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O{r|r, r + β ∈ σ(δ), g(r) = λp, g(r + β) = λq}
O{r|r + β ∈ δ}
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y[r, c, b] =
x[r, c, b]

∑

r

∑

c x[r, c, b]
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z[r, c, b] =
(log(y[r, c, b] ∗map[r, c, 1] + (1−map[r, c, b])) + β[b]) ∗map[r, c]

∑

k,l(z[k, l, b] ∗map[k, l, b])
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E[ρp,l,b,m] =
1

(ns − δt)n2
c

ns−δt
∑

s=1

nc
∑

i=1

nc
∑

j=1

ap,l,s,i,δt,j,b,m
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ap,l,s,i,δt,j,b,m =
1

2
(|ρ[Xp,l,s,i,b,MADp,l,s,i,δt,j,b,m]|+ |ρ[Xp,l,s+δt,j,b,MADp,l,s,i,δt,j,b,m]|)
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ABSTRACT

Supervised classifiers employ a-priori information of each
determined class. This is usually obtained by means of
training sets interactively generated or with semi-automatic
schemes that still depend on some user input. The purpose
of this work is to generate an initial statistically valid sample
of a class starting from only one single prototype pixel. This
is done by means of a new mapping model that uses redun-
dant contextual information. The initial sample generated is
the maximum size neighborhood centered on the prototype
pixel, which contains pixels that belong to the same class
as the center one. This is defined by a window of optimum
size obtained by minimizing the variance of a learning vari-
able over the line of maximal redundancy of the mapping
model. The minimum of the function studied corresponds
to the estimation of the point in which a new class emerges.
Additionally, a supervised classifier was designed and im-
plemented as an application of the model proposed.

1. INTRODUCTION

Supervised classifiers employ a-priori information of each
determined class. This is usually obtained by means of
training sets defined by an interactive procedure on the im-
age. The quality of the classification can be improved with
the implementation of semi-automatic training and valida-
tion set generation schemes [6][12]. However, these schemes
still require some user-input for the estimation of the param-
eters of the classes eg. thresholds, window sizes, or require
information about an initially assumed correlation structure
of the class. It could be an advantage to develop schemes
that minimize the amount of information the user is required
to provide.

The aim of the present work is to generate an initial sta-
tistically valid sample of a class starting from a single pro-
totype pixel. This initial sample could be used for the es-
timation of parameters of a region growing algorithm, for
example. The context of the pixel will be taken into ac-

count and, therefore, an initial window of optimum size will
be defined. From a semantic point of view [16], a window
[7] defines a subset of an entity in which the instances are
spatially connected. In order to find an ideal window size,
Hodgson [9] suggested the use of a conceptual model of the
human perceptual and cognitive interpretation processes.

In the case of visual perception, "human eyes move and
successively fixate at the most informative parts of the im-
age which therefore are processed with the highest resolu-
tion" [15]. This resolution can be interpreted as the max-
imum size of a window that contains pixels with the same
feature.

With respect to the cognitive process, it is well known
that "the learning process can be treated as a statistical dy-
namical problem" [8]. It has typical characteristics [17]
like:

� instability: "It is impossible to detect structure in data
until a critical number of examples have been pre-
sented" [18].

� fluctuations: underlying structure in the data can be
recognized [1].

� critical slowing down: additional information provided
is redundant [1].

� reorganization: a state of new order emerges and "the
mean-field model exhibits an ergodic to non-ergodic
transition where full ensemble averages are no longer
equal to time averages"[11].

Obtaining the highest resolution implies detecting the
emergence of a state of higher order. This will be done
through the minimization of an optimal learning curve that
depends of the fraction of examples [4]. The definition of
the optimal learning curve will be based on the fact that
there is a positive correlation between the redundancy and
the efficiency in the minimization of a learning algorithm



[13]. Thus, a mapping model with overlapping discs in or-
der to generate redundant sets will be defined. The opti-
mum size of the neighborhood of a given prototype pixel
will be obtained at the minimum of an energy function eval-
uated over the line of maximum redundancy of the mapping
model. This happens when the presence of a new class is
detected.

2. WINDOW SIZE OPTIMIZATION

Let us introduce some definitions and notations to be used
in the present work.

Let a specific image with non-correlated bands

X = fx[r; c]g (1)

be defined over the given domain L:

L = f[r; c]j1 � r � maxr; 1 � c � maxcg (2)

We suppose thatX is the realization of a two-dimensional
random fieldX -notice that whileX (sans serif) is a set of
variables,X is a set of values of those variables-;X (italic)
is hierarchically defined in terms of the realization

Z = fz[r; c]g (3)

of an underlying random fieldZ such that:Z represents the
partition of the domain inK regions of different types; each
z[r; c] is a value of the set of labels

B = fb1; b2; :::; bKg (4)

wherez[r; c] = bk indicates that the coordinate[r; c] of a
given pixel belongs to the regionk. In each region of type
k the presence of a realization of a discrete and homoge-
neous random fieldHk with a probability density function
P (Hk)is assumed. Then

8bk 2 B : x[r; c] = hk 2 Hk 8[r; c]jz[r; c] = bk (5)

Let the probability density functionsP (Hk) be unique fea-
tures – this doesn’t imply that the domains of the random
variablesHk are disjoint –.

Definition 1: Maximal Disc and Optimum Window

Let Z, in turn, be hierarchically defined in terms of the re-
alization

Wo = fwo[i; j]g (6)

of an underlying random fieldWo such thatWo represents
the set of radii ofHk homogeneous maximal discsDwo

[r; c].
From a syntactic point of view [16], a window defines a re-
alization of a disc. The set

Dw[r; c] = fdw[r � i; c� j]j0 � i2 + j2 � w2g (7)

is a realization ofDw[r; c].

The optimum windowwo for a given pixelx defines
the maximal setDwo

centered on the position[r; c] of x for
which is true that all the elements were generated with the
same probability density function. This is an heuristic ap-
proach. See an example in Figure 1.

Fig. 1. The set indicated as a circle is the maximal disc that
can be centered on the marked point for which is true that
all the pixels belong to the same class as the center pixel.

Definition 2: Entropy and Redundancy of a Disc

The disc is a collection of random variables. Based on the
Theory of Systems, that considers each system as a sub-
system of another system, we now consider the disc itself
as a random variable: the random variables that belong to
the disc, are now values of this new random variable. Then,
we can associate to that new random variable a probability
density function or set of weights!w. The set of weighting
functions used in the present work will be mentioned in sec-
tion 2.1.1.

The entropy of a disc can be defined as:

E(Dw) = �

nwX
i=1

!w[i]log(!w[i]) (8)

wherenw is the number of elements or instances of the disc,
!w[i] stands for thei-th instance of the disc, and

0 < !w[i] < 1 (9)

is the weight assigned to thei-th instance of the disc1.

1From that is deduced that a disc can not be an unitary set, and if an
element belongs to the disc, it has a probability greater than zero.



Following Møller [13], the redundancy of a disc of size
n is defined as2:

R(Dw) = 1�
E(Dw)

lognw
(11)

where – the same as before –nw denotes the size of a disc
given by the number of random variables that it is composed
of.

The internal entropy to external entropy ratioIEER for
given discs of radiiw and(w� s) centered on the same po-
sition, wheres < w, is defined as the quotient between the
entropy of their intersection and the entropy of their differ-
ence using the set of weights!w:

IEER[w; s] =
E(Dw \ Dw�s)

E(Dw � Dw�s)
(12)

2.1. The mapping model

An active learning process with increasing window size along
the iterations will be defined. It is expected that at some
point, the beginning of the learning phase of reorganization
is detected (eg. the class boundary is detected). This point
will be associated to the optimum window size. The statistic
to be learned is the mean of the maximum window, included
in the image, that can be centered on a given prototype pixel.
The way this statistic will be estimated is given by the map-
ping model that is built in the following two steps: the es-
timation of the mean into groups, and the estimation of the
mean between groups.

Several mapping models have been suggested in the last
years [19][3]. Models with overlapping contexts [16] are
attractive because they contain some degree of redundancy
[13]. In the present work a new mapping model based on
the Uncertainty Principle and the Central Limit Theorem
[14] is proposed. From the Heisenberg Uncertainty Princi-
ple we know that, if we want to minimize the uncertainty
of the neighborhood of a pixel, the envelope of the neigh-
borhood or the neighborhood itself has to be a Gauss func-
tion. However, in that case, for a given pixel our knowledge
about its neighbors is minimal, in other words, our uncer-
tainty is maximal. This means that, initially, we should give
its neighbors the same weight: we should use an uniform
model. The connection between an Uniform model and a
Gauss model can be found in the Central Limit Theorem

2Our aim is only specifying a trajectory. For this reason, in practical
cases we used the following formula as a relative measure:

R(Dw) = 1�
E(Dw)

N
(10)

whereN is a normalization factor, such that for eachw constantN is the
maximum value ofE(Dw) computed.

[14], which can be expressed as a property of convolutions.
The convolution of a large number of positive functions is
approximately a Gauss function. However, strictly speak-
ing, the Central Limit Theorem only applies under certain
general conditions and for an infinite number of random
variables.

The details of the mapping model follow bellow.

2.1.1. Estimating the mean within the groups

In general, we define the estimationy of the mean of a real-
izationDw of a discDw as the projection3 of the realization
Dw over the weighting function!w:

yw =
X
i

dw[i]!w[i] 2 Yw = f< Dw; !w >g (13)

wheredw[i] is thei-th element of the realizationDw of the
disc corresponding to thei-th position,!w[i] is the weight
assigned to the i-th element ofDw corresponding to the
samei-th position. Yw is the realization of a random field
Yw.

Let the realization of a discDm[r; c] be composed by
the estimationsyv [r � i; c� j] of the means ofnm groups
of sizenv using the same set of weights!v .

Fig. 2. The mapping model

2.1.2. Estimating the mean between the groups

The dynamics of the learning process will be followed look-
ing at the behavior of the estimation of the meanyv;m of the
realizations of discsDv;m. This will be the estimation of the
mean between thenm groups.

yv;m =< Dv;m; !m >2 Yv;m (14)

3Scalar product is denoted by< :; : >



It can be proved that8Dv � X ^ Dv;m � Yv 9Dt �
X ^ !t such that

yv;m = bmv;m ' yt (15)

where
t = t(v;m) ' v +m (16)

and!t results from a convolution4

!t ' !m � !v (17)

The number of elements inDt is nt.

Eachbmis an estimation of the meanmof the realization
of the disc of maximum size centered on a given position
[r; c] that is included in the imageX .

lim
nt!1

bmv;m ' m (18)

2.2. The optimization process

The mean fieldYv;m by itself does not describe the fluc-
tuations of each realization ofDv;m. A measure like the
learner variance [5] is a statistical approach for doing that
job. However, let us introduce some previous comments
about the redundancy in the mapping model.

2.2.1. The line of maximal redundancy

In general, we know that "the variance of the sampling dis-
tribution is inversely related to sample size" [10]. This can
be observed in figure 3 for the case of the mean of windows
of increasing size. This figure was generated using a Gauss
distributed image of 512 x 512 pixels with a mean of 128
and standard deviation of 8. The means of discs with radius
varying from 1 to 4 centered on each pixel were computed.
The normalized histogram for each radius is the probability
density function of the mean of discs with this radius. A
similar behavior can be observed if the test is extended to
other statistics like the variance, etc..

In our problem, this leads to maximize the size of the
discsDt.

lim
t!1

et = jyt �mj = 0 (19)

However, for each set of discsDv;m � Yv associated
to a discDt � X of fixed radiust, if we maximize the
size of the discsDv � X, we minimize the size of the disc
Dv;m � Yv and vice versa (See Equation 16). It has to be
taken into account, that the estimation of the mean ofDt

depends also on the weighting function!t. For eacht an
optimum 3-tuple(v;m; !t) should be found. An uniform

4Equality holds for square windows.
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Fig. 3. Probability Density Function of the Mean of Real-
izations of Discs of radiust = 1; 2; 3; 4

weighting function!t is not a possible solution here.

The following weighting functions!t will be evaluated:

� uniform(v)-uniform(m)

� uniform(v)-gauss(m)

� gauss(v)-uniform(m)

� gauss(v)-gauss(m)

where the first element of each pair refers to!v and the
second element to!m in Equation 17, and

� uniform(g):!g[i] = 1
ng
8i

� gauss(g):!g[d] = exp(�0:5( d
2

�2 )) 8d
2 = i2+ j2 and

� = f(g). Let us fix� = g=3:

As can be observed comparing Figures 4 and 5, for each
constant radiust, the error in the estimation of the real mean
is maximal when the redundancy is maximal. This happens
no matter which combination of weighting function is used.

8t constant

lim
t(v;m)!t(vo;mo)

jyv;m �mj = max(et) (20)

For each fixed discDt, there is an optimum pair(vo;mo)
such that the error in the estimation of the mean ofDt is
maximal.

We would like to minimize the error in the worst estima-
tion of the mean and at the same time take advantage of the
fact that the learning algorithm will work more efficiently in
the minimization if the redundancy is increased [13]. Then
for each fixed radiust we choose the pair(vo;mo) such that
the redundancy is maximal.

(vo;mo) = max(R(Dv;m))8t(v;m)constant (21)
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The position of the line of maximum redundancy of the
uniform(v)-gauss(m)weighting function is symmetric to the
position of the line of the gauss(v)-uniform(m) weighting
function with respect to the planev = m, and the values of
maximum redundancy are the same for eacht constant.

The position of the line of maximum redundancy of the
uniform(v)-uniform(m) weighting function is equal to the
position of the line of the gauss(v)-gauss(m) weighting func-
tion, but the values of redundancy for eacht constant of the
second are greater than the values of redundancy of the first.
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2.2.2. The energy function

Let us assume that we have a realizationDmax that changes
from an internal class I to an external class E at radiusto.
Let the mean of the internal classmI be different from the
meanm(I

S
E) of the union of the internal and the external

class. The last one is the statistic to be learned. Let the vari-
ance of the internal class�2I be less than the variance of the
union�2(I SE).

The emergence of a higher order state will be detected at
the minimumto of the following energy function evaluated
along the line of maximum redundancy:

Z[t] =< D2
vo;mo

; !vo;mo
> �y2vo;mo

(22)

where eachd2vo;mo
[i] 2 D2

v;m is the square of the ele-
mentdvo;mo

[i] of Dv;m that is at the same positioni.

Then

t̂o = min(Z[t]) 2 Ŵo (23)

whereŴo is the set of estimations of the elements ofWo

(see Equation 6), and the ratio

IEER[t; s] > 1 butnot >> 1 (24)

holds8t.

For X p-dimensional we will minimize the trace of a
matrix of Z.

The behavior of this energy function will be the follow-
ing:

� In each iteration theyt will be the estimation of the
real mean of the union of the internal with the external
classm(ISE).
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gauss(m), gauss(v)-uniform(m) and gauss(v)-gauss(m) re-
spectively (cf. Figure 6). From the top to the bottom, the
number of the row corresponds to the radius v.

� However, if we avoid adding instances of the external
class to the sample, we are going to obtain a good
estimation of the meanmI of the internal class. This
means that the variance of the learned mean of the
internal class will be minimized.

� From a physics point of view we can think that the
system tends to be singular and therefore more sen-
sitive to perturbations5. If we add a small quantity
of pixels that belongs to the external class this will

5Further work will be done in that sense.

introduce a perturbation to the system.

� Since "the chances of encountering a more extreme
sample value are greater, the smaller the sample size"
[10], we can expect that if the number of internal pix-
els is big enough, the probability of finding an ex-
treme value will be low and all the variation of the
learned variable will be introduced when we begin
adding external pixels.

� Furthermore, the size of that variation will be increased
because the variance of the union of the external and
the internal class is greater than the variance of the
internal class.

This can be observed for the four!t tried on an exam-
ple that was generated by seeding a pixel in the center of
a Rayleigh-distributed class6. The change of class happens
at radius 32. In general, all the models with overlapping
discs have an energy function that minimizes in the neigh-
borhood of the border between the external and the internal
class. (See Figure 8).
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Note in figure 9 that the real meanmI is estimated faster
by the yv;m corresponding to the uniform(v)-uniform(m)
model.

3. RESULTS AND DISCUSSION

The energy function proposed was evaluated for each of the
four weighting functions!t using a set of synthetic images.
From these results – and as an application – a supervised

6We used this distribution in order to evaluate the performance of this
model in non-Gauss distributed classes too.
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classifier was designed and implemented. The output of this
classifier is shown in the second part of this section for a real
case.

� The synthetic images:
Experiment: A set of pairs of Gauss-distributed im-
ages of 96 x 96 pixels with separations between means
of four gray levels, and varying standard deviations
from 1 to 4 was generated. In each pair, the first im-
age was assigned to the internal class, and the second
pair was assigned to the external class. With each one
of these pairs, a new set of images of the same size
was built centering a disc of varying radius from 2 to
18 in steps of 2 containing data of the internal class in
the center of the image. The complement of that disc
was filled with the data of the external class. In this
way a total of 144 different images was generated.
Since the optimum window size is known it could be
compared with each one of the estimated optimum
windows generated by the four!t used in this work.

Looking at the previous table it seems that the gauss(v)-
gauss(m) model has the best performance. However,
if we observe the last rows, it starts generating win-
dow sizes greater than the expected ones. This is
in spite of the fact that the internal entropy to ex-
ternal entropy ratio grows faster in that model than
in the others. (See Figure 10 and note the differ-
ence in the scale of the y-axis.) For this reason, ex-
cluding the case in which the internal entropy to ex-
ternal entropy ratio is less than 1, we can conclude
that the uniform(v)-uniform(m) weighting function
has the best performance at detecting the emergence
of a state of higher order. It should be taken into ac-
count, that if the ratio is much greater than 1 the emer-

Table 1. Minimum, Average and Maximum Estimated Op-
timum Window Size using combinations of Uniform(U) and
Gauss(G) weighting functions in the Mapping Model.A set
of 144 images with internal class with varying radius (to)
from 2 to 18 was used. The difference between the mean of
the internal class and the external class was 4 gray levels.
The standard deviations of the classes varied from 1 to 4.

to U(v)- U(v)- G(v)- G(v)-
U(m) G(m) U(m) G(m)

2 2, 7,22 2, 2, 2 2,11,18 2, 2, 2
4 2, 2, 2 2, 2, 2 4, 4, 4 4, 4, 4
6 4, 4, 4 2, 2, 2 6, 6, 6 6, 6, 6
8 6, 8, 8 2, 4, 8 6, 7, 8 8, 8, 8

10 6, 8, 8 2, 8,10 6, 7,10 10,10,10
12 6, 8, 8 2,10,12 6, 7,12 12,12,12
14 6,11,12 2,11,12 6,11,14 14,14,16
16 12,14,14 2,11,12 6,14,16 14,16,18
18 12,14,16 2,11,12 6,17,18 14,18,20

gence of a state of greater order will be detected with
a delay, and wrong examples will be included in the
initial sample generated.
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� A real example:
As an application of the uniform(v)-uniform(m)model,
a supervised classifier that requires only one pixel
seed for each image class was designed and imple-
mented. The seeds are manually selected and should
be located within an homogeneous region. Let us



haveK seeds. The algorithm consists of the follow-
ing steps:

– Initial sample size: For each classk, a disc of
maximum radius is centered on the correspond-
ing seedqk[r; c].For each pixel seed a maximum
possible disc still included in the image can be
found. In order to treat all classes equally, all the
discs are now restricted to have a maximum ra-
dius corresponding to the smallest of these. The
optimum window sizetk(vk;mk) is found for
each classk using Equation 22. For each class
k, the meanmisk and the standard deviationSisk
are computed from its optimum window.

