 𝑄 . Out of those forms, the one that minimizes

the expected size of SEED(𝐺★) ∪MVC

(
𝐺★[𝑉 \ SEED(𝐺★)]

)
is at

most (1 +𝑂 (𝜀)) worse than adaptively selecting the best of these

forms for each graph 𝐺★
. Since the latter holds for any realization

of the edges incident to 𝑄 , averaging over their randomness gives

us that there exists a deterministic set 𝑃 that produces a solution

of expected size (1 +𝑂 (𝜀))opt. This, in turn, establishes that our

algorithm, which optimizes over all non-adaptive choices of 𝑃 , is a

(1 +𝑂 (𝜀))-approximation algorithm.

2 The Vertex-Cover Algorithm
In this section, we formally define the stochastic vertex cover prob-

lem, and establish notation that we will use throughout the paper.

Then, we give a formal description of our Vertex-Cover algorithm.

2.1 Notation and Terminology
Throughout, let 𝐺 = (𝑉 , 𝐸) denote the base graph, with 𝑛 = |𝑉 |.
Fix an edge-realization parameter 𝑝 ∈ (0, 1]; each edge 𝑒 ∈ 𝐸 is

realized independently with probability 𝑝 . All results extend to

the heterogeneous model with edge-wise probabilities (𝑝𝑒 )𝑒∈𝐸 by

replacing 𝑝 in the statements with 𝑝 := min𝑒∈𝐸 𝑝𝑒 . For clarity of

exposition, throughout the paper we present the homogeneous case

𝑝𝑒 = 𝑝 for all 𝑒 ∈ 𝐸.

1
A strengthened version of Talagrand’s inequality for 𝑐-Lipschitz, 𝑠-certifiable func-

tions also yields a slightly weaker concentration bound, which still suffices to derive

our results.
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Let 𝐺★
be the random realized subgraph obtained by including

each 𝑒 ∈ 𝐸 independently with probability 𝑝; we write 𝐺★ ∼ 𝐺𝑝 .

For a set of edges 𝐹 ⊆ 𝐸, we use𝐺★ \ 𝐹★ to denote the distribution

obtained by realizing all edges in 𝐸 \ 𝐹 as above while leaving the

edges in 𝐹 unresolved (to be realized later). An edge query reveals

whether a particular 𝑒 ∈ 𝐸 is present in 𝐺★
.

For a graph 𝐻 = (𝑉 , 𝐸) and 𝑣 ∈ 𝑉 , let 𝑁𝐻 (𝑣) be the set of

neighbors of 𝑣 in 𝐻 ; for 𝑆 ⊆ 𝑉 , let 𝑁𝐻 (𝑆) = {𝑢 ∈ 𝑉 \ 𝑆 : ∃𝑠 ∈
𝑆 with (𝑢, 𝑠) ∈ 𝐸}. Let MVC(·) be the mapping that assigns to

every realized graph 𝐺★
an arbitrary but fixed minimum vertex

cover MVC

(
𝐺★

)
= 𝑆 ⊆ 𝑉 . Let MVC

(
𝐺★

)
denote the resulting

(random) minimum vertex cover on the realized graph, and define

opt = E𝐺★∼𝐺𝑝

[ ��
MVC

(
𝐺★

) �� ]
. For each 𝑣 ∈ 𝑉 , set 𝑐𝑣 = Pr

[
𝑣 ∈

MVC

(
𝐺★

) ]
, so that

∑
𝑣∈𝑉 𝑐𝑣 = opt. For an edge 𝑒 = (𝑢, 𝑣) ∈

𝐸 define the probability that edge 𝑒 is covered as 𝑐𝑒 = Pr[𝑢 ∈
MVC

(
𝐺★

)
or 𝑣 ∈ MVC

(
𝐺★

)
].

2.2 The Stochastic Vertex Cover Problem
Given a base graph 𝐺 = (𝑉 , 𝐸) and a probability parameter 𝑝 , in

the stochastic vertex cover problem, the goal is to output a feasible

vertex cover of the realized graph 𝐺★
, in which each edge of 𝐺 is

realized in 𝐺★
independently with probability 𝑝 , while querying

as few edges in 𝐺 as possible. The algorithm is allowed unlimited

access to the base graph 𝐺 as well as unlimited computation time.

For an 𝛼 > 0, we say a (randomized) solution𝐶 is an 𝛼-approximate

stochastic vertex cover, if any edge in 𝐺★
has at least one of its

endpoint in 𝐶 , and E[|𝐶 |] ≤ 𝛼 · E[
��
MVC

(
𝐺★

) ��].
In this paper, we give a non-adaptive (1 + 𝜀)-approximation

algorithm for the stochastic vertex cover problem, i.e., it queries

a fixed set of edges chosen in advance, independent of all query

outcomes.

2.3 Description of the Vertex-Cover Algorithm
First, we choose 𝑃 ⊆ 𝑉 minimizing |𝑃 | + E

[ ��
MVC

(
𝐺★[𝑉 \ 𝑃]

) �� ]
under the constraint that the induced subgraph 𝐺 [𝑉 \ 𝑃] contains
at most 𝑂 (𝑛/(𝜀5𝑝)) edges. Let that set be 𝑃 . We then query all

edges in the induced subgraph𝐺 [𝑉 \𝑃] and compute the minimum

vertex cover𝐻 of the now known, realized graph𝐺★[𝑉 \𝑃]. Finally,
we return the set 𝑃 ∪ 𝐻 as our vertex cover. Recall, as in previous

papers, that we are not concerned with computational efficiency,

but only the query complexity. The pseudocode for the algorithm

is given in Figure 1.

It is immediate that this algorithm correctly produces a valid

vertex cover:

Claim 2.1. The output of the Vertex-Cover algorithm is a vertex
cover for 𝐺★.

Proof. Each edge either has an endpoint in 𝑃 or is an edge in

the induced subgraph 𝐺★[𝑉 \ 𝑃]. □

3 Analysis of the Vertex-Cover Algorithm
In this section we analyse the Vertex-Cover algorithm using our

surrogate algorithm. In the first two subsections we describe the

Vertex-Seed algorithm and bound the size of the set 𝑄 chosen by

the algorithm. Next we describe how to choose the adaptive set

Algorithm: Vertex-Cover
(1) Let 𝑃 be the optimal solution to

min

𝑃⊆𝑉
|𝑃 | + E

[ ��
MVC

(
𝐺★[𝑉 \ 𝑃]

) �� ]
s.t. 𝐺 [𝑉 \ 𝑃] has at most 2 · 10

3 𝑛

𝜀5𝑝
edges.

