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Abstract

Many visual cues for surface reconstruction from known views are sparse in nature, e.g.
specularities, surface silhouettes and salient features in an otherwise textureless region. Of-
ten these cues are the only information available to an observer. To allow these constraints
to be used either in conjunction with dense constraints such as pixel-wise similarity, or
alone, we formulate such constraints in a variational framework. We propose a sparse vatri-
ational constraint in the level set framework, enforcing a surface to pass through a specific
pointanda sparse variational constraint on the surface normal along the observed viewing
direction, as is the nature of e.g. specularities. These constraints are capable of reconstruct-
ing surfaces from extremely sparse data. The approach has been applied and validated on

the shape from specularities problem.

Index terms: variational methods, computer vision, level set method, shape from specu-

larities, multiple view stereo, surface interpolation.
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1 Introduction

Reconstructing a surface from multiple known views is one of the main tasks in computer vision
and occurs as a step in structure from motion systems or pre-calibrated camera networks. This
is done using the various visual cues in the recorded images, where the standard approach is the
similarity of pixel values, usually measured via correlation [3, 5]. Many other cues are typically
available, and should ideally be used because they reduce the uncertainty of the estimate and
often yield information of surface parts where correlation does not. One example of this is
observed specularities in textureless areas.

Many of these additional cues are naturally sparse in nature, and can usually be specified as
constraints on the surface position or its normal. Examples include surface silhouettes and
specularities. Surface silhouettes specify the surface normal along the viewing direction of the
observed surface contour (assuming smooth surfaces). Specularities specify the surface normal
along the direction of the observed specularity, given a known light source e.g. the sun. The
utilization of observed specularities is our original motivation for this work.

Although all these cues are sparse, a dense surface estimate is usually required, so a method
for interpolating a dense surface from sparse data is needed. Here we propose a variational
scheme for solving this problem. We formulate constraints for a surface passing through sparse
points and having a specific normal along a line (typically the viewing direction) in a variational
setting. We will usesparsein the sense that less than 50 constraints can reconstruct a surface
as opposed to the dense points that can be obtained by a laser scanner or the dense normals
obtained from photometric stereo. This distinction, among others, has implications for the for-
mulation of the point constraint, although the proposed method also works for closely spaced

constraints. The constraints are incorporated in a level set framework and along with a standard



surface prior gives a viable interpolating scheme. The generality of the variational formulation
also allows the proposed constraints to be used alongside other visual cues e.g. image corre-
lation. The proposed constraints can as such be seen as a step towards an all encompassing
variational surface reconstruction scheme. Other recent attempts at this are [7, 18].

A first attempt to use implicit surfaces for shape from specularities with sparse data was made
in [15] using a non-variational formulation. This was later improved in [16] with the variational
setting presented here. Shape has also been recovered from reflections using different exper-
imental setups cf. e.g. [1, 4, 11]. It is interesting to note that normal constraints also appear
naturally from observations of apparent contours, cf. e.g. [13].

The main contribution of this paper is to give a method for surface reconstruction within the
level set framework for sparse data consisting of a combination of both normals and points.
Functionals and their corresponding level set gradient flows are proposed for solving both sparse
normal alignment and surface interpolation of sparse point sets. As a result, a novel functional
incorporating both of these components is explicitly derived to solve the shape from specular-
ities problem with sparse normal data. This variational approach makes it possible to perform
a rigorous analysis of shape from specularities for implicit surfaces. It should be noted that the
method proposed in this paper can also be used for reflections of known 3D features cf. [11],
not only light sources. The variational formulation makes it straight-forward to incorporate
our method with variational stereo methods [3, 18], resulting in stereo methods that can handle

specular reflections.

2 Background



2.1 Constraints from reflections and contours

In a structure and motion setting there are two common types of image data that give rise to
normal data at unknown depths.

The first is from observations of specularities in images, cf. e.g. [16]. The condition for specular

reflection is that the surface normal bisects the viewing direction and the incident light direction.