– Region growing algorithm: The thresholds for
the region growing algorithm are defined for each
class using the previous statistics. A pixelp(r; s)
will be assigned to the grown region correspond-
ing to the k-th class if the difference between
the mean of a window of sizevk centered on
the pixel p and the meanmisk of the k-th class is
less than a threshold�. This is denoted in the
following way:

p(r; s)! k : jmvk (r; s)�misk j < � (25)

where
� = Sisk (26)

such that 2 R+. For each classk the mean
mgrk and the standard deviationSgrk are com-
puted from its grown region.

– Final classification: A set of windows of sizes
v1:::vK are centered on each pixel to be classi-
fied. The pixel p is assigned to the closest class.

p(r; s)! k : min(jmvk(r; s)�mgrk j)8k (27)

An example of an image with a malignant me-
lanoma is presented in Figure 11 and 12. The
principal components of that image were used
by the classifier.

4. CONCLUSIONS

Preliminary investigations have shown that mapping mod-
els with overlapping discs are useful for detecting the emer-
gence of a state of higher order. An optimum window cen-
tered on a given pixel and associated to the disc of max-
imum radius that contains pixels of the same class as the
center pixel, can be obtained at the minimum of an energy
function that is only evaluated at the line of maximum re-
dundancy of the mapping model. The weighting functions
used in the mapping models are only initial suggestions that
have a good performance until they are affected by the in-
creasing size of the internal entropy to external entropy ra-
tio. This could be improved by using variable increments

Fig. 11. The initial samples delineated with circles and the
grown regions

Fig. 12. The different steps in the classification scheme in-
cluding the final classes generated

of the radius of the discs. It has been shown by introducing
these results in the design and implementation of a super-
vised classifier that, -when the expected optimum window
is not too big- the model proposed is a good tool for the gen-
eration of an initial statistically valid sample of the class to
which the seeded pixel belongs. Further work will be done
using the same idea of minimizing the learner variance over
the line of maximum redundancy of the mapping model.
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Mean Shift Detection using Active Learning

in Dermatological Images
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w(^a`ci�`Qk�^a`~b8svyayam nao8bdgrjr`ctImu[(bdg�i�`$i�`�jrpan�jasvn�k���m n>`�s�]�^*m k�`ci_sLk�m g�n/k�^a`

yt

w(m t tI�'`
k�^a`8`�[6k�m b8sLk�m g�nXgve�k�^a`Ai�`�svt?bd`�svn�gveqk�^a`8panam g�nXgveqk�^a`8m n�k�`ci�n�svt#svn�j�k�^a`8`l�Gk�`ci�n�svt#]ltus�[�[

M(I
⋃

E)

{E��g�wq`c��`ci��Im e�wq`
s��vg�muj8s�jajrm nao�m n�[6k_svn�]l`�[#gveOk�^a`K`l�Gk�`ci�n�svt�]ltus�[�[?k�g$k�^a`Q[�svbdyat `���w�`fsvi�`�i�`�svt t }1`�[6k�m b8sLk�m nao$k�^a`Kbd`�svn

MI

gve'k�^a`fm n�k�`ci�n�svt
]ltus�[�[c{ | ^amu[�bd`�svn�[qk�^�sLk(k�^a`$�Lsvi�musvn�]l`fgve,k�^a`$t `�svi�nam naodbd`�svn/gve,k�^a`$m n�k�`ci�n�svtI]ltus�[�[qw(m t tOk�`cn�jEk�gd�'`Qbdm nam bdm �c`�jO{q�Gm n�]l`
²_k�^a`�]_^�svn�]l`�[(gve#`cn�]lg�pan�k�`ci�m naoEs8bdg�i�`$`l�Gk�i�`cbd`�[�svbdyat `~�Lsvt pa`�svi�`$o�i�`�sLk�`ci��rk�^a`1[zb8svt t `ci(k�^a`1[�svbdyat `�[zm �c`G²L�

3
wq`�]csvn

`l�ry�`�]:kfk�^�sLkQm e#k�^a`1nGpab~�'`cifgve�m n�k�`ci�n�svt-yam �r`ctu[fmu[K�am o/`cnag�pao�^O��k�^a`1yai�g���sv�am t m k6}*gve#��n�jrm nao/svn�`l�Gk�i�`cbd`��Lsvtupr`1w(m t t-�'`
t gLwBsvn�j*svt tOk�^a`~�vsvi�musLk�m g�n/gve-k�^a`~t `�svi�na`�j/�Lsvi�musv�at `Qw(m t t,��`~m n�k�i�gajrp�]l`�j/w(^a`cn>w�`~��`co�m n>s�jajrm nao8`l�Gk�`ci�n�svtIyam �r`ctu[c�#k�^amu[
w(m t t?yai�grjrp�]l`8sEy�`cizk�pai���sLk�m g�n�m n�k_^r`A[z}r[6k�`cb*{ | ^a`ci�`lehg�i�`��'k�^a`d`cbd`ci�o�`cn�]l`1gve�s/^am o�^a`ciQg�i_jr`ciQ[6k_sLk�`dw(m t t?��`8jr`lk�`�]:k�`�j
sLk�k�^a`~bdm nam b~pab

to
gve-k�^a`$ehg�t t gLw(m nao8`cna`ci�o�}8ehpan�]:k�m g�n76A`c�Lsvt p�sLk�`�j*svt g�nao1k�^a`~t m na`~gve?b8sL�rm b~pab¬i�`�jrpan�jasvn�]l}Egve-k�^a`

b8svyayam naodbdgajr`ct��
6
= σ2

vo,mo
=< D2

vo,mo
, ωmo

> −y2
vo,mo

"�8 %
w(^a`ci�`$`�s�]_^

d2
vo,mo

(i) ∈ D2
v,m

mu[(k�^a`�[���p�svi�`Qgve-k�^a`~`ct `cbd`cn�k
dvo,mo

(i)
gve
Dv,m

k�^�sLkKmu[�sLk�k�^a`�[�svbd`$y�g�[zm k�m g�n
i
{�¨�g�i

`�s�]_^E�a�r`�jEi_s�jrm p�[
t
w�`$w(m t t,]�^agrg�[z`Kk�^a`$y�svm i

(vo,mo)
[zp�]�^/k�^�sLk(k�^a`$i�`�jrpan�jasvn�]l}Am n )

t

mu[(b8sL�rm b8svt�{

(vo,mo) = max(R(
)

t(v,m)))∀t(v,m)constant ""95%



��� �����	�����-Ò�¸�¹�¿~ºcÆ�Æ�¼ ½�Îf¿$»vÃ�¹_ÍxÈ?Ò�»$·6¸�¹(Í ¹�¾ ·:ÑaºQÅ�¹�·q»c¾-Ã�¼ Å�Ä�Åq»c¾I¼ ½�Ä�¶6¹:ºcÅ�¼ ½�Î$¶zº�Ã�¼ µ�Å
t
Ä_¹_½L·6¹�¶6¹:Ã1»�½AºQÎ�¼ 9�¹_½dÆ�¼ ��¹_Í�¼ Å�Å�¸�» �#½�È#Ò�»

·6¸�¹K¶6¼ Î�¸L·:Ñ�»�½�¹Q»c¾-·6¸�¹_Å�¹QÃ�¼ Å�Ä_Å(¼ Å�Å�¸�» �#½/¼ ½*Ã�¹�·zºc¼ ÍxÀ�»	9�¹�¶6Í ºcÆ�Æ�¼ ½�ÎdÃ�¼ Å�Ä_Å(»c¾#º��5��¹:Ã8¶zº�Ã�¼ µ�Å
v
ºl¶6¹QÆ�Í ºcÄ_¹:ÃE¼ ½L·6»~·6¸�¹QÃ�¼ Å�ÄQ»c¾-¶zº�Ã�¼ µ�Å

t
È�Þ ½�¹ �5Ã�¼ Å�ÄK»c¾,¶zº�Ã�¼ µ�Å

m
¼ ÅqÄ_»�½�Å·�¶6µ�Ä�·6¹:Ã �#¼ ·6¸8·6¸�¹�Ä_¹_½L·6¹�¶6Åq»c¾,·6¸�¹_Å�¹K»	9�¹�¶6Í ºcÆ�Æ�¼ ½�Î1Ã�¼ Å�Ä�Å�»c¾,¶zº�Ã�¼ »

v
È�Ò�¸�¹K¿~ºcÆ�Æ�¼ ½�Î$¿$»vÃ�¹_Í�¼ Å

Ä_»�¿$Æ�Í ¹�·6¹_Í å1Ã�¹��G½�¹:Ã �#¸�¹_½���¹_¼ Î�¸L·6Åqºl¶6¹�ºcÅ�Å�¼ Î�½�¹:Ã�·6»f·6¸�¹(¹�Í ¹_¿$¹_½L·6Å#»c¾O¹:ºcÄz¸8Ã�¼ Å�Ä�È
| ^a`~[z`lk(gve

t = t(vo,mo)
jr`l��na`�[�k�^a`$t m na`$gve-b8sL�rm b�pab i�`�jrprn�jasvn�]l}Agve-k�^a`$b8svyayam naodbdgrjr`ct�{ | ^a`cn

to = min[
6
] ∈ Ŵo "��5%

w(^a`ci�`
Ŵo

mu[�k�^a`1[z`lkfgve#`�[6k�m b8sLk�`�[�gve?k�^a`�`ct `cbd`cn�k_[Kgve
Wo " [z`c`�����p�sLk�m g�n #&% �Osvn�j/k�^a`�m n�k�`ci�n�svt-`cn�k�i�g�yG}Ek�gE`l�Gk�`ci�n�svt`cn�k�i�g�y�}Ai_sLk�m g

R =
E(
)

t−s)

E(
)

t −
)

t−s)
' Ro "$#��5%

�wq`ci�`
s
mu[Kk�^a`1�Lsvi�musv�at `~m n�]li�`cbd`cn�kQgve?k�^a`1i_s�jrm p�[6�_�'^ag�tuja[

∀t
{ | ^a`1i�`�s�[zg�n>gve�yaprkzk�m nao*sE]lg�n�[6k_svn�kKk�^ai�`�[z^ag�tuj*ehg�iKk�^amu[

i_sLk�m gdmu[qk�^�sLk�wq`Qwqg�patujEt m ª�`fk�g8^ag�tujAk�^a`$`l«'`�]:k�gve-k�^a`$na`cwHyam �r`ctu[�s�jajG`�jEk�g1k�^a`~[�svbdyat `$]lg�n�[6k_svn�k�{
| ^a` � m n�jrgLw¯�Gm �c`A�Kyrk�m bdm ��sLk�m g�n�[6k_svo�`�o�`cna`ci_sLk�`�[(k�^ai�`c`1g�prk�yaprk_[fgve#k�^a`d[�svbd`1[zm �c`ds�[�k�^a`1g�i�m o�m n�svt,m b8svo�`�{ | ^a`

��i_[6k1g�prk�yaprkdmu[ds�[z}Gn�k�^a`lk�mu]Em b8svo�`Aw(m k�^�k�^a`/i_s�jrm mqgve�k�^a`/`�[6k�m b8sLk�`�j!g�yrk�m b�pab w(m n�jrgLw®[zm �c`�[~ehg�idsvt tqk�^a`/yam �r`ctu[�gve
k�^a`1g�i�m o�m n�svt,m b8svo�`�[c{ | ^a`d[z`�]lg�n�j>g�prk�yaprkQmx[fsE[z}Gn�k�^a`lk�mu]�m b8svo�`�w(m k�^ k�^a`1`�[6k�m b8sLk�`�[fgve?k�^a`1bd`�svn�[f��`lk6w�`c`cn�o�i�g�pay�[
]lg�i�i�`�[zy�g�n�jrm naoEk�g*k�^a`8`�[6k�m b8sLk�`�j�g�yrk�m b~pab§w(m n�jrg�w�[c{ | ^a`1k�^am i_j�g�prk�yaprk�mu[~s*[z}Gn�k�^a`lk�mu]dm b8svo�`dw(m k�^�k�^a`8�vsvt pa`�[Qgve
bdm nam b�pab `c[6k_m b8sLk�`�jX�vsvi�musvn�]l`8gve(k�^a`E`�[6k�m b8sLk�`�j!bd`�svn�w(m k�^am n�o�i�g�pay�[�]lg�i�i�`�[zy�g�n�jrm nao*k�g>k_^r`/`�[6k�m b8sLk�`�j!g�yrk�m b~pab
w(m n�jrgLw�[zm �c`�[c{ | ^a`$tus�[6k(g�na`Qmu[(p�[z`�jEm n/k�^a`Qehg�t t gLw(m nao8[6k_svo�`�{
���4��� £ � � �
	 � ����
| ^a`q^amu[6k�g�o�i_svbBgveak�^a`�[z}Gn�k�^a`lk�mu]�m b8svo�`q]lg�n�k_svm nam nao�k�^a`�bdm nam b~pab `�[6k�m b8sLk�`�j~�vsvi�musvn�]l`#gveak�^a`�`�[6k�m b8sLk�`�j~bd`�svn�[,w(m k�^am n
o�i�g�pay�[-mu[#]lg�n�[6k�i�p�]:k�`�jO{�Z�nd�?�ry'`�]_k:sLk�m g�nr� 1 sL�am bdm ��sLk�m g�n1Z�t o�g�i�m k�^ab 4 " [z`lkzk�m nao ε = 0.0001 m n 4 % mu[?`l�ry�`�]:k�`�j�k�g$yai�gL�Gmujr`k�^a`~y�svi_svbd`lk�`ci_[ " bd`�svn µ ��]lgL�Lsvi�musvn�]l`fb8sLk�i�m � Σ svn�j>sL��yai�m g�i�mOyai�g���sv�am t m k�} p % gve�k�wqgE¥Qsvp�[�[�jrmu[6k�i�m �aprk�`�j*]ltus�[�[z`�[c��k�^a`^ag�bdg�o�`cna`cg�p�[�i�`co�m g�n svn�j*k�^a`1^a`lk�`ci�g�o�`cna`cg�p�[�i�`co�m g�nI{ | ^a`�k�^ai�`�[z^ag�tuj>��`lk6w�`c`cn k�^a`�[z`d]:txs�[�[z`c[Kmu[Kg��rk_svm na`�j>p�[zm naoAk�^a`
ehg�t t gLw(m naodjrmu[�]li�m bdm n�sLk�mug�nAehpan�]:k�m g�n/ehg�iK¥Qsvp�[�[6��jrmu[6k�i�m �aprk�`�j/]ltus�[�[z`�[qw(m k�^>jrm «'`ci�`cn�kKjrmu[zy�`ci_[zm g�n

5
�

−(h− µ1)
′Σ−1

1 (h− µ1) + (h− µ2)
′Σ−1

2 (h− µ2) ≥ 2log(
L(2, 1)p2

L(1, 2)p1
) "$#/#&%

w(^a`ci�`
µi

mu[?k�^a`Kbd`�svnO�
Σi

mu[?k�^a`K]lgL�Lsvi�musvn�]l`�b8sLk�i�m �dsvn�j
pi

mu[?k�^a`Ks$yai�m g�i�mryai�g���sv�am t m k6}�gve'k�^a`
i− th

]ltus�[�[
∀i ∈ {1, 2}

{
L(1, 2)

mu[(k�^a`1]lg�[6kKgve?��`ct g�nao�m naodk�gE]ltus�[�[
1
svn�j>��`cm naoE]ltus�[�[zm ��`�j*s�[���`ct g�nao�m naodk�gE]ltus�[�[

2
svnaj>�Gmu]l`c�v`ci_[�s1ehg�i

L(2, 1)
°

k�^a`�[z`~]csvn/��`~s�[�[zpabd`�jAk�gd��`$`���p�svt�{
� m �r`ctu[1w(^ag�[z`/bdm nam b~pab `�[6k�m b8sLk�`�j��vsvi�musvn�]:`Egve�k�^a`*bd`�svn�[1w(m k�^am n;o�i�g�pay�[�mu[1o�i�`�sLk�`ci�k�^�svn�k�^a`/k�^ai�`�[z^ag�tujDsvi�`

]lg�n�[zmujr`ci�`�jA�'`ct g�nao�m nao�k�gdk�^a`$^a`lk�`ci�g�o�`cna`cg�p�[�i�`co�m g�n�[c�rsvn�j/�Gmu]l`c�v`ci_[�sa��ehg�i�k�^a`$^ag�bdg�o�`cna`cg�p�[qi�`co�m g�n�[c{
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| ^a`�yai�`�[z`cn�kQ[�]_^a`cbd`1]csvn `�s�[zm t }*��`�`l�Gk�`cn�jr`�j>k�gEgvk�^a`ciQ[zy�`�]:k�i_svt�]cs�[z`�[c��g�iKm n�]lt p�[zm ��`~k�gEk�`l�Gk�pai_svt-`:��svbdyrtu`c[c{f��n�[6k�`�s�j
gveK`�[6k�m b8sLk�m nao�k�^a`*bd`�svnDw(m k�^am nDk�^a`*o�i�g�pay�[c�?gvk�^a`ci8[6k_sLk�mu[6k�mu]csvt(jr`�[�]li�m yrk�g�i_[

6
]csvnD��`*p�[z`�jO{D�(`���pam i�`cbd`cn�k_[1ehg�i�k�^a`

`l�Gk�`cn�[zm g�n�svi�`~k�^�sLkfk�^a`1^ag�bdg�o�`cna`cg�p�[Ki�`lo�mug�na[Kyai�`�[z`cn�kfm n�k�^a`1m b8svo�`�^�s���`~k�g/�'`d[z`cy�svi_sv�at `~�G}*k�^amu[fna`cw�[6k_sLk�mu[6k�mu]csvt
jr`�[�]li�m yrk�g�i��qsvn�j�k�^�sLk8k�^a` [zm �c`*gveKk�^a`>i�`co�m g�n�[1��`ct g�nao�m nao�k�g�k�^a`>m b8svo�`*^�s���`/k�gX�'`>jrm i�`�]:k�t }�yai�g�y'g�izk�m g�n�sLtqk�g�k�^a`
jrm bd`cn�[zm g�n�svt m k6}Agve,k�^�sLkK[6k_sLk�mu[6k�mu]csvtIjr`�[�]li�m yrk�g�i�{#�G`c`Qna`l�GkK[z`�]:k�m g�nEehg�i�[zg�bd`Q`l�asvbdyat `�[c{

�?� W��AU?¤ ��V*U
��n1g�i_jr`ci,k�gf��i_[6k�`c�vsvt p�sLk�`#k�^a`�w(m n�jrgLwDg�yrk�m bdm ��sLk�m g�n1[6k_svo�`qm n�mub8svo�`c[-w(m k�^1wq`ct tajr`l��na`�j���g�i_jr`ci_[c�LsQ[z`lk�gve # � [z}Gn�k�^a`lk�mu]m b8svo�`�[$w(m k�^D[zm o�n�svt#k�g nag�mu[z`Ai_sLk�m g�[