(2)

(2) Query all the edges in 𝐺 [𝑉 \ 𝑃] to get its realization

𝐺★[𝑉 \ 𝑃].
(3) Let 𝐻 = MVC

(
𝐺★[𝑉 \ 𝑃]

)
.

(4) Return 𝑃 ∪ 𝐻 .

Figure 1: The Vertex-Cover algorithm.

SEED(𝐺★) and prove that it contains at most (1+𝑂 (𝜀)) ·opt vertices
in expectation. Finally, we prove that there are at most 𝑂𝜀 (𝑛/𝑝)
edges in 𝐺 that are not covered by SEED(𝐺★), and analyze the

performance of the Vertex-Cover algorithm.

Throughout the analysis, we assume that opt ≥ 𝑐 · log(1/𝜀)/𝜀2
for some constant 𝑐 ; this assumption is without loss of generality: if

opt = 𝑂 (log(1/𝜀)/𝜀2), then the base graph𝐺 contains 𝑂 (𝑛/(𝑝𝜀3))
edges and the Vertex-Cover algorithm can select 𝑃 = ∅, query all

of 𝐺 and obtain an exact solution.

3.1 The Vertex-Seed Algorithm
In this section, we describe the Vertex-Seed algorithm, a determin-

istic algorithm that returns a sequence of vertices𝑄 = (𝑣1, 𝑣2, . . . , 𝑣𝑘 )
in the base graph 𝐺 depending only on a vertex cover function

VC

(
𝐺★

)
that maps every realization 𝐺★

to a fixed feasible vertex

cover of 𝐺★
. The intuition is that each vertex 𝑣𝑖 in 𝑄 corresponds

to a query of the type “is 𝑣𝑖 ∈ VC

(
𝐺★

)
?” If the answer is negative,

i.e. 𝑣𝑖 ∉ VC

(
𝐺★

)
, then all neighbors of 𝑣𝑖 in 𝐺★

are necessarily in

VC

(
𝐺★

)
. Our goal in selecting𝑄 is to keep |𝑄 | small while revealing

a large number of vertices in VC

(
𝐺★

)
by virtue of being neighbors

of vertices in 𝑄 \ VC
(
𝐺★

)
. The Vertex-Seed algorithm describes a

greedy procedure for incrementally constructing 𝑄 with this pur-

pose. As input, in addition to the base graph 𝐺 , the Vertex-Seed

algorithm takes two parameters, 𝛿 and 𝛾 , which will be defined

later.

Before defining the algorithm, we introduce some notation:

• For a sequence of vertices 𝑄𝑖 = (𝑣1, 𝑣2, . . . , 𝑣𝑖 ) and a fixed

realization 𝐺★
, define

decided(𝑄𝑖 ,𝐺
★) =

{
𝑣 ∈ 𝑉 \𝑄𝑖 : 𝑁𝐺★ (𝑣) ∩ (𝑄𝑖 \ VC

(
𝐺★)) ≠ ∅

}
.

(3)

In words, a vertex 𝑣 is in decided(𝑄𝑖 ,𝐺
★) if it has a neighbor

that is in 𝑄𝑖 but not in VC

(
𝐺★

)
. Note that a vertex 𝑣 ∈

decided(𝑄𝑖 ,𝐺
★) necessarily belongs to VC

(
𝐺★

)
, by virtue

of feasibility of VC

(
𝐺★

)
. We further let undecided(𝑄𝑖 ,𝐺

★) =
(𝑉 \𝑄𝑖 ) \ decided(𝑄𝑖 ,𝐺

★). Thus, the sets decided(𝑄𝑖 ,𝐺
★)

and undecided(𝑄𝑖 ,𝐺
★) induce a partition of the vertices in

𝑉 \𝑄𝑖 .
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h

Algorithm: Vertex-Seed

Initialize 𝑄 to be the empty sequence.

While there is a vertex 𝑣 such that

Pr

𝐺★
[𝑣 ∈ revealing(𝑄,𝐺★)] ≥ 𝛿,

append 𝑣 to 𝑄 .

Figure 2: The Vertex-Seed algorithm.

• For a sequence of vertices 𝑄𝑖 = (𝑣1, 𝑣2, . . . , 𝑣𝑖 ) and a fixed

realization 𝐺★
, define

revealing(𝑄𝑖 ,𝐺
★) =

{
𝑣 ∈ 𝑉 \𝑄𝑖 : 𝑣 ∉ VC

(
𝐺★)

and

|𝑁𝐺 (𝑣) ∩ undecided(𝑄𝑖 ,𝐺
★) | ≥ 1

𝑝 · 𝛾

}
. (4)

In words, a vertex 𝑣 is in revealing(𝑄𝑖 ,𝐺
★) if it is not in

VC

(
𝐺★

)
and has at least

1

𝑝 ·𝛾 neighbors in the base graph

𝐺 that are in undecided(𝑄𝑖 ,𝐺
★). Intuitively, a vertex 𝑣 ∈

revealing(𝑄𝑖 ,𝐺
★) is a good candidate for extending 𝑄𝑖 to

𝑄𝑖+1 since it is likely to move a large number of vertices

from undecided(𝑄𝑖 ,𝐺
★) to decided(𝑄𝑖+1,𝐺★).

The Vertex-Seed algorithm starts with 𝑄 being empty and

then constructs it iteratively by adding vertices that have a high

probability of being in revealing(𝑄,𝐺★). The pseudocode is given
in Figure 2.

We use the notation𝑄𝑖 = (𝑣1, . . . , 𝑣𝑖 ) to denote the set of vertices
in 𝑄 after 𝑖 iterations of the Vertex-Seed algorithm: 𝑄0 denotes

the initial empty set, and 𝑄𝑘 denotes the final set if the algorithm

terminates after 𝑘 iterations. Note that the sequence of computed

𝑄𝑖 ’s is deterministic, and when we measure probability within the

loop (namely Pr𝐺★ [𝑣 ∈ revealing(𝑄𝑖 ,𝐺
★)]), it is only over the draw

of𝐺★
. Furthermore, note that the algorithm necessarily terminates

after at most 𝑛 iterations.