At the point where the back-projected ray (from the camera center through the image point of

the specularity) intersects the surface the normal is
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wherer is the directional vector for each ray, normalized so fHat 1 andl is the unit direction

to the light source. It is important to note that the depths of the points where these constraints
apply are unknown. The second type of image data is apparent contours. The tangent vector
t of the image curve, corresponding to an apparent contour together with the camera center
define a plane for each point ony which should coincide with the tangent plane at the surface.

At the intersection of the surface and a back-projected apparent contour point, the normal is

N:iﬂ 7 )
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where, as abovae,is the directional vector for the back-projection, cf. [13]. We will enumerate
the constraints abdl;, where the index runs over all observations.

Thesenormal constraintsare not enough to determine the surface, in that they contain no depth
information. Requiring that the surface also interpolates a set of points obtained from e.g.
structure from motion resolves this ambiguity. However, the normal and point constraints do
not uniquely define the surface and regularization or interpolation is needed. The goal is then

to find the smoothest surface that interpolates a set of points and has a given normal at the



intersection with a fixed set of lines

2.2 Level set surface representation

We will use an implicit level set surface representation. The level set method was introduced
independently by [2] and [9] as a tool for capturing moving interfaces. The time dependent
surfacel'(t) is represented as the zero level set of a functir, ) : R® x R, — R as
['(t) = {x; ¢(x,t) = 0}. The setg{x : ¢(x) < 0} and{x : ¢(x) > 0} are called thenside
and theoutsideof I', respectively. Using this convention, the outward unit normaind the

mean curvature of I' are given by (cf. [17])
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One important, frequently used example is the signed distance function, where the additional
requirementVe¢| = 1 is imposed.

To evolve the surface according to some derived velogjtg PDE of the form

0¢ B 19J0) B
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is solved on a fixed grid in some domain. Heye= v - n is the velocity normal to the surface.

For more details on the level set method and dynamic implicit surfaces, cf. [10].

3 Variational Formulation

In a variational formulation, an energy functional is defined such that the minima correspond to
desired solutions. The main purpose of this paper is to propose a functional that incorporates the

deviation from all the sparse normal constraints and all the local point constraints in one single

!HereV¢ denotes the gradient @f Vo = (¢, ¢, ¢.), andV- denotes the divergence.



expression. This expression then contains two data terms, one for the normals, cf. Section 3.1,
and one for the points, cf. Section 3.2. Since the data is sparse, some form of regularization is
also needed. This section describes the components of this novel functional. The corresponding
level set motion is derived as a gradient descent of the functional, cf. [14]. This motion makes
the energy decrease until equilibrium. The desired surface is then found by solving the motion
PDE and minimizing this functional. The constraints, as defined in Section 2.1, are localized
around points. Since all functions are only defined on a fixed grid it is necessary to increase
the volume affected by each constraint since we can only “measure” at these grid points. More

details can be found in [16].

3.1 Normal constraints

Given a set of normald/ and a set of corresponding pointswhere each normal constraint
N, € N is associated with a point in spdce;, € X, we would like to minimize the differ-

ence between the desired normal and the normal of the surfade incorporate the normal
constraints, we introduce an energy functional asith@orm of the angular deviation of the

surface normal from the desired normal

Ex(T V) = ([ (1= N6 nix)) o) " ©)

where N(x) is a unit-length extension of the desired normdls at pointsx; to the whole

domain andh(x) is the surface normal. Her¥(x) is defined as

N(x) = (6)

n(x) otherwise ,

2The pointx; is given by the intersection of the back-projected ray and the suffasd it is updated as the

surface evolves.



whereB,(x;) is a ball with radius centered around;. The width of B.(x;) is typically chosen
to enclose the nearest grid point. This definitionMofx) will make the integrand equal to
zero where there are no constraints on the normal. The functional (5) is mentioned in [10] and

recently in [6]. The functional gives a gradient descent evolution equation as
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for p = 1, independent of the choice d¥(x). For details see [16] or the gradient descent
framework in [14].

