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¤�À~¥�©.¥�µ�¯_«%´�¯_®U¥%±K®-®UÈ�·_·_¥[®l¦
¥�©Ù³ZÁÙ¾�ª¬®Uª¬­�·_¥[§-±K­.©���ª¬·_È.§1©
Útßyí@Ý�Ç�¯Z§�®U¯_²tÅ�ª¬­�·�¦�¤.¥ÄíK¼ ½aª¬­õ¾�±KµB¶5ª¬­�·�¾ §1¯Z³�²¬¥�«ÄÉà£�¤.¥Äº_¼ � ­�±K´�®�±Kµ
¶à¾�§1¯_³.²¬¥�« ª¬®
©�¥[µ�¯_«�´<¯_®U¥�©õª¬­Z¦
¯�±�ß[¼ � ­�±K´�®�±Kµ
¶ î ´�¦
ª¬«�ª¬Ë[±@¦�ª¬¯_­ù¾�§1¯_³.²¬¥�«�±K­�©ù±ÂºZ¼ � ­.±K´�®�±Kµ
¶
ò.¥[±K®Uª¬³�ª¬²¬ªt¦lÁ�¾�§1¯Z³�²¬¥�«ÄÉ�£�¤.¥�ß[¼ � ­�±K´�®�±Kµ
¶�¾�§1¯_³�²¬¥[«0ª¬®�±8§1¥�²°±oï.±o¦�ª¬¯_­%¯_Ç�¦�¤�¥&º_¼ � ­.±K´O¨
®�±Kµ
¶Ä¾�§1¯_³�²¬¥[«ÏÉ&¾�ª¬®Uª¬­�·_¥[§�±_­�©	��ª¬·_È�§U©(È.®U¥ ð ¯_­.®�¦�§U±Kª¬­Z¦�¾�§1¯_·_§�±K«�«%ª¬­�·%¦�¯9®U¯_²tÅq¥-¦�¤.¥�ª¬§íK¼ Ç�¥[±K®Uª¬³.ª¬²¬ªt¦cÁÏ´�§1¯_³.²¬¥�«�±K­.©Ä±o¦�Çë±Kª¬²¬È�§U¥�®~¦�¤�¥BÁÄ±K©�©Ïµ�ÈO¦�®~¦�¯�¦�¤.¥�ß[¼ � ­.±_´�®�±Kµ
¶Õ¾�§1¯_³O¨
²¬¥�« ª¬­Ù±Õ½a§U±K­.µ
¤Òû ð È�¦-Çë±K®U¤�ª¬¯_­3É�ÓÆ¥�È�®U¥�±K­Ò±K²¬·_¯Z§1ªt¦�¤.«á®Uª¬«%ª¬²°±K§�¦�¯�¦
¤�¥ î ç�
:½aÌlç´.±_µ
¶5ª¬­�·�±K²¬·_¯_§1ªt¦
¤�«�¯_Ç�Þ�±K§l¦�¥[²¬²¬¯�¥W¦yÉ}±K²:ÚtßZßWÝ�¦
¯�®U¯_²tÅq¥8¦�¤.¥�Ç�¥[±K®Uª¬³�ª¬²°ªt¦cÁÏ´�§1¯_³.²¬¥�«ÏÉ

ò�ª¬·_È.§1¥9ßE¯Z­Ä¦�¤.¥EÇ�¯_²¬²¬¯[À�ª¬­�·Õ´.±K·Z¥E·_ªtÅq¥�®�±K­Ã¯[Åq¥[§lÅOª¬¥BÀ0¯_Ç�¦
¤�¥E¥[­Z¦�ª¬§1¥�µ�¯_²¬È�«%­Ã·_¥�­O¨
¥�§U±@¦�ª¬¯_­�®Uµ
¤�¥�«%¥_É�¼�È.±K²¬®�Çë§1¯_« ¦�¤�¥9é+¥�®�¦�§1ª¬µB¦�¥[©�Þ�±K®�¦�¥�§E¾ §U¯_³�²¬¥�«�ª¬®�®U¥�­q¦-¦�¯Ï¦�¤.¥Äß[¼

í



� ­�±K´�®�±Kµ
¶�§1¥[²°±oï�±o¦�ª°¯_­�É;£+¤�¥�¯_´�¦
ª¬«%±K²�®U¯_²¬ÈO¦�ª¬¯_­�®~±K§1¥�µ
¤�¥[µ
¶_¥�©9Ç�¯_§aº_¼ � ­�±K´�®�±Kµ
¶�Çë¥[±K®Uªt¨
³�ª¬²¬ª�¦cÁqÉ�
 ª�¦�¤�¥�§ ±�µ[È�¦ ª¬®;®U¥�­q¦�¦
¯&¦�¤.¥�ß[¼ � ­�±K´�®�±Kµ
¶�¯_§ ±�Çë¥[±K®Uª¬³�²¬¥~´.±Kµ
¶�ª¬­�·8ª¬®;®U¥�­Z¦;¦�¯&¦�¤.¥
é+¥�®�¦�§1ª¬µW¦�¥�©ÄÞ�±K®�¦�¥�§&¾�§1¯_³�²¬¥[«ÏÉ�£�¤�ª¬®&´�§1¯�µ�¥�©�È.§1¥�µ�¯_­q¦�ª¬­5È�¥[®+È�­Z¦
ª¬²�­.¯�Ç�¥[±_®1ª¬³.²¬¥�´�±Kµ
¶5ª¬­.·
¥BïOª¬®�¦
®�ÑOÀ&¤�ª¬µ
¤�À&ª¬²¬²3ª¬«�´.§1¯[Åq¥8¦�¤�¥ ê ¾õ®U¯_²¬ÈO¦�ª¬¯_­Ä¯_Ç3¦
¤�¥-é+¥�®�¦�§Uª¬µB¦�¥�©(ÞÃ±K®�¦�¥�§&¾ §U¯_³�²¬¥�«ÄÉ

Master
Problem

1D Knapsack
Relaxation

3D Knapsack
Feasibility

Feasible
Packings

Duals

Cuts Optimal
Packing

ò�ª¬·_È.§1¥�ß_ì î Åq¥[§lÅOª¬¥BÀè¯_Ç3¦
¤�¥�®U¯_²¬ÈO¦�ª¬¯_­(±K´�´.§1¯Z±Kµ
¤�É

£�¤.¥E§1¥[®l¦�¯_Ç�¦�¤.¥E´.±K´<¥�§�ª¬®�¯_§1·q±K­�ª¬Ë�¥�©Ò±K®�Ç�¯_²¬²¬¯[À�®[ì�Ìc­�®1¥[µB¦�ª¬¯_­Ùí�¦�¤.¥Eµ�¯_²¬È�«%­Ã·_¥�­O¨
¥�§U±@¦�ª¬¯_­�±K´�´.§1¯Z±Kµ
¤Ãª¬®�©�¥�®Uµ�§Uª¬³�¥�©3É�£�¤.¥�´�§Uª¬µ�ª¬­�·9§1¯_È�¦
ª¬­�¥Eª¬®+¦�¤�¥-¦�¯_´�ª¬µE¯_Ç ®1¥[µB¦�ª¬¯_­�ºOÉ�Ìl­
®U¥�µB¦�ª¬¯Z­�
ÃÀ~¥�©�ª¬®Uµ�È.®1®�³�§U±K­.µ
¤�ª¬­.·�®Uµ
¤�¥�«%¥�®�Ç�¯_§�µ�¯_²¬È.«�­×·_¥�­�¥[§U±o¦�ª¬¯_­�±K­.©àª¬­×®U¥�µB¦�ª¬¯Z­
Û%À~¥�·_ªtÅq¥�®U¯_«%¥�²¬¯[À~¥[§8³�¯_È.­�©�®8È.®1¥[Ç�È�²;Ç�¯_§8´�§1È.­�ª¬­.·�¦�¤�¥�½a§U±K­.µ
¤ÒûÐ½a¯_È�­.©(¦
§1¥�¥_É-Ìl­
®U¥�µB¦�ª¬¯Z­�®���±K­�©Õ÷�À~¥&µ[¯_­�®Uª¬©�¥[§:®�¦
±K³.ª¬²¬ªt¦cÁ�ª¬®U®1È.¥�®a±_­�©�²¬¯q±K©9³�¥[±K§Uª¬­�·Eµ�¯_­�®�¦�§�±Kª¬­Z¦�®�¯_­%¦�¤.¥
´.±_µ
¶_¥�©Ãªt¦�¥�«%®[É&ò�ª¬­.±_²¬²tÁ(ª¬­Ã®U¥�µB¦�ª¬¯_­���À~¥Eµ[¯_«�´�±K§1¥-¦�¤�¥E¯_­�¨c²¬ª¬­�¥�±K²¬·_¯_§1ªt¦
¤�« ©.¥�®Uµ�§1ª¬³<¥�©
ª¬­à®U¥�µB¦�ª°¯_­×ØÄÀ&ªt¦�¤�¦
¤�¥Õ¥Bï�±KµW¦�±_´�´�§U¯Z±Kµ
¤à¯_­à³<¯@¦�¤à§1¥[±K²t¨c²¬ª¬Ç�¥Õª¬­�®�¦
±_­�µ�¥�®�±K­�©à©.ª�Ê<¥�§1¥�­q¦
³�¥[­�µ
¤.«%±K§1¶9ª¬­.®�¦
±K­�µ�¥[®+¯_Ç3ÅZ±K§lÁOª¬­.·�©�ª���µ�È�²t¦cÁ5É

� �ù���� �� ���������;� �~��¢1�&�
ü ®U®UÈ�«%¥ ¦�¤.±@¦!À~¥:¤�±�Åq¥:·_¥[­�¥�§U±@¦�¥�©E±K²¬²5Ç�¥[±K®Uª¬³�²°¥:´.±_µ
¶5ª¬­�·Z®!¯ZÇ�±+®Uª¬­�·_²¬¥�³�ª¬­3ÉÍ£�¤�¥:´.§1¯_³�²¬¥[«
¯_Ç.®U¥�²¬¥[µB¦�ª¬­�·�¦�¤�¥a³<¥�®�¦;®UÈ.³�®U¥B¦ ¯_Ç.´.±_µ
¶5ª¬­�·Z®�µ[¯[Åq¥�§1ª¬­.·8±K²¬²�ªt¦
¥�«�®;µ[±K­E¦�¤�¥�­�³<¥aÇ�¯_§1«�È�²°±o¦�¥[©
±K®&±K­Ïª¬­Z¦
¥�·_¥�§+´�§1¯Z·_§U±K«�«%ª¬­�·�´.§1¯_³�²¬¥[«Öª¬­Õ¦�¤.¥�Ç�¯_²¬²¬¯[À&ª¬­.·�Çë¯_§1«¹À�¤�¥�§1¥ P ª¬®~¦�¤.¥8®U¥B¦�¯_Ç
·_¥�­.¥�§U±o¦
¥�©Ï´.±_µ
¶5ª¬­�·_®[ì

min
∑

p∈P
cpqp

∑

p∈P
atpqp = dt, t ∈ T ¸�ßo¿

qp ≥ 0 and integer, p ∈ P

º



cp
ª¬®�¦
¤�¥Õµ�¯_®�¦�¯_Ç+´.±_µ
¶5ª¬­�·

p
©�¥[´�¥�­.©�ª¬­�·�¯_­�¦�¤.¥Õµ�¯_®�¦�¯_Ç~¦�¤�¥ÕÈ.®1¥[©Æ³.ª¬­�¦cÁO´<¥_Ñ

atp
ª¬®

¦�¤.¥9­5È.«E³<¥�§E¯ZÇ�ªt¦
¥�«�®�¯ZÇa¦cÁ�´�¥
t
ª¬­à´.±Kµ
¶�ª¬­�·

p
±_­�©

dt
ª¬®�¦�¤.¥9­5È.«E³<¥�§E¯ZÇ�ªt¦
¥�«�®�¯_Ç

¦cÁO´<¥
t
¦�¯�³�¥(´.±Kµ
¶_¥[©�É�£�¤.¥Ä´.§1¯_³.²¬¥�« µ[±K­ÿ±K²¬®U¯�³�¥(Ç�¯_§U«EÈ�²°±@¦�¥�©�À&ªt¦
¤