3.2 Bounding the Number of Vertices in 𝑄

Observe that the Vertex-Seed algorithm is deterministic and hence,

the number of vertices in 𝑄 is also deterministic. The next lemma

bounds this number.

Lemma 3.1. Let 𝑄 = (𝑣1, . . . , 𝑣𝑘 ) be the sequence of vertices con-
structed by the Vertex-Seed algorithm. For any 𝑛 ≥ 4 log(2/𝛿), we
have that 𝑘 ≤ 10𝛾

𝛿
· 𝑛.

First, we give the intuition behind the lemma, before we formally

prove it. Suppose a vertex 𝑣 ∈ revealing(𝑄,𝐺★) is added to 𝑄 by

the Vertex-Seed algorithm. Then, it has
1

𝑝 ·𝛾 neighbors in 𝐺 that

are currently undecided. Informally, we should expect that 1/𝛾
of these neighbors realize in 𝐺★

and, therefore, are moved from

undecided(𝑄,𝐺★) to decided(𝑄,𝐺★) as a result of adding 𝑣 to 𝑄 .

Since there are only 𝑛 vertices in 𝐺 , the number of times this can

happen is 𝛾 · 𝑛. Finally, since the event 𝑣 ∈ revealing(𝑄,𝐺★) holds
with probability 𝛿 for every vertex added to 𝑄 , we should expect

that 𝑄 can only contain
𝛾 ·𝑛
𝛿

vertices.

The argument above is not formal because the expected number

of vertices moved from undecided(𝑄,𝐺★) to decided(𝑄,𝐺★) by
a vertex 𝑣 ∈ revealing(𝑄,𝐺★) is not necessarily 1/𝛾 , since the

neighborhood of 𝑣 in 𝐺★
is not independent of the event 𝑣 ∈

revealing(𝑄,𝐺★). Nevertheless, we show that this intuition holds,

and can be made formal, in the proof below.

Proof of Lemma 3.1. For 𝑖 = 1, . . . , 𝑘 , let 𝑋𝑖 be the (random)

indicator variable that is 1 if 𝑣𝑖 ∈ revealing(𝑄𝑖−1,𝐺★) and 0 other-

wise. Note that E[𝑋𝑖 ] ≥ 𝛿 for all 𝑖 by definition of the Vertex-Seed

algorithm. Let 𝑋 =
∑𝑘
𝑖=1 𝑋𝑖 . Thus, E [𝑋 ] = ∑𝑘

𝑖=1 E[𝑋𝑖 ] ≥ 𝑘 · 𝛿 .
Let 𝑢 =

10𝛾

𝛿
· 𝑛. Recall that we want to show that 𝑘 ≤ 𝑢. We

consider two cases, 𝑋 ≤ 𝑢 · 𝛿/2 and 𝑋 > 𝑢 · 𝛿/2, and write

𝑘 · 𝛿 ≤ E [𝑋 ] ≤ 𝑢 · 𝛿/2 + 𝑘 · Pr[𝑋 > 𝑢 · 𝛿/2] . (5)

To complete the proof, we will show that Pr[𝑋 > 𝑢 · 𝛿/2] ≤ 𝛿/2,
which implies 𝑘 ≤ 𝑢 as required.

Now let G be the subset of realizations of 𝐺★
for which 𝑋 ≥

𝑢 ·𝛿/2. In other words, we want to show that Pr[𝐺★ ∈ G] ≤ 𝛿/2.We

further partition G as follows: for each 𝑆 ⊆ 𝑄 such that |𝑆 | ≥ 𝑢 ·𝛿/2,
we let G𝑆 ⊆ G be the realizations of 𝐺★

for which {𝑣𝑖 ∈ 𝑄 | 𝑣𝑖 ∈
revealing(𝑄𝑖−1,𝐺★)} = 𝑆 . These chosen G𝑆 partition G since, by

definition of G, every realization 𝐺★ ∈ G has

𝑋 = |{𝑣𝑖 ∈ 𝑄 | 𝑣𝑖 ∈ revealing(𝑄𝑖−1,𝐺★)}| ≥ 𝑢 · 𝛿/2.

We thus have that G is partitioned into at most

∑𝑘
ℓ=𝑢𝛿/2

(𝑘
ℓ

)
≤ 2

𝑘

many sets G𝑆 .

We proceed to bound Pr[𝐺★ ∈ G𝑆 ] for a fixed set 𝑆 . To do this,

the following viewpoint for generating a realization 𝐺★
will be

helpful. There is a random string 𝑅 = (𝑟1, 𝑟2, . . .) of bits where each
𝑟𝑖 is a random bit that is 1 with probability 𝑝 and 0 otherwise. The

realization 𝐺★
is generated as follows:

• For each 𝑣𝑖 ∈ 𝑆 (in the order it was added to𝑄), the existence

of an edge 𝑒 = (𝑣𝑖 , 𝑣) in𝐺★
is determined by the next random

bit in 𝑅 if the following properties are satisfied by 𝑣 :

– 𝑣 is a neighbor of 𝑣𝑖 in the base graph 𝐺 ,

– 𝑣 is not in {𝑣1, . . . , 𝑣𝑖−1}, and
– there is no edge (𝑣 𝑗 , 𝑣) realized so far in 𝐺★

such that 𝑣 𝑗
is a vertex in {𝑣1, . . . , 𝑣𝑖−1} ∩ 𝑆 .

• Any remaining edge not considered above is simply realized

with probability 𝑝 independently.

The above procedure simply realizes each edgewith probability 𝑝

independently but distinguishes (as a function of 𝑆) certain random

bits with 𝑅.