Note that forp = 1, measuring the normal deviation usifig— N (x) - is equivalent to

|V¢|)

using 3| N (x) — |V¢\ 2|2, i.e. the squared difference between the desired normal and the surface
normal, sincgN (x) — 5 > = [N (%) = 2N (x) - g + |5 | = 2(1 = N(x) - 75;) due to the

fact that the vectors are of unit length. Also note that it is easy to change the definitdoxof

in (6) to makeN (x) differentiable without changing the results. However, this change would
not make any difference in practice since, at the implementation stage, we work in a discrete
setting. It is easy to show that for the motion (7), the endligy ¢, NV, X') decreases until it

reaches equilibrium, cf. [16].

3.2 Point constraints

As for the normal constraints, we need to introduce an appropriate measure for the deviation
of the surface from the point constraints. A special consideration of this measure is that it
should not interfere with the normal constraints or the surface orientation. This means that it is
desirable to have some form of local measure.

The surface should interpolate a given set of po#itsit is tempting to introduce an energy



functional similar to [19], which penalizes the deviation of the surface from the poitsas

Ep(T, S) = ( [ ity da) " ®)

wherel is an arbitrary surface and{x) = dist(x,S) is the distance to the set of poinfs
where the point constraints apply.

With sparse data, this has the drawback that the surface will continue to deform in the direction
of the negative gradient of the distance potential) even after the points are on the surface.
This will also interfere with the local orientation of the surface, as will be shown in Section 4.
Instead, punishing the deviation of the pointsSrirom the surfacd’ can be expressed using

the energy functional

Bp(0.8) = 5 300 =5 3 [ o —y)ax ©
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which will minimize theshortest(squared) distance from the points to the surfa¢®if| = 1.
Since (9) is only evaluated on a discrete set of points in the domain and all functions are only

given values at these points, the following regularization is used
Ep(0.8) = 3 [ 0(x)6.(x.8) dx (10)
R3

whered.(x,S8) = > s 0-(x —y) andd.(-) is a smoothed version of the Dirac delta function

yeS ~¢e
with some widthe. In practice one can use a uniform Gaussian with standard deviatibime

evolution equation fopy as the gradient descent of (10) is then

0

2 = o0 5) (1)

which is what was proposed in [15] in a more ad hoc fashion. This approach is also related
to the point set attractors in [8] and the approach in [12]. One can show that the motion (11)

indeed makes the enerdy-(¢, S) decrease until equilibrium, cf. [16].



3.3 Total energy

We are now ready to formulate the total energy containing the two data terms above and a

regularizing term. Define the total energy,; to be minimized as
ETot = EN + EP + CVE’Smooth > (12)

where Es,..0:n 1S @ regularizing smoothness term and> 0 is a constant determining the
amount of smoothing. The usual choice is to use surface Bggg., (I') = frl do, which

leads to a mean curvature moti%% = k|V¢|. Putting all this together gives

iy — /F (14 ) — N(x) - n(x)) do +% [ 0002 0,(x.5) . (13)

The resulting PDE for the motion is then

% — (1+a)r — V- N(x)) [Ve| - 6(x).(x,S) , (14)

as a combination of (7), (11) and the regularization term.

Note that from (14) we see that the regularizing t€rig),...», could have been incorporated in

Ey by changing the definition oV (x) in (6). By setting/N(x) = (1 — a)n(x) outside the

set where the constraints apply instead\gfx) = n(x), we could have usedr,;, = Ey +

Ep instead of (12). This would amount to the same expression since therVv - N(x)) =

(k — (1 — )V - n(x)) = ax outside the points where the normal constraints apply. We choose,
for the sake of clarity, to model the regularization separately from the normal alignment.