† � � 3 � 9 � # � svn�j -4! svn�j!n�pab���`ci O " ehi�g�b§g�i_jr`ci % gve�]ltus�[�[z`�[ 3 � � svn�j 8 w�s�[o�`cna`ci_sLk�`�jO{ | ^a`�[z`cy�svi_sLk�m g�n��'`lk�wq`c`cn8]lg�n�[z`�]lprk�m ��`�bd`�svn�[?gve�k�^a`�]ltus�[�[z`�[�wqs�[ � o�i_s�}$t `c��`ctu[�ehg�i#svt tam b8svo�`�[c{ | ^a`�]ltus�[�[z`�[svi�`d¥Qsvp�[�[6��jrmu[6k�i�m �aprk�`�jO{ | ^a`d[zm �c`�gve#k�^a`1m b8svo�`�[Kmu[ #&-49 ��} #&-49 yam �r`ctu[ " �G`c`d¨-m o�pai�` 35% { | ^a`1g�yrk�m b�pab�w(m n�jrgLw [zm �c`w�s�[�`�[6k�m b8sLk�`�j>ehg�iK`�s�]_^ yam �r`ct-gve�`�s�]�^�[z}Gn�k�^a`lk�mu]~mub8svo�`�[z`lkzk�m naoAk�^a`1��n�k�`ci�n�svt,k�gE�?�Gk�`ci�n�svt-�#n�k�i�g�y�} ��sLk�m g
Ro

k�g/svn
`cbdyam i�mu]csvt t }8ehg�pan�j/�Lsvt pa`$gve #�� { | ^amu[(bd`�svn�[c�Gk�^a`$`cna`ci�o�}8ehpan�]:k�m g�n*w�s�[(]lg�bdyaprk�`�jEehg�i�jrmu[�]c[�gve�i_s�jrm p�[ t = - � � � ! � 9 �
#�� � # � � #�9 � -.� � 35- � �- � �4! " k�^a`1tus�[6kKnGpab���`cifgve?k_^rmx[f[z`���pa`cn�]l`1]lg�i�i�`�[zy�g�n�ja[�k�gAk�^a`1i_s�jrm p�[�gve?k�^a`djrmu[�]~gve#b8sL�rm b�pab[zm �c`8k�^�sLk1]csvn!��`Am n�]lt p�jr`�jXm n!k�^a`Am b8svo�`A[6k�m t tqyai�`�[z`ci��Gm nao/k�^a`A��n�k�`ci�n�svt#k�g>�?�Gk�`ci�n�svt��#n�k�i�g�yG}���sLk�mug % { | ^r`Ew�`cm o�^�ks�[�[zm o�na`�jdk�g�`�s�]_^Ayam �r`ct'm nE`�s�]�^/jrmu[�]Kwqs�[#k�^a`fm nG��`ci_[z`KgveOk�^a`Q[zm �c`fgveIk�^a`fi�`�[zy�`�]:k�m ��`fjrmu[�](ehg�i(svt t�k�^a`f`l�asvbdyat `�[#k�i�`�sLk�`�jO{
| ^a`~s���`li_svo�`�jE[zm o�n�svtOk�gdnag�mu[z`$i_sLk�m gdm n�]li�`�s�[z`�jAehi�g�b

10.35
m n/k�^a`$g�i�m o�munasvtOm b8svo�`�[qk�g

30.64
m n/k�^a`~`�[6k�m b8sLk�`�j/bd`�svn�[

��`lk6wq`c`cn/o�i�g�pay�[���`ct g�nao�m nao�k�^a`$^ag�bdg�o�`cna`cg�p�[qi�`co�m g�n�[c{

SNR=0 O=3 SNR=3 O=3 SNR=8 O=3 SNR=15 O=3 SNR=26 O=3

SNR=0 O=5 SNR=3 O=5 SNR=8 O=5 SNR=15 O=5 SNR=26 O=5

SNR=0 O=7 SNR=3 O=7 SNR=8 O=7 SNR=15 O=7 SNR=26 O=7

��� �����	��� � Ò�¸�¹(Å�¹�·�»c¾O»c¶6¼ Î�¼ ½GºcÍ�Åå�½L·6¸�¹�·6¼ Ä�¼ ¿~ºcÎ�¹_Å

ZKn*�?�ry�`�]:k_sLk�m g�nr� 1 sL�rm bdm ��sLk�m g�n*Z�t o�g�i�m k�^ab 4
wqs�[�svyayat m `�jEk�g1k�^a`~g�i�m o�m n�svt'm b8svo�`�[(svn�jEk�gdk�^a`$m b8svo�`�[(]lg�n�k_svm nam nao

k�^a`�`�[6k�m b8sLk�`�j bd`�svn�[A��`lk6w�`c`cn±o�i�g�pay�[c{
‡ | ^ai�`�[z^ag�tuja[8��`lk6wq`c`cn5y�svm i_[8gve~na`cm o�^��'g�iE]ltus�[�[z`�[8w�`ci�` `�[6k�m b8sLk�`�j p�[zm nao

����p�sLk�m g�n #/# �-w(^a`ci�`E]lg�[6k_[~wq`ci�`Es�[�[zpabd`�j�k�g �'`A`���p�svt�{ � pan�]:k�p�svt�]ltus�[�[zm ��]csLk�m g�nXw�s�[$k�^a`cnDsvyayat m `�jO{ | ^a`/s���`ci_svo�`� g�^a`cn�� [ "$#�� ! �5%�� svyay�s*]lgG`l¦A]lm `cn�k~m n�]:i�`�s�[z`�j ehi�g�b 0.4878
k�g
0.7737

p�[zm nao>jrsLk:sEgve�k�^a`8w(^ag�t `dm b8svo�`�[c�Isvn�j�bdg�i�`��
ehi�g�b

0.4625
k�g
0.9612

g�nat }8k_svªGm naodm n�k�gAs�]c]lg�pan�k(yam �r`ctu[���`ct g�nao�m nao1k�gd^ag�bdg�o�`cna`cg�p�[qi�`co�m g�n�[ " �G`c`~¨-m o�pai�` �% {
Zf[(svn/`l�Gk�`cn�[zm g�n/gve-k�^a`~svt o�g�i�m k�^ab k�g1k�`l�Gk�pai_svtI]cs�[z`�[c�asd[z}Gn�k�^a`lk�mu]csvtI`l�asvbdyat `Qo�`cna`ci_sLk�`�jAw(m k�^>sd[z`lk�gve��qi�grjasLk��	� [

k�`l�Gk�pai�`�[
7
wqs�[#p�[z`�j " �G`c`K¨-m o�pai�`�[ � svn�j !5% { | ^a`�`cna`ci�o�}~ehpan�]:k�m g�nd��jr`l��na`�j8s�[�k�^a`K�Lsvi�musvn�]l`(gve�k�^a`�ehi_s�]:k_svt�jrm bd`cn�[zm g�n

† Ò�¸�¹�Å�¼ Î�½GºcÍ�·6»Q½�»�¼ Å�¹(¶zºl·6¼ »~¼ ÅqÃ�¹��G½�¹:Ã1ºcÅ SNR = 20 log

∑

K−1

i=1
|µi−µi+1|

(K−1)σ

�#¸�¹�¶6¹(·6¸�¹
µi
¼ Å#·6¸�¹(¿$¹:ºc½d»c¾O·6¸�¹(¼ Ìh·6¸dÄ_Í ºcÅ�Å_ÑG·6¸�¹

¿$¹:ºc½�Å#ºl¶6¹(»c¶zÃ�¹�¶6¹:Ã1¼ ½1¼ ½�Ä�¶6¹:ºcÅ�¼ ½�Î$Å�¼ �_¹�Ñrºc½GÃ
σ
¼ Å?·6¸�¹�Å·zºc½GÃ�ºl¶zÃdÃ�¹ 9v¼ ºl·6¼ »�½1»c¾O·6¸�¹�Ù5Ä_Í ºcÅ�Å�¹_Å_È

‡ Ò�¸�¹�½Lµ�¿fÚr¹�¶'»c¾GÄ_Í ºcÅ�Å�¹_ÅI»c¾�¹:ºcÄz¸f¼ ¿~ºcÎ�¹ �?ºcÅOÆ�¶6»	9v¼ Ã�¹:Ã���¼ ½�¼ ·6¼ ºcÍ ¼ �:ºl·6¼ »�½ �?ºcÅ,Ãv»�½�¹ �#¼ ·6¸K·6¸�¹-Ù�ÌÉ1¹:ºc½�ÅOÞ�Í Î�»c¶6¼ ·6¸�¿��c·6¸�¹,·6¸�¶6¹_Å�¸�»�Í Ã
ε
�?ºcÅ#Å�¹�·�¼ ½

0.0001
È



SNR=0 O=3 SNR=3 O=3 SNR=8 O=3 SNR=15 O=3 SNR=26 O=3

SNR=0 O=5 SNR=3 O=5 SNR=8 O=5 SNR=15 O=5 SNR=26 O=5

SNR=0 O=7 SNR=3 O=7 SNR=8 O=7 SNR=15 O=7 SNR=26 O=7

��� �����	��� � Ò�¸�¹(Å�¹�·�»c¾OÅå�½L·6¸�¹�·6¼ Ä�¼ ¿~ºcÎ�¹_Å#Ä_»�½L·zºc¼ ½�¼ ½�ÎQ·6¸�¹�¹_Å·6¼ ¿~ºl·6¹:Ã�¿$¹:ºc½�Å?Úr¹�·.��¹_¹_½dÎc¶6»�µ�Æ�Å#»c¾'·6¸�¹�¸�»�¿$»�Î�¹_½�¹_»�µ�Å?¶6¹_Î�¼ »�½�Å_È

w(m k�^am n*o�i�g�pay�[
§
�_�awqs�[(]lg�bdyaprk�`�jAehg�i�jrmu[�]c[�gve-i_s�jrm p�[

t = - � � � ! � 9 � #�� � # � svn�j #�9 { � `cm o�^�k�m nao1ehpan�]:k�m g�n�[�p�[z`�j/w�`ci�`jr`l��na`�j/m n/k�^a`~[�svbd`Qwqs�}Es�[���`lehg�i�`�{

��� �����	��� � Ò�¸�¹�Åå�½�·6¸�¹�·6¼ Ä:ºcÍ�¼ ¿~ºcÎ�¹QÛlÖcâl·:Û_Ô �#¼ ·6¸1·6¸�¶6¹_¹�·6¹ �v·6µ�¶zºcÍaÄ_Í ºcÅ�Å�¹_ÅKÁxÍ ¹�¾ ·�Ê#ºc½GÃ~·6¸�¹�¸�¼ Å·6»�Îc¶zºc¿ »c¾'·6¸�¼ Å#¼ ¿~ºcÎ�¹$Áu¶6¼ Î�¸L·�ÊzÈ

| ^a`Ei�`�svtq]cs�[z`8yai�`�[z`cn�k�`�jXm n!k�^amu[�w�g�i�ª�mu[�s jr`ci�b8sLk�g�t g�o�mu]csvt?m b8svo�`Agve�s b8svt m o�n�svn�k�bd`ctusvnag�b8sa{ | ^amu[~m b8svo�`Amu[
]lg�bdy�g�[z`�j*gve?k�^ai�`c`���svn�ja[

(R,G,B)
gve � � � i�g�w�[��G} 9 9 � ]lg�t pabdn�[c{ � i�m n�]lm y�svt�]lg�bdy�g�na`cn�kQsvn�svt }r[zmu[�w�s�[�y�`cizehg�i�bd`�j��`lehg�i�`>[6k_svizk�m nao�w(m k�^;k�^a`*yai�g�y'g�[z`�j�[�]_^a`cbd`�{ ��n jr`�]li�`�s�[zm nao�g�i_jr`li1k�^a`>`cm o�`cnG�Lsvt pa`�[1g��rk_svm na`�jDw�`ci�`�� � { �535- � � { # 35-svn�j � { � ��# {±�Knat }!k�^a`*��i_[6k8yai�m n�]lm y�svt�]lg�bdy'g�na`cn�k8w�s�[dp�[z`�jO{ | ^a`>[�svbd`*y�svi_svbd`lk�`ci_[ds�[1�'`lehg�i�`*w�`ci�`*p�[z`�jO{ | ^a`i_sLk�m g>�'`lk�wq`c`cnD]lg�[6k_[ L(2,1)

L(1,2)

m n!�	��p�sLk�m g�n #/# w�s�[�[z`lk�m nDsvn!`cbdyam i�mu]csvt?ehg�pan�j!�Lsvt pa`Agve 40 { ��n!g�i_jr`ci$k�g i�`�jrp�]l`8k�^a`]lg�bdyaprk_sLk�m g�n�svt#]lg�[6k��Ok�^a`A[�]_^a`cbd`dw�s�[$svyayat m `�j k�g*k�^a`8yai�m n�]lm y�svt#]lg�bdy�g�na`cn�k$i�`�jrp�]l`�j�m n![�]csvt `1k�g - � y�`ci_]l`cn�k$gve�m k_[[zm �c`�{ | ^a`/yai�m n�]lm y�svtq]lg�bdy'g�na`cn�k1w�s�[�svtu[zg�jrm �GmxjG`�j�m n�k�g�nag�i�b8svtq[zªGm nDsvn�j!m t t�[zªGm n�p�[zm nao k�^a`*[�]�^a`cbd`/yri�g�y'g�[z`�jXm n
�G`�]:k�m g�n - { - svn�j>k�^a`dg�prk�yaprk$w�s�[Ki�`�jrp�]l`�j k�g - � y'`ci_]l`cn�k$gve�m k_[$[zm �c`�k�gGg�{ | ^Gp�[c�Og�n k�^a`di�m o�^�k$[zmujr`1gve�¨-m o�pai�` 8 k�^a`^a`lk�`ci�g�o�`cna`cg�p�[qi�`co�m g�n�[qgve,k�^a`$m t t,[zªGm n*]csvn/�'`$svyayai�`�]lmusLk�`�jO{

�?� Y>¢ ¡ Y��K¤;U   ¢ ¡ U
Z na`cw [�]�^a`cbd`$ehg�ifbd`�svn [z^am exkQjr`lk�`�]:k�m g�n m n>mub8svo�`c[�w(m k�^�jrm «'p�[z`���g�i_jr`ci_[(�'`lk�wq`c`cn ^ag�bdg�o�`cna`cg�p�[�i�`co�m g�n�[(^�s�[��'`c`cn
yai�g�y�g�[z`�jO{¯�k*^�s�[E��`c`cn�[z^ag�w(n5k_^asLk/k�^a`�b8sL�rm b�pab [zm �c`�gve�sDw(m n�jrg�w]lg�n�k_svm nam naoDyam �r`ctu[Egve~k�^a`X[�svbd`�]ltus�[�[Es�[

§ Ò�¸�¹�¾ ¶zºcÄ�·zºcÍ'Ã�¼ ¿$¹_½�Å�¼ »�½ fd »c¾,º �#¼ ½GÃ�» � Dw

�?ºcÅqÃv¹��G½�¹:Ã1ºcÅ_À

fd(w) =
max(Dw)−min(Dw)

2w + 1

ÁÛlÖ�Ê



��� �����	�����,´�¶6»�¿ ·6¸�¹(Í ¹�¾ ·q·6»Q·6¸�¹(¶6¼ Î�¸L·:À�·6¸�¹(¹_Å·6¼ ¿~ºl·6¹:Ãd¿$¼ ½�¼ ¿fµ�¿ 9�ºl¶6¼ ºc½�Ä_¹�»c¾I·6¸�¹(¾ ¶zºcÄ�·zºcÍOÃ�¼ ¿$¹_½�Å�¼ »�½ �#¼ ·6¸�¼ ½d·6¸�¹�Îc¶6»�µ�Æ�Å_ÑG·6¸�¹
¹_Å·6¼ ¿~ºl·6¹:ÃE¿$¹:ºc½�Å�»c¾�·6¸�¹f¾ ¶zºcÄ�·zºcÍ�Ã�¼ ¿$¹_½�Å�¼ »�½ �#¼ ·6¸�¼ ½/·6¸�¹QÎc¶6»�µ�Æ�Å�ºc½GÃA·6¸�¹Q¿~ºcÆE»c¾?¸�»�¿$»�Î�¹_½�¹_»�µ�Å$Áx¼ ½E¶6¹:ÃGÊ�ºc½GÃE¸�¹�·6¹�¶6»�Î�¹_½�¹_»�µ�Å
¶6¹_Î�¼ »�½�ÅKÁx¼ ½1Ú�Í µ�¹lÊ-Ä_»c¶�¶6¹_Å�Ær»�½�Ã�¼ ½�ÎQ·6»f·6¸�¹�Åå�½L·6¸�¹�·6¼ Ä:ºcÍ�¼ ¿~ºcÎ�¹fÛlÖcâl·:Û:Ô�È

��� �����	��� �~Ò�¸�¹/Ã�¹�¶6¿~ºl·6»�Í »�Î�¼ Ä:ºcÍ�¼ ¿~ºcÎ�¹*Ã�¹�Ä_»�¿~Ær»�Å�¹:ÃX¼ ½L·6» ¸�»�¿$»�Î�¹�½�¹_»�µ�Å*ÁxÍ ¹�¾ ·�Ê�ºc½GÃ!¸�¹�·6¹�¶6»�Î�¹_½�¹_»�µ�Å*Áu¶6¼ Î�¸L·�Ê$¶6¹_Î�¼ »�½�Ådµ�Å�¼ ½�Î
¹_Å·6¼ ¿~ºl·6¹:Ã�¿$¹:ºc½�Å��#¼ ·6¸�¼ ½dÎc¶6»�µ�Æ�Å_È

k�^a`A]l`cn�k�`ci$g�na`8]csvn���`8`�[6k�m b8sLk�`�j�w(m k�^ag�prk�[z`:k�k�m nao>svn�} y�svi_svbd`lk�`ci_[QsLk$bdm nam bdm �cm nao/k�^a`8`�[6k�m b8sLk�`�j��vsvi�musvn�]l`�gve�k�^a`
`�[6k�m b8sLk�`�j�bd`�svn�[Qw(m k�^am nXo�i�g�pay�[Qg���`cifk�^a`8tum na`dgve�b8sL�rm b8svt?i�`�jrpan�jasvn�]l} gveqk�^a`8b8svyayam nao*bdgrjr`ct�{ � svi�o�`d�Lsvt pa`�[Qgve
bdm nam b�pab�`�[6k�m b8sLk�`�j �Lsvi�musvn�]l`~gve?k�^a`1`�[6k�m b8sLk�`�j bd`�svn�[Kw(m k�^am n�o�i�g�pay�[�^�s��v`��'`c`cn�s�[�[zm o�na`�j*k�gEyam �r`ctu[K�'`ct g�nao�m nao8k�g
^a`lk�`ci�g�o�`cna`cg�p�[1i�`co�m g�n�[c{ | ^amu[8m nrehg�i�b8sLk�m g�n;^�s�[d��`c`cn;k_svª�`cn;m n�k�g!s�]c]lg�pan�kd��i_[6kA��};svn;`l�ry'`�]:k_sLk�m g�nr�b8sL�rm bdm ��sLk�m g�n
svt o�g�i�m k�^ab�k�^�sLk~yai�gL�Gmujr`�[$[6k_sLk�mu[6k�mu]c[Qgve���gvk�^!i�`co�m g�n�[c�Isvn�j�k�^a`cn�sEk�^ai�`�[z^ag�tuj�^�s�[Q��`c`cn�svprk�g�b8sLk�mu]csvt t } ]lg�bdyaprk�`�jXm n
g�i_jr`ci�k�gXjr`l��na`Ek�^a`*i�`co�m g�n�[c{ | ^a`>[�]�^a`cbd`/w�s�[�k�`�[6k�`�j�g�n;s�[z`lkdgvef[z}Gn�k�^a`lk�mu]csvt�m b8svo�`�[c�EsvnDm bdyai�gL�v`cbd`cn�kdm n�k�^a`
s��v`ci_svo�`�[zm o�n�svtak�g�nag�mu[z`Ki_sLk�m g$ehi�g�b #�� { 3 � k�g 3 � { !4� wqs�[�g��rk_svm na`�j8svn�jdk�^a`Qs���`ci_svo�` � svyay�s~]lgG`l¦A]lm `cn�kqm n�]li�`�s�[z`�j1ehi�g�b
0.4878

k�g
0.7737

p�[zm nao�jasLk_s>gve(k�^a`Ew(^ag�t `Am b8svo�`�[c��svn�jXehi�g�b
0.4625

k�g
0.9612

g�nat }�k_svªGm nao m n�k�g�s�]c]lg�pan�k�yam �r`ctu[
jr`lk�`�]:k�`�j�s�[K�'`ct g�nao�m nao8k�g/^ag�bdg�o�`cna`cg�p�[�i�`co�m g�n�[c{f�(`�[zpat k_[fwq`ci�`1[�sLk�mu[6e
s�]:k�g�i�}/��gvk�^�m n k�`ci�b8[Kgve��Gmu[zp�svt�svyayai�`�]lmusLk�m g�n
gveOk�^a`Q]lg�n�k�i_s�[6k��'`lk�wq`c`cnAk�^a`Q]ltus�[�[z`�[�svn�j8m nAk�`ci�b8[�gve,[z`cy�svi_sLk�m g�n�[#gveOk�^a`f^amu[6k�g�o�i_svb8[#gveOk�^a`Q]ltus�[�[z`�[#m nAk�^a`f`�[6k�m b8sLk�`�j
^ag�bdg�o�`cna`cg�p�[Ki�`co�m g�n�[c{$�k$^�s�[f��`c`cnX[z^ag�w(n�k�^�sLkQm k$mu[Qy�g�[�[zm �at `�k�g*svyayat }>k�^amu[Q[�]_^a`cbd`1k�gEk�`l�Gk�pai_svt�m b8svo�`�[Qsvn�j m k$mu[
`cn�]lg�pai_svo�m nao~k�g8`l�Gk�`cn�j/m k(k�gdb�pat k�m ��[zy�`�]:k�i_svtOm b8svo�`�[c{