Now, we claim that if any𝐺★
realized this way ends up belonging

to G𝑆 , then we must have used at least 5𝑛/𝑝 bits from 𝑅. To see this,

consider the realization of edges adjacent to some fixed vertex 𝑣𝑖 ∈ 𝑆

in the process above. Since the realized graph 𝐺★ ⊆ G𝑆 , it must be

the case that 𝑣𝑖 ∈ revealing(𝑄𝑖−1,𝐺★), which means that 𝑣𝑖 has at

least 1/(𝑝 ·𝛾) neighbors in𝐺 that are in undecided(𝑄𝑖−1,𝐺★). Since
undecided(𝑄𝑖−1,𝐺★) ⊆ 𝑉 \ 𝑄𝑖−1, all these neighbors are not in

𝑄𝑖−1. Moreover, since each vertex 𝑣𝑖 ∈ 𝑆 is in revealing(𝑄𝑖−1,𝐺★),
we have that none of the vertices in 𝑆 are in VC

(
𝐺★

)
. Therefore,

if a vertex 𝑣 is in undecided(𝑄𝑖−1,𝐺★), its neighborhood in 𝐺★
is

disjoint from𝑄𝑖−1∩𝑆 . As a result, 𝑣𝑖 has at least 1/(𝑝 ·𝛾) neighbors
𝑣 in𝐺 , such that 𝑣 ∉ 𝑄𝑖−1, and furthermore, the neighborhood of 𝑣

in 𝐺★
is disjoint from 𝑄𝑖−1 ∩ 𝑆 .
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For any such neighbor 𝑣 of 𝑣𝑖 , the process described above uses

a new bit from 𝑅 to confirm the presence of the edge (𝑣𝑖 , 𝑣). In total,

the number of potential edges determined using the random bits

from 𝑅 is hence at least

|𝑆 |
𝑝 · 𝛾 ≥ 𝑢 · 𝛿/2

𝑝 · 𝛾 =
5𝑛

𝑝
, since 𝑢 =

10𝛾

𝛿
· 𝑛.

Observe also that if an edge (𝑣𝑖 , 𝑣) is confirmed to be in𝐺★
using

a bit from 𝑅, then no other edge (𝑣 𝑗 , 𝑣) for 𝑗 > 𝑖 is determined using

a bit from 𝑅. This means that the number of edges confirmed to

be in 𝐺★
using bits from 𝑅 can be at most the number of distinct

vertices in 𝐺 , which is 𝑛. In summary, we conclude that, if the

realized graph 𝐺★ ∈ G𝑆 , then it must be the case that we used at

least 5𝑛/𝑝 bits from 𝑅, and at most 𝑛 of these bits realized edges in

𝐺★
. So, consider the first 5𝑛/𝑝 bits in 𝑅. As the expectation of the

number of ones in the independent Bernoulli trials 𝑟1, . . . , 𝑟5𝑛/𝑝 is

5𝑛, we have by a standard Chernoff bound that

Pr[𝐺★ ∈ G𝑆 ] ≤ Pr


5𝑛/𝑝∑︁
𝑗=1

𝑟 𝑗 ≤
(
1 − 4

5

)
5𝑛

 ≤ exp

(
−5𝑛 · (4/5)2

3

)
≤ 𝑒−𝑛 .

Finally, by a union bound over the partitioning of G,

Pr[𝐺★ ∈ G] ≤ 2
𝑘 · 𝑒−𝑛 ≤ (2/𝑒)𝑛 ≤ 𝛿/2,

where the last inequality holds for 𝑛 ≥ 4 log(2/𝛿). So, by Eq. (5),

𝑘 ≤ 10𝛾

𝛿
· 𝑛 as required. □

3.3 Selection of the Vertex Set SEED(𝐺★)
We can use the Vertex-Seed algorithm directly on the base graph

𝐺 and add the vertices in𝑄 to the set SEED(𝐺★). But, this results in
a set𝑄 whose size is independent of the expected size of MVC

(
𝐺★

)
,

which translates to an additive error in the approximation bound

of the algorithm. Instead, we use the Vertex-Seed algorithm in a

more nuanced fashion that avoids this additive loss.

We partition vertices 𝑉 in 𝐺 into three sets:

• The set 𝐿 := {𝑣 ∈ 𝑉 : Pr𝐺★ [𝑣 ∈ MVC

(
𝐺★

)
] ≥ 1 − 2𝜀} of

vertices that have large probability of being in MVC

(
𝐺★

)
,

• the set𝑀 := {𝑣 ∈ 𝑉 : 𝜀 < Pr𝐺★ [𝑣 ∈ MVC

(
𝐺★

)
] < 1 − 2𝜀} of

vertices that havemoderate probability of being inMVC

(
𝐺★

)
,

and

• the set 𝑆 := {𝑣 ∈ 𝑉 : Pr𝐺★ [𝑣 ∈ MVC

(
𝐺★

)
] ≤ 𝜀} of vertices

that have small probability of being in MVC

(
𝐺★

)
.

Recall that opt denotes the expected size of the minimum vertex

cover, i.e., opt := E[MVC

(
𝐺★

)
]. In the next two claims, we bound

the number of vertices in 𝐿 and𝑀 , in terms of opt. Note that 𝐿 and

𝑀 are deterministic sets, but MVC

(
𝐺★

)
is random.

Claim 3.2. For any 𝜀 ≤ 1/4, E[𝐿 \MVC

(
𝐺★

)
] is at most 4𝜀 · opt.

Proof. Note that for any vertex 𝑣 ∈ 𝐿, we have Pr[𝑣 ∈ 𝐿 \
MVC

(
𝐺★

)
] ≤ 2𝜀. Therefore,

E[|𝐿 \MVC

(
𝐺★) |] ≤ 2𝜀 · |𝐿 |.

Using this bound, we get

|𝐿 | ≤ E[
��𝐿 \MVC

(
𝐺★) ��] + E[

��
MVC

(
𝐺★) ��] ≤ 2𝜀 · |𝐿 | + opt,

which implies that |𝐿 | ≤ opt/(1 − 2𝜀). Therefore,

E[|𝐿 \MVC

(
𝐺★) |] ≤ 2𝜀 · |𝐿 | ≤ 2𝜀

1 − 2𝜀
· opt ≤ 4𝜀 · opt, for 𝜀 ≤ 1/4.

□

Claim 3.3. The number of vertices in𝑀 is at most opt/𝜀.

Proof. Every vertex in 𝑀 is in MVC

(
𝐺★

)
with probability at

least 𝜀, and opt is at least the expected number of vertices in𝑀 that

are in MVC

(
𝐺★

)
. The claim follows. □

Now, we run the Vertex-Seed algorithm on the induced graph

𝐺 [𝑀] and designate the output set𝑄 . We also use𝐺★[𝑀] to denote
the induced subgraph on𝑀 of the realized graph𝐺★

. In the Vertex-

Seed algorithm, we use the following parameters:

- The parameter 𝛿, which is used as the probability threshold

for a vertex to be added to 𝑄 , is set to 𝛿 := 𝜀2.