atp ∈ {0, 1}±K­.©
dt = 1

³qÁà§1¥[·Z±K§1©.ª¬­�·Òª¬©.¥�­Z¦
ª¬µ[±K²�ªt¦�¥�«�®�±K®�©.ª�Ê<¥�§1¥�­q¦%ªt¦
¥�«�®[Éà£�¤.¥�®Uª¬Ë�¥Ï¯_Ç P ª¬®
¥BïO´<¯_­�¥[­Z¦�ª°±K²�ª°­Â¦�¤.¥9­5È�«E³<¥�§E¯_Ç+ªt¦�¥�«�®[Ñ�À&¤�ª¬µ
¤àª¬®�À&¤ZÁÂÀ~¥9®U¯_²tÅq¥�¦�¤�¥Õ´�§1¯_³.²¬¥�« À&ªt¦
¤
µ�¯_²¬È.«�­�·_¥[­�¥�§U±o¦
ª¬¯_­�É×£+¤�¥Ïª¬­Z¦�¥[·_§U±K²¬ªt¦cÁ�µ�¯_­�®�¦�§�±Kª¬­Z¦�ª¬®%§1¥�²°±@ïO¥�©�ª¬­z¸1ßy¿�±K­�©àÀ~¥Ï®U¯_²tÅ5¥
¯[Åq¥�§9±Ù®U«%±K²¬²¬¥�§�®U¥B¦ P ′ ⊂ P ¯ZÇ�´�±Kµ
¶5ª¬­.·_®[Éù£+¤�¥Ä§1¥�®UÈ.²t¦9ª¬®9±Ù²¬¯[À~¥�§�³�¯_È.­�©õÇ�¯_§(¸�ßo¿
±K­.©×ª¬Ç�±K­×ª¬­Z¦�¥[·_§U±K²~®U¯_²¬ÈO¦�ª¬¯_­�ª¬®�Ç�¯_È.­�©×ªt¦%ª¬®�¯_´O¦�ª¬«%±K²»ÉÆ£�¤�ª¬®�´.§1¯_³�²¬¥[« ª¬®�µy±K²¬²¬¥�©Æ¦�¤.¥
é+¥�®�¦�§1ª¬µW¦�¥�©ÕÞ�±K®�¦�¥�§a¾�§1¯_³.²¬¥�«ÏÉ Ìc­�ªt¦
ª°±K²¬²tÁ�À~¥�È�®U¥�±�®U«�±K²¬²�®U¥B¦~¯_Ç3´.±Kµ
¶�ª¬­�·_®aÇ�¯Z§�ª¬­�®�¦
±K­.µ�¥
·_¥�­.¥�§U±o¦
¥�©ÃÇ�§U¯_«á±�·_§U¥�¥�©�ÁÃµ�¯_­�®�¦
§1È�µB¦
ª¬¯_­Ã¤�¥[È�§1ª¬®�¦�ª¬µE¥�­.®UÈ�§1ª¬­.·Õ±�Ç�¥y±K®Uª¬³�²¬¥E®U¯_²¬ÈO¦�ª¬¯_­�É�Ìl­
Ç�¯_²¬²¬¯[À�ª¬­�·Õªt¦�¥[§U±o¦�ª¬¯_­.®&À~¥�±K©.©Ãµ[¯_²¬È�«%­�®�ª¬«%´�§1¯[ÅOª°­�·%¦
¤�¥�µ�È�§1§U¥�­Z¦8®U¯_²¬ÈO¦�ª¬¯_­3É ê ¥B¦

πt
³�¥

¦�¤.¥~©�È.±_²5Å_±K§Uª°±K³�²¬¥�® Çë§1¯_«�¸�ßy¿BÉ ü ­�ª¬«�´.§1¯[ÅOª¬­.·8´.±Kµ
¶�ª¬­�·�À�ª¬²¬²O­.¯[Àõ¤�±�Åq¥�±8§1¥�©.È�µ�¥�©�µ�¯Z®l¦oÑ
cp = cp −

∑
t∈T a

t
pπt < 0

É�ÌcÇ�Ç�¯_§-±_²¬²
p ∈ P cp ≥ 0

Ñ�¦
¤�¥�­Ù­�¯Ïª¬«%´�§1¯[Å�ª¬­�·Ï´.±_µ
¶5ª¬­�·
¥BïOª¬®�¦�±_­�©�¦�¤.¥-µ�È�§U§1¥�­Z¦�®U¯_²¬È�¦
ª¬¯_­Äª¬®&¯_´O¦�ª¬«%±K²�É ü Ç°¦�¥�§&±K©.©�ª¬­.·%µ�¯_²¬È�«%­�®�¦�¤�¥-´.§1¯_³.²¬¥�«�ª¬®
§1¥�®U¯_²tÅ5¥�©Æ·_ªtÅOª¬­.·Ã­�¥WÀÐ©�È.±K²�Å_±K§Uª°±K³�²¬¥[®E¥W¦�µ_É(£�¤�¥9´.§1¯_³�²°¥�« ¯_Ç~Ô.­.©�ª¬­.·(µ�¯_²¬È.«�­.®-À&ªt¦
¤
­�¥[·Z±o¦�ªtÅq¥-§1¥�©.È�µ�¥[©Ïµ�¯_®�¦�®+ª¬®+µ[±_²¬²¬¥�©�¦�¤�¥�®UÈ.³�´�§U¯_³�²¬¥�«Ö¯Z§�´�§Uª¬µ�ª¬­�·%´�§1¯Z³�²¬¥�«ÄÉ

! "à��¢�¡�¢��$#%"×�<��&��'�(�
£�¤.¥�´.§1ª¬µ�ª¬­.·Õ´.§1¯_³�²¬¥[« ª¬®�±�º_¼ � ­.±K´.®U±KµB¶(¾�§1¯_³.²¬¥�«ÏÉ ü ®-¾ ª¬®Uª¬­.·_¥�§�±K­.©)�Oª¬·_È�§1©õÚtßyí@Ý�Ñ
À~¥9¤�±�Åq¥9µ
¤�¯_®U¥�­�¦�¯Ã©�¥[µ�¯_«�´<¯_®U¥%¦�¤�¥9´.§1¯_³�²¬¥[«�ª¬­q¦�¯�±�ß[¼ � ­.±_´�®�±Kµ
¶ î ´�¦�ª¬«%ª¬Ë[±o¦�ª¬¯Z­¾�§1¯_³�²°¥�« ±_­�©Ò±�º_¼ � ­.±_´�®�±Kµ
¶(ò.¥[±_®1ª¬³.ª¬²¬ªt¦cÁÒ¾�§1¯_³�²¬¥[«ÏÉ�£+¤�¥Õßy¼å´�§1¯_³.²¬¥�«áª¬®�±Õ§1¥�²°±oï�¨
±o¦�ª¬¯Z­Ù¯_Ç:¦�¤.¥%º_¼¹´�§U¯_³�²¬¥�«ÄÑ�À&¤�ª¬µ
¤Â«�¥y±K­�®8¦�¤�±o¦�¦�¤.¥�®U¯_²¬È�¦
ª¬¯_­ÒÅ_±K²¬È�¥�À&ª¬²¬²�³�¥%±Ï²¬¯[À~¥�§
³�¯ZÈ�­�©Ï¯Z­Õ¦�¤.¥�¯_´�¦
ª¬«%±K²�Å_±K²¬È.¥_É

£�¤.¥�§1¥�ª¬®a±-´�§Uª¬µ�ª¬­�·E´�§1¯_³.²¬¥�«åÇë¯_§:¥[±Kµ
¤9³�ª¬­%¦cÁO´<¥_É ½aª¬­�¦cÁO´<¥�®a±K§1¥�µ
¤.±K§U±_µB¦�¥�§1ª¬Ë[¥�©�³qÁ
±Õ²¬¥�­.·@¦�¤

Lb
Ñ<À�ª¬©�¦�¤

Wb
Ñ�¤�¥[ª¬·_¤Z¦

Hb
Ñ<Å5¯_²¬È�«%¥

Vb = LbWbHb
Ñ<À~¥�ª¬·Z¤Z¦-²°ª¬«�ªt¦

Eb
±K­.©

µ�¯_®�¦
cb
Ç�¯_§�¥[±KµB¤

b
¯_Ç;¦�¤.¥-¦lÁO´�¥[®�ª¬­ B É ü ®U¥B¦�¯_Ç�©�ª�Ê�¥�§1¥�­q¦8ªt¦
¥�« ¦cÁO´<¥�®

t ∈ T ±K§1¥�¦
¯
³�¥�´.±_µ
¶_¥�©Ùª¬­Ù³.ª¬­�®[É�
:±Kµ
¤�¦cÁ�´�¥�ª¬®�©.¥WÔ.­.¥�©Ò³qÁÃ¦�¤�¥�²¬¥�­�·@¦
¤

lt
Ñ�À&ª¬©O¦�¤

wt
Ñ3¤�¥�ª¬·_¤q¦

ht
Ñ

Åq¯_²¬È.«�¥
vt = ltwtht

Ñ!´�¯Z®1®Uª¬³.²¬¥�§1¯@¦
±@¦�ª¬¯_­�®
Rt ⊆ {1, 2, 3, 4, 5, 6}

Ñ�À~¥[ª¬·_¤Z¦
et
±K­�©�¦�¤.¥

­5È.«E³�¥[§�¯_ÇÍªt¦�¥[«�®+¯_Ç!¦�¤�ª¬®~¦cÁ�´�¥�¦
¯�³�¥-´.±Kµ
¶_¥[©
dt
É

ÓÆ¥�µ[±K­Ò­.¯[ÀøÇ�¯_§U«EÈ�²°±@¦�¥E¦�¤.¥�´�§1¯_³.²¬¥�« ±K®-± � ­�±K´�®�±Kµ
¶�¾ §U¯_³�²¬¥�« Ç�¯_§�±�³�ª¬­Ã¦cÁ�´�¥
b ∈ B Ñ�À&¤.¥�§1¥�¦
¤�¥�Å_±K§Uª°±K³�²¬¥ ut ©.¥�­�¯@¦
¥�¦�¤�¥Â­5È�«�³�¥�§Ï¯_Ç�ªt¦�¥�«%®Ä¯_Ç-¦cÁ�´�¥ t ª¬­þ¦�¤.¥
¶5­�±K´�®�±Kµ
¶�ì

ηb = min cb −
∑

t∈T
πtut

∑

t∈T
vtut ≤ Vb,

¸�í_¿

∑

t∈T
etut ≤ Eb,

0 ≤ ut ≤ dt and integer, t ∈ T
ÌcÇ
ηb < 0

¦�¤�¥[­Â¦�¤�¥9´�±Kµ
¶5ª¬­.·ÄÀ&ª¬²¬²aª¬«�´.§1¯[Åq¥%¦
¤�¥9®U¯_²¬È�¦
ª¬¯_­Â¦�¯(¦�¤�¥9§1¥[®l¦
§1ª¬µB¦�¥[©Æ«%±K®�¦�¥[§
´�§U¯_³�²¬¥�«ÄÉ�ç&¯@¦�¥�¦�¤.±@¦~¦�¤.¥8´�§U¯_³�²¬¥�«Ö¤.±K®a¦cÀ�¯�¶5­�±K´�®�±Kµ
¶9µ�¯_­�®�¦�§�±Kª¬­Z¦�®~À&¤�ª¬²¬¥�¦�¤.¥ � ­.±K´O¨
®�±Kµ
¶(¾ §U¯_³�²¬¥�«á¯_­.²tÁ(¤�±�Åq¥E¯_­.¥_É�£�¤�¥�¦cÀ~¯Õµ�¯_­�®�¦�§�±Kª¬­Z¦�®�©.¯9¤�¯[À�¥BÅq¥�§�­�¯K¦8ª¬­�µ[§1¥[±K®U¥-¦�¤.¥
©�ª¬«%¥�­�®Uª¬¯_­Ä­5È�«�³�¥�§+¯_Ç3¦�¤.¥�´�§U¯_³�²¬¥�«ÄÉ






