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Checking Gradients

1. Introduction

We wish to minimize a function F : IRn 7! IR. Many eÆcient al-

gorithms demand that the user provides a subprogram, which { for

a given x { returns both the function value F (x) and the gradient

g(x) 2 IRn, de�ned by

g =
2

66664
@F

@x1
...

@F
@xn

3
77775 : (1.1)

There are special algorithms for cases where F (x) is derived from some

norm of a vector valued function f : IRn 7! IRm, more speci�cally,

F (x) = kf(x)k1 = jf1(x)j+ � � �+ jfm(x)j

F (x) = kf(x)k22 = f1(x)
2 + � � �+ fm(x)
2 (Least squares)

F (x) = kf(x)k1 = maxfjf1(x)j; : : : ; jfm(x)jg (Minimax)

In these cases the user should provide F (x) and the Jacobian matrix

J(x) 2 IRm�n, de�ned by

J =
2

66664
@f1

@x1

� � � @f1
@xn

...

...

@fm
@x1

� � � @fm
@xn

3
77775 ; (1.2)

i.e., the ith row in J is the gradient of fi, the ith component of f .

For an eÆcient performance of the optimization algorithm the

function and the gradients must be implemented without errors. It is

not possible to check the correctness of the implementation of F (or

f), but we can check the corresponding gradient (or Jacobian). This

is described in Section 2, while Sections 3 and 5 are a User's guides

2. Theoretical Background 2

to a Matlab and a Fortran77 implementation, and Sections 4 and 6

give examples.

2. Theoretical Background

The checking is done by di�erence approximation. First consider a

scalar function: For given x and steplength h we compute

DF
j =

�
F (x+ hej)� F (x)

�
=h

DB
j =

�
F (x)� F (x� 1
2hej)

�
=( 12h)

DE
j =

�
DF
j + 2DB
j )

�
=3

9>=
>; ; j=1; : : : ; n ; (2.1)

where ej is the jth unit vector (the jth column of I), and the su-

perscripts stand for Forward, Backward and Extrapolated di�erence

approximation, respectively.

We assume that F is three times continuously di�erentiable with

respect to each of its arguments. Then a Taylor expansion from x

shows that
F (x) + �ej) = F (x) + �

@F
@xj

(x) + 1
2�

2 @
2F

@x2j
(x) +O(�3)

= F (x) + �gj(x) + �2Sj(x) +O(�3) : (2.2)

Inserting this in (2.1) we see that

DF
j = gj + hSj +O(h2) ;

DB
j = gj � 1
2hSj +O(h2) ;

DE
j = gj +O(h2) :

(2.3)

Now, let Gj denote the jth component of the gradient as returned

from the user's subprogram, and let

Gj = gj �  j ; (2.4)

where  j =  j(x) is zero if the implementation is correct. Inserting

this in (2.3) we get
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