- The parameter 𝛾 , which decides the threshold on the number

of undecided neighbors in the base graph 𝐺 for a vertex to

be deemed revealing, is set to 𝛾 := 𝜀3 · 𝛿/103 = 𝜀5/103.
Furthermore, the vertex cover VC

(
𝐺★[𝑀]

)
used in the Vertex-

Seed algorithm is set to MVC

(
𝐺★

)
∩𝑀 . Clearly, this is a feasible

vertex cover of 𝐺★[𝑀].
Based on this choice of parameters, we can bound the number

of vertices in 𝑄 . Recall that Vertex-Seed is a deterministic algo-

rithm and it is run on a deterministic graph 𝐺 [𝑀]. Hence, 𝑄 is

deterministic.

Claim 3.4. The size of the set 𝑄 output by the Vertex-Seed algo-
rithm when run on 𝐺 [𝑀] is at most (𝜀2/100) · opt.

Proof. By Lemma 3.1 and our choice of parameters, we get

|𝑄 | ≤ (𝜀3/100) · |𝑀 |. Now, the claim follows from the bound on𝑀

in Claim 3.3. □

We are now ready to define the vertex set SEED(𝐺★) for any
fixed realized graph 𝐺★

. We define SEED(𝐺★) as the union of four

sets described below. The first two sets, 𝐿 and 𝑄 , do not depend on

the realized graph 𝐺★
, whereas the last two sets depend on 𝐺★

.

- the set 𝐿 of vertices that have large probability of being in

MVC

(
𝐺★

)
,

- the set 𝑄 ⊆ 𝑀 of vertices returned by the Vertex-Seed

algorithm on 𝐺 [𝑀],
- the set of vertices decided(𝑄,𝐺★[𝑀]), and
- the set of vertices

𝐴 :=

{
𝑣 ∈ 𝑀 \𝑄 : |𝑁𝐺 [𝑀 ] (𝑣) ∩ undecided(𝑄,𝐺★[𝑀]) | ≥ 1

𝑝 · 𝛾

}
.

Next we prove that in expectation, SEED(𝐺★) contains a small

number of vertices that are not in MVC

(
𝐺★

)
. To do this we first

prove the following bound on the size of 𝐴.

Claim 3.5. We have E[|𝐴 \MVC

(
𝐺★

)
|] ≤ 𝜀 · opt.

Proof. Consider any vertex 𝑣 ∈ 𝑀 \𝑄 . Upon sampling𝐺★ ∼ 𝐺𝑝 ,

observe that if 𝑣 ∈ 𝐴 \MVC

(
𝐺★

)
, then 𝑣 ∈ revealing(𝑄,𝐺★[𝑀]).

By definition of the termination of the Vertex-Seed algorithm, we

therefore have that

Pr𝐺★ [𝑣 ∈ 𝐴\MVC

(
𝐺★)] ≤ Pr𝐺★ [𝑣 ∈ revealing(𝑄,𝐺★[𝑀])] < 𝛿.
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Finally, by the bound on𝑀 in Claim 3.3, this implies

E[|𝐴 \MVC

(
𝐺★) |] < 𝛿 · |𝑀 | ≤ 𝜀 · opt. □

We can now bound the expected size of the set SEED(𝐺★).

Lemma 3.6. We have

E[|SEED(𝐺★) \MVC

(
𝐺★) |] ≤ 𝑂 (𝜀) · E[MVC

(
𝐺★)]

for any 𝜀 < 1/4.

Proof. Note first, that decided(𝑄,𝐺★[𝑀]) ⊆ MVC

(
𝐺★

)
, since

by the definition of decided, for each vertex 𝑣 ∈ decided(𝑄,𝐺★[𝑀]),
there is a vertex 𝑣𝑖 ∉ MVC

(
𝐺★

)
that is adjacent to 𝑣 in the realiza-

tion 𝐺★
. Thus,

E[|SEED(𝐺★) \MVC

(
𝐺★) |] =

E[|𝐿 \MVC

(
𝐺★) |] + E[|𝑄 \MVC

(
𝐺★) |] + E[|𝐴 \MVC

(
𝐺★) |] .

By Claim 3.2, 3.4, and 3.5, we have

E[|SEED(𝐺★) \MVC

(
𝐺★) |] ≤ 4𝜀 · opt + (𝜀2/100) · opt + 𝜀 · opt

≤ 𝑂 (𝜀) · E[|MVC

(
𝐺★) |] . □

3.4 Using Vertex-Seed to Analyze Vertex-Cover
In this section we prove our main result about the performance

of Vertex-Cover algorithm, which we formally state in the next

theorem.

Theorem 3.7. The output of the Vertex-Cover algorithm has
an expected size of at most (1 +𝑂 (𝜀)) · opt.

To analyze the Vertex-Cover algorithm, we first define an

auxiliary problem (Problem (6)), which strengthens the constraints

of Problem (2) by requiring that the solution 𝑆 includes the vertices

in 𝑄 , where 𝑄 is the deterministic output of the Vertex-Seed

algorithm on 𝐺 [𝑀]. For the remaining of the section we will use 𝑃

to denote the optimal solution to Problem (6).

min

𝑃⊆𝑉
|𝑃 | + E

[ ��
MVC

(
𝐺★[𝑉 \ 𝑃]

) �� ]
s.t. 𝑄 ⊆ 𝑃,

𝐺 [𝑉 \ 𝑃] has at most 2 · 10
3 𝑛

𝜀5𝑝
edges.

(6)

Our analysis compares the cost of 𝑃 to the expected cost of a

strategy that adaptively picks 𝑆 = SEED(𝐺★) for every realization

𝐺★
. We begin by proving that for any fixed realization 𝐺★

, the

set SEED(𝐺★) is a feasible solution to (6) as 𝑄 ⊆ SEED(𝐺★), by
definition, and by showing that the induced graph𝐺 [𝑉 \SEED(𝐺★)]
is sparse (Lemma 3.8). Moreover, Lemma 3.6 implies that

E[|SEED(𝐺★) | + |MVC

(
𝐺★[𝑉 \ SEED(𝐺★)]

)
|] = (1 +𝑂 (𝜀)) · opt,

therefore adaptively picking SEED(𝐺★) as a solution for each 𝐺★
,

would achieve an expected objective value of (1 + 𝑂 (𝜀)) · opt in
Problem (6). Our goal is to prove that the optimal static solution 𝑃

performs essentially as well.