*�+-, */.10�2(3547683/9;:=<?>@3/6BADC7AFEDAHGJI�KMLBN�COEP>RQ
ü Çó¦�¥�§Ï±Kµ
¤.ª¬¥BÅOª¬­.·Æ¦
¤�¥Ò®U¯_²¬ÈO¦�ª¬¯_­

u?
¦�¯â¸�í_¿WÑ�ªt¦(«EÈ.®l¦(³�¥Òµ
¤.¥�µ
¶_¥�©âª¬Ç�¦
¤�¥Òªt¦
¥�«�®Ïµ[±_­

±KµB¦
È.±K²¬²tÁÆ³�¥9´.±Kµ
¶_¥[©Æª¬­Â¦�¤.¥�³.ª¬­�É
u?t

©�¥WÔ�­�¥�®E¤.¯[ÀÐ«%±K­qÁ�ªt¦�¥�«%®E¯_Ça¦cÁ�´�¥
t
«EÈ.®�¦�³�¥

´.±_µ
¶_¥�©Õª¬­�¦
¤�¥�³�ª¬­3Î�²¬¥B¦ Jt È�®a©.¥�­�¯K¦�¥&¦�¤�¥�®U¥B¦�¯_Ç3ªt¦�¥[«�®[É(
�±Kµ
¤�ªt¦�¥�« j ∈ Jt
ª¬®�¦�¤�¥[­Õ¯_Ç

±�®U´<¥�µ�ª�Ô�µ�¦cÁO´<¥
t ∈ T ±K­�©�¦�¤�¥-­5È�«E³<¥�§�¯_Ç�ªt¦�¥�«%®+ª¬® |Jt| = u?t

É
£�¤.¥�ÅZ±K§1ª°±K³.²¬¥�®

xjt, yjt, zjt
®U´<¥�µ�ª¬Ç°Á�¦
¤�¥�²¬¯[À~¥�§l¨�²°¥�Ç°¦1¨�³�±Kµ
¶�´�¯_®Uªt¦
ª¬¯_­�¯ZÇ�¦�¤.¥&ªt¦�¥[«æ±K­.©

rjt ∈ Rt
®U´<¥�µ�ª¬Ç°ÁÄ¦�¤.¥�¯_§1ª¬¥�­q¦
±o¦�ª¬¯_­Ò¯_Ç;¦�¤.¥�ªt¦�¥�«á·ZªtÅq¥�­Ã¦�¤�¥�´�¯Z®1®Uª¬³.²¬¥�§1¯@¦
±o¦
ª¬¯_­�®8¯_Ç;¦�¤.¥

¦cÁO´<¥_É�ñ8ªtÅq¥�­à¦�¤.¥�¯_§1ª¬¥[­Z¦
±o¦
ª¬¯_­
rjt

¯_Ç+¦�¤�¥Ïªt¦�¥�« À~¥Ïµ[±K­�©�¥B¦
¥�§1«%ª¬­�¥9¦�¤.¥�²¬¥�­.·@¦�¤
ljt
Ñ

À&ª¬©O¦�¤
wjt

±K­.©Ï¤�¥[ª¬·_¤Z¦
hjt

³ZÁ�È.®Uª¬­�·�¦�¤.¥�¥[²¬¥�«�¥�­q¦&µ�¯_­.®l¦
§U±Kª¬­Z¦oì

element(rjt, [lt, lt, wt, wt, ht, ht], ljt), j ∈ Jt, t ∈ T
element(rjt, [wt, ht, lt, ht, lt, wt], wjt), j ∈ Jt, t ∈ T
element(rjt, [ht, wt, ht, lt, wt, lt], hjt), j ∈ Jt, t ∈ T

¸�ºZ¿


:±Kµ
¤Äªt¦�¥�«�«EÈ�®�¦&³<¥�ª¬­.®1ª¬©.¥�¦
¤�¥�µ�¯_­.®Uª¬©�¥�§1¥[©Ï³�ª¬­Ä¯_Ç3¦lÁO´�¥
b ∈ B ì

0 ≤ xjt ≤ Lb − ljt, j ∈ J , t ∈ T
0 ≤ yjt ≤Wb − wjt, j ∈ J , t ∈ T
0 ≤ zjt ≤ Hb − hjt, j ∈ J , t ∈ T

¸S
q¿

ç&¯%´.±Kª¬§+¯_ÇÍªt¦�¥[«�®
j, k ∈ J «�±�Á�¯[Å5¥�§1²°±K´3ì

xjt + ljt ≤ xkt′ ∨ xkt′ + lkt′ ≤ xjt ∨
yjt + wjt ≤ ykt′ ∨ ykt′ + wkt′ ≤ yjt ∨
zjt + hjt ≤ zkt′ ∨ zkt′ + hkt′ ≤ zjt, jt 6= kt′, j ∈ Jt, k ∈ Jt′ ,

t, t′ ∈ T

¸�Û_¿

£�¤.¥-©�ª¬®STlÈ�­.µB¦�ªtÅq¥�­�¯_­O¨�¯[Åq¥�§U²°±K´Äµ�¯Z­�®�¦�§U±Kª¬­q¦�®�±K§1¥-¥Bï.±KµB¦�²tÁ�¦�¤�¥-µ[¯_­�®�¦�§U±Kª°­Z¦�®&«%±_¶5ª¬­�·�¦�¤.¥
´�§U¯_³�²¬¥�« ¥Bï5¦�§U¥�«�¥�²�ÁÂ©�ª���µ�È�²t¦E¦�¯(®U¯_²tÅq¥%À&ªt¦�¤àÞ(Ìl¾è®U¯_²tÅ5¥�§1®[ÉÏ£�¤.¥�§1¥�ª¬®E­.¯(·_È�±K§U±K­Z¦
¥�¥
¦�¤�±o¦�¦�¤�¥(®U¯_²¬È�¦�ª¬¯Z­�À&ª¬²¬²�±KµB¦
È.±K²¬²tÁõ³<¥Ä´�±Kµ
¶@±K³.²¬¥_É�Ìc­�®�¦�¥y±K©×À~¥ÃÈ�®U¥Ã±�ÅZ±K§1ª°±K­Z¦Õ¯_Ç�¦�¤.¥
î çU
:½�Ìlçö´�§1¯�µ�¥�©�È.§1¥�³ZÁ(Þ�±K§l¦
¥�²¬²¬¯�¥B¦oÉ+±K²»É�ÚtßZßWÝ�É�£�¤.¥�ªt¦�¥�«%®�±K§1¥E´.±Kµ
¶_¥�©Ãª¬­(®U¯@¨cµ[±K²¬²¬¥�©
µ�¯_§U­�¥�§a´�¯_ª¬­Z¦
®[É;Ìc­�ªt¦
ª°±K²¬²tÁ%¦�¤�¥�¯_­�²tÁ9µ�¯_§1­.¥�§�´<¯_ª¬­Z¦�ª¬®:¦�¤�¥�²¬¯[À~¥�§l¨c²¬¥�Ç°¦1¨c³.±Kµ
¶%µ�¯Z§1­�¥�§a¯_Ç<¦�¤.¥
³�ª¬­3É ü ¦8±K­qÁÄÇ�¯_²¬²¬¯yÀ&ª¬­�·9®�¦
±K·_¥ZÑ�ªt¦�¥�«�®�µ[±_­(¯_­�²tÁ(³<¥-´.²°±Kµ�¥�©Ä¦�¯�¦
¤�¥�§1ª¬·Z¤Z¦yÑ<±K³<¯[Åq¥�¯_§�ª¬­
Ç�§1¯Z­Z¦�¯_Ç�±K²°§1¥[±K©�ÁÆ´�²°±Kµ�¥�©Æªt¦
¥�«�®[ÉÃòÍª¬·ZÈ�§1¥�íÄ¯_­Â¦�¤�¥9­�¥Bï�¦�´�±K·_¥9ª¬®�±K­Æª¬²¬²¬È.®l¦
§U±o¦�ª¬¯Z­Æ¯_Ç
±�Å_±Kª°²°±K³�²¬¥-µ�¯_§1­.¥�§+´�¯_ª¬­Z¦
®+Ç�¯_§+±�·_ªtÅq¥�­Ä®U¥B¦&¯_Ç�´.±Kµ
¶Z¥�©Ïªt¦
¥�«�®[É

£�¤.¥Ä´�§1¯�µ�¥�©�È.§1¥Ïª¬®9±Ù©�¥�´O¦�¤×Ô�§1®�¦9®1¥[±_§1µ
¤×À&¤�¥[§1¥ÕÀ�¥(±o¦Õ±Ù·_ªtÅq¥�­õ­.¯5©�¥Äµ�¯_­�®Uª¬©.¥�§
´�²°±_µ�ª¬­�·�±K²¬²�ª�¦�¥�« ¦cÁO´<¥�®8ª¬­Ò±K²¬²�´�¯Z®1®Uª¬³.²¬¥�µ�¯_§1­�¥[§�´�¯_ª¬­q¦�®8±K­.©(À&ªt¦�¤�¥y±Kµ
¤�Ç�¥y±K®1ª°³�²¬¥�ªt¦�¥[«
§1¯@¦B±o¦�ª¬¯_­3ÉV
�±_µ
¤�¦�ª¬«�¥Ã±K­ùªt¦�¥�«�ª¬®�´�²°±_µ�¥�©�Ñ�¦�¤.¥Äµ�¯Z§1­�¥�§�´�¯Zª¬­Z¦�®9±K§U¥ÄÈ.´�©�±o¦�¥�©3Éÿ£�¤.¥
®U¥[±K§1µ
¤9ª¬®�®�¦�¯_´�´<¥�©�À&¤�¥[­9±-Ç�¥[±K®Uª¬³�²¬¥�®U¯_²¬È�¦
ª¬¯_­�ª¬®a±Kµ
¤�ª¬¥WÅq¥�©�É ü ®�ª¬­9ÞÃ±K§�¦�¥�²¬²¬¯�¥B¦oÉ5±K²»É<ÚtßZßWÝ
À~¥+´.§1È�­.¥&±�­�¯�©�¥+ª¬­�¦�¤�¥+®U¥[±_§1µ
¤�¦
§1¥�¥+ª¬Ç�¦�¤�¥~Åq¯Z²¬È�«�¥&¯_Ç�¦�¤.¥+§1¥�«�±Kª¬­�ª¬­.·-ªt¦�¥[«�®:ª¬®:²°±K§1·_¥�§
¦�¤�±K­Õ¦�¤.¥�§1¥�«�±Kª¬­�ª¬­.·�Åq¯_²°È�«�¥-¯_Ç3¦
¤�¥�³.ª¬­�É