One can show that for the motion (14)ziinda are small, the total energyr,; decreases until
equilibrium under the assumption that the normal constraints do not coincide with the point set

S, cf. [16].
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3.4 Local minima and initialization

If we want to use a gradient descent approach like the one described above, an initial surface is
needed. The surface is then evolved from this initial value until an extremal of the functional
is found. As is the case with many minimization problems in computer vision, our approach
suffers from the fact that there might be several local minima and stationary points to the energy
functional (13). This depends on the point constraints, normal constraints and the amount of
regularization imposed. Minimizing (13) using the gradient descent (14) will result in finding
one of these stationary points. Which stationary point is found depends on the initial values.
In practice, this leads to the problem of finding a good initial guess for the surface. Since the
point constraints are only effective near the points in th&san initial guess should interpolate
these points. To do this the method described in [19] can be used. The surface is then found as a
minimizer of (8) as described above. The corresponding level set evolution equatjos-for
is then

99

Frie (Vd(x) -n+d(x)k)|Vo| , (15)
where, as before; is the mean curvaturey is the normal andi(x) is the distance potential
from (8). Denote the minimizing steady state solution of (8)shy

If another initial surface that still interpolates the pointsSims desired, weighted passive con-

vection of the surface can be used

¢ = do + c(x)d(X)|Veol , (16)

wherec(x) : R?* — R. The factord(x) is, as above, the distance fraato S and makes sure
that the zero set still interpolates the pointsSinWe have found that by varyingx) we can
change the initial surface such that the desired local minimum is obtained.

The final algorithm can then be summarized as
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1. Find initial guess foi’, e.g. by minimizing (8).
2. Use (16), if necessary, to avoid possible undesired local minima.

3. Minimize the functional corresponding to the total energy (13) to obtain the surface.

4 Experiments

To validate the proposed approach, it has been applied to the shape from specularities prob-
lem, which was the original motivation for this work. In particular it was applied to two real
examples, where the specular information was needed for a 3D reconstruction, see Figures 1
and 2. The specular reflections are selected manually and camera calibration is computed using
structure from motion techniques [5]. In Figure 1 the light direction is found using an image
of the camera shadow and in Figure 2 the light source is the camera flash. The computation
time was 1 and 18 seconds respectively on a 2.8GHz, 2Gb RAM Pentium. Sample images and
reconstructions with the part of the surface inside the convex hull of the constraint positions
are shown. From these experiments it is concluded that the proposed algorithm works on this
extremely sparse data. It is also seen that without both the normal and the point constraints the
results would be of considerably lower quality. Lastly it is noted that the performed optimiza-
tion worked well in that the constraints of the data were satisfied for synthetic data. For more
details on these experiments the reader is referred to [16], where additional experiments can be
found together with an error analysis on synthetic data.

To illustrate why the functional (8) is inappropriate for our purposes, experiments were this
approach was compared to using (10) was performed. The results are shown in Figure 3. Using
(8) for the interpolation results in a convection in th&d direction of all parts of the surface
whereVd- V¢ # 0. This is clearly shown in Figure 3 where the surface evolution results in the

orientation of the normals to be orthogonaNa.
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Figure 1: (left) An image from a sequence of 38 images of a car window together with the

image used to find the light direction. The two point constraints available are the two sharp
corners indicated with arrows. The reflectance of the sun gave 38 normal constraints. (right)
The reconstructed window, which is clearly what one would expect and substantially better then

what we could achieve from the two point constraints.

Figure 2: (left) Two images from a sequence of 25 of a vacuum cleaner. The camera flash
supplied 25 normal constraints alongside the 22 point constraints. (middle) The estimated 3D

shape with normal and point constraints. (right) Reconstruction with only point constraints.

Figure 3: The errors introduced by using (8) instead of (10) for the interpolation of the points in
S. The results are after 300 iterations with the proposed point constraint (10) to the right. The

underlying shape, where the constraints are samplédgisf a sphere.
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5 Conclusions

A variational method for surface reconstruction from a set of extremely sparse point and normal
constraints has been proposed. It has been applied to the shape from specularities problem and
good results have been achieved from only a limited number of constraints, directly linked to
the limited number of images available. It is noted that the proposed method is not limited to the
shape from specularities problem, and has successfully been applied to other problems where

extremely sparse point and normal constraints occur.
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