For any realization𝐺★
, the set SEED(𝐺★) depends only on two

quantities: (a) on the realization of edges incident to 𝑄 and (b) on

the intersection of 𝑄 with MVC

(
𝐺★

)
. Let 𝐹 be the set of edges, of

the base graph 𝐺 , which have at least one endpoint in 𝑄 and let

also 𝐹★ ⊆ 𝐹 denote a fixed realization of them. For convenience,

we slightly abuse notation and index each possible SEED set by the

tuple (𝑄𝑉𝐶 , 𝐹
★) that determines it. For the sake of completeness,

we re-state the formal definitions of decided, undecided and SEED

in this new notation. For a fixed 𝐹★ ⊆ 𝐹 and a fixed 𝑄𝑉𝐶 ⊆ 𝑄 , we

have

• decided(𝑄𝑉𝐶 , 𝐹
★) =

{𝑢 ∈ 𝑀 \𝑄 : ∃(𝑢, 𝑣) ∈ 𝐹★ s.t. 𝑣 ∈ (𝑄 \𝑄𝑉𝐶 )}
• undecided(𝑄𝑉𝐶 , 𝐹

★) = 𝑀 \ (𝑄 ∪ decided(𝑄𝑉𝐶 , 𝐹
★))

• 𝐴(𝑄𝑉𝐶 , 𝐹
★) =

{𝑢 ∈ 𝑀\𝑄 : |𝑁𝐺 [𝑀 ] (𝑢)∩undecided(𝑄𝑉𝐶 , 𝐹
★) | ≥ 1/(𝑝 ·𝛾)}

• SEED(𝑄𝑉𝐶 , 𝐹
★) = 𝐿∪𝑄 ∪decided(𝐹★, 𝑄𝑉𝐶 ) ∪𝐴(𝑄𝑉𝐶 , 𝐹

★).
Notice that for any realization 𝐺★

, for which 𝐹★ is the realization

of the edges in 𝐹 , we have that decided(𝑄 ∩ MVC

(
𝐺★

)
, 𝐹★) =

decided(𝑄,𝐺★[𝑀]) and SEED(𝐺★) = SEED(𝑄 ∩MVC

(
𝐺★

)
, 𝐹★).

A key observation is that the objective of Problem 6 is indepen-

dent of how the edges in 𝐹 realize, because every feasible solution

𝑆 contains the set 𝑄 , and thus the edges in 𝐹 are not part of the

induced graph 𝐺 [𝑉 \ 𝑆]. We can therefore fix a realization 𝐹★ of

these edges and compare 𝑃 and SEED(𝐺★) over the randomness

outside of 𝐹 . For a fixed realization 𝐹★, SEED only depends on𝑄𝑉𝐶 ,

which ranges over subsets of 𝑄 and can, thus, take at most 2
|𝑄 |

values.

By employing the concentration of the minimum vertex cover

(Theorem 1.2) and taking a union bound over the 2
|𝑄 |

possible

values of SEED, we are able to show that the value of SEED that

has the minimum expected cost (for the fixed 𝐹★ and over the

randomness outside of 𝐹 ) is almost as good as adaptively selecting

SEED(𝐺★). Since each value of SEED is feasible for Problem 6 and

the objective only depends on the randomness outside 𝐹 , we can

conclude that 𝑃 cannot be worse than the best fixed SEED.

Finally, since the above holds for any fixed 𝐹★, we conclude the

proof taking the expectation over the randomness in 𝐹 and showing

that the expected cost of 𝑃 almost as good as the expected cost of

SEED(𝐺★).
We will now formalize the proof outlined above. First, we be-

gin by proving that for any 𝐹★ ⊆ 𝐹 and any 𝑄𝑉𝐶 ⊆ 𝑄 , the in-

duced graph 𝐺 [𝑉 \ SEED(𝑄𝑉𝐶 , 𝐹
★)] is sparse. This proves that

SEED(𝑄𝑉𝐶 , 𝐹
★) is a feasible solution to Problem (6).

Lemma 3.8. For any 𝐹★ ⊆ 𝐹 and any 𝑄𝑉𝐶 ⊆ 𝑄 , the graph 𝐺 [𝑉 \
SEED(𝑄𝑉𝐶 , 𝐹

★)] has at most 2·103 ·𝑛
𝑝𝜀5

many edges.

Proof of Lemma 3.8. Since SEED(𝑄𝑉𝐶 , 𝐹
★) contains 𝐿, all ver-

tices in𝑉 \ SEED(𝑄𝑉𝐶 , 𝐹
★) lie in (𝑀 ∪ 𝑆) \ SEED(𝑄𝑉𝐶 , 𝐹

★). More-

over, since SEED(𝑄𝑉𝐶 , 𝐹
★) also contains decided(𝑄𝑉𝐶 , 𝐹

★),
𝑀 \ SEED(𝑄𝑉𝐶 , 𝐹

★) ⊆ undecided(𝑄𝑉𝐶 , 𝐹
★) .

Now, every vertex 𝑢 ∈ 𝑀 \ SEED(𝑄𝑉𝐶 , 𝐹
★) has at most 1/(𝑝 ·

𝛾) neighbors inside undecided(𝑄𝑉𝐶 , 𝐹
★) (since otherwise, such a

vertex would be included in 𝐴(𝑄𝑉𝐶 , 𝐹
★)). Hence the number of

edges in 𝐺 [𝑉 \ SEED(𝑄𝑉𝐶 , 𝐹
★)] that have both endpoints in𝑀 is

at most

|𝑀 |
𝑝𝛾

≤ 10
3 𝑛

𝑝𝜀5
,

since 𝛾 = 𝜀5/103.
The remaining edges in 𝐺 [𝑉 \ SEED(𝑄𝑉𝐶 , 𝐹

★)], are either be-
tween 𝑆 and 𝑀 or entirely within 𝑆 . Fix any such edge 𝑒 = (𝑢, 𝑣)
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with 𝑢 ∈ 𝑆 and 𝑣 ∈ (𝑀 ∪ 𝑆) \ SEED(𝑄𝑉𝐶 , 𝐹
★), and let MVC

(
𝐺★

)
be the minimum vertex cover of a realization 𝐺★

. Let

𝑐𝑒 := Pr[𝑒 is covered by MVC

(
𝐺★)]

≤ Pr[𝑢 ∈ MVC

(
𝐺★)] + Pr[𝑣 ∈ MVC

(
𝐺★)]

≤ 𝜀 + 1 − 2𝜀 = 1 − 𝜀.