ü ­ZÁÆ´.±Kµ
¶�ª¬­�·�Ç�¯_È.­�©à©�È.§1ª¬­�·(¦�¤�¥Õ®U¥[±K§1µ
¤à´.¤.±K®U¥�À&ªt¦�¤à­.¥�·Z±o¦
ªtÅq¥Õ§1¥�©.È�µ�¥�©àµ�¯_®�¦�ª¬®
±K©.©�¥�©Ï¦�¯�¦�¤�¥�«%±K®�¦�¥�§&´�§U¯_³�²¬¥�«ÄÉaÌcÇ;ªt¦&À�±K®�­�¯@¦�´�¯_®U®Uª¬³�²¬¥�¦�¯%Ô.­.©Ä®UÈ.µ
¤(±%´.±KµB¶5ª¬­�·�Ñ�À�¥
À�±K­q¦�¦
¯�§1¥�®U¯_²tÅ5¥8¦�¤�¥�ßy¼ � ­.±_´�®�±Kµ
¶�¾ §U¯_³�²¬¥�«ÄÑ.³�È�¦+À&ªt¦�¤�¦�¤�¥-ª¬­�Ç�¥y±K®Uª¬³�²¬¥-®U¯_²¬È�¦�ª¬¯Z­Ïµ�ÈO¦
¯KÊ�¦
¤�¥:®U¯_²¬È�¦
ª¬¯_­�®U´.±_µ�¥_ÉÍ£�¤�¥�´�§1¯�µ�¥�©�È.§1¥:ª¬®3¦�¤�¥�­�¦�¯�±K©�©E±+µ[È�¦�§1¥�«%¯[ÅOª¬­.·�¦�¤�¥:ª¬­.Ç�¥[±K®Uª¬³�²°¥
®U¯_²¬È�¦
ª¬¯_­�Ñ.§U¥�®U¯_²tÅq¥8¦�¤.¥%ß[¼ � ­.±K´�®�±Kµ
¶Ï¾ §U¯_³�²¬¥�«ÄÑ.µ
¤�¥[µ
¶�º_¼ � ­.±K´.®U±KµB¶ÕÇ�¥[±K®Uª¬³�ª¬²¬ª�¦cÁÏ¥W¦�µ_É
È�­q¦�ª¬² À~¥Õ±Kµ
¤.ª¬¥BÅq¥Õ±(Ç�¥[±K®Uª¬³�²¬¥Õº_¼Ö´�±Kµ
¶5ª¬­�·.ÉÄ£�¤�ª¬®�±_´�´�§U¯Z±Kµ
¤ÂÀ�±K®�Ô�§1®�¦�®UÈ�·_·_¥[®l¦
¥�©�³qÁ
¾�ª¬®Uª¬­�·_¥�§&±K­�©W��ª¬·ZÈ�§1©�Útßyí@Ý3Ç�¯Z§�®U¯_²tÅOª¬­.·�¦
¤�¥�íK¼8½~¾:¾ÍÉ
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Z

X

Y

òÍª°·_È�§1¥�íOì Ìc²¬²¬È.®�¦�§U±o¦�ª¬¯Z­Ï¯_Ç�µ�¯_§1­.¥�§�´<¯_ª¬­Z¦�®+Ç�¯_§&±�·ZªtÅq¥�­Ä´.±Kµ
¶5ª°­�·�É

*�+PX Y[Z7ZOAD2(\^]82`_a>@3/6BADC7ADEFAHGJIcbed?GB6
ê ¥B¦

U
³�¥Ä¦�¤.¥Ã®1¥W¦�¯_Ç�ªt¦�¥[« ¦cÁO´<¥�®Õ´�ª¬µ
¶Z¥�©ÿ³ZÁõ¦�¤�¥Æß[¼ � ­.±K´.®U±_µ
¶õ¾�§1¯_³�²¬¥[«ÏÉ ç&¯[À

µ�¯_­.®Uª¬©�¥�§a¦
¤�¥�Çë¯_²¬²¬¯[À&ª¬­.·�ª¬­.¥J�5È.±_²¬ªt¦cÁ�ì
∑

i∈U
ui ≤

∑

i∈U
u?i − 1

¸»Øq¿

ü ¦�Ô.§U®l¦%®Uª¬·_¤Z¦�¦�¤�ª¬®�«%±�Áà®U¥�¥�« ²¬ª¬¶_¥Ï±(Å_±K²¬ª¬©×ª¬­�¥f�5È.±K²¬ªt¦lÁ�¦�¯�µ[È�¦�¯_Ê�¦
¤�¥�®1¯Z²¬È�¦�ª¬¯_­
u?À&ªt¦
¤9ªt¦
¥�«å¦cÁO´<¥�®

U
É ü ®U®UÈ�«%¥+¦�¤�±o¦

U = {1, 2} Ñ u?1 = 2
±K­�©

u?2 = 1
§1¥�®UÈ�²t¦�ª¬­.·Eª¬­�¦�¤.¥

µ�ÈO¦
u1 + u2 ≤ 2

É�£�¤�ª°®+µ�È�¦+À&ª¬²¬²3¤�¯[À~¥WÅq¥�§+§1¥�«%¯[Åq¥-Ç�¯_§+ª¬­�®�¦
±_­�µ�¥8¦�¤�¥-®1¯Z²¬È�¦�ª¬¯_­
u1 = 0±K­.©

u2 = 3
±K®~À~¥[²¬²»ÑOÀ&¤.ª¬µ
¤Äª¬®+­.¯@¦+À&¤.±o¦+À~¥8À�±_­Z¦yÉ:Ìc­�®�¦�¥[±_©�À~¥�§U¥�Ç�¯_§1«�È�²°±o¦�¥�¦�¤�¥%ß[¼

� ­�±K´�®�±Kµ
¶�ª¬­%¦
¤�¥&Çë¯_²¬²¬¯[À&ª¬­�·�¥J��È�ªtÅ_±K²¬¥[­Z¦�À�±�Á�À&¤.¥�§1¥+¦�¤�¥+ÅZ±K§1ª°±K³�²°¥�®
ujt

ª¬®�ß�ª¬Ç<¦�¤.¥
j g ¦
¤ªt¦�¥�«�¯_Ç!¦cÁO´<¥

t
ª¬®+´.²°±Kµ�¥�©Äª¬­Õ¦
¤�¥�¶5­�±K´�®�±Kµ
¶<ì

ηb = min cb −
∑

t∈T

∑

j∈Jt
πtujt

∑

t∈T

∑

j∈Jt
vtujt ≤ Vb,

∑

t∈T

∑

j∈Jt
etujt ≤ Eb,

ujt ≥ uit, j < i, i, j ∈ Jt, t ∈ T
¸D�Z¿

Ø



ujt ∈ {0, 1}, j ∈ Jt, t ∈ T
£�¤.¥�µ[¯_­�®�¦�§U±_ª¬­Z¦�®�¸D�_¿ ±K§U¥�ª°­�µ�²¬È.©�¥�©�¦�¯�±�Å5¯_ª¬©%®�ÁO«%«�¥B¦
§1ª¬¥�®:±_­�©�±K§1¥&±_µB¦�È.±_²¬²tÁ�­�¥�µ[¥�®U®U±K§�Á
Ç�¯_§�¦�¤�¥~ª°­Z¦�§1¯5©.È�µ�¥[©�º_¼ÿª¬­.Ç�¥[±K®Uª¬³�ª°²¬ªt¦cÁ�µ[È�¦�®[ì ð ¯_­.®1ª°©�¥�§ ±K·q±Kª¬­�¯_È�§ ¥Bï�±K«%´�²¬¥ U = {1, 2} Ñ
u?1 = 2

±_­�©
u?2 = 1

É Ìc­9¦
¤�¥8­�¥WÀ�Å_±K§1ª°±_³�²¬¥�®[Ñ�À~¥�À&ª¬²¬²�¤.±�Åq¥
u?11 = 1, u?21 = 1

Ñ
u?12 = 1±K­.©(±K²°²3¯@¦
¤�¥�§�Å_±K§Uª°±K³�²¬¥�®�¥J�5È�±K²�¦�¯%Ë[¥�§1¯�É~£�¤�¥�µ�ÈO¦+À&ª¬²¬²�¦
¤�¥�­(³�¥

u11 + u21 + u12 ≤ 2±K²¬²¬¯[À&ª°­�·�¦
¤�¥-®U¯_²¬ÈO¦�ª¬¯_­
u?12 = u?22 = u?32 = 1

É Óâªt¦�¤�¯ZÈ�¦�µ�¯_­.®l¦
§U±Kª¬­Z¦�¸D�_¿�¦�¤.¥-®1¯Z²¬È�¦�ª¬¯_­
u11 = 1, u21 = 1, u12 = 0

±K­�©
u22 = 1

À~¯_È.²¬©Ã³<¥EÇ�¥[±K®Uª¬³�²¬¥ZÑ�À&¤�ª¬µ
¤�ª¬®�¯_³ZÅOª°¯_È�®U²tÁÃ±K­
¥�§1§U¯_§�É

ê ¥B¦
U ′

³<¥�¦�¤.¥�®U¥B¦�¯_Ça´.±Kª¬§U®-µ�¯_­�®Uª¬®�¦�ª¬­.·Ï¯_Çaªt¦�¥�« ¦cÁO´<¥%±K­.©Ùªt¦�¥�« ­5È.«E³�¥[§�ª¬­�¦�¤.¥
¯_´O¦�ª¬«%±K²3®U¯_²¬È�¦�ª¬¯_­ÄÇ�¯_§~¦�¤.¥�­�¥BÀèÇ�¯_§1«�È�²°±o¦
ª¬¯_­�É�£�¤�¥�µ[È�¦&ª¬­.¥J�5È.±_²¬ªt¦cÁÕ¦�¤�¥�­Ä³�¥�µ�¯Z«�¥�®[ì

∑

(j,t)∈U ′
ujt ≤ |U ′| − 1

¸»÷q¿

Óâ¤�¥�­ÕÀ~¥-±K©.©Ä±�µ�È�¦yÑ�À~¥�µ
¤.¥�µ
¶9ª¬ÇÍ¯_­�¥�¯_§�«%¯_§1¥�¯_Ç3¦�¤.¥8ªt¦�¥[«�®�µy±K­Ï³�¥�¥BïOµ
¤�±K­�·_¥[©
³ZÁ�¯@¦�¤�¥[§�©�¯Z«�ª¬­.±@¦�ª¬­�·Âªt¦�¥�«�®�±_­�©�¤.¥�§1¥�³qÁ�±K©�©õ«�¯_§U¥Ïµ�ÈO¦�®[É ü ­õªt¦�¥�« ¯_Ç+¦cÁ�´�¥

t
ª¬®

©�¯Z«�ª¬­.±@¦�¥�©â³ZÁ�ªt¦
¥�«
t′
Ñ8ª¬Ç

lt′ ≥ lt, wt′ ≥ wt, ht′ ≥ ht
±K­.©

Rt′ ⊆ Rt
É ü ²¬²

µ�¯_«�³�ª¬­.±@¦�ª¬¯_­�®~¯_Ç!©�¯_«�ª°­.±o¦�ª¬­.·�ªt¦�¥�«%®�±K§1¥�·_¥�­.¥�§U±o¦�¥[©�É ÌcÇ!±K­Õªt¦�¥[«
t′
ª¬®~©.¯_«�ª¬­�±o¦�ª¬­�·�±_²¬²

¦�¤.¥�ªt¦�¥�«%®+ª¬­Õ¦�¤.¥�µ�¯_­.®�¦�§U±Kª¬­Z¦oÑ�À~¥-ª¬­�®�¦�¥y±K©Ä±K©.©Ï¯_­�²�Á�¯_­.¥�®�¦�§1¯_­.·_¥�§�µ[¯_­�®�¦�§U±_ª¬­Z¦yì
∑

(j,t)∈U ′
ujt + u1t′ ≤ |U ′| − 1

¸S�q¿
£�¤.¯_È�®�±K­.©�®�¯_Ç�µ�ÈO¦�®�µ[±K­9³�¥&·_¥�­.¥�§U±o¦
¥�©�¥BÅq¥[­�¯_­9§1¥�²°±o¦�ª�Åq¥�²tÁ�®U«%±K²¬²�ª¬­.®l¦B±K­�µ�¥[®�É £�¤�ª¬®