S�Y�� ¡ ¢ � ���1£�� ��� ¡ V*U
| gXk�^a`��G� | � � i�g	��`�]:k8ehpan�jr`�j �G};sXo�i_svn�kdehi�g�b k�^a`��fsvnamu[z^ | `�]_^anamu]csvtK�(`�[z`�svi_]�^5¨ag�pan�jasLk�m g�n " � i�g	��`�]:k � pab~�'`ci
STV F56 − 00 − 0123 % ehg�i~[zpayay�g�izk�m naoEk�^a`dyai�`�[z`cn�kQwqg�i�ª'{ | g | ^a` � sLk�m g�n�svt?��g�[zyam k_svt�gve��K`cnab8svi�ª*ehg�i$yai�g��Gmujrm naok�^a`~jr`ci�b8sLk�g�t g�o�mu]csLt'm b8svo�`�[�p�[z`�jO{



W�� � �1W�� ¡ Y��AU
# { 1 { 1�2 t t `ci����z�Gpry'`ci��Gmu[z`�jdt `�svi�nam nao~g�nAtusvi�o�`�i�`�jrpan�jasvn�kqk�i_svm nam nao�[z`lk_[c{ � �������
	������������������������������������	���������! #"��
	�$�"% "$#&% �ayayI{ # �#& - � � #�� �/3 {
- {(��{ � g�^anI�('-{-¥f^�sv^ai_svb8svnam��,svn�j 1 {*)�g�i_jasvnI���6Z(]:k�m �v`8t `�svi�nam nao*w(m k�^![6k_sLk�mu[6k�mu]csvt?bdgrjr`ctu[c{ � �+������������,���.-/����� 0,1�����

�����
	��2� � 34	���1�	657	�"8	9���19: % �ayayI{ #&- ��& # �,� � #�� � ! {
3 {<;1{ � svi�`c`c�'�4� | ^ai�g�pao�^>s8n�svi�i�g�w�w(m n�jrg�w$�qwqg�i�ªGm naodbd`cbdg�i�}*]csvy�s�]lm k�}*svn�jEk�^a`1jr`lk�`�]:k�m g�n>gve#]lgL�Lsvi�musLk�m g�nI{ � �>=?��3�@���2�������>A�BI�ryayI{ -4!/3�& -4! � � #�� � � {
� {<;1{ � svnao1svn�j | {rZ(jasvt m��!�!� 3������C<���819	�"9"��2�D3/������EF83���	�����1/57	�"8�������19	7��$G83��2�D3H���I��KJL	�1������#"819�9J! #�!�
�M1�#"�����1NEF�MIK	��

O #"8	9IP��$G834	6-/����  #"��Q":��]�^I{���k�gr]cs�[6k�mu] 1 grjr`ct���s�[z`�jA��b8svo�`$Z�n�svt }r[zmu[c� # � �ryayI{ #�&34� { 1 svi_]l`ctO�K`cªGª�`ci�� - � � � {
� { � { � g�nai_s�ja[z`cnI�!R<�>���������MI��4S��������+���2���!�
����Q"���� SKT �a� 1 ���f�B� | �~{ � � }Gnao��G}�� #�� 94� {
! {U)�{ � m i_sa�����������MI���191���V��F��<WD����
�$P��	����
�.X.� 3��2�
��YIK	/��$GZ834	���	�":�r¨�g�najrgdjG` � pat k�pai_s~��]lg�nL[�bdmu]csa{ 1]\ �rmu]lg1��{ ¨q{ � - � ��# {��n � i�`�[�[c{
8 {U^~{��f{ � g�bdyaprk�`ci�_Kmu[zm g�nD¥fi�g�payI� � g�bdyaprk�`cid�r]lm `cn�]l`��*� � g�t t `�]:k�m g�nXgve�bdmu]li�gvk�`l�Gk�pai�`�[c{ �1^�kzk�yI� `K`�w(w(w���jr�G�'{ ]c[c{ panam ���g�nanI{ jr`�`�m b8svo�`�`��ai�g�w�[z`�{ ^�k�bdt?{
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OQPSRUT9V�W?XYRUZ []\_^`\aRUXYb,ced9Pgfih]j<VlknmokpRUfiqi^`rl\ls]OQX]tud9k<PSRvj<^`rl\wRUXYb�x,Rvj<qiVlPSRvj<^`rlRUZyx�d]b]VlZ Z ^ XiT

zJV0rpqiXi^`rlRUZy{?Xi^ |9Vlkp\_^ jQ[}dUt�~nVlXiPSRUk<�(sY�U�9�9�N��T4\l���y[�XiT9��[9si~nVlXiPSRUk<�
T9PgP��n^ PgP'� b�j<hy� b]�(si��Vv�n^ PgP'� b�j<hy� b]�(si�4r:�n^ PgP'� b�j<hy� b]�

���'���J�����E�
W?X�^ j<VlkpRvj<^ |UV}�YZ j<Vlk�tud9kNZ d]rlRUZ Z [�V0\�j<^ PSRvj<^ XiT,j<qiV�r�VlX4j<Vlk
dUt�j<qiV�r�Z hY\�j<Vlkp\�fik<V0\_VlX4j�^ XHP�hiZ j<^ �Q\_f�V0r�j<kpRUZo^ PSRUT9V0\�^`\
b]Vl|UVlZ d9f(V0b���OQX�V0R9rpqB^ j<VlkpRvj<^ d9X�RUXYb,tud9k�V0R9rpqBfi^ �]VlZ2sJRUX
VlXiVlk<T9[�tuhiXYrpjp^ d9X�r�d9Pgfih]j<V0bgtud9k��w^ XYb]dv�?\EdUty^ XYr�k<V0R9\_^ XiT
\_^ �lV�^`\?Vl|URUZ hYRvj<V0b��?zaqiV�^ Xi^ j<^`RUZK�w^ XYb]dv�&\_^ �lV�^`\nb]V��YXiV0b
R9\�R�tuhiXYr�j<^ d9X�dUtej<qiV}\_VlfYRUkpRU�i^ Z ^ j�['�(V�jQ��VlVlX�XiVl^ T9q���d9k_�
^ XiTBf]^ �]VlZ`\l��zaqiV�^ XYr�k<VlPgVlX9jp\�dUtwj<qiV��w^ XYb]d:� \_^ �lV�RUk<V
R�tuhiXYr�j<^ d9X�dUt�j<qiVS^ X4j<Vlk<XYRUZ�j<d�V���j<Vlk<XYRUZ�V�X4j<k<d9f�[,kpRvj<^ d
dUtab]^`\<rl\odUtar�d9XY\_V0r�h]j<^ |9VNkpR9b]^ ^2�N¡id9k�R�T9^ |9VlXBfi^ �]VlZ2s�j<qiV
Pg^ Xi^ P�hiP¢|URUZ hiVgdUtej<qiVSVlXiVlk<T9[�tuhiXYr�j<^ d9X�^`\�fik<V0\_V�k<|9V0b
RUXYb,hY\_V0bBR9\nj<qiVN^ Xi^ j<^`RUZ�T9h]V0\<\ntud9knjpq]VgXiV���j�^ jpV�kpRvjp^ d9Xy�
zaqi^`\JPg^ Xi^ P�hiP�r�d9k<k<V0\_f�d9XYbi\�j<d?j<qiV�V0\�j<^ PSRvj<V0b�f�d9^ X4j�^ X
�wqi^`r<q�R�\�jpRvj<V�dUtEqi^ T9qiVlknd9kpb]VlknVlPgVlk<T9V0\l�nzaqiVN\<rpqiVlPgV
fik<d9f�d4\_V0b'��R9\?j<V0\�j<V0b�d9XBR�\_V�jodUte\_[�X4j<qiV�j<^`rlRUZK^ PSRUT9V0\ls
RUXYb�r�d9PgfYRUk<V0bgj<dNj<qiVod9h]j<fih]jwdUtJj<qiVo^ j<VlkpRvj<^`|UVoPgV0b]^`RUX
�YZ j<Vlk?RUXYb�j<dgj<qiV��4�Qx�V0RUXY\aRUZ T9d9k<^ j<qiP'si\_qidv�w^ XiTN�(V�j_j<Vlk
f�Vlk_tud9k<PSRUXYr�Voj<qYRUX�j<qiV0\_V�d9XiV0\l�e£wV0\_hiZ jp\nRUk<V�\_qid:�wX'd9X
b]Vlk<PSRvj<d9Z d9T9^`rlRvZ�RUXYb}tuhiXYb]hY\?b]^ T9^ jpRUZ�^ PSRUT9V0\l�

¤ ¥(¦ �J��§S¨�©��E�Kª�§ ¦
x,RUX4[,\<rpqiVlPgV0\nqYR:|UVN��VlVlX�b]Vl|9VlZ d9f�V0b,^ XBd9kpb]Vlk?j<d'b]V��
�YXiV�R�\_V�j�dUt�biRvjpR«f�d9^ X4jp\}j<qYRvj�r�d9k<k<V0\_f�d9XYb�j<d�Z dirlRUZ
PgV0RUXY\gdUt�RUXidUj<qiVlkS\_V�j}dUt�biRvjpR�f�d9^ X4jp\l�¬?d:��Vl|9Vlk0se^ X
\_fi^ j<V�j<qYRvj�r�d9X4|9Vlk<T9VlXYr�V�j<d«R��i�]V0b®f(d9^ X9j�^`\}T9hYRUkpRUX]�
j<VlV0bN��V0rlRUhY\_Vaj<qiV?r�d9X4j<kpR9r�j<^ d9XNfik<^ XYr�^ fiZ V�¯ °v±���R9\E\_qid:�wX
j<d«�(V�\<Rvj<^`\��YV0b&²�¯ ³v±5s�¯ ´v±5s?V�jprU� µ�s?j<qiVBhY\_Vlk�^`\�k<V0¶4hi^ k<V0b
j<d,fik<dv|�^`b]V�\_d9PgV}fYRUkpRUPgV�j<Vlk�|URUZ hiV0\�²u^2� V9�,j<qik<V0\_qid9Z`bi\ls
^ Xi^ j<^`RUZ��w^ XYb]dv�·\_^ �lV0\ls�Z V0RUk<Xi^ XiT�kpRvj<V�t¸R9r�j<d9kod9k���Vl^ T9q9j_�
^ XiT,tuhiXYr�j<^ d9XY\lsEV�jprU� µ���zaqi^`\grlRUX�Rv¹(V0r�j�j<qiV'¶4hYRUZ ^ j�[�dUt
j<qiVgk<V0\_hiZ jp\o^ X�\_hYrpq�R��aR0['j<qYRvj�tud9k�R�T9^ |9VlX�r�Z`R9\<\?j<qiV
V0\�j<^ PSRvj<V0br�Z hY\�j<Vlk�r�VlX4j<Vlk�r�d9hiZ`bXidUj��(V�j<qiVBd9XiV,V����
f�V0r�j<V0b'b]hiV�j<dS��d9kpb]VlkwV�¹(V0r�jp\w^ X4j<k<d]b]hYr�V0b��4[}jpq]V��w^ X]�
b]d:�®\_^ �lV9svV�jprU� ��zaq�hY\lsU�eVa��d9hiZ`b�Z ^ �9Vej<d�b]Vl|UVlZ d9fgRUX�hiX]�
\_hif�Vlk<|�^`\_V0b}Z V0RUk<Xi^ XiTgRUfifik<d4R9rpq}�wqi^`rpq��Ykp\�jwT9hYRUkpRUX4j<VlV0\
j<qYRvj�j<qiV�r�d9X4j<kpR9r�j<^ d9X�fik<^ XYr�^ fiZ VB^`\�\<Rvj<^`\��YV0b®tud9k�V0R9r<q
r�Z`R9\<\Efik<V0\_VlX4ja^ X}j<qiVo^ PSRUT9V9ºJtud9k�V0R9rpq}fi^ �]VlZ(dUtJR�P�hiZ j<^ �
\_f�V0r�j<kpRUZE^ PSRUT9V9syj<qiVS�i�]V0b�f�d9^ X4j�^`\�j<qiV�r�VlX9j<Vlk�dUt�j<qiV
r�Z hY\�j<Vlk�j<d��wqi^`rpqj<qiV�fi^ �]VlZ�^ XH¶4hiV0\�j<^ d9X»��VlZ d9XiT4\}j<dY�
¼ V0r�d9XYb]Z [9s���V���d9hiZ`b}Z ^ �9Voj<dNk<V0b]hYr�Voj<qiV�RUPgd9hiX9jwdUtK^ X]�
tud9k<PSRvj<^ d9X}j<qiV�hY\_Vlkw^`\wk<V0¶4hi^ k<V0bSj<dSfik<d:|�^`b]V9�

zaqiVoZ d]rlRUZ(V0\�j<^ PSRvj<^ d9X}dUtJj<qiV�r�VlX4j<VlkadUtyj<qiV�r�Z hY\�j<VlkwrlRUX
��V�r�d9Pgfih]j<V0b�tuk<d9P½j<qiV�PSRv�]^ PSRUZo\_V�j

Dwo

r�VlX4j<Vlk<V0b
d9Xj<qiVBf�d4\_^ j<^ d9X

[r, c]
dUt�R«T9^ |9VlXfi^ �]VlZ

x
tud9k��wqi^`r<q

^ j�^`\�j<k<hiVSj<qYRvjgRUZ ZEj<qiV}VlZ VlPgVlX4jp\���VlZ d9XiT�j<d�j<qiV�\<RUPgV
r�Z`R9\<\�R9\�j<qiV«r�VlX4j<Vlk�d9XiV®¯ ¾l±5��OQX¿RUXYRUZ d9T9[®�w^ j<q&\�jpRv�
j<^`\�j<^`rlRUZ�PgV0rpqYRUXi^`rl\ls�jpq]^À\�r�d9k<k<V0\_f(dUXYbi\nj<d'j<qiVSf�d9^ X4j�^ X
j<qiVgZ V0RUk<Xi^ XiT�fik<dir�V0\<\?tud9k��wqi^`rpq�R�\�jpRvj<VNdUt�qi^ T9qiVlk�d9k_�
b]Vlk�VlPgVlk<T9V0\�²Àtud9k�^`Xi\�j�RUXir�V9sn�wqiVlX¿R�r�Z`R9\<\���d9kpb]Vlk�^`\
b]V�j<V0r�j<V0bYµ��¢zaqiV«b]V�j<V0r�j<^ d9X&dUtNj<qi^`\�Vlk<T9dib]^`r,j<dXid9X]�
Vlk<T9d]b]^`rSj<kpRUXY\_^ jp^ d9X«Á»Â��wqiVlk<V�tuhiZ ZwVlXY\_VlP��iZ V�R:|UVlkpRUT9V0\
RUk<V�Xid«Z d9XiT9Vlk}V0¶4hYRUZ?j<d«j<^ PgV�R0|9VlkpRUT9V0\0Â}ÁH¯ Ã:±o�N�aR9\
\_hiT9T9V0\�j<V0b�j<d��(V'b]d9XiV�j<qik<d9hiT9q«j<qiV�Pg^ Xi^ Pg^`�lRvjp^ d9X�dUt
RUX�d9f]j<^ PSRUZ(Z V0RUk<Xi^ XiTgr�hik<|9Vnj<qYRvjwb]Vlf(VlXYbi\�d9X�j<qiVotukpR9r��
j<^ d9X�dUtoV��iRUPgfiZ V0\�¯ �0±5��{n\_^ XiT��w^ XYb]dv�?\NdUtn^ XYr�k<V0R9\_^ XiT
\_^ �lV�RUZ d9XiT}^ j<VlkpRvj<^ d9XY\?\_VlVlPS\wj<d���V�j<qiV�XYRvj<hikpRUZJ^ PgfiZ V��
PgVlX9jpRvj<^ d9X�fikpR9r�j<^`r�V9�eO5jnqYR9\�j<d}��V�jpRU�UVlX�^ X9j<d�R9rlr�d9hiX9j
j<qYRvjSR,Pg^ Xi^ PSRUZ�tukpR9r�j<^ d9X«dUtnV��iRUPgfiZ V0\�^`\Nk<V0¶4hi^ k<V0b7^ X
d9kpb]Vlk�j<d�\�jpRUk_j�k<V0r�d9T9Xi^ �l^ XiT,\�j<k<hYr�j<hik<V,¯ Ä�±5��zaqiV�\_VlfYRv�
kpRU�i^ Z ^ jQ[���V�j���VlVlX«XiVl^ T9q���d9kp\�r�d9hiZ`b7fik<d:|]^`b]V�RUX«^ Xi^ j<^`RUZ
T9hiV0\<\�dUtKj<qiV�|vRUk<^ÀRUXir�VodUtKj<qiV�Xid9^`\_V�fik<V0\_VlX4jw^ X�j<qiV�^ PN�
RUT9V9s�RUXYb�j<qi^`\�r�d9hiZ`b��(V}hY\_V0b�tud9kNb]V��YXi^ XiT�j<qiV�^ Xi^ j<^`RUZ
�w^ XYb]d:��\_^ �lV9s9R9\�RUXgV���j<VlXY\_^ d9X�j<dS¯ ´:±5��¬?d:��Vl|9Vlk0sUb]hik<^ XiT
fikpR9r�j<^`rlRUZY^ PgfiZ VlPgVlX4jpRvj<^ d9XY\�^ X�Z`Rvj_j<^`r�V0\�dUtJPgd]b]VlZ`\e�w^ j<q
r�d9XY\�jpRUX9j�^ XYr�k<VlPgVlX4jp\EdUty�w^ XYb]dv�»\_^ �lV�¯ ´:±(fik<d9�iZ VlPS\eRUf]�
f�V0RUk?�wqiVlX,r�^ kpr�hiZ`RUkwXiVl^ T9q���d9k<qid]d]bi\wRUk<V�hY\_V0b��azaqi^`\?^`\
R9bib]V0b�j<dBj<qiV�t¸R9r�jNj<qYRvj0sE�(V0rlRUhY\_V}j<qiV'RUPgd9hiX9jgdUtn^ X]�
tud9k<PSRvj<^ d9XBfik<d:|�^`b]V0b,��[�j<qiVgfi^ �]VlZ`\o^ X4j<k<d]b]hYr�V0b,j<d�j<qiV
\<RUPgfiZ Vgb]V0r�k<V0R9\_V0\?�wqiVlXBj<qiVS\<RUPgfiZ Vg\_^ �lVN^`\o^ XYr�k<V0R9\_V0b
^ X�R�r�d9XY\�jpRUX4ja��R:[9s]R�b]VlZ`R:[g^ X}j<qiV�b]V�j<V0r�j<^ d9X�dUtJq]^`T9q]Vlk
d9kpb]Vlko\�jpRvj<V0\o�w^ Z Z���VN^ X4j<k<d]b]hYr�V0b���¡id9koV���j<VlXY\_^ d9Xys(j<qi^`\
RUZ`\_dob]Vlf(VlXYbi\�d9X�j<qiVa��Vl^ T9q4j<^ XiTntuhiXYr�j<^ d9XNhY\_V0b�¯ ¾0±5��W?h]�
j<d9PSRvj<^`rlRUZ Z [�r�d9X9j<k<d9Z Z`^ XiTnj<qiVw^ XYr�k<VlPgVlX4jp\�dUtYj<qiV?kpR9b]^ ^]dUt
r�^ kpr�hiZ`RUkNXiVl^ T9q���d9k<qid�dibi\�hY\_^ XiT7RBfik<Vl|�^ d9hY\_Z [«\_V�j}r�d9X��
\�jpRUX9jN|URUZ hiV}dUt?V���j<Vlk<XYRUZEj<dB^ X4j<Vlk<XYRUZeVlX4j<k<d9f�[�kpRvj<^ d,dUt
b]^`\<rl\K�w^ j<qgr�d9XY\_V0r�h]j<^ |UV�kpR9b]^ ^2sURUZ Z dv�?\ytud9k�Ror�d9Pgfik<d9Pg^`\_V
\_d9Z h]j<^ d9X}j<dNfik<Vl|�^ d9hY\_Z [gPgVlX9j<^ d9XiV0b�fikpR9r�j<^`rlRUZ(r�d9XY\_^`b]Vlk_�
Rvj<^ d9XY\l�
zaqiV�VlXiVlk<T9[BtuhiXYr�j<^ d9X�^`\�k<Vl¶�h]^`k<Vlb�j<dB��V�\_hYrpq7j<qYRvjN^ j
^`\�\_VlXY\_^ j<^ |9V?j<d�j<qiVnVlPgVlk<T9VlXYr�V?dUtKR�qi^ T9qiV�k�d9kpb]Vlk�\�jpRvj<V9�
O5t�^ jnb]Vlf(VlXYbi\wd9X'\_V�jp\?r�d9X4jpRU^ Xi^ XiTSRNqi^ T9q�b]VlT9k<VlV�dUt�k<V��
b]hiXYbiRUXYr�[�¯ �:±5sJ^ j�j<VlXYbi\�j<d���VSPgd9k<VS\_VlXY\_^ j<^ |9VNjpd'f(V�k_�
j<hik<�YRvj<^ d9XY\aRUXYb}j<qiVlk<V�tud9k<V9s�Pgd9k<V�V�Å}r�^ VlX9j?^ X�j<qiV�Pg^ Xi^ �
Pg^ �0Rvj<^ d9X,fik<d]r�V0\<\l�ozaqiVN|URUk<^`RUXYr�V�dUtEj<qiVNPgV0RUX,�w^ j<qi^ X