As proven in [16], there can be at most 𝑂 (𝑛/(𝜀 · 𝑝)) such edges

(𝑢, 𝑣) in 𝐺 . We also provide a concise proof here for completeness.

Let𝑊 = {𝑒 ∈ 𝐸 : 𝑐𝑒 ≤ 1 − 𝜀}, and let

𝑋 = |{𝑒 ∈ 𝐸 : 𝑒 is not covered by MVC

(
𝐺★)}|.

By linearity of expectation,

E[𝑋 ] =
∑︁
𝑒∈𝐸

(1 − 𝑐𝑒 ) ≥
∑︁
𝑒∈𝑊

(1 − 𝑐𝑒 ) ≥ 𝜀 |𝑊 |. (7)

To upper bound E[𝑋 ], observe that every uncovered edge under

MVC

(
𝐺★

)
must be absent from 𝐺★

(otherwise MVC

(
𝐺★

)
would

not be a vertex cover of 𝐺★
). The probability that a vertex-induced

subgraph of𝐺 has more than 𝑛/𝑝 unrealized edges is at most (1 −
𝑝)𝑛/𝑝 ≤ 𝑒−𝑛 . Also, there are at most 2

𝑛
choices for the vertex

induced subgraph 𝐻 = 𝐺 [𝑉 \MVC

(
𝐺★

)
]. Therefore,

Pr [𝐻 has more than 𝑛/𝑝 edges] ≤ (2/𝑒)𝑛 .

Using the above, we can upper bound E[𝑋 ] as

E[𝑋 ] ≤ 𝑛

𝑝
+ 𝑛2

(
2

𝑒

)𝑛
≤ 𝑛

𝑝
+ 6. (8)

Combining (7) and (8) yields the deterministic bound

|𝑊 | ≤ E[𝑋 ]
𝜀

≤ 𝑛

𝑝 𝜀
+ 6

𝜀
≤ 2

𝑛

𝑝 𝜀
≤ 2

𝑛

𝑝𝜀5
.

Therefore, the total remaining edges are at most 2 · 103 𝑛/(𝑝𝜀5)
which concludes the proof of the lemma. □

For convenience, we define 𝑔(𝐴), for any set 𝐴 ⊆ 𝑉 , to be the

random variable corresponding to the size of a vertex cover of 𝐺★

that includes the set 𝐴 and covers the induced graph 𝐺★[𝑉 \ 𝐴]
optimally, i.e.,

𝑔(𝐴) = |𝐴| + |MVC

(
𝐺★[𝑉 \𝐴]

)
|.

Notice that the objective values of the optimization problems (2)

and (6) are equal to E[𝑔(𝑆)]. Before we continue with the analy-

sis, we will prove the following tail bound for 𝑔(𝑆), by using the

concentration of the minimum vertex cover (Theorem 1.2).

Lemma 3.9. For any set 𝑆 ⊆ 𝑉 and any 𝜀 ∈ [0, 1], the following
holds

Pr [ |𝑔(𝑆) − E[𝑔(𝑆)] | > 𝜀 E[𝑔(𝑆)] ] ≤ 2 𝑒−𝜀
2 opt/66 .

Proof of Lemma 3.9. Let 𝑋 := |MVC

(
𝐺★[𝑉 \ 𝑆]

)
|. Since |𝑆 | is

deterministic,

Pr[ |𝑔(𝑆) − E[𝑔(𝑆)] | > 𝜀 E[𝑔(𝑆)] ]
= Pr[ |𝑋 − E[𝑋 ] | > 𝜀 E[𝑋 ] + 𝜀 |𝑆 | ] . (∗)

Case (a): E[𝑋 ] ≥ opt/2. From (∗),
Pr[ |𝑋 − E[𝑋 ] | > 𝜀 E[𝑋 ] + 𝜀 |𝑆 | ] ≤ Pr[ |𝑋 − E[𝑋 ] | > 𝜀 E[𝑋 ] ]

≤ 2𝑒−𝜀
2 E[𝑋 ]/33 ≤ 𝑒−𝜀

2 opt/66,

where we used the tail bound of the minimum vertex cover (Theo-

rem 1.2) for 𝑋 and the fact that E[𝑋 ] ≥ opt/2.
Case (b): E[𝑋 ] ≤ opt/2.
Since 𝑔(𝑆) = |𝑆 | + 𝑋 and 𝑆 ∪ MVC

(
𝐺★[𝑉 \ 𝑆]

)
is a vertex cover

of 𝐺★
, we have 𝑔(𝑆) ≥ |MVC

(
𝐺★

)
| for every realization, hence

E[𝑔(𝑆)] ≥ opt and thus |𝑆 | + E[𝑋 ] = E[𝑔(𝑆)] ≥ opt. Therefore,
from (∗),

Pr[ |𝑋 − E[𝑋 ] | > 𝜀 E[𝑋 ] + 𝜀 |𝑆 | ] ≤ Pr[ |𝑋 − E[𝑋 ] | > 𝜀 opt ]

= Pr

[
|𝑋 − E[𝑋 ] | > 𝜀 opt

E[𝑋 ] · E[𝑋 ]
]

≤ 2𝑒−𝜀
2 opt2/(33·E[𝑋 ] )

≤ 2𝑒−𝜀
2 opt/66,

where we again used concentration for 𝑋 and the bound E[𝑋 ] ≤
opt/2.
Combining the two cases yields the stated inequality. □

We are now ready to prove that, for any fixed realization 𝐹★,

𝑃 is almost as good as adaptively selecting the best set among

{SEED(𝑄𝑉𝐶 , 𝐹
★) : 𝑄𝑉𝐶 ⊆ 𝑄}. We state this formally in the next

lemma.