À&ª¬²¬²�«�±K¶_¥%ªt¦��5È.ªt¦�¥�¦�ª¬«�¥%µ�¯Z­�®UÈ�«%ª¬­�·�¦�¯Ä®1¯Z²tÅq¥�¦�¤.¥Ïß[¼ � ­.±K´.®�±Kµ
¶Ò¾�§1¯_³�²¬¥[«ÏÉ9ÞÃ±K­qÁ
¯_Ça¦�¤�¥9µ�ÈO¦�®-À&ª°²¬²:Çë¯_§l¦�È.­.±o¦�¥�²�ÁÂ©.¯_«�ª¬­�±o¦�¥9¯_§E³�¥9©�¯_«�ª°­.±o¦�¥�©Æ³qÁÂ¯K¦�¤�¥�§Eµ�ÈO¦�®�±K­�©Æµ[±_­
¤�¥[­�µ�¥Õ³<¥Õ§1¥�«%¯[Åq¥�©×®1´<¥�¥�©.ª¬­�·�È.´�¦�¤�¥9¦�ª¬«�¥�¦
¯�®U¯_²tÅq¥9¦�¤�¥�´�§1¯_³.²¬¥�«ÏÉ ü ­�¯@¦�¤.¥�§�¦�§Uª¬µ
¶
Ç�§1¯Z« ¾�ª¬®Uª¬­�·_¥�§�±K­�©h��ª¬·_È.§1©þÚtßoíoÝaª¬®-¦�¯Ãª¬©�¥�­Z¦
ª¬Ç°Á�È�­�´�±Kµ
¶@±K³.²¬¥�®UÈ�³.®U¥B¦�®E¯_Ç�È�­�´�±Kµ
¶@±K³.²¬¥
®U¥B¦�®�±K­.©Ù¤�¥[§1¥�³ZÁÙ®l¦
§1¥�­�·K¦�¤�¥�­.ª¬­�·Ä±K­.©Ù§U¥�©�È.µ�ª¬­�·Õ¦
¤�¥�­5È.«E³�¥[§�¯_Ç�µ[È�¦�®[É%½~±K®Uª¬µ[±_²¬²tÁÃÀ�¥
§1¥�«%¯[Åq¥�¦�¤.¥�®U«%±_²¬²¬¥�®�¦�ªt¦
¥�«ÐÇ�§1¯_«æ¦
¤�¥8®1¥W¦�È.­Z¦�ª¬²�¦�¤�¥8®UÈ�³.®1¥W¦�ª¬®~´�±Kµ
¶@±K³.²¬¥�±K­�©9¦�¤.¥�­�¦�¤.¥
²°±K®�¦�È�­�´�±Kµ
¶@±K³.²¬¥�®UÈ�³�®U¥B¦�©�¥WÔ�­�¥�®~¦�¤.¥�µ�È�¦oÉ
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£�¤.¥�ß[¼�ãKº_¼ � ­.±K´�®�±Kµ
¶Õ´.¤.±K®U¥�µ[±K­Ä³�¥8Åq¥�§lÁÕ¦�ª¬«�¥-µ�¯_­.®1È.«�ª¬­.·�É £Í¯%§1¥�©�È.µ�¥�¦�¤�±o¦�¦�ª¬«%¥
À~¥-±K´.´�²tÁÏ±�®Uª¬«%ª¬²°±K§�®U¥[±_§1µ
¤�Ñ.±K®+©.¥�®Uµ�§1ª¬³<¥�©Ï¥[±K§1²¬ª¬¥�§[Ñ�³�¥[Ç�¯_§1¥�®U¯_²tÅOª¬­.·�¦�¤.¥�ßy¼ � ­.±K´�®�±Kµ
¶
¾�§1¯_³�²°¥�«ÏÉÍ£�¤.¥�¤�¥�È.§1ª¬®�¦�ª¬µ�´.±Kµ
¶5ª¬­.·�·_¥�­�¥[§U±o¦�ª¬¯_­E´.§1¯5µ�¥[©�È�§U¥:ª¬®;±K²¬®U¯�±&©.¥�´�¦�¤�Ô.§1®�¦;®U¥[±K§1µ
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¤�¥�«%¥+«EÈ�®�¦�À~¯_§U¶�ª¬­�¦�¤.¥
´�§Uª¬µ�ª¬­�·Ï´�§1¯Z³�²¬¥�« ±K®�À~¥[²¬²»É�£+¤�ª¬®�ª¬®-§1¥�²°±o¦
ªtÅq¥�²tÁÒ¥[±K®�ÁÃ¦�¯Ï©�¯ÏÇ�¯_§$��¥B¦E¾�±_§l¦�ªt¦�ª¬¯_­.ª¬­�·Ä±K­.©
ð ¯[Åq¥[§1ª¬­�·�¦cÁO´<¥~¯_Ç�´�§U¯_³�²¬¥�«%®[Ñ@À&¤.ª¬µ
¤EÀ~¥aÀ&ª¬²¬²O®U¥�¥�²°±o¦�¥�§�ÑZ³�ÈO¦;À~¥�±K§U¥~®1¯Z²tÅOª¬­�·�·_¥�­�¥[§U±K²OÌl¾´�§U¯_³�²¬¥�«%®[Ñ�À&¤.ª¬µ
¤Â«%±_¶_¥�¦�¤.ª¬­�·_®�«�¯_§U¥%µ�¯_«�´.²¬ª¬µ[±o¦�¥[©�É%ä�±K­�©.¥�§1³<¥�µ
¶Ò±K­�©ÒÓÆ¯_²¬®U¥BÁùÚtßoÛoÝ
©�¥WÅq¥�²¬¯_´<¥�©�±Ä³�§U±_­�µ
¤�ª¬­.·Ä®Uµ
¤�¥�«%¥�±K²¬®U¯(©�ª¬®Uµ�È.®U®1¥[©Âª¬­�½~±K§U­�¤.±_§l¦E¥B¦yÉ}±K²�ÉÒÚtß�Ý�Ñ3À&¤.ª¬µ
¤ÒÀ�¥
À&ª¬²¬²3È�®U¥_É
s(+-, teu(>hvw356xGy>zL�KMLBN�COEP>RQ
ü ®U®UÈ�«%¥�¦
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±K­�©(±K­Ïª¬­q¦�¥�·_¥�§

αt
Ñ.®UÈ�µ
¤Õ¦
¤.±o¦
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ª¬­

∑

p∈{atp≥αt}
q?p = δ
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∑

p∈{atp≥αt}
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∑

p∈{atp≥αt}
qp ≥ dδe
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§lÁ�Ç�¯_§!¥[±Kµ
¤�µ�¯_­.®�¦�§U±Kª¬­Z¦�§1¯[À×±K­�©
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min
∑

p∈P ′
cpqp

∑

p∈P ′
atpqp = dt, t ∈ T

∑

p∈P (αj)

qp ≤ bδjc, j ∈ Fn ¸�ßZßy¿

∑

p∈P (αj)
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s = 1
Ñ�ª¬Ç

∑
j∈Jt ujt ≥ αt, ∀t ∈ R(α)

±K­.©
s = 0
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¤�¥�§lÀ�ª¬®U¥_Éa£+¤�¥�´�§Uª¬µ�ª¬­�·�´�§U¯_³�²¬¥�« ±o¦�­.¯5©�¥
n
¯_Ç3¦�¤.¥�¦�§U¥�¥�­�¯[Àè³�¥[µ�¯_«�¥[®

ηb = min cb −
∑

t∈T

∑

j∈Jt
πtujt −

∑

j∈Fn
λjsj −

∑

j∈Gn
κjsj

¸�ßyºZ¿

∑

t∈T

∑

j∈Jt
vtujt ≤ Vb,

∑

t∈T

∑

j∈Jt
etujt ≤ Eb,

ujt ≥ uit, j < i, i, j ∈ Jt, t ∈ T

sj ≤ uαjt t, j ∈ Gn, t ∈ R(αj)
¸�ßf
q¿

sj ≥ 1−
∑

t∈R(αj)

(1− u
αjt t

), j ∈ Fn, ¸�ßoÛ_¿

ujt ∈ {0, 1}, j ∈ Jt, t ∈ T

sj ∈ {0, 1}, j ∈ F n ∪Gn
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ç&¯@¦
¥:¦�¤.±o¦�¦�¤.¥�Ô.§1®�¦ ²¬ª¬­�¥a¯ZÇO¦�¤�¥a¥BïO´.§1¥�®U®Uª¬¯_­�ª¬® ±�®UÈ�« ¯[Åq¥�§Í¦�¤�¥a§1¥�©.È�µ�¥�©�µ�¯Z®l¦
®�Ñ@À&¤.ª¬µ
¤�ª¬®
³.±_®1ª¬µy±K²¬²tÁ9¦
¤�¥�´.§1ª¬µ�ª¬­�·%´�§1¯_³.²¬¥�«ÏÉ ü ®U®UÈ�«�¥�¦�¤�±o¦�À~¥-¤.±�Åq¥�±�Ç�¯_È.­�©Ä±�Ç�¥[±K®Uª¬³�²¬¥-®U¯_²¬È�¦�ª¬¯Z­
Ç�¯_§�¥[±Kµ
¤Ã³.ª¬­Ï¦cÁ�´�¥E±K­.©(²¬¥W¦

Ub
³<¥�¦�¤.¥�­5È.«E³<¥�§&¯_Ç ³�ª¬­�®�¯ZÇÍ¦cÁO´<¥

b
Ç�¯Z§&¥y±Kµ
¤(®U¯_²¬ÈO¦�ª¬¯_­3É

ü ®U®UÈ�«%¥�Ç�È�§�¦�¤�¥�§3¦
¤.±o¦ÍÀ~¥a¤.±�Åq¥:¦�¤�¥�¯Z´�¦�ª¬«�±K²5§1¥[©�È�µ�¥[©Eµ�¯_®�¦�®�Ç�¯_§�¥[±Kµ
¤�´�§1ª¬µ[ª¬­�·�´.§1¯_³�²¬¥[«ÏÑ
ηb
Ñ.Ç�§1¯_«Ð¦�¤�¥-²°±K®�¦&ªt¦�¥[§U±o¦�ª¬¯_­3É ü Å_±K²¬ª¬©Ä²¬¯[À~¥[§�³<¯_È�­.©Ïª¬®~¦�¤.¥�­

LBn =
∑

b∈B
Ubηb +

∑

t∈T
dtπt +

∑

j∈Fn
λjbδjc+

∑

j∈Gn
κjdδje

ò.¯_§�ª¬­�®�¦
±K­.µ�¥�®&À�ªt¦�¤�«�¯Z§1¥�¦�¤.±K­�¯_­.¥E³.ª¬­(¦cÁO´<¥-¦
¤�ª¬®�³<¯_È�­.©Ãª¬®8§U±o¦�¤.¥�§+À�¥[±K¶�É8Ìc­�µ�¯_­O¨
µ�²¬È.®1ª¬¯Z­�À~¥�¤.±�Å5¥8±�ÅZ±K²¬ª¬©Õ²¬¯[À~¥�§~³�¯ZÈ�­�©ÕÇ�¯_§a¥[±KµB¤Õªt¦�¥�§U±@¦�ª¬¯_­Õ¯_Ç�¦
¤�¥�µ�¯_²¬È�«%­Õ·_¥�­.¥�§U±o¦�ª¬¯Z­
È�®Uª¬­.·Æ¦�¤�¥Ù§1¥�©�È.µ�¥�©âµ�¯_®�¦�®Ï¯_Ç�¦
¤�¥Ò´�§Uª¬µ�ª¬­�·�´�§1¯Z³�²¬¥�«%®�ÉøÓÆ¥Òµ[±_­â±o¦Ã±K­ZÁÿ¦�ª¬«�¥Ò®�¦�¯Z´
¦�¤.¥�µ�¯Z²¬È�«�­Æ·Z¥�­�¥�§�±o¦�ª¬¯_­�Ñ ª¬Ç dLBne ≥ LPn

ÑÍÀ&¤.¥�§1¥
LPn

ª¬®�¦�¤�¥9®U¯_²¬È�¦�ª¬¯Z­ÂÅ_±K²¬È.¥%¦�¯
ê ¾�¨c§1¥�²°±oï.±o¦�ª¬¯_­Â¯_Ç:¦
¤�¥%§1¥�®�¦�§1ª¬µB¦
¥�©Â«%±K®�¦�¥[§�´.§1¯_³�²¬¥[«ÏÑ!®Uª¬­.µ�¥�­.¯Ä³�¥B¦1¦
¥�§�³<¯_È�­.©Ùµy±K­Â³�¥
±Kµ
¤.ª¬¥BÅq¥�©Ùª¬­�¦�¤.±o¦�­�¯�©�¥_É�ÌcÇ dLBne ≥ UB

À�¤�¥�§U¥
UB

ª¬®-±K­qÁ�È.´�´�¥[§8³�¯_È.­�©Ã¦
¯9¦�¤�¥
º_¼&¨c½~¾:¾ÍÑO¦�¤.¥�­ÕÀ~¥-µ[±K­Ï´.§1È�­.¥�¦�¤.¥�­�¯5©.¥-±K²t¦�¯Z·_¥B¦�¤.¥�§�É

ßyí



Î ÏÐp��ÒÑú��Ó;È�¢��$�wÔ��'#+�+��¢�� p��
Ó�¥Ã¤.±�Åq¥Ã©�¥BÅ5¥�²¬¯_´�¥[©ÿ±K­ÿ¯_­�¨c²¬ª¬­�¥Ã·_§1¥�¥�©OÁù±K²¬·_¯Z§1ªt¦�¤�« ¦
¯�®U¯_²tÅq¥Ä¦�¤.¥(¯_­�¨�²°ª¬­�¥(´�±Kµ
¶5ª¬­.·
´�§U¯_³�²¬¥�«ÄÉ�£�¤�¥E¯_§U©�¥�§�¯_Ç;¦�¤�¥Eªt¦
¥�«�®8±K§1§UªtÅOª¬­�·�±o¦�¦�¤.¥E´.±Kµ
¶�ª¬­�·9®Uªt¦�¥�ª¬®�È�­�¶�­�¯[À&­3É&£�¤.¥
ªt¦�¥�«%®�±K§1¥�ª¬­Ã±{��È�¥�È.¥_Ñ�À&¤.¥�§1¥�À~¥�µy±K­(¯_³.®1¥[§lÅq¥E±K­�©(´.ª¬µ
¶Ï±K­Ãªt¦�¥�«Ö¦
¯�´.±Kµ
¶ÏÇ�§1¯_«Ö¦�¤.¥
Ô.§U®l¦

Q
ª�¦�¥�«�®[É ü ¦~¦
¤�¥8´.±Kµ
¶�ª¬­�·�®Uªt¦�¥

S
³�ª¬­.®�±K§1¥-±�Å_±Kª¬²°±K³.²¬¥�¦�¯�´.±Kµ
¶9±@¦&±�¦�ª¬«%¥_É�Ó�¤.¥�­

­�¯�«�¯_§1¥�ªt¦�¥�«%®�µ[±K­Ï³�¥8´�±Kµ
¶_¥�©Ïª¬­Õ¦�¤�¥�³�ª¬­�®[Ñ�¦�¤�¥�­Ï¯_­�¥�¯_§~«%¯_§1¥�¯_Ç�¦�¤.¥8³�ª¬­.®�«EÈ�®�¦&³�¥
®U¤�ª¬´.´�¥�©Ï¯_ÊÒ±K­.©Ï§1¥�´.²°±Kµ�¥�©Ä³ZÁ�¯Z­�¥�¯Z§�«%¯_§1¥�¥�«%´�¦cÁÏ³�ª¬­!¸f®
¿BÉ

Óâ¤�¥�­Âµ[¯_­�®Uª¬©�¥[§1ª¬­�·�À&¤.ª¬µ
¤Âªt¦
¥�« ¦�¯Ä´.²°±Kµ�¥_Ñ3À~¥�¥BÅ_±K²¬È�±o¦�¥�¦
¤�¥%´�²°±Kµ�¥[«�¥�­Z¦�¯_Ça¥[±_µ
¤
±�Å_±Kª°²°±K³�²¬¥�ªt¦�¥�« ª°­Ã¥[±Kµ
¤Ò±�Å_±Kª¬²°±K³.²¬¥E³�ª¬­.®[Ñ�ª¬­Ò±K²¬²�±�Å_±Kª°²°±K³�²¬¥�µ�¯_§1­.¥�§�´�¯Zª¬­Z¦�®�±_­�©�±K²¬²�´�¯_®�¨
®Uª¬³�²¬¥�§1¯@¦
±@¦�ª¬¯_­�®[É:Ó�¥�´�§1ª¬«�±K§1ª¬²tÁÄµ
¤.¯5¯_®U¥8¦�¤�±o¦�µ[¯_«E³�ª¬­�±o¦�ª¬¯_­(¯_Ç;ªt¦�¥�«ÄÑ.³.ª¬­�Ñ�µ�¯_§1­.¥�§&±K­.©
§1¯@¦B±o¦�ª¬¯_­ÃÀ&¤.¥�§1¥E¦�¤�¥�ª¬­�µ[§1¥[±K®U¥�ª¬­ÃÀ�±K®�¦�¥�©Ò®U´.±Kµ�¥�ª¬®8«%ª¬­�ª¬«�±K²»É8Óà±K®�¦�¥�©Ò®U´.±Kµ�¥�ª¬®8³�±K®Uªt¨
µ[±K²¬²tÁÒ®U´.±Kµ[¥_Ñ<À�¤�ª¬µ
¤Ùª¬®�­�¯@¦-È.®U¥�©Ò³ZÁÙ±K­Òªt¦�¥[«ÏÑ�³.È�¦-ª¬®�È�­�±�Å_±Kª¬²°±_³�²¬¥�Ç�¯_§8´�±Kµ
¶5ª¬­�·Ä±KÇ°¦
¥�§
¦�¤.¥�´.±K§�¦�ª¬µ�È�²°±_§�ªt¦�¥�« ª¬®-´�²°±_µ�¥�©�É%½a¥�Ç�¯_§U¥�¥BÅZ±K²¬È.±o¦
ª¬­�·Ä±K²¬²;¦�¤�¥%ªt¦�¥�«�®8À�¥�®U¯_§l¦�¦
¤�¥�« ª¬­
­�¯Z­�¨�ª¬­.µ�§1¥[±K®Uª¬­.·�¯_§U©�¥�§�¯_Ç3¦�¤�¥�Åq¯_²¬È.«�¥�¯_Ç3¦�¤�¥�ªt¦�¥[«�®[É(�&¥[­�µ�¥�ª¬­Ïµ[±K®U¥�®�¯ZÇ!¥f�5È.±K²<À�±K®�¦�¥ZÑ
À~¥-´�²°±Kµ�¥8¦�¤�¥-²°±K§1·_¥[§�ªt¦�¥[«ÐÔ�§1®�¦yÉ�Óâ¤�¥�­Ä­�¯_­�¥-¯_Ç3¦
¤�¥-±�Å_±_ª¬²°±K³�²¬¥-ªt¦�¥�«%®+µ[±K­Ä³�¥-´�²°±Kµ�¥[©�Ñ
À~¥Ï§1¥[´�²°±Kµ�¥Ä±_²¬²+±�Å_±Kª¬²°±K³.²¬¥Ï³.ª¬­�®�À�ªt¦�¤�­.¥BÀ ¥�«�´O¦cÁ×³�ª¬­�®[É×£�¤.¥Ï´�§1¯�µ�¥�©�È.§1¥�µ[¯_­Z¦�ª¬­�È�¥�®
È�­q¦�ª¬²3±K²¬²3ªt¦�¥�«%®&±K§1¥-´�²°±Kµ�¥[©�É

£�¤.¥�±K²¬·_¯_§1ªt¦
¤�« ª¬®8­�¯K¦�¯_­.²tÁÃÈ.®U¥�©�Ç�¯_§8®U¯_²tÅOª¬­.·9¦�¤�¥�¯_­O¨�²¬ª¬­.¥�´�§U¯_³�²¬¥�«ÄÑ�³.È�¦�ª¬®-±K²¬®U¯
È�®U¥�©9¯KÊ�¨c²¬ª¬­�¥+¦�¯E·_¥�­.¥�§U±o¦�¥�±K­9ª¬­.ªt¦�ª°±K²�È.´�´�¥[§:³�¯ZÈ�­�©Õ±K­�©�Ô�§1®�¦aµ�¯_²°È�«�­.®�ª¬­%¦�¤�¥�½a§U±K­.µ
¤
û0¾�§1ª¬µ[¥-±K´.´�§1¯Z±_µ
¤�É

Õ Ö � �×&�¢º�U¢���Ø �|ËzË� ��(Ë
Ìc­�§U¥[±K²t¨�²¬ª¬Çë¥�¦�¤�¥�§U¥8ª¬®~§U¥J�5È�ª¬§U¥�«�¥[­Z¦�®~¯Z­�¤�¯[Àzªt¦
¥�«�®�«%±�ÁÕ³<¥8´.±_µ
¶_¥�©�É Ì�¦
¥�«�®�®1¤.¯_È�²¬©Ï³�¥
´�²°±_µ�¥�©Ò¯_­Ã¦�¤�¥�Ù.¯5¯_§8¯_Ç ¦�¤�¥�³�ª¬­Ò¯_§8³�¥�®U¯_«%¥BÀ&¤�±o¦�®UÈ�´.´�¯_§�¦�¥�©�È.­�©.¥�§1­�¥y±o¦�¤�³ZÁ�¯@¦�¤.¥�§
ªt¦�¥�«%®[É(�OÈ�´.´�¯_§l¦�¯_Ç!ªt¦�¥�«%®aÇë§1¯_«å¦
¤�¥�®Uª¬©�¥8¯_Ç�¦�¤.¥�³�ª¬­�¯_§aÇ�§U¯_«å¦�¤.¥�®Uª¬©�¥�¯ZÇ3¯@¦�¤.¥�§aªt¦
¥�«�®
ª¬®-­�¯@¦�µ�¯_­�®Uª¬©.¥�§1¥�©3É ü ­Ù¥Bï�±K«%´�²¬¥�¯_Ç�­�¯�®UÈ.´�´�¯Z§l¦-Ç�§U¯_«á¦�¤�¥�®Uª¬©�¥�®�ª¬®8¦�¤�¥�µ[±K®U¥�À&¤�¥[§1¥
¦�¤.¥�³�ª¬­.®+±_§1¥�´�±K²¬²¬¥B¦�®[É

ü µ�¯_«%«�¯_­Ï«%¥[±K®UÈ�§1¥�¯_ÇÍ®1È.´�´<¯_§l¦+ª¬®~¦�¯�§U¥J�5È�ª¬§U¥�±�µ�¥�§l¦B±Kª¬­Ï´�¥�§Uµ�¥�­Z¦
±_·_¥8¯ZÇÍ±K­Ïªt¦�¥[«
¦�¯Ò³<¥�®UÈ�´.´�¯_§�¦�¥�© � Çë¯_§�ª¬­�®�¦
±_­�µ�¥Ï±@¦%²¬¥[±K®�¦��_ýjÚÕÉàÌ�¦�¥�«%®�®1È.´�´<¯_§l¦�¥�©×³ZÁ×«�¯_§U¥9¦�¤�±K­¯_­.¥�ªt¦
¥�«ÏÑ!«�±�ÁÒ§U¥�®UÈ�²t¦�ª°­Ù«%¯_§1¥%®l¦B±K³�²¬¥%´.±KµB¶5ª¬­�·_®[É9ñ8¥[­�¥�§U±_²¬²tÁÃ¦
¤�¥�´.§1¥�®U¥�­.µ�¥�¯_Ça·_È.ª¬²t¨
²¬¯@¦�ª¬­.¥9µ�È�¦�®Eª¬­Æ´.±_µ
¶5ª¬­�·_®�«%±_¶_¥�¦
¤�¥�´�±Kµ
¶5ª¬­.·(²¬¥[®1®�®�¦
±K³�²¬¥ZÑ�³�ÈO¦�¯_Ç°¦
¥�­Â¦�¤�¥�®U¥9µ�È�¦�®�±_§1¥
È�­�±�Åq¯_ª¬©.±_³�²¬¥_Ñ�¯_§8©.¥�¥�«%ª¬­�·9¦�¤�¥[«áª°­�Ç�¥[±K®Uª¬³.²¬¥�ª¬®�¦
¯5¯�§1¥�®�¦�§1ª¬µB¦
ªtÅq¥�µ[±KÈ.®1ª¬­.·�²¬¥�®U®8¥J�%µ�ª¬¥�­q¦
´.±_µ
¶5ª¬­�·_®[É

£�¤.¥Ä±K³�¯[Åq¥Ä«�¥[±K®UÈ�§U¥�¯_Ç�®UÈ.´�´<¯_§l¦%ª¬®%¤�¯[À~¥BÅ5¥�§�­�¯@¦9±Ò®UÈ~��µ�ª¬¥�­Z¦�µ�¯_­.©�ªt¦�ª°¯_­�Ç�¯_§%±
´.±_µ
¶5ª¬­�·Æ¦
¯×³�¥Ò®�¦
±K³�²°¥_ÉÛ�OÈ�³.®1¥W¦�®�¯_Ç�ªt¦�¥[«�®Ïª¬­ÿ¦�¤.¥�´�±Kµ
¶5ª¬­.·×«EÈ.®l¦(±K²°®1¯�³�¥Ò®�¦
±K³�²¬¥ZÉ
ð ¯_­.®Uª¬©�¥�§�Ç�¯_§�ª¬­.®l¦B±K­�µ�¥Õªt¦
¥�«�®�´�²°±Kµ�¥[©×±K®�±Ã®�¦
±Kª¬§�¨�µ[±K®U¥_É ü ¦�®U¯_«%¥9®�¦
±_·_¥_Ñ ª¬­.µ�§1¥[±K®Uª¬­.·¦�¤.¥&­�È�«E³<¥�§�¯_Ç�ªt¦�¥�«%®�µ[¯_­�®�¦�§1È.µB¦�ª¬­.·�¦
¤�¥&®�¦
±_ª¬§l¨�µ[±_®1¥+À�ª¬²¬²�«%±K¶Z¥+¦�¤�¥�´.±_µ
¶5ª¬­�·EÈ.­�®�¦
±K³.²¬¥_Ñ
µ[±KÈ.®U¥�©Ä³ZÁ�¦�¤�¥�µ�¯_«E³.ª¬­.±o¦�ª¬¯Z­Ä¯_ÇÍÀ~¥�ª¬·Z¤Z¦�¯ZÇ!¦�¤.¥-ªt¦�¥�«%®�±K­�©(·_§U±�ÅOªt¦lÁqÉ��5¦
±Kª¬§l¨cµ[±K®U¥8¦lÁO´�¥�®
¯_Ç�´.±Kµ
¶�ª¬­�·_®8±K§1¥�¤�¯[À�¥BÅq¥�§�­�¯@¦�²¬ª¬¶_¥�²tÁÄ¦�¯Õ³�¥E´.§1¯5©.È�µ�¥�©ÄÀ�¤�¥�­�§1¥J�5È.ª¬§1ª¬­.·Õ±�®Uª¬·_­�ª¬Ô.µ[±K­Z¦
±K«%¯_È�­Z¦�¯_Ç�®UÈ�´�´<¯_§l¦yÉ�£�¤.ª¬­�·_®+·_¥W¦&¥WÅq¥�­Ä«�¯_§U¥�µ�¯_«%´�²¬ª¬µ[±@¦�¥�©Äª¬Ç3¦
¤�¥8À~¥�ª¬·_¤Z¦�¯ZÇ�±K­Äªt¦�¥[«
ª¬®:­�¯@¦�¥WÅq¥�­�²tÁ%©�ª¬®�¦�§1ª°³�È�¦
¥�©Ä¸ëÀ&¤�ª¬µ
¤�À~¥+·_¥�­.¥�§U±K²¬²�Á%±K®U®UÈ�«%¥+ª¬® ¦�¤�¥+µ[±K®U¥y¿WÉ ü ­�±K©�©.ªt¦�ª¬¯_­�±K²
«�¥y±K®UÈ�§1¥�¯_Ç ®l¦B±K³�ª¬²¬ªt¦cÁ(ª¬®+¦�¤.¥�²¬¯5µ[±@¦�ª¬¯_­Ã¯_ÇÍ¦�¤�¥Eµ�¥�­Z¦
¥�§&¯_Ç;·_§�±�ÅOªt¦cÁ(¯_Ç ±�´.±Kµ
¶5ª¬­.·�Ñ.À&¤�ª°µ
¤
®U¤�¯_È.²¬©Ï´.§1¥�Ç�¥�§�±K³�²tÁ�³<¥�²¬¯5µy±o¦�¥�©Ä­�¥[±K§~¦�¤�¥�µ[¥�­Z¦�¥[§�¯_Ç!¦�¤�¥�³<¯@¦1¦
¯_«ÖÇë±Kµ[¥�¯_Ç!¦�¤�¥-³�ª¬­�É

ÓÆ¥(¤�±�Åq¥(ª¬­ÿ®U´�ªt¦�¥Ã¯_Ç�¦�¤�¥�±K³�¯[Åq¥Ãµ�¯_­.®Uª¬©�¥�§U±@¦�ª¬¯_­�®Õ¯_­�²tÁùª¬«�´�²¬¥[«�¥�­q¦�¥�©þ±Â®Uª¬«�´.²¬¥

ß[º



µ�¯_­.®�¦�§U±Kª¬­Z¦�¯_­Õ¦
¤�¥-±K«%¯_È�­q¦&¯_Ç�®UÈ�´�´<¯_§l¦�±K­.©Ï­5È.«E³�¥[§�¯_ÇÍ®UÈ�´.´�¯_§�¦�ª¬­�·�ªt¦�¥[«�®[É

Ü È9���&� o ���+��¢��$#Ý�ù�&��ËO��� �&¢��&� Ë
Ìc­þ´�§U±KµB¦
ª¬µ�¥Ä¦
¤�¥�²¬¯Z±K©þ³�¥[±K§Uª¬­�·à±_³�ª¬²¬ªt¦cÁÿ¯_Ç8¦�¤�¥�´.±Kµ
¶_¥�©þªt¦�¥[«�®Õ«EÈ.®�¦�³�¥(¦
±K¶_¥[­ÿª¬­q¦�¯
±Kµ�µ[¯_È�­Z¦oÉàÓ�¥(±K®U®UÈ�«�¥�¦�¤.±o¦%À~¥(±K§1¥Ï·ZªtÅq¥�­ù±Ò«�±oïOª¬«EÈ.« ±K²¬²°¯[À~¥�©õ²¬¯Z±K©õ´<¥�§�®Þ�5È.±_§1¥
È�­.ªt¦�¸»¥_ÉÜ·�É

mm2 ¿BÑ ot Ñ3Ç�¯_§�¥[±KµB¤Ùªt¦�¥�«á¦cÁ�´�¥
t
É�£�¤.ª¬®�Å_±_²¬È�¥�«�ª¬·_¤q¦�©�¥�´<¥�­�©Ù¯_­�À&¤�ª°µ
¤

Çë±Kµ�¥�¯ZÇ�¦�¤.¥8ªt¦
¥�«Öª¬®�È.´�Ñ�³�È�¦�À~¥�ª¬·_­�¯_§U¥�¦�¤�ª¬®�Çf±KµB¦�±K­�©Ä±K®U®UÈ�«�¥�¦�¤�±o¦&ªt¦+ª¬®+µ�¯_­.®l¦B±K­Z¦&¯_§
³�¥-¦�¤.¥E²¬¯[À~¥�®�¦�Å_±_²¬È�¥E¯[Åq¥�§&¦�¤�¥E©�ª¬Ê<¥�§1¥�­q¦8Çë±Kµ�¥�®[É�ç�¯@¦�¥-¦�¤.±@¦8ªt¦�ª°®�®�¦�§U±_ª¬·_¤Z¦8Çë¯_§lÀ�±K§1©(¦�¯
·_¥�­.¥�§U±K²¬ª¬Ë[¥:¦�¤�¥a«%¥B¦�¤�¯�©-¦
¯�µ�¯_´�¥:À�ªt¦�¤�©�ª¬Ê<¥�§1¥�­q¦�Å_±K²¬È�¥[®�©.¥�´�¥[­�©�ª¬­.·�¯_­�¦
¤�¥a¯_§1ª¬¥�­q¦
±o¦�ª¬¯_­
¯_Ç�¦
¤�¥Eªt¦�¥[«ÏÉ+Ó�¥�±K®U®UÈ�«%¥-¦�¤.±o¦�¦
¤�¥E²¬¯Z±K©�³�¥y±K§1ª¬­�·Õ±_³�ª¬²¬ªt¦cÁÃª¬®&¦�¤�¥E®�±K«%¥�±o¦�±K­qÁ(´�¯_ª¬­q¦
¯_­%¦�¤�¥+¦�¯_´9Çë±Kµ�¥_Ñ�¥BÅq¥�­%¦�¤.¯_È�·_¤9ªt¦a«%ª¬·_¤Z¦~³<¥&®�¦�§1¯_­.·_¥�§�µ�²¬¯_®U¥�¦
¯�¦�¤.¥&¥�©.·_¥�®�¯_Ç<¦�¤.¥&ªt¦�¥[«ÏÑ
±K²¬®U¯Õ©.¥�´�¥[­�©�ª¬­.·Õ¯_­(¦�¤.¥�©�¥�­.®Uªt¦cÁÃ¯_Ç;¦
¤�¥�ªt¦�¥[«ÏÉ ü ²¬®U¯�À�¥�±K®U®UÈ�«%¥�¦�¤.±o¦�¦
¤�¥�À~¥�ª°·_¤Z¦-¯_Ç
±K­Äªt¦�¥�«ÏÑ

et
Ñ.ª¬®+¥BÅq¥�­.²tÁ�©.ª¬®l¦
§1ª¬³�ÈO¦�¥�©Ï¯[Åq¥[§a¦
¤�¥�µ�¯_­q¦
±KµB¦�±K§1¥[±�¯_Ç3¦
¤�¥�ªt¦�¥[«�®+³<¥�²¬¯[À�É

£�¤.¥�±_³�¯[Åq¥�±_®1®UÈ.«�´�¦
ª¬¯_­�®!±K§U¥ ®Uª¬«�ª¬²°±K§�¦�¯~¦�¤�¥�±K®U®UÈ�«%´�¦�ª¬¯Z­�®3¯_Ç�é&±o¦
µ�²¬ª�Ê�±_­�©-½aª¬®Uµ
¤.¯KÊ
Útß[ºKÝ�É8£�¤�¥BÁ5Ñ<¤.¯[À~¥BÅq¥�§[Ñ�±K²¬²¬¯[À0©.ª�Ê<¥�§1¥[­Z¦�²¬¯Z±K©�³<¥[±K§1ª¬­.·Õ©�¥�´<¥�­�©.ª¬­�·9¯_­(¦
¤�¥�¯_§1ª¬¥�­q¦
±o¦�ª¬¯_­
¯_Ç�¦�¤�¥�ªt¦�¥�«ÏÉÕÌc­Ù¦�¤�¥[ª¬§-´�±Kµ
¶5ª¬­.·Ä¤�¥[È�§1ª¬®�¦�ª¬µZÑ3¦�¤�¥BÁÂµ�¯_²¬²¬¥�µW¦�±Ï³�²¬¯�µ
¶�¯ZÇaª¬©.¥�­Z¦�ª¬µ[±_²�ªt¦
¥�«�®
±K­.©Ï´�²°±Kµ[¥�ªt¦�¯_­Ä±�®1È.§1Çë±Kµ[¥_Ñ�À&¤.ª¬µ
¤Ïµ[¯_«�´.²¬¥B¦�¥�²tÁÏ®UÈ�´�´<¯_§l¦
®a¦�¤.¥�³�²¬¯�µ
¶9¯_Ç�ªt¦�¥�«%®�É

£�¤.¥�±K²¬·_¯_§Uªt¦�¤�«ß���|�~�xà�á~�j�j�jâ|�;�B�z�f�~ã�¯_­9¦�¤.¥8µ�È�§1§U¥�­Z¦+´.±K·Z¥8®1¤.¯[À&®�¦
¤�¥8´�§1¯�µ�¥�©�È.§1¥
¦�¯×µ
¤�¥�µ
¶ùª¬Ç�±K­�ªt¦
¥�«

j
µy±K­�³�¥�´.²°±Kµ�¥�©â±o¦Ä±à®U´�¥�µ�ª�Ô�µ�²¬¯�µ[±o¦�ª¬¯_­�ª¬­ÿ¦�¤�¥�³.ª¬­�É ê ª¬­.¥

ßÏ±K­.©Æ¦�¤.¥�²¬¯5¯_´�®�¦
±K§l¦
ª¬­�·Òª¬­�²¬ª¬­�¥(íÃª¬©.¥�­Z¦�ª¬Ç°Á×ªt¦�¥�«%®�³�¥�²¬¯[ÀÖ¦�¯_È.µ
¤�ª¬­�·
j
ÉÆ£�¤.¥Ï±K²¬·_¯@¨

§1ªt¦
¤�«ä�8»~�j�~�;�8�Ã§1¥B¦�È.§1­�®�¦�¤.¥�®Uª¬Ë�¥�¯_Ç:¯[Åq¥�§1²°±_´Ò³�¥B¦lÀ~¥�¥�­Ã¦�¯�²¬ª¬­�¥�®U¥�·_«�¥[­Z¦�®[É ê ª¬­�¥�ºÕ¯_Ç
���@���8à�á~�;�B�;â~���B�@����ãÒµy±K²¬µ�È�²°±o¦
¥�®E¦�¤�¥�±K§1¥[±Ã¯_Ç+¯[Åq¥�§1²°±_´à³�¥W¦cÀ~¥�¥�­�¦�¤.¥%¦cÀ~¯�µ�¯_­.®Uª¬©�¥�§1¥[©
ªt¦�¥�«%®[É;Ìc­�¦�¤.ª¬® À�±�Á�¦�¤�¥�¦�¯@¦
±K²�±K§1¥y±�¯_Ç�®1È.´�´<¯_§l¦�¯_Ç�ªt¦�¥�«

j
ª¬®:©.¥B¦�¥�§U«�ª¬­.¥�©�É;£�¤�¥�À~¥�ª¬·_¤Z¦

´�¥[§E®Þ�5È.±K§U¥9È�­�ªt¦�ª¬®�¦�¤.¥�­Æµ[±_²¬µ�È�²°±o¦
¥�©àª¬­Æ²¬ª¬­�¥�
Ò±K­�©�¦�¤�¥9²¬¯Z±_©Æ³�¥y±K§1ª¬­�·�¯_Ç�ªt¦�¥[«
j
ª¬®

È�´<©.±o¦
¥�©Æ©�¥�´<¥�­�©.ª¬­�·Ã¯_­Æªt¦
®�¯_§1ª¬·_ª¬­�±K²�²¬¯Z±K©à³<¥[±K§1ª¬­.·�±K­�©Â¦�¤.¥9«�±oïOª¬«EÈ.« ¥Bï�¦�§U±(²¬¯Z±K©
ªt¦�¥�«%®�³�¥�²°¯[Àæµ[±K­�³�¥y±K§�É9ÌcÇ~ª¬­Ò¦�¤.¥%¥�­�©Ù¦�¤�¥%²¬¯q±K©Â³<¥[±K§1ª°­�·Ä¯_Ç~ªt¦�¥�«

j
ª¬®�­�¥�·Z±@¦�ªtÅq¥_Ñ�ªt¦

ª¬­�©.ª¬µ[±o¦�¥[®~¦�¤.±o¦�®1¯Z«�¥-ªt¦�¥�«Ö³<¥�²¬¯[Àèª¬®+¯[Åq¥�§U²¬¯Z±K©�¥[©�É

å æ�çÍèM� ��¢º�ß���&�éË}�+���ëêì�?Ë� ���� Ë
Ó�¥Õ¤�±�Åq¥�¦
¥�®�¦�¥�©�¦
¤�¥�±K´�´.§1¯Z±Kµ
¤×©�¥�®Uµ�§1ª¬³<¥�©à¯_­�±Ã­5È.«E³�¥[§E¯ZÇ+³�¥�­.µ
¤�«�±K§1¶Âª¬­�®�¦
±K­.µ�¥�®
©�È.¥�¦
¯ÄÞ�±K§l¦�¥[²¬²¬¯Ä¥B¦yÉ}±_²»É�Útß_ßWÝ�ÑÍÌ�Å_±_­�µ�ª¬µ%¥B¦yÉ9±K²�ÉÃÚtß[ýKÝ�±K­�©�±K®�À~¥�²¬²�¯Z­Ù®U¯_«%¥%ª¬­�®�¦
±K­.µ�¥�®
¦�¤�±o¦�À~¥-¤.±�Åq¥-·_¥�­.¥�§U±o¦�¥[©ÏÇ�§1¯Z«Ö§1¥y±K²t¨�²¬ª¬Ç�¥-©.±o¦B±�«%±_©�¥-±�Å_±_ª¬²°±K³�²¬¥-³qÁÏ½~±K­�·�û î ²¬È�Ç�®U¥�­3É£�¤.¥Ãµ[¯5©�¥ÄÀ�±_®Õª¬«%´�²¬¥�«%¥�­Z¦�¥�©þª¬­

ECLiPSe
Ú �@Ý�Ñ~À�¤�ª¬µ
¤þª¬®�± ð ¯_­�®�¦�§U±_ª¬­Z¦ ê ¯_·_ª°µ¾�§1¯_·_§U±_«�«�ª¬­.·9Ç�§U±K«%¥BÀ~¯_§U¶�³�±K®U¥�©Ã¯_­�¾ §1¯Z²¬¯_·�É�Ó�¥E¤.±�Åq¥EÈ.®U¥�©Ìí8´�§1¥[®1®�¨lÞÃ¾èß[ºOÉníKØ�Çë¯_§

®U¯_²tÅOª¬­.· ê ¾ ±K­.©�Ì�¾è´�§1¯_³.²¬¥�«%®�ÉÄ£�¤.¥�¥Bï�´�¥�§Uª¬«�¥�­q¦�®�À�¥�§1¥9¥BïO¥[µ�È�¦�¥[©�¯_­à±W�|î�çÖò�ª¬§1¥
º_÷_ý_ý�Ñz�_ÛKý%Þ��&Ë�µ�¯Z«�´�ÈO¦�¥�§�É


:±K§1²tÁþ¥WïO´�¥�§Uª¬«�¥�­q¦�®�®1¤.¯[À~¥�©ÿ¦�¤.±@¦Õ¦�¤.¥�Ç�¥[±K®Uª¬³�ª¬²°ªt¦cÁþ´�§1¯_³.²¬¥�«2ª¬®�¥Bï5¦
§1¥�«�¥[²tÁõ¦�ª¬«%¥
µ�¯_­.®UÈ�«�ª¬­.·Ù¦�¯�®U¯_²tÅq¥ZÉâ£Í¯Æ²¬ª¬«�ªt¦9¦�¤�¥Ï¦
ª¬«�¥(®U´<¥�­Z¦Õª¬­õ¦�¤�¥(Ç�¥y±K®Uª¬³�ª¬²¬ªt¦cÁù´�§U¯_³�²¬¥�«ÄÑ�¦cÀ�¯
´�¤�±K®U¥�®�¯_Ç:¦
¤�¥%´�±Kµ
¶5ª¬­.·ÄÇ�¥[±_®1ª¬³.ª¬²¬ªt¦cÁÂ´�§U¯_³�²¬¥�«�ª¬®E±K´.´�²¬ª¬¥�©3É%ÓÆ¥�Ô.§U®l¦�®U¥B¦�±�¦�ª¬«%¥%²¬ª¬«�ªt¦
¯_Ç~È�´Ù¦�¯ÃØ_ýÏ®U¥�µ[¯_­�©.®-©.¥�´<¥�­�©�ª°­�·Ä¯_­Ù¦�¤.¥%­5È.«E³<¥�§-¯_Ç~ªt¦�¥�«%®�¦�¯(³�¥�´.±Kµ
¶_¥[©�É�¼�È�§1ª¬­.·
¦�¤.¥Ò®1¥y±K§1µ
¤�Ñ�ª¬Ç�­�¯×«%¯_§1¥Ò´.±_µ
¶5ª¬­�·Z®Ï±K­.©�³�§�±K­�µ
¤.¥�®�µ[±_­�³�¥Ù±K´.´�²¬ª¬¥�©ÿ¦
¤�¥Ù±K²¬·_¯_§Uªt¦�¤�«
®�À&ªt¦�µ
¤.¥�®�¦
¯�±Õ®�¦
±o¦�¥EÀ&ªt¦�¤Ò­.¯�¦�ª¬«%¥�²¬ª¬«%ªt¦-¯_­(¦
¤�¥�Ç�¥[±K®Uª¬³�ª¬²¬ªt¦lÁ�´.±Kµ
¶5ª°­�·�É-Ì�¦-ª¬®8µ
¤.¥�µ
¶_¥�©
±o¦�µ�¥�§�¦
±Kª¬­(¦�ª¬«%¥Eª°­Z¦�¥�§lÅZ±K²¬®�©.È�§1ª¬­.·%¦
¤�¥�®1¥y±K§1µ
¤�Ñ�À&¤.¥B¦�¤.¥�§8±�´�±Kµ
¶5ª¬­.·9¤�±K®�³<¥�¥�­Ò±K©�©.¥�©
¦�¯Ã¦�¤�¥�«�±K®�¦�¥�§�´�§1¯_³.²¬¥�«ÏÉ�ÌcÇ&±_­àªt¦
¥�« ¤.±K®�³�¥�¥�­�±K©.©�¥�©�Ñ ¦�¤�¥�®1¥y±K§1µ
¤×ª¬®�¤.±K²t¦�¥[©×±_­�©

ßJ




���x�5�B���m ��x� ���@���8à�á~�;�B�;â~�;�j�@����ã
¡e¢~£�¢ ì.Ì�¦�¥�«

j
¦�¯%³�¥�´�²ó±Kµ�¥�©�É7��¥W¦&¯_Ç�±K²°§1¥[±K©�ÁÏ´�²°±_µ�¥�©Äªt¦�¥�«%®�Ñ

PL
É

¤M��¥f §¦¨£ ì.£�¤�¥9³<¯5¯_²¬¥y±K­ÂÅ_±K§Uª°±K³�²¬¥
status

Ñ�À&¤�ª¬µ
¤àª¬®�Çë±K²¬®U¥9ª¬Ç�µ[¯_­�®�¦�§U±Kª°­Z¦�®�±K§1¥
ÅOª¬¯_²°±o¦�¥[©�É¾H©

zj = 0
£xÅ���Æ

status = true�~¦H¥J�
ï PLbelow = {i ∈ PL|zj = zi + hi}

PLoverlap = ∅
total = 0ð © �R�x��¢@�8Å

i ∈ PLbelow �m�
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