T9k<d9hifY\�qYR9\w��VlVlX�\_qidv�wX�j<dg�(V�RS\_h]^ jpRU�iZ V�\�jpRvj<^`\�jp^`rntud9k
j<qi^`\wfihik<f�d4\_Vg¯ �:±5�
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¡id9kar�d9PgfiZ V�j<VlXiV0\<\ls�Z V�jahY\e�Ykp\�ja�wk<^ j<Vo\_d9PgV�b]V��YXi^ j<^ d9XY\l�
mo^ |UVlXSR�\_f�V0r�^ ��r��e�Qb]^ PgVlXY\_^ d9XYRUZ]^ PSRUT9V

X = {x[r, c] =
xi|1 ≤ i ≤ n}

b]V��YXiV0bodv|9Vlk(j<qiVeb]d9PSRU^ X
L = {[r, c]|1 ≤

r ≤ maxr, 1 ≤ c ≤ maxc∧n = maxrmaxc}
s
X
qi^ Vlk_�

RUkpr<qi^`rlRUZ Z [gb]V��YX]V0b}^ XSj<Vlk<PS\EdUt�j<qiVo\_V�j
Z = {z[r, c]} ⊆

X
j<qYRvjok<Vlfik<V0\_VlX4jp\wj<qiVNfYRUk_j<^ j<^ d9X,dUtEj<qiVNb]d9PSRU^ X

L
^ X

k<VlT9^ d9XY\�dUtwb]^ ¹(Vlk<VlX4j�j�[�f�V0\ls
z[r, c]

\_hYr<q�j<qYRvj�^ j�^`\�j<qiV
Z d]rlRUZ�V0\�j<^ PSRvj<^ d9X�dUt�j<qiVSj�[�f�VSPgV0RUX��w^ j<q«R'�UVlk<XiVlZeRvj
f�d4\_^ j<^ d9X

[r, c]
si�eV���d9hiZ`b�Z ^ �9Voj<dg�YXYb

Z
�

¡ik<d9P R�\_[�X4jpR9r�j<^`r'f�d9^ X4jSdUt�|�^ Vl��saR
window

b]V��YXiV0\
RBk<V0RUZ ^ �0Rvj<^ d9X

Dw[r, c] = {dw[r − i, c − j] ∈ X|0 ≤
i2 + j2 ≤ w2}

dUt�R«b]^`\<r��
w

dUt�kpR9b�^`hi\
w
r�VlX4j<Vlk<V0b

d9X�j<qiV�f�d4\_^ j<^ d9X
[r, c]

�	mo^ |9VlX�R7\_V�j}dUt���Vl^ T9q9jp\
0 <

ωw[i] < 1
R9\<\_^ T9XiV0bBj<dBR�\_V�j�dUtafi^ �]VlZ`\

Dw[r, c]
s�\_hYrpq

j<qYRvj ∑nw

i=1 ωw[i] = 1
s��wqiVlk<V

nw

^`\wj<qiV�X�hiP���VlkndUt�VlZ �
VlPgVlX9jp\SdUtoV0R9r<q®d9XiV�dUtnjpq]d4\_V�\_V�jp\ls�RUXYb

ωw[i]
^`\Nj<qiV

�eVl^ T9q4jNR9\<\_^ T9XiV0b,j<d�j<qiV
i − th

V�Z`V�PgVlX4j�dUtaj<qiV�\_V�j�dUt
fi^ �]VlZ`\l�KzaqiVeVlX4j<k<d9f4[�dUt]j<qi^`\K\_V�j�dUtifi^ �]VlZ`\

Dw

^`\Kb]V��YXiV0b
R9\lº

S(Dw) = −

nw
∑

i=1

ωw[i]log(ωw[i])
²�Ä:µ

zaqiV�^ X4j<Vlk<XYRUZUVlX9j<k<d9f�[?j<dwV���j<Vlk<XYRUZUVlX9j<k<d9f�[nkpRvj<^ d
IEERtud9k�j���dS\_V�jp\adUtKfi^ �]VlZ`\

Dw

RUXYb
Dw−s

r�VlX4j<Vlk<V0b�d9X}j<qiV
\<RUPgV�f(d4\_^ j<^ d9Xys0�wqiVlk<V

s < w
^`\Jb]V��YXiV0b�R9\(j<qiV�¶4hidUj<^ VlX4j

��V�j��eVlVlXNj<qiVaVlX4j<k<d9f4[�dUtYj<qiVl^ k�^ X9j<Vlkp\_V0r�j<^ d9XgRUXYb�j<qiVaVlX]�
j<k<d9f4[gdUtyj<qiVl^ kab]^ ¹(Vlk<VlXYr�VnhY\_^ XiT�j<qiV�\_V�j�dUtJ��V�^`T9q9jp\

ωw

º

IEER[w, s] =
S(Dw ∩Dw−s)

S(Dw −Dw−s)

²2�9µ

�����  ���Kª�§ ¦ �!� � §!�«� ��� ������§���ªp� ���
zaqiV�hY\_Vlkw^`\wk<V0¶4hi^ k<V0b}j<dgfik<dv|�^`b]Vnj<qiV�PSRv�i^ PSRUZ�R9b]Pg^`\��
\_^ �iZ Ve^`X9j<Vlk<XYRUZ4j<dnV���j<Vlk<XYRUZ4VlX4j<k<d9f4[�kpRvj<^ d

R0
²2\_V�V#"e¶4hYRv�

j<^ d9Xg�9µJhY\_^ XiT�RUX�hiXi^ tud9k<P&��Vl^ T9q4j<^ XiTntuhiXYr�j<^ d9Xy��zaqiVw\_V�j
dUt?b�^À\<rgkpR9b]^ ^�j<d,��V}hY\_V0b7rlRUX�j<qiV�X«��V}V0\�jpRU�iZ ^`\_qiV0b�R9\
tud9Z Z d:�?\lº

V = {rv |IEER[rv, rv+1− rv] < R0∀ v ∈ [1;maxv]}²$�4µ
RUXYb

nrv

^`\aj<qiV�X4hiP���Vlk?dUtKVlZ VlPgVlX4jp\wdUtJj<qiV�b]^`\<r%�
rv

� &
¼ V�j

Y = X
RUXYb}j<qiVlX'^ j<VlkpRvj<V�|URUk<[�^ XiT

t = 1, ...
º

•
OQXi^ j<^`RUZ ^ �0Rvj<^ d9Xyº
' zaqiV,Pg^ Xi^ PSRUZo�w^ XYb]dv� \_^ �lV

minv

tud9kSj<qiV
R9r�j<hYRUZa^ j<VlkpRvj<^ d9X�^`\�j<qiV'Pg^ Xi^ PSRUZ?b]^`\<r�\_^ �lV

(
R0 = 10 ) *�+!*-,.) /0+21.3 465�+23 ,.47498�:.) ;$) <�+23 3 =?> @�,.A.BDCFEGAF/-H.) *<�+2*-4�IKJMLONQP�R STR C C C R S�UTR S�VTR S�WQR S�XTR C C C R Y.P�R Y�Y.R C C C R Z�STR C C C [�C

minv = min(nrv
)
tud9kB�wqi^`rpq�^ j�^`\�j<k<hiV

j<qYRvj0º
1

n

∑

r,c

min([‖
δy

δr
‖2], [‖

δy

δc
‖2]) ≤ nrv

∀v

²u°�µ
' ¡id9kwV0R9rpq�fi^ �]VlZ i = 1, 2, ..., n

º

mi,(minv−1) = yi

²2Ã9µ

' OQXi^ j<^`RUZ ^ �lVnj<qiV�PSRvj<k<^ �}r�d9X4jpRU^ Xi^ XiT�j<qiV�Pg^ Xi^ �PSRUZU|URUZ hiV0\(dUt�VlXiVlk<T9[(º
minψi,t = maxvalue∀i

•
¡id9koV0R9r<q,�w^ XYb]d:��\_^ �lV

v = minv, ...,maxv

RUXYb
tud9kwV0R9rpq�fi^ �]VlZ

i = 1, 2, ..., n
º

mi,v =
∑

j

ω(yj −mi,(v−1);Dv)yj

²¸³4µ

�wqiVlk<Voj<qiV��9Vlk<XiVlZy\_^ Pg^ Z`RUk?R9\wb]V��YXiV0b�^ X�¯ ´v±J^`\lº

ω(s;Dv) = exp(−s2/nv)/N
²5¾Uµ

N
^`\�R�Xid9k<PSRUZ ^ �0Rvj<^ d9X�t¸R9r�j<d9k0�¿zaqiVlX»r�d9Pgfih]j<V

j<qiV�VlXiVlk<T9[Stud9kaj<qiV�T9^ |UVlX�fi^ �]VlZ2º

ψi,v =
1

2

∑

j

ω(yj−mi,(v−1);Dv)(yj−mi,(v−1))
2

²¸�4µ
O5t ∑B

b=1 ψi,v ≤ minψi,t

j<qiVlX'hif(biRvj<V9º

minψi,t =
∑

b

ψi,v; zi = mi,v

²¸´4µ

•
¼ V�j

Y = Z
�

hiX9j<^ Zy��V�j���VlVlX�j��edSr�d9XY\_V0r�h]j<^ |9Vo^ j<VlkpRvj<^ d9XY\
Z
b]d�V0\aXidUj

r<qYRUXiT9V�RUX�[�Pgd9k<V9��zaqiV�d9h]j<fih]j?dUtJj<qiV�RUZ T9d9k<^ j<qiP ^`\
Z
�

\  � �J©��p�K� � ¦ ¨^]�ª��J��©��J�Jª�§ ¦
OQX}d9kpb]Vlk�j<d�j<V0\�jej<qiVo¶�hiRUZ`^ jQ[gdUt�j<qiVoRUZ T9d9k<^ j<qiPd9h]j<fih]jp\
RUZ d9XiT�j<qiV�^ j<VlkpRvj<^ d9XY\lsYced9qiVlX`_ \a��RUfifYRgced]V�Å}r�^ VlX9jw�aR9\
hY\_V0b��Szaqi^`\�T9Z d9�YRUZ�^ XYb]^`rlRvj<d9k�dUtwr�Z`R9\<\_^ ��rlRvj<^ d9XB¶4hYRUZ ^ j�[
|vRUk<^ V0\�tuk<d9PPg^ X4hY\ed9XiVwj<d�d9XiV9s9�wqiVlk<VnR�f�Vlk_tuV0r�j�r�Z`R9\<\_^ �
��rlRvj<^ d9X���d9hiZ`b�T9^ |UV�RN|vRUZ hiV�dUtJd9XiV9siRUXYb�RNr�d9PgfiZ V�j<VlZ [
Vlk<k<d9XiVld9hY\wr�Z`R9\<\_^ ��rlRvj<^ d9X���d9hiZ`b'T9^ |UV�Rg|URUZ hiV�dUt�Pg^ X�hi\
d9XiV9��zaqiV?|vRUZ hiV0\

z
dUt(j<qiV?fi^ �]VlZ`\��(VlZ d9XiT9^ XiToj<d�j<qiV?d9h]j_�

fih]j���Vlk<Vgr�d9XY\_^`b]Vlk<V0b,Z`RU��VlZ`\�dUtar�Z`R9\<\_V0\l�!aE^ �]VlZ`\��wq]d4\_V
|vRUZ hiV0\n��Vlk<V�V0¶4hYRUZJj<d}j<qiVNPgV0RUXBdUtEd9XiVNdUt�j<qiVgr�Z`R9\<\_V0\
�eVlk<V�r�d9XY\_^`b]Vlk<V0b�\_^ T9XYRUZ�fi^ �]VlZ`\wRUXYb}j<qiV�k<V0\�jw��Vlk<V�r�d9X��
\_^`b]Vlk<V0b®��VlZ d9XiT9^ XiT�j<d�R�Xid9^`\_VBr�Z`R9\<\l�	zaqiVBr�d9X]tuhY\_^ d9X
PSRvj<k<^ ����R9\�j<qiVlX�r�d9XY\�j<k<hYr�j<V0b��w^ j<q

K + 1
r�Z`R9\<\_V0\lº

K\_^ T9XYRUZyr�Z`R9\<\_V0\aZ`RU��VlZ Z V0b��w^ j<q'j<qiV�PgV0RUX'dUtKj<qiV�d9k<^ T9^`XiRUZ
r�Z`R9\<\_V0\

µi

s
i = 1..K

RUXYbBR�Xid9^`\_Vgr�Z`R9\<\oZ`RU��VlZ Z`VlbB�w^ j<q
|vRUZ hiV0\wb]^ ¹(Vlk<VlX4jwj<dNj<qiV�fik<Vl|�^ d9hY\�d9XiV0\l�



zKRU�iZ V�Ä9ºw��RUfifYRS|URUZ hiV0\?dUt�j<qiV��nk<^ T9^ XYRUZKRUXYb,¡K^ Z j<Vlk<V0b
¼ [�X9j<qiV�j<^`rlRUZyOQPSRUT9V0\

SNR � � � &�� �	�

�������

O = 3
���� �	� ���	� ��� ��� &�� ��� ���	�	� ��� � �	�	� ��� & & &�� ��� � � �	������ ���	�� ��� ��� �	� ��� � �	�	� ��� � ��& & ��� � � � � ��� �	�	�	�� ���� �	� ��� �	�	� � ��� � & �	� ��� � �	�	� ��� !�� �	� ��� �	� &��" � #$� � � %&� ��� ! �	�	� ��� ��&�� ! ��� ��& �'� ��� �	� �	� ��� �	�	� �
�������
O = 5
���� �	� ���	� ��� �	! � � ��� � �	� � ��� ���	� & ��� & � & � ��� � � �	������ ���	�� ��� & & � � ��� & & �	� ��� � & � � ��� �	�	� ! ��� � � �	�� ���� �	� ��� � � ��& ��� �'�	! � ��� � �	� � ��� �	�	� ! ��� � � ! �" � #$� � � %&� ��� !��	� � ��� �	� �	� ��� �	� �	� ��� � �	�	� ��� ��& �	�
�������
O = 7
���� �	� ���	� ��� � � !�� ��� � �	� � ��� � �	� � ��� & ! &�� ��� �	� � ������ ���	�� ��� & � &�� ��� �	� �	� ��� �	�	�	� ��� !�� �	� ��� � �'!��� ���� �	� ��� �	�	� � ��� � &��	� ��� !	� &�� ��� � ��� � ��� �	�	� �" � #$� � � %&� ��� ! � ! � ��� � � �	� ��� �'� �	� ��� � � �'! ��� � �'���

W	\_V�jwdUteÄ:Ã�\_[�X4j<qiV�j<^`rn^ PSRUT9V0\e�w^ j<q'\_^ T9XYRUZYj<dNXid9^`\_VokpRv�
j<^ d4\��

SNR
dUt��is �isw�is�Ä:Ã�RUXYb»�U³7RUXYb�X�hiP��(Vlk

O²Àtuk<d9P½d9kpb]Vlk�µgdUt�r�Z`R9\<\_V0\F�isoÃ7RUXYb	¾��aR9\}T9VlXiVlkpRvj<V0b��
zaqiV�\_VlfYRUkpRvj<^ d9X��V�j��eVlVlX	r�d9XY\_V0r�h]j<^ |9VBPgV0RUXY\�dUt�j<qiV
r�Z`R9\<\_V0\w�aR9\nÃgT9kpR:[�Z Vl|9VlZ`\wtud9koRUZ ZJ^ PSRUT9V0\l�?zaqiV�r�Z`R9\<\_V0\
RUk<Vgm�RUhY\<\_^`RUX]�Qb�^À\�j<k<^ �ih]j<V0b(��zaqiVg\_^ �lV�dUtEj<qiVN^ PSRUT9V0\n^`\
1282 fi^ �]VlZ`\l��zaqiV�R0|9VlkpRUT9Vlb}��RUfifYR�|URUZ hiVodUtyj<qiV�\_V�jwdUt\_[�X9j<qiV�j<^`rlRUZy^ PSRUT9V0\�T9VlXiVlkpRvj<V0b���R9\w�i� Ä0�9³9³i�
zaqiV�d9h]j<fih]jgdUtwj<qiV'RUZ T9d9k<^ j<qiP¢�aR9\�r�d9PgfYRUk<V0b�j<d,j<qiV
d9h]j<fih]j'dUt��o�Qx�V0RUXY\�RUXYbj<qiV�O5j<VlkpRvj<^ |9VBx�V0b]^`RUX	¡K^ Z �
j<Vlk0��zaqiVo�Ykp\�jwd9XiVoT9VlXiVlkpRvj<V0b}^ X�V0R9rpq�^ j<VlkpRvj<^ d9X�RNPSRUf
r�d9X9jpRU^ Xi^ XiT'j<qiV}V0\�j<^ PSRvj<V0b�PgV0RUXY\�dUtaj<qiV�r�Z hY\�j<Vlkp\oj<qiV
fi^ �]VlZ`\���Vlk<VwR9\<\_^`T9X]V0b�j<d)(9j<qiVwk<V0RUZiPgV0RUXY\�dUt�j<qiVnr�Z`R9\<\_V0\
�eVlk<Vgfik<d:|�^`b]V0b�R9\nj<qiVg^ Xi^ j<^`RUZET9hiV0\<\l�NzaqiVS\_V0r�d9XYb,d9XiV
tud9kaV0R9r<q�^ j<VlkpRvj<^ d9X�hY\_V0b��w^ XYb�dv�H\_^ �lV0\�dUt ��fi^ �]VlZ`\���[F�
fi^ �]VlZ`\NRUXYb«\�jpd9f]f(V0b7�wqiVlX«j<qiV'��RUfifYR�|URUZ hiV�b]^`b«XidUj
r<qYRUXiT9V7RUX�[�Pgd9k<V9� zaqiV«R:|UVlkpRUT9V0bH��RUfifYR�|vRUZ hiV�d9�]�
jpRU^ XiV0b��eVlk<Ve�i� °4�9�9��tud9kK�o�Qx�V0RUXY\ls:�i� °�Ã �9��tud9kyj<qiVeO5j<VlkpRv�
j<^ |UVwx�V0b]^`RUXg¡K^ Z j<VlkERUXYbN�i� ³�¾v´9�wtud9k�O5j<VlkpRvj<^ |9V#"���j<VlXYb]V0b
x�V0RUX ¼ qi^ tÀjnW?Z T9d9k<^ j<qiP�²¸\_VlV�zKRU�iZ VgÄ�RUXYb�¡K^ T9hik<VNÄntud9k
b]V�jpRU^ Z`\pµ��
Wn\�V��]f�V0r�j<V0b�syj<qiVSVlXiVlk<T9['tuhiXYr�j<^ d9X7rpqid4\_VlXBj<VlXYbi\�j<d
��VeR9\_[]Pgf�jpdUj<^`rKj<d?j<qiVeRU�Y\<r�^`\<\<R�tud9kJXiVl^ T9q4�(d9k<qid�d]bi\yr�d9X��
jpRU^ Xi^ XiT�fi^ �]VlZ`\�j<qYRvj��(VlZ d9XiT�j<d'j<qiV�\<RUPgV}r�Z`R9\<\�R9\oj<qiV
r�VlX9j<Vlk'd9XiV�RUZ d9XiT«j<qiV�^ j<VlkpRvj<^ d9XY\lsoRUXYb»^ j�b]kpR9\�j<^`rlRUZ Z [
\_VlfYRUkpRvj<V0\Jtuk<d9P·^ je�wqiVlXSR�qi^ T9qiVlk�d9kpb]VlkE\�jpRvj<VwVlPgVlk<T9V0\l�
zaqiVw��RUfifYRnr�d]V�Å}r�^ VlX9j�Pgd9XidUj<d9Xi^`rlRUZ Z [�^ XYr�k<V0R9\_V0\KRUZ d9XiT
j<qiVe^ j<VlkpRvj<^ d9XY\ls0hiX4j<^ Z4Xid?Pgd9k<VerpqYRUXiT9V0\�d]rlr�hikJ^ X�j<qiVe^ PN�
RUT9V9��zaqi^`\aT9hYRUkpRUX4j<VlV0\ej<qiV�Xid9^`\_Voj<dS��V�k<V0b]hYr�V0b�Rvjaj<qiV
\<RUPgVoj<^ PgV�j<qYRvjwj<qiV�r�d9X4j<kpR9r�j<^ d9X�fik<^ XYr�^ fiZ V�^`\?\<Rvj<^`\��YV0b
tud9kwV0R9r<q�r�ZÀR9\<\�fik<V0\_VlX4jw^ X�j<qiV�^ PSRUT9V9�
W	\_V�jwdUtJk<V0RUZ(V��iRUPgfiZ V0\�rlRUX���V�RUfifik<V0r�^`Rvj<V0bS^ X'¡K^ TY�E�]�

*	+ H.4 *-) ,�A +23 /-@ A.@�) *-4 ;-+ /-) @ ) * B.4�- A.49B +2* SNR =

20 log

∑K−1

i=1
|µi−µi+1|

(K−1)σ . H.49;$4 /-H.4 µi ) * /-H.468�4�+2A?@2>`/-H.46) / /-H<93 +2*-*�R /-H.4�8�4�+2A.*O+2;$4�@�;$B.49;$49B?) A!) A.<9;$4�+2*-) A&,7*-) 094�R +2A.B σ ) * /-H.4*$/0+2A.B +2;$B B.4 5T) + /-) @�A @2> /-H.421 <93 +2*-*-49*�C

SNR=0 O=3 SNR=3 O=3 SNR=8 O=3 SNR=15 O=3 SNR=26 O=3

SNR=0 O=5 SNR=3 O=5 SNR=8 O=5 SNR=15 O=5 SNR=26 O=5

SNR=0 O=7 SNR=3 O=7 SNR=8 O=7 SNR=15 O=7 SNR=26 O=7

¡K^ T9hik<V�Ä9ºKzaqiVwd9k<^ T9^ XYRUZ�^ PSRUT9V0\w²
1st
s
5th

RUXYb
9th

k<d:�nµ�s
RUXYb�j<qiV?k<V0\_f�V0r�j<^ |9Vw�o�Qx�VlRUXY\w²

2nd s 6th RUXYb 10th k<d:�nµ�sO5j<VlkpRvj<^ |UV�x�V0b]^`RUX�²
3rd
s
7th

RUXYb
11th

k<dv�nµwRUXYb'O5j<VlkpRv�
j<^ |UV "���j<VlXYb]V0b®x�V0RUX ¼ qi^ tÀjB²

4th
s

8th
RUXYb

12th
k<d:�nµ

¡K^ Z j<Vlk<V0b�OQPSRUT9V0\l�



¡K^ T9hik<V �]º zaqiV d9k<^ T9^ XYRUZ&b]Vlk<PSRvj<d9Z d9T9^`rlRvZ¿^ PSRUT9V0\
31056706

RUXYb
05041807

²Àj<d9f�µyRUXYb�j<qiVek<V0\_f�V0r�j<^ |9V�d9h]j_�
fih]jp\JdUt]j<qiVeO5j<VlkpRvj<^ |UV "E��j<VlXYb�V0b�x�V0RUX ¼ qi^ tÀj�W?Z T9d9k<^ j<qiP
RvtÀj<Vlko¾�^ j<VlkpRvj<^ d9XY\�²u��dUj_j<d9P}µ��

� � § ¦ �#��©��Jª�§ ¦ �
W	XiVl�¿\<rpqiVlPgVotud9kwZ d]rlRUZ�V0\�j<^ PSRvj<^ d9X�dUt�r�VlX4j<VlkwdUt�r�Z hY\��
j<Vlkp\eqYR9\���VlVlX�b]Vl|9VlZ d9f�V0b���O5jwqYR9\e�(VlVlX}j<V0\�j<V0b}d9X�RN\_V�j
dUt(\_[�X9jpq]V�j<^Àr�RUZ]^`PSRUT9Vl\��w^ j<qN|URUk<[�^ XiTo\_^ T9XYRUZ4j<d�X]d9^À\_V�kpRv�
j<^ d4\atuk<d9P

0
j<d

26
RUXYb'X4hiP���VlkndUt�r�Z`R9\<\_V0\�tuk<d9P

3
j<d

7\_qid:�w^ XiT���V�j_j<Vlk�f�Vlk_tud9k<PSRUXYr�VNj<qYRUX�dUj<qiVlk��YZ j<Vlkp\��w^ j<q
j<qiVo\<RUPgVnRUPgd9hiX4jedUty^ X]tud9k<PSRvj<^ d9Xgj<qiVnhY\_Vlke^`\ek<V0¶4hi^ k<V0b
j<d�fik<dv|�^`b]V9�KzaqiVwR:|9VlkpRUTUVa��RUfifYRn|vRUZ hiVa^ XYr�k<V0R9\_V0b�tuk<d9P
0.1066

tud9kaj<qiV�d9k<^ T9^ XYRUZ�^ PSRUT9V0\�j<d
0.6798

tud9kaj<qiV�d9h]j_�
fih]j�dUt�j<qiVg\<rpqiVlPgV�fik<d9f(d4\_V0b��ozaqiVN^ Xi^ j<^`RUZ ^ �0Rvj<^ d9XBRUXYb
r�d9X9j<k<d9Z(dUtJj<qiV��w^ XYb�dv�HfYRUkpRUPgV�j<Vlk�^`\w\_qidv�wX}j<dg��V�RUf]�
fik<d9fik<^`Rvj<V9�K¡id9keV0R9r<qSfi^ �]VlZ2s9j<qiV?fik<d9f(d4\_V0bNVlXiV�k<T9[�tuhiXYr��
j<^ d9X7j<VlXYbi\�j<dB��V'R9\_[�Pgf]j<dUj<^`rgj<d,jpq]V'RU�Y\<r�^`\<\<R�^ X7j<qiV
qid9Pgd9T9VlXid9hY\Kk<VlT9^ d9XgRUZ d9XiTnj<qiV?^ j<VlkpRvj<^ d9XY\ls9RUXYb�^ j�\_VlfYRv�
kpRvj<V0\�tuk<d9P ^ j��wqiVlX�R�XiVl�»r�Z`R9\<\eRUfif(V0RUkp\l�KzaqiVo¶4hYRUZ ^ j�[
dUtej<qiVSd9h]j<fih]j�Pgd9XidUj<d9Xi^`rlRUZ Z [�^ XYr�k<V0R9\_V0\�RUZ d9XiT�j<qiVS^ j_�
VlkpRvj<^ d9XY\l�

� ��� ¦ §�� � � ¨�� � �w¦ �K�
zJd7j<qiV ¼ O�z�" aEk<d��QV0r�j}tuhiXYb]V0b��[R�T9kpRUX4jStuk<d9P j<qiV
~oRUXi^`\_q�zJV0rpqiXi^`rlRUZ9£wV0\_V0RUkpr<q�¡id9hiXYbiRvj<^ d9XS² aEk<d��QV0r�j�	?hiPN�
��Vlk ¼ z�
o¡�ÃU³v�Q�9�v�5�iÄ0� �9µgtud9k�\_hifif�d9k_j<^ XiT�j<qiV�fik<V0\_VlX4j
�ed9k<�(� zJd®zaqiV�	nRvj<^ d9XYRUZ�¬?d4\_fi^ jpRUZ�dUtN~nVlXiPSRUk<�(s?j<d
aEk<dUt���~oR:|�^`b �n�eVlXY\�RUXYb'j<d'zJd9kp\<RUXYR}~n^`RU�(V�j<V0\�~n^`RUTU�
Xid4\_^`\�tud9kwfik<d:|�^`b]^ XiTNj<qiV�b]^ T9^ jpRUZ�^ PSRUT9V0\�hY\_V0b��

 � � � � �w¦ � � �
¯ Ä�±�x7� ��^ VlqiZ�RUXYb�W��:x�^ V�j<�lXiVlk0s ¼ jpRvj<^`\�j<^`rlRUZ4PgV0r<qYRUXi^`rl\
dUt�hiXY\_hif�Vlk<|�^`\_V0b'\�j<k<hYr�j<hik<V�k<V0r�d9T9Xi^ j<^ d9Xys�������������
� ����� �"!#�$��%�&(')� s$
�d9Z2���4¾�s�Ä0´9´U°Ys4fify�yÄ0�9�4Ã:Á�Äl�9´4¾��

¡K^ T9hik<V �iº �oXHj<qiV�Z V�tÀj0s�j<qiV7d9k<^ T9^ XYRUZotuhiXYb]hi\,^ PSRUT9V
f2577d7479f2

²Àj<d9f�µwRUXYb}j<qiV�O "ex ¼ �YZ j<Vlk<V0b�^ PSRUT9V
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A Contextual Classifier That Only Requires One
Prototype Pixel for Each Class

Gabriela Maletti, Bjarne Ersbøll, and Knut Conradsen

Abstract—A three-stage scheme for the classification of multi-
spectral images is proposed. In each stage, statistics of each class
present in the image are estimated. The user is required to provide
only one prototype pixel for each class to be seeded into a homo-
geneous region. The algorithm starts by generating optimum ini-
tial training sets, one for each class, maximizing the redundancy in
the data sets. These sets are the realizations of the maximal discs
centered on the prototype pixels for which it is true that all the ele-
ments belong to the same class as the center one. Afterwards, a re-
gion-growing algorithm increases the sample size, providing more
statistically valid samples of the classes. Final classification of each
pixel is done by comparison of the statistical behavior of the neigh-
borhood of each pixel with the statistical behavior of the classes. A
critical sample size obtained from a model constructed with exper-
imental data is used in this stage. The algorithm was tested with
the Kappa coefficient on synthetical images and compared with

-means(� = 0 41) and a similar scheme that uses spectral
means(� = 0 75) instead of histograms(� = 0 90). The results
are shown on a dermatological image with a malignant melanoma.

Index Terms—Prototypes, redundancy, region growing, super-
vised classification, window size optimization.

I. INTRODUCTION

A PREMISE to a supervised classifier is that the training
sets provided are statistically valid samples of the classes.

Many semi-automatic training and validation set generation
schemes by means of region-growing algorithms [1], [2] have
been proposed. However, these schemes still require some
user-input for the estimation of the parameters of the classes. It
could be an advantage to develop schemes that minimize the
amount of information the user is required to provide. On the
other hand, contextual classifiers produce higher classification
accuracy. However, the definition of an optimum window size
for each step of the image analysis is still a problem [4].

From a semantic and pragmatic point of view [5], a window
defines a subset of an entity in which the instances are spatially
connected. From a heuristic point of view, the initial optimum
window for a given prototype pixel defines the realization of the
maximal disc centered on it for which it is true that all the el-
ements belong to the same class as the center one. This can be
obtained by detecting the emergence of a state of higher order
through the minimization of an optimal learning curve that de-
pends on the fraction of examples [6]. Based on the Heisen-
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berg Uncertainty Principle, it can be deduced that this optimal
learning curve corresponds to cases for which the envelope of
the signal or the signal itself is a Gaussian function. From the
Central Limit Theorem, we know that the convolution of a large
number of positive functions is approximately a Gaussian func-
tion. Since consecutive values of the function resulting from
convolution of two other functions contain a high degree of re-
dundancy [7], we choose as trajectory for the learning curve the
points for which the redundancy in the envelope of the fraction
of examples is maximized. In the present work, the estimated
optimum size of the neighborhood of each prototype pixel is
obtained at the minimum of an energy function computed for
the most redundant set that can be generated for each window
size. This stage will be called “the initial training set generation
scheme” [8].

A statistically valid sample of the class can then be obtained
by increasing the sample size by means of a “region growing” al-
gorithm [9]. Once the samples are defined, the minimum amount
of information needed for classifying each pixel in the image
has to be established. This is done based on the relationship
between the window size and separability between classes ob-
tained from experimental data, which provides a way of com-
puting the critical number of examples needed for inferring an
underlying structure in the data. Pixels are finally classified by
comparison of the statistical behavior of its neighborhood with
the statistical behavior of the classes [2].

II. RATIONALE OF THE ALGORITHM

Let a specific image with noncorrelated bands
defined over the given domain

with quantization levels. Let be the
number of prototype pixels , seeded into
homogeneous regions.

From a syntactic point of view [5], let a window
define the realization of a discD of radius centered on
the position of a given pixel

(1)

where is the number of pixels belonging to the set .

A. The Initial Training Set Generation Scheme

For each prototype pixel , an active learning process with
increasing window size for each iteration is defined (see the
left side of Fig. 1). It is expected that, at some point, the class
boundary is detected. This point will be associated with the op-
timum window size for the given pixel. For each window

0018-9499/02$17.00 © 2002 IEEE
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Fig. 1. The mapping model. To the left, a set of discs of increasing radiust centered on a given pixel is shown. To the right, one of these discs is shown in detail:
overlapping discs of a fixed radiusv are placed into the disc of radiust. A new disc of radiusm is constructed with the centers of these overlapping discs of radius
v. The mapping model is completely defined when weights are assigned to the elements of each disc.

size, the means of the realizations of all the discs of the same
size that can be placed into this window are estimated. The es-
timated variance of the estimated means within groups is then
tracked and minimized over the line of maximum redundancy
of the mapping model [8].

In general, let the estimationof the mean of a realization
of a discD be the projection1 of the realization over

the weighting function

(2)

where is the th pixel belonging to and is the
weight assigned to it.

Let the realization of a discD be composed by the
estimations of the means
within groups of size using the same
set of weights . Let be the estimated mean
between these groups using the set of weights.

Since, for all realization such that
and ,2 the redun-

dancy of a given pair is defined as

D
D

(3)

where is the number of pixels in the discD and D is the
entropy of the disc defined as

D (4)

where is the number of pixels of the disc, and
is the weight assigned to theth pixel of the disc.

As can be observed, the measure of redundancy used depends
on the group size and the number of groups , and it is in-
versely related to the entropy of the weightsand assigned
to the elements of the groups and to the groups, respectively.

1Scalar product.
2The equality holds for squares but small differences can be obtained in the

case of discs.

For a given prototype pixel with position , the size of
the initial training set corresponds with the minimum esti-
mated variance of the estimated means within groups. This func-
tion is computed for each window size for the most redundant
set

(5)

where is the pair for which the redundancy is max-
imal for each fixed radius is the Euclidian norm,

are the estimated means within groups,
and is the estimated mean between groups. The ra-
dius is increased in such a way that the internal-to-external
entropy ratio [8] is smaller than or equal to a constant
used. Then

(6)

Note that, in order to simplify the notation, a small change will
be made. Hereafter the notationsand are substituted for the
notations and of the optimum radius .

B. The Region-Growing Algorithm

Once the initial training sets are defined, the sample size can
be increased by means of an optimized region-growing algo-
rithm. Following the approach originally proposed in [2], [9],
and [10], for each class, pixels satisfying a homogeneity crite-
rion are included in the grown region. This criterion is evaluated
in a window of optimum size obtained in the Initial Training
Set Generation Stage. A pixel is aggregated into the region if
the difference between the homogeneity value of the class and
the homogeneity value of the pixel centered window does not
exceed a certain threshold. The growing of a region stops, once
the homogeneity criterion is no longer satisfied. Following the
notation previously introduced, let be the ini-
tial subregion pointing out a class. In general, let
be the set of pixels that do not belong to but having at least
a neighbor with under a certain connectivity. The set is
the region jointly formed by and the pixels of such
that the distance from the estimated mean of the class and the
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Fig. 2. SeparabilitydA versus optimum disc radiusw for classification.

estimated mean of the neighborhood centered on those pixels
does not differ more than a certain threshold

(7)

where is the Euclidian norm and . The growing of a
region continues until .

C. The Final Classification

In this last stage, the normalized histograms of the grown re-
gions of each class are used. An optimum window size for image
classification is defined using these histograms. Afterwards, the
following measure of distance from each pixel to each class is
computed; it is the pondered sum of the difference of areas of
pairs of class density functions:

(8)

where is the number of bands of the image,is the number
of quantization levels, and and are the per band nor-
malized histograms of theth and th class, respectively.

The critical number of samples for classification is computed
as a function of the minimal separability between neighbor
classes. This empirical model was constructed doing linear
regression of experimental data (see Appendix A)

(9)

where has the same meaning as before andis the radius
of the estimated optimum disc for classification. It is optimum
in the sense that it corresponds to the best classification rate for
a set of experimental data with similar statistical descriptions.
Fig. 2 shows the graphical behavior of this relation.

A pixel belonging to the multispectral imageis clas-
sified according to the following criterion:

(10)

where represents the normalized histogram of the grown
region corresponding to theth class and represents the nor-
malized histogram of the neighborhood of radius cen-
tered on the position of the pixel .

III. RESULTS AND DISCUSSION

In order to evaluate the algorithm, a set of 15 synthetic images
with signal-to-noise ratios (SNR)3 of 0, 3, 8, 15 and 26 and
number (from order) of classes of 3, 5, and 7 was generated.
The separation between consecutive means of the classes was
five gray levels for all images. The classes are Gauss-distributed.
The size of the images is pixels (see Fig. 3). The proto-
type pixels were seeded in suitable places. The initial optimum
window size was estimated for each prototype pixel of each syn-
thetic image setting the internal-to-external-entropy ratio[8]
to an empirically found value of 10. The weight assigned to each
pixel in each disc was the inverse of the size of the respective

3The SNR is defined as SNR= �20[(K � 1)�] log j� �� j
where the� is the mean of theith class, the means are ordered in increasing
size, and� is the standard deviation of each one of theK classes.
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Fig. 3. The original set of synthetical images.

Fig. 4. The initial training sets (in white) centered on the seeded prototype pixels overlayed with the real thematic maps of the synthetical images shown in Fig. 3.

disc for all the examples treated. The initial training sets gen-
erated are shown in Fig. 4. The outputs of the second and third

stage of the present scheme are presented in Figs. 5 and 6, re-
spectively.
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Fig. 5. The grown regions (in white) generated using the initial training sets delineated in Fig. 4 overlayed with the real thematic maps of the synthetical images
shown in Fig. 3.

Fig. 6. The estimated thematic maps generated by the present classifier for the set of synthetical images shown in Fig. 3 using the training sets delineated in Fig. 5.

The output of the algorithm for this set of synthetical images
was tested with Cohen’s Kappa coefficient. It was compared

to -means and a scheme similar to the present one, except that
in the final classification stage the spectral means of each pixel



MALETTI et al.: A CONTEXTUAL CLASSIFIER THAT ONLY REQUIRES ONE PROTOTYPE PIXEL FOR EACH CLASS 705

TABLE I
KAPPA VALUES OF THEDIFFERENTCLASSIFICATION OUTPUTS

Fig. 7. The initial training sets (delineated with circles) centered on the seeded
prototype pixels overlayed with the grown regions (delineated in black) of the
image of a malignant melanoma.

centered neighborhood are computed and the distance between
these means and the estimated means of the classes are used for
assigning the pixels to the classes (see Table I for details).

Testing the algorithm for dermatological examples intro-
duced some practical considerations that follow. First, the main
problem in dermatological images is precisely defining all
the classes and their homogeneity. The seed of the prototype
pixels is crucial in the sense that this will set the parameters
for the region-growing algorithm. Too homogeneously grown
regions will produce classes with almost total separability and,
therefore, the final classification will be done with too small
window sizes not defining representative real large variation
neighborhoods. On the other hand, if the pixels are seeded into
regions with large heterogeneity, a high overlap in the statistics
of the grown regions can occur, and the final classification stage
will have to handle with large neighborhoods in order to make
a good discrimination, but border effects can be introduced.

Secondly, since all the pixels are classified, thematic maps
produced for real examples can contain misclassified pixels
(healthy skin classified as ill and vice versa). This can be
considered as a kind of noise that can be reduced by applying
an iterative median filter to the thematic map.

An image of a malignant melanoma is the real case presented
in this paper (see Fig. 7). The size of the original image was

Fig. 8. The thematic map produced by the algorithm for the image.

Fig. 9. The original image overlayed with the thematic map after three
iterations of the median filter.

885 by 590 pixels. The eigenvalues of the principal components
were in descending order: 0.209 849, 0.001 498, and 0.000 137.
The two principal components of the original image reduced
50% in size were used as input to the algorithm. Five proto-
type pixels pointing each one to a class were seeded into ho-
mogeneous regions. The scheme produced a thematic map con-
taining misclassified pixels (see Fig. 8), the number of which
was reduced by applying an iterative median filter to the the-
matic map (see the overlay with the original image reduced by
50% in Fig. 9). Pixels with no overlap to one of the classes were
assigned to a reject class.

IV. CONCLUSION

A new contextual classifier for multispectral images has been
developed. The scheme has been tested for synthetic and real
examples. It has been shown that the application of the iterative
median filter to the thematic map can improve the quality of the
results in real examples. In general, results are satisfying with
respect to both numerical evaluation and visual appreciation.
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TABLE II
DISTANCE dA BETWEEN PAIRS OF CLASSESGIVEN BY THE SEPARATION

BETWEENTHEIR MEANS s� AND THEIR STANDARD DEVIATION �

TABLE III
DISC RADIUS w CORRESPONDING TO THEBEST KAPPA VALUE (ONE) FOR

EACH PAIR OF CLASSESGIVEN BY THE SEPARATION BETWEENTHEIR MEANS

s� AND THEIR STANDARD DEVIATION �

APPENDIX A

A. The Empirical Relation Window Size for
Classification—Separability Between Classes

A set of 36 pairs of synthetic images pixels in
size was generated. The values of the pixels were generated
using different Gauss probability density functions
and . The values of the parameters were

and and
.

For each pair of images , neighborhoods (discs) of in-
creasing size were centered on the pixels from rows 33 to 96 and
columns 33 to 96 of each one of the images. The radius of the
discs varied from 0 to 31.

For each window size:

• the normalized histogram of each pixel centered neighbor-
hood was computed;

• the distance from this histogram to the normalized his-
togram of both classes was calculated [see (8)];

• the pixel was assigned to the closest class;

• the quality of the final classification was measured with
Cohen’s Kappa coefficient.

The optimum radius for each pair of images corresponded to the
maximum Kappa value of one.

Tables II-III show the distances between each considered
pairs of classes and the corresponding optimum disc radii for
classification.
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Abstract

A supervised classification scheme to segment optical multi-spectral images has been developed. In this classifier,

an automated region-growth algorithm delineates the training sets. This algorithm handles three parameters: an initial

pixel seed, a window size and a threshold for each class. A suitable pixel seed is manually implanted through

visual inspection of the image classes. The best value for the window and the threshold are obtained from a spectral

distance and heuristic criteria. This distance is calculated from a mathematical model of spectral separability. A pixel

is incorporated into a region if a spectral homogeneity criterion is satisfied in the pixel-centered window for a given

threshold. The homogeneity criterion is obtained from the model of spectral distance. The set of pixels forming a region

represents a statistically valid sample of a defined class signaled by the initial pixel seed. The grown regions therefore

constitute suitable training sets for each class. Comparing the statistical behavior of the pixel population of a sliding

window with that of each class performs the classification. For region-growth, a window size is employed for each class.

For classification, the centered pixel of the sliding window is labeled as belonging to a class if its spectral distance is a

minimum to the class. The window size used for classification is a function of the best separability between the classes.

A series of examples, employing synthetic and satellite images are presented to show the value of this classifier. The

goodness of the segmentation is evaluated by means of the k coefficient and a visual inspection of the results.

r 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Segmentation is a partition of the image into a number

of regions (Cohen and Fam, 1992), each region related to

class objects of the scene. The regions may be labeled as

pertaining to a certain class of objects, hence generating a

classification. The final product is therefore a thematic

map useful for scene understanding. The first classifiers

labeled the pixels of the image into classes using only

their spectral properties and ignoring their context. This

approach, named per-pixel classification, proved to be

limited in nature and applicable only to spectrally well-

differentiated cases. In the last years, efforts have been

devoted to develop contextual classifiers (Arai, 1993;

Khazenie and Crawford, 1990; Gong and Howarth,

1992; Kontoes and Rokos, 1996). Classifiers that

incorporate contextual information into the classification

have been reported in the literature as well (Chica-Olmo

and Abarca-Hern!andez, 2000; Atkinson and Lewis,

2000). A contextual classifier consistently produces

higher classification accuracies than the per-pixel classi-

fier (Gonz!alez Alonso et al., 1991; Kontoes and Rokos,

1996; Stuckens et al., 2000). In the approach of this

paper, a pixel is labeled to a class by taking into account

its spectral properties and the context of its location.

A supervised classifier employs a priori information of

each determined class; this is usually done by means of
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training sets. These training sets are defined through

closed polygons outlined on the image by some

interactive procedure. In this definition, there is not a

clear criterion to assume that the training sets are valid

statistical samples of the classes (Cetin and Levandows-

ky, 1991). However, some work on the purification of

training samples has been reported that improves the

quality of classification (Buchheim and Lillesand, 1989;

Bolstad and Lillesand, 1991; Arai, 1992). Region-

growth-based algorithms for image segmentation and

region classification have been reported in literature

Raafat and Wong (1988) and Gahegan and Flack

(1999). However, further work is required to use an

optimized region-growth algorithm as a preliminary step

in a contextual classification scheme.

As a basic premise to a classifier, a procedure should

be established to assure that the training sets are

representative samples of the classes. A second premise

is that the classification of a pixel should be performed

by direct comparison between the statistical behavior of

the classes and that of the pixel-centered window. A

third premise is to make no assumption on the particular

statistical behavior of the density function of the classes.

This model-based approach yields the automated

determination of the set of parameters handled by the

classifier; the only exception is the locations of the initial

seeds.

In this work, a new contextual classifier is proposed

that determines statistical samples of defined classes

as a result of an automated region-growth algorithm.

A pixel is then classified by comparing the density

function of the pixel-centered window population to

those of the classes. The comparison is done by means of

a measure of similarity between such density functions.

The growth of each region is performed by employing a

window size and a threshold value suitable for each

class. The measure of similarity is utilized to calculate

best values for such parameters. The window used for

classification is a function of the best separability

between the classes. As explained in the next sections,

this scheme of classification is valid for a spectral

contextual classifier, even though extension to a textural

classifier is easy. In brief the goals of this research are the

following: (a) develop a new supervised contextual

classifier to segment an image into a number of classes,

(b) derive the statistics of the classes from a region-

growth algorithm, (c) determine the goodness of such

classifier.

2. Contextual classifier

2.1. Region-growth scheme

The contextual classifier uses the training sets

determined by an automated region-growth algorithm

(Lira and Frulla, 1998). This algorithm begins by

seeding pixels in suitable places of the image where the

existence of a class is known. This task is done manually

by visual inspection of the image with the support of

ancillary data. Once the seeds are determined, one per

class, the growth of the class regions starts. The growth

is performed by pixel aggregation satisfying a homo-

geneity criterion. The criterion is evaluated in a window

with the best size for each class. A pixel is aggregated

into the region provided the difference between the

homogeneity value of the seed- and the pixel-centered

window does not exceed a certain threshold. The growth

of a region is terminated when this homogeneity

criterion is no longer satisfied. The homogeneity

criterion and the threshold are both derived from a

measure of separability and heuristic criteria; details of

this are given in the next paragraphs.

Let gðrÞ be a multi-spectral image and p0ijAg; and let

fR0 ¼ p0ijg be the initial sub-region signaling a given

class. The pixel p0ij is known as the seed related to R0:
The vector r defines the coordinates of the pixel p0ij in

the image, i.e. r ¼ ði; jÞ: In general, the pixel p0ij is formed

by the tuple fp1; p2;y; pggij ; where g is the number of

bands of the multi-spectral image. Let R0
0 be the set of

pixels that do not belong to R0 but having at least a

neighbor with R0 under certain connectivity. Let EðR0Þv
be the value of the homogeneity criterion applied to the

window v of R0: The set R1 is the region jointly formed

by R0 and the pixels p1klAR0
0 for which Eðp1klÞv differs

from Eðp0ijÞv in less than a threshold e: In other words, R1

is the following set:

R1 � fp1kl : jEðp1klÞv 	 Eðp0ijÞvjpeg: ð1Þ

The real number e is known as the parameter of

uniformity, directly related to the homogeneity criterion.

Once R1 has been determined the previous step is

repeated; so, in general the region Rm is given by

Rm � fpm
kl : jEðpm

klÞv 	 Eðp0ijÞvjpeg: ð2Þ

The homogeneity criterion E is always tested facing the

original sub-region window of R0: The growth of a

region continues until no change occurs from one step to

the next: Rkþ1 ¼ Rk: The above is easily generalized for

a number of initial regions, i.e. for a set of classes. Thus,

aggregation of a tested pixel pkl is carried out as

pkl-region t : jEðpklÞ
t
v 	 Eðp0ijÞ

t
vjpe; ð3Þ

where EðpklÞ
t
v is the homogeneity criterion applied to the

tested pixel, and the region t is identified as the training

set of class t:

2.2. Estimation of region-growth parameters

The best values for the window v and the threshold e
are obtained as follows. An odd-sized window is

assumed for each seeded pixel. Beginning from v ¼ 3
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pixels, the windows are systematically incremented in

size. Only squared odd windows are considered. The

density function is estimated. Let Sa
vðiÞ be the density

function of the pixel population in a window v for

spectral class a: Such a function is normalized to unity

according toX
i

Sa
v ðiÞ ¼ 1: ð4Þ

The above is assuming 256 quantization levels in the

image, and i is a vector with dimension equal to

the number of bands of the multi-spectral image. Let a

be any spectral class in the image, then

da
Dv ¼

X
i

jSa
v ðiÞ 	Sa

vþ2ðiÞj: ð5Þ

On the grounds of extensive tests with several images,

the best window for class a is set whenever da
Dvp0:3: A

similar condition is established for the set of classes. The

size of the window must satisfy a two-fold condition:

large enough for statistical validity, and small enough

for maximum spatial resolution. In this sense, the

window size is adjusted according to class heterogeneity

(Hodgson, 1998). A homogeneous class requires a small

window size; a heterogeneous class requires a larger

window size. Therefore, a window size is determined for

each class. As v increments, the density function of a

class experiments a great variation, until the number of

pixels is enough to represent a valid statistical sample of

the class. While the window size is further incremented,

the density function is approximately constant as long as

the window is entirely included in the class. If the

window population is a mixture of two or more classes,

the density function changes again. The condition

da
Dvp0:3 is a heuristic rule to measure such change.

The second parameter handled in the region-growth

algorithm is a threshold e; named the uniformity

parameter. This parameter is set in the following way.

Let dab
v be the distance between any two classes a and b

for a given window size v:

dab
v ¼

X
i

Sa
v ðiÞ 	Sb

vðiÞ
�� ��; 8 aab: ð6Þ

The distance dab
v is of spectral separability. Let a be a

spectral class in the image; thus, given the set

{va; vb;y; vu} of windows of the classes, the following

minimum is determined:

da ¼ min dab ¼
X
i

Sa
va
ðiÞ 	Sb

vb
ðiÞ

��� ���
" #

; 8aab: ð7Þ

On the grounds of extensive tests with several images,

the threshold corresponding to the class j is given by the

following criterion:

ej ¼ 0:75dj ð8Þ

and so on for the set of window classes: {va; vb;y; vu}.

The region-growth is performed on the grounds of a

homogeneity criterion defined in terms of the distance

determined by Eq. (6). Thus, given the best window for

class j:

pkl-class j :
X
i

Sj
pkl
ðiÞ 	Sj

p0
ðiÞ

��� ���pe; ð9Þ

where p0 is the pixel seed for class j: In brief, Eqs. (5), (8)

and (9) determine the best window, the threshold and

the homogeneity criterion, respectively. This means that,

once the seed pixels are determined, the classification

process is fully automated.

2.3. Rationale of spectral classifier

The contextual classifier uses a pixel-centered window

to estimate the density function associated to a pixel.

This function is compared to the density function of the

classes determined by the training classes in the region-

growth process. A pixel is classified to that class where

the comparison is the best. However, a tested pixel

window may share pixels from two or more classes. In

this situation the density function is a composite of

various classes. The pixels having windows located in

more than one class are named border pixels. To avoid

misclassification, the border pixels must be treated

separately, labeled as such, and classified to the nearest

class in a separate process. Once classified, the border

pixels are encoded with the rest of the pixels to form the

final classification of the image. Border pixels are

identified as follows: The pixel-centered window is

displaced on every pixel of the image. In each position

of the window, the density function is obtained. This

function is compared with the density function of the

classes and to the density function of pair of classes. The

result of this comparison leads to the labeling of a

border pixel; details of this are in the classifier algorithm

steps (v) and (viii).

The rationale of the spectral classifier consists of three

stages: (1) construct a model of spectral separability to

calculate the best window to perform the classification,

(2) design an overall block diagram of the classifier, and

(3) list the details of the algorithm for classification. The

construction of such a model now follows.

A set of 36 images with 6 classes is generated. The

density function of the classes is Rayleigh-like (Dough-

erty, 1999). The size of the images is 256� 192 pixels.

The difference of the mean among these classes ranges in

the interval: [1,2,...,32]. The difference of the standard

deviation ranges in the same interval. This produces a

set of 216 classes with varying spectral separability

among them. The normalized density function of each

class is obtained according to Eq. (4). In each class, a

pixel-centered window is considered. This window is

systematically incremented from 1� 1 to 23� 23 pixels.

The distance between the density function of this
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window and the one from each other class is derived

(Eq. (6)). A pixel-centered window is classified into a

class where this distance is the least. The precision of

classification is calculated for each window size. The best

window is the one yielding the highest precision. Table 1

condenses this model of spectral separability. In this

model, the following is observed:

(i) Whenever the separability is complete, the max-

imum precision is obtained using a per-pixel

classification, i.e. a 1� 1 pixel window.

(ii) Classes with similar separability have a similar

window size for classification.

(iii) An inverse relationship exists between the separ-

ability of the classes and the best window size.

The overall block diagram of the classifier is given in

Fig. 1. According to this, the details of the classifier

algorithm are the following:

(i) Let gðrÞ be the image to be classified. The bands

selected for classification are loaded into RAM

memory. Decorrelated bands resulting from prin-

cipal component analysis are usually employed in

this step.

(ii) Pixels are seeded in selected places of each spectral

class defined for segmentation. Let x � fa; b; :::; ug
be the set of spectral classes.

(iii) The best window is derived for each class

according to Eq. (5). Let Z � fva; vb; ::; vug be the

set of windows.

(iv) On the grounds of the region-growth algorithm,

the normalized density function Sj
vj
ðiÞ for each

training set is obtained 8jAx:
(v) A matrix of the average of density functions for a

pair of classes is constructed. Let StsðiÞ be the

elements of such a matrix for any two spectral

classes t and s; 8tas: The function StsðiÞ is named

as the density function of a border formed by a

pair of distinct classes.

(vi) The distance dab ¼
P

i S
a
va
ðiÞ 	Sb

vb
ðiÞ

��� ���; 8aabAx
is obtained as a function of class window vi;
8viAZ: For classification, the best window v is

obtained from Table 1 using d ¼ min½dab�;
8aabAx:

(vii) For every pixel pkl to be classified, the normalized

density function Skl
v ðiÞ is generated, where (k; l)

are the coordinates of the pixel in the image: r ¼
ðk; lÞ; and v is the best window obtained in step

(vi).

(viii) A pixel pkl of the multi-spectral image is classified

according to the following procedure:

(a) The distance between the density function Skl
v ðiÞ of

the pixel-centered window and the density function

of the classes Sj
vj
ðiÞ is calculated

d
j
kl ¼

X
i

Skl
v ðiÞ 	Sj

vj
ðiÞ

��� ���; 8k; lAg; l ¼ 8jAx:

ð10Þ

(b) The distance between the density function Skl
v ðiÞ of

the pixel-centered window and the density function

of the pair of classes StsðiÞ is calculated

dts
kl ¼

X
i

Skl
v ðiÞ 	StsðiÞ

�� ��; 8k; lAg; 8ðt; sÞAx:

ð11Þ

(c) The distances d
j
kl and dts

kl are sorted out by value.

Let d ¼ fd
j
kl ; dts

klgv be the ordered set of such

distances.

Table 1

Separability as a function of window size

Window Separability Window Separability Window Separability

1 1.9997–2.0000 7 1.1606–1.6299 17 0.3406–0.3746

3 1.9187–1.9997 11 0.6772–1.1606 21 0.2293–0.3405

5 1.6299–1.9186 15 0.3746–0.6771 23 0.2193–0.2293

Determine the 
number of classes 

⇒ Seed a pixel signaling 
each class 

⇒ Perform the region-growth 
algorithm from seeded pixels 

⇒

From the grown regions, 
determine  for each 
class and for each pair of 
classes

)(ij
v ⇒

Determine class 
pixels and border 
pixels 

⇒
Encode class pixels and border 
pixels to produce a final 
classification 

Fig. 1. Block diagram of contextual classifier.
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(d) If min fd
j
kl ; dts

klgv; is a distance to a border, a new

window v0 for pkl is considered. The size of this

window is the one providing the best separability

(Table 1) between the density function of such

border and the density function corresponding to

the second smallest distance of d:
(e) A new set of distances d0 ¼ fd

j
kl ; dts

klgv0 is calculated

for v0: If minfd
j
kl ; dts

klgv0 is a distance to the border

found in step (d), then pkl-border:
(f) If minfd

j
kl ; d

ts
klgv is the distance to a class t; then

pkl-class t:
(g) If pkl-border, its average density function is

considered. Let this border be the one formed by

classes q and r. The following distances are

calculated:

dl
kl ¼

X
i

Skl
v ðiÞ 	Sl

vðiÞ
�� ��; 8k; lAg; l ¼ ðq; rÞAx: ð12Þ

Then pkl is labeled as border-class q if d
q
kl ¼ minfdl

klg;
l ¼ ðq; rÞAx:
This algorithm generates a segmentation of the image

in classes and borders. The encoding of class pixels and

border pixels produces a final classification of the image

as shown in Section 4. This algorithm is not computa-

tionally demanding: the density functions and the

images are loaded into the RAM memory, the whole

procedure for the multi-spectral classification presented

in this research takes approximately 2min on a Pentium

IV @ 700MHz. The following section describes the test

images used in the classifier.

3. Test images

Two types of examples are presented in this paper.

These examples are worked out on the grounds of:

(a) A set of two synthetic images (Figs. 2a and 3a) with

well-known statistical parameters for each class.

These synthetic images are single band and contain

five (Fig. 2a) and three (Fig. 3a) barely discernible

classes. The class separation, in both images, is five

gray levels between means. In Fig. 2a, each class

has a variance of 11.26. In Fig. 3a, each class has a

variance of 24.92. The dimension of these images is

128� 128 and 96� 96 pixels, respectively. The

density function of the classes in both the images

is Gaussian-like. Fig. 2a shows an image with low

content of noise: snr=7.9586 dB. Fig. 3a depicts a

relatively high level of noise: snr=0.3719 dB. The

formula to calculate the noise is

snr ¼
1

NC 	 1

XNC

i¼1

20log
miþ1 	 mi

s

h i
; ð13Þ

where NC is the number of classes, mi and s are the

mean and the standard deviation of the classes,

Fig. 2. (a) Synthetic image with five classes and signal-to-noise ratio of 7.9586 dB, (b) border pixels of synthetic image depicted in

Fig. 2a, (c) encoding of border pixel and class pixels of the synthetic image depicted in Fig. 2a.

Fig. 3. (a) Synthetic image with three classes and signal-to-noise ratio of 0.3719 dB, (b) border pixels of the synthetic image depicted in

Fig. 3a, (3) encoding of border pixel and class pixels of synthetic image depicted in Fig. 3a.
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respectively. The means are sorted by the value:

miþ1Xmi:
(b) A satellite SPOT multi-spectral (Fig. 4a) image.

The dimension of this image is 512� 512 pixels,

covering a region of Central M!exico. This image is

not geocoded.

4. Results and discussion

Results are organized in two categories: for the

synthetic images final results are provided. For the

SPOT image full details are given.

The synthetic images are considered an extreme case

to test the validity of the classification scheme. Fig. 2b

shows the border pixels of Fig. 2a, while Fig. 2c shows

the encoding of class and border pixels with the final

segmentation achieved. The finite size of the window

employed in this process reduces the size of the images

by ðvF1Þ=2 pixels per side. The border pixels and the

segmentation achieved for Fig. 3a are presented in

Fig. 3b and 3c, respectively. The high content of noise

in Fig. 3a produces a less precise segmentation than in

Fig. 2a. The synthetic nature of the images used in this

work allows a quick quantification of the classification

accuracy. The region of the image occupied by each class

is well known. The confusion matrices related to the

segmentation of Figs. 2a and 3a are given in Tables 2

and 3. From these matrices, the k coefficient is easily

calculated (Landis and Koch, 1977; Smits et al., 1999).

For Fig. 2a, k is 0.8586, and for Fig. 3a, it is 0.7937.

The second example deals with a multi-spectral SPOT

image covering a region of Central M!exico. A principal

component analysis was applied to this image, only the

first two components were retained for the classification

process.

By visual inspection on this image, and with the help

of ancillary data, six pixels were seeded signaling six

spectral classes. Fig. 4a shows the region growth for the

six classes overlain with an RGB color composite of the

image. The color composite is, [RGB]=[Principal

component 1, Principal component 2, Band 3]. These

regions define the training fields for the spectral classes.

From upper left in Fig. 4a, and going in clockwise

direction, the classes defined in the classification process

are: shadows, soil/herbage, microphylum thicket, oak/

pine woods, river bed/herbage, and submontane thicket/

oak. The distance (Eq. (6)) among the density functions

of the regions measures the separability matrix of such

classes. This separability matrix is shown in Table 4. The

least separability in Table 4 is 1.8028; therefore, based

on the values of Table 1, this classification was

performed using a window of 5� 5 pixels. To classify

the border pixels, the distance among the pair of classes

is calculated. The least separability in Table 5 is 0.9014;

therefore, based on the values of Table 1, this classifica-

tion is performed using a window of 11� 11 pixels.

Fig. 4. (a) RGB composite of SPOT image overlain with training fields defined by region-growth, (b) RGB composite of the SPOT

image overlain with borders of spectral classes defined in classification process.
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The classification procedure generates a segmentation of

the multi-spectral image. Fig. 4b shows the result of the

segmentation once the class and border pixels are encoded.

The overlay of the RGB composite plus the border of the

regions (Fig. 4b) shows a precise segmentation of the

spectral classes defined in this process. The evaluation of

the goodness of this segmentation is as follows:

(i) A visual inspection of the overlay of the class

borders to the RGB composite. This inspection

shows a precise segmentation of the image accord-

ing to the classes defined.

(ii) A verification of each region growth with ancillary

data. The ancillary data was used to corroborate

that each region contains the class signaled by the

seed pixels. The resulting classification map was

also corroborated with ancillary data.

(iii) A comparison of the k coefficient for the contextual

vs. a per-pixel classification (Richards and Jia,

1999). The k coefficient is calculated from the

confusion matrix resulting from the contextual

classification process (Table 6). The value of the k
coefficient is 0.98823. On the other hand, using the

grown regions as training sets as input to a per-

pixel classifier, the first two principal components

of the SPOT image were classified into six classes.

A mode filter employing windows of 5� 5 and

7� 7 pixels was applied to this classification. The

resulting k coefficient for this set of images is:

0.81198 for no filter, 0.91169 for the 5� 5 filter, and

0.93382 for the 7� 7 filter. Increasing the size of the

window in the mode filter did not bring a significant

improvement to the k coefficient. The contextual

classification was performed with a window of 5� 5

pixels. The spatial detail achieved in this classifica-

tion is comparable with that obtained from the per-

pixel classifier employing a mode filter of 5� 5

pixels.

Table 2

Confusion matrix of classification for synthetic image 1

Class 1 2 3 4 5 Region size (pixels)

1 1862 175 73 43 49 2202

2 76 3410 133 104 41 3764

3 62 178 2710 86 20 3056

4 33 48 85 2556 58 2780

5 13 41 80 94 1426 1654

Total 2046 3852 3081 2883 1594 13456

k Coefficient: 0.8586.

Table 3

Confusion matrix of classification for synthetic image 2

Class 1 2 3 4 5 6 Region size (pixels)

1 6436 158 189 0 0 0 6783

2 253 6367 47 42 0 0 6709

3 100 57 7189 222 81 0 7649

4 0 227 127 7045 161 75 7635

5 0 0 94 23 6543 167 6827

6 0 0 0 43 239 6461 6743

k Coefficient: 0.7973.

Table 4

Distance among the class density functions in SPOT image

Class 1 2 3 4 5 6

1 0.0000 2.0000 2.0000 2.0000 1.9895 1.8028

2 2.0000 0.0000 1.8359 1.9873 2.0000 2.0000

3 2.0000 1.8359 0.0000 1.8931 1.9499 1.9919

4 2.0000 1.9873 1.8931 0.0000 2.0000 2.0000

5 1.9895 2.0000 1.9499 2.0000 0.0000 1.9925

6 1.8028 2.0000 1.9919 2.0000 1.9925 0.0000
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5. Conclusions

A new contextual classifier based upon an automated

region-growth algorithm has been developed and tested.

This algorithm provides valid statistical samples of

defined classes as input into a contextual spectral

classifier. Even though the grown regions do not encircle

pure spectral objects, the resulting classification is better

compared to the one from a per-pixel classifier. The

contextual classifier is semi-automatic, embracing only

two parameters derived from heuristic criteria. More

work is needed regarding the estimation of these

parameters though. In order to avoid the heuristic

determination of their value, a model-based approach

may be adequate. The best location to seed the initial

pixels for region growth requires some attention too.

The classification and growth of the regions are

performed employing best windows for each class. No a

priori assumptions are made concerning the density

functions of the classes. This is a basic premise since,

based on experimentation, in a multi-spectral image

some classes show a Gaussian behavior and some a

Rayleigh behavior. A classifier is prone to produce

wrong classification results whenever a particular

density function is assumed and the image classes

show a different statistical behavior. The synthetic

images have a set of classes barely discernible due

to the noise content. However, the contextual classifier

produces good results, generating segmentation

where the classes are clearly differentiated. The classi-

fication results concerning the SPOT image are good as

well. The k coefficient shows a greater spectral separ-

ability of the contextual classifier compared to a per-

pixel classifier. Our contextual classifier performs well

for multi-spectral images; a direct application might be

in the classification of satellite images for remote sensing

of the environment. The classification results in our

classifier show a k coefficient competitive with any other

contextual classifier. Finally, the rationale of classifica-

tion presented in this work is of general nature and

might be adapted to new models of texture and spectral

separability.

Table 5

Distance among pair of classes and class density functions in SPOT image

Class, Class pair 1 2 3 4 5 6

1,2 1.0000 1.0000 1.8887 1.9875 1.9948 1.8773

1,3 1.0000 1.8913 1.0000 1.9204 1.9697 1.8701

1,4 1.0000 1.9936 1.9262 1.0000 1.9948 1.8773

1,5 0.9948 2.0000 1.9504 2.0000 0.9948 1.8710

1,6 0.9014 2.0000 1.9960 1.9078 1.9910 0.9014

2,3 2.0000 0.9180 0.9180 0.9936 1.9749 1.9928

2,4 2.0000 0.9936 1.8148 1.9875 2.0000 2.0000

2,5 1.9895 1.0000 1.8391 1.9875 1.0000 1.9925

2,6 1.8507 1.0000 1.8846 1.9875 1.9963 1.0000

3,4 2.0000 1.8849 0.9466 0.9466 1.9749 1.9928

3,5 1.9895 1.8913 0.9749 1.9204 0.9749 1.9882

3,6 1.8507 1.8913 0.9960 1.9204 1.9712 0.9960

4,5 1.9895 1.9936 1.8766 1.0000 1.0000 1.9925

4,6 1.8507 1.9936 1.9222 1.0000 1.9963 1.0000

5,6 1.8407 2.0000 1.9478 2.0000 0.9963 0.9963

Table 6

Confusion matrix for classification of SPOT image

Class 1 2 3 4 5 6 Region size (pixels)

1 730 0 0 0 18 15 763

2 0 199 6 0 0 0 205

3 0 0 918 0 0 0 918

4 0 0 13 772 0 0 785

5 0 0 0 0 122 0 122

6 0 0 0 0 1 3475 3476

Total 730 199 937 772 141 3490 6269

k Coefficient: 0.98823

k Coefficient: 0.98823.
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(hi ◦ hj)[n] =

∞
∑

k=−∞

hp,l,s,i,b[k], hp,l,s,j,b[n+ k]
 D¼[¼ "

Ï-Ë368256
hp,l,s,i,b = h(nXp,l,s,i,b)
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nXp,l,s,c,b =
round(255. ∗ (Xp,l,s,c,b −min(Xp,l,s,c,b))

(max(Xp,l,s,c,b)−min(Xp,l,s,c,b))) + 1
.
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E[c[hp,l,s,i,b, hp,l,s,:,b]] =
1

nc − 1
(
∑

j=1

ncc[hp,l,s,i,b, hp,l,s,j,b]− 1).
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E0K�E0�SH<MpJ�E�H<B]X�U?^ E0VIVIT �FU]E�H<T MLK�VIU6[\B?J�B-k+��T H<[qH<[\B�XSB-G<J�E�H<Mp^ Mp_LT U?Ep^FT J�E0_pB�X\E�H6E)r
a�[\Bd�\VIB-GNT V�MpK\^ fG<B]�u�\T G<B]XH<M�VIDiB?U?T O f�H<[\BWU?^ E0VIV�O1M0G���[\T U6[gT H<V�H<[\B?J�E�H<T UWJ�E0D
T VJ�MpVmHqVI�\T H6E0t\^ B�H<M�tiBg�\VIB]X�T K�H<[\B�T ^ ^ �\J�T KFE�H<T MpK4U?M0GIG<B?U-H<T MpK9rQ�WB?VI�\^ H<VE�G<B
VI[\M]��K�O1MpGCG<B]E0^QB-�\E0J�D\^ B?V?r+P�HCT V�E0^ VIM3VI[\M]��K�H<[FE�HCH<[\BqU?^ E0VIVIT �FU]E�H<T MpK�Mp�SH<D\�SH
T J�DSG<M�eLB?V�E�O H<B-GWT ^ ^ �\J�T KFE�H<T MpKZU?M0GIG<B?U-H<T MpK9r

  ¡\¢W£i¤+¥�¦�§�¨b£+©<¥W¢

ª .�«9>6.�'�>6.�5�¬)N®u¯)°
RGB ± >6¬S*-,1'S>6,1>�/ .p>6, ¬S7Z, ²�')³S.p>0´)¬)$>6, µ0.�°S°)¶ ± , ·i.0/1>N(F¸�¯L¹\º ± , ·i.0/1>0´5?')»S.07¼'u5�5-½+.�&q.07S5-¬)¾5-.�¿�¬\> ± , 5?')/R´�À�.07+²�')*-»�´ 8i«+*-, 7+³ ± , / ¬)53>6.p>->6, ¬S79>�Á�, 5-½#5-½+*-.0.�, 7iÂ

Ã , 5-.p8 ± 'u5-, .07\5?>0Ä9Å+¬S*�.p'SÆ-½ ± 'u5-, .07S5p´+5-½+*-.0.�/ .p>6, ¬S79>CÁd.0*-.qÇ¬S/ / ¬uÁW.p8�¬S79Æ�.�'ZÁd.0.0»�8i«+*-, 7+³'u5�/ .p'S><5�5-½+*-.0.�ÁW.0.0»i>0Ä9ÈI74.0'SÆ?½4>6.p>->6, ¬S7Q´iÉ Ã .�, ²�')³S.p>�¬)N.p'SÆ?½�/ .p>6, ¬S7�Ád.0*-.5?')»S.07QÄ9=N·FÂ
')² ± / .p>CÆ�')7�(b.>6.0.07�, 7�Å�, ³S«+*-.qÊ+ÄiËC½+.>6»F, 7�, ²�')³S.p>d')*-.q'uÌ�.pÆ]5-.p8�(F¸�>6½9'S8i¬LÁ�>d8i«+.�5-¬5-½+.g7+¬S7iÂ ± /1')7+.g>6½9' ± .g¬)N5-½+.g¬S(i;I.pÆ]5?>0Ä�ËC½9')7+»i>�5-¬�5-½+.g«9>6.g¬)W')7�, 7\5-.0³S*?'u5-, 7+³�> ± ½+.0*-.Í ®�Î�Ï�>6.0.qÅ�, ³S«+*-.p>�®�')798�Ð�ÑNÁ�, 5-½�¬ ± 5-, ²�')/9, / / «+²Z, 79'u5-, ¬S7�Æ�¬S798i, 5-, ¬S79>W>6¬S²Z.�>6»i, 7�, ²�')³S.p>Í ¶uÎ Æ�¬S«+/18�(�.�Æ�¬S*-*-.pÆ?5?.08$ÄiËC½+.�> ± ½+.0*-.'S>->6«+²Z.p>W5-½9'u5C5-½+.�Æ�' ± 5-«+*-.p8�¬S(+;m.pÆ]5?>�')*-. ± /1')7+.SÄÒÔÓ «9'S8i*?'u5-,1Æ²Z¬i8i.0/ ,1>�'S>->6«+²Z.p8�Ç¬S*�5-½+.�¬S(+;I.pÆ]5?>0´9(b.pÆ0')«9>6.S´iÇ¬S*�, 79><5?')79Æ�.S´9')74')*-²Õ¬S*
'3/ .0³9´+'S>�'gÉ9*?><5�' ±+± *-¬p·i, ²�'u5-, ¬S7Q´F,1>�>6, ²Z, /1')*C5-¬�'ZÆ�¸F/ , 798i.0*C5-½9')7�5-¬�' ± /1')7+.SÄ

Ö�7�5?½i.¬)5-½+.0*d½9')798$´i, 7�')7�,18i.p')/$>6, 5-«9'u5-, ¬S7Q´\Ç¬S*C'g³S, Ã .07�/ .p>6, ¬S7Q´\5-½+.Æ�/1'S>->6, É9Æ0'u5-,1¬S7
¬S«i5 ± «i5�>6½+¬S«+/18�Æ�¬S7S5]'), 7�'3*-. ± .p'u5-.p8 ± 'u565-.0*-7�Á�, 5-½+, 7�')798�(�.�5IÁd.0.07�>6.p>->6, ¬S79>0ÄFÈm5�Æ�¬S«+/18(b.�7+,1Æ�.C5-¬gÆ�¬S«+7S5WÁ�, 5-½�')7�')/ ³S¬S*-, 5-½+²�5-½9'u5d>6.0/ .pÆ]5?>�')«i5-¬S²�'u5-,1Æ0')/ / ¸S´LÇ*-¬S²Ô5-½+.�5-½+.0²�'u5-,1Æ
²�' ± >0´Q5-½+.�¬S(i;I.pÆ]5?>�5-¬×(b.�')/ , ³S7+.p8$Ä�¿�¬uÁW. Ã .0*p´ 'S>�, 53Ád'S>�*-. ± ¬S*65-.p8Ø, 7 Í ¹)Îm´QÇ¬S*g²�')7\¸
.�·+')² ± / .p>ZÁ�, 5-½+¬S«i5�')7F¸Ù, / /1«i²Z,17+'u5?, ¬S7ÚÆ�¬S*-*-.pÆ]5-, ¬S7Q´�5-½+,1>�,1>Z7+¬)5�' ± ¬\>->6, (+, / , 5<¸SÄ�ËC½F«9>0´')/ , ³S7+²Z.07\5')7984*-.0³S,1><5-*?'u5-, ¬S74Æ�¬S«+/18�5-«+*-745-¬�(b.�'�8i, Û�Æ�«+/ 5Âm, W7+¬)5, ² ± ¬\>->6, (+/ .�ÂC5?'S>6»�ÄÈI7