Lemma 3.10. Let 𝑃 be an optimal solution to (6). Then, for any
realization 𝐹★,

E𝐺★\𝐹★
[
𝑔

(
𝑃

)]
≤ (1+𝑂 (𝜀)) E𝐺★\𝐹★

[
min

𝑄𝑉𝐶 ⊆𝑄
𝑔
(
SEED(𝑄𝑉𝐶 , 𝐹

★)
) ]

.

Proof of Lemma 3.10. Aswe previously discussed, because𝑄 ⊆
𝑆 , edges in 𝐹 never appear in𝐺 [𝑉 \𝑆], therefore the objective of (6)
depends only on randomness outside 𝐹 and equals E𝐺★\𝐹★ [𝑔(𝑆)].
For any fixed 𝐹★ and any 𝑄𝑉𝐶 ⊆ 𝑄 , the set 𝑆 = SEED(𝑄𝑉𝐶 , 𝐹

★) is
feasible for (6): (a) it contains𝑄 by definition, and (b) by Lemma 3.8,

the graph𝐺 [𝑉 \SEED(𝑄𝑉𝐶 , 𝐹
★)] has𝑂 (𝑛/(𝜀5𝑝)) edges. Hence, by

the optimality of 𝑃 ,

E𝐺★\𝐹★
[
𝑔

(
𝑃

)]
≤ min

𝑄𝑉𝐶 ⊆𝑄
E𝐺★\𝐹★

[
𝑔
(
SEED(𝑄𝑉𝐶 , 𝐹

★)
) ]
.

It remains to relate the expected cost of the best SEED to the ex-

pected cost of adaptively selecting the best SEED for every real-

ization, i.e. the minimum expectation and the expected minimum.

Define

𝜇 := min

𝑄𝑉𝐶 ⊆𝑄
E𝐺★\𝐹★

[
𝑔
(
SEED(𝑄𝑉𝐶 , 𝐹

★)
) ]
.

By a union bound and Lemma 3.9 applied to each fixed 𝑄𝑉𝐶 ,

Pr

[
min

𝑄𝑉𝐶 ⊆𝑄
𝑔
(
SEED(𝑄𝑉𝐶 , 𝐹

★)
)
< (1 − 𝜀)𝜇

]
≤ 2

|𝑄 |+1 𝑒−𝜀
2 opt/66 .

Together with Claim 3.4 (which gives |𝑄 | ≤ 𝜀2opt/100), we obtain

Pr

[
min

𝑄𝑉𝐶 ⊆𝑄
𝑔
(
SEED(𝑄𝑉𝐶 , 𝐹

★)
)
< (1 − 𝜀)𝜇

]
≤ 2

(
2

𝑒

)𝜀2opt/100
.
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Therefore,

E𝐺★\𝐹★
[

min

𝑄𝑉𝐶 ⊆𝑄
𝑔
(
SEED(𝑄𝑉𝐶 , 𝐹

★)
) ]

≥ Pr

[
min

𝑄𝑉𝐶 ⊆𝑄
𝑔
(
SEED(𝑄𝑉𝐶 , 𝐹

★)
)
≥ (1 − 𝜀) 𝜇

]
(1 − 𝜀) 𝜇

≥
(
1 − 2

(
2

𝑒

)𝜀2opt/100)
(1 − 𝜀) 𝜇,

which rearranges to

min

𝑄𝑉𝐶 ⊆𝑄
E𝐺★\𝐹★

[
𝑔
(
SEED(𝑄𝑉𝐶 , 𝐹

★)
) ]

≤ 1(
1 − 2 (2/𝑒)𝜀2opt/100

)
(1 − 𝜀)

E𝐺★\𝐹★
[

min

𝑄𝑉𝐶 ⊆𝑄
𝑔
(
SEED(𝑄𝑉𝐶 , 𝐹

★)
) ]

.

Using opt ≥ 𝐶 log(1/𝜀)/𝜀2 to absorb the 2 · (2/𝑒)𝜀2opt/2 term into

𝑂 (𝜀) yields the claimed (1 +𝑂 (𝜀)) factor. As we have discussed, in
the case of opt = 𝑂 (log(1/𝜀)/𝜀2) the problem becomes trivial, in

the sense that it is feasible to query the whole base graph 𝐺 . □

Finally, averaging the above result over the randomness of 𝐹★

yields our final bound.

Lemma 3.11. Let 𝑃 be an optimal solution to (6). Then

E
[
𝑔

(
𝑃

)]
≤ (1 +𝑂 (𝜀)) · opt.

Proof of Lemma 3.11. From the law of total expectation, with

respect to the edges 𝐹 , we have that

E
[
𝑔

(
𝑃

)]
= E𝐹★

[
E𝐺★\𝐹★

[
𝑔

(
𝑃

)] ]
.

By averaging the result of Lemma 3.10 over the randomness in 𝐹★,

we get

E
[
𝑔

(
𝑃

)]
≤ (1+𝑂 (𝜀))·E𝐹★

[
E𝐺★\𝐹★

[
min

𝑄𝑉𝐶 ⊆𝑄
𝑔
(
SEED(𝑄𝑉𝐶 , 𝐹

★)
) ] ]

.

Observe that the expectation in the right hand side above, is

simply taken over the all randomness in 𝐺★
. We can upper bound

this term by picking 𝐹★ to be the realization of edges in 𝐹 and

𝑄𝑉𝐶 = 𝑄 ∩MVC

(
𝐺★

)
, which yields

E
[

min

𝑄𝑉𝐶 ⊆𝑄
𝑔
(
SEED(𝑄𝑉𝐶 , 𝐹

★)
) ]

≤ E
[
𝑔
(
SEED(𝐺★)

) ]
= E

[��
SEED(𝐺★) ∪MVC

(
𝐺★[𝑉 \ SEED(𝐺★)]

) ��]
≤ E

[��
SEED(𝐺★) ∪MVC

(
𝐺★) ��] .

The proof is concluded by employing Lemma 3.6,

E
[ ��
SEED(𝐺★) ∪MVC

(
𝐺★) �� ]

≤ E
[ ��
MVC

(
𝐺★) �� ] + E

[ ��
SEED(𝐺★) \MVC

(
𝐺★) �� ]

≤ (1 +𝑂 (𝜀)) · E
[ ��
MVC

(
𝐺★) �� ] . □

Finally, Theorem 3.7 follows from Lemma 3.11 and the fact that

Problem (6) is a more constrained version of Problem (2).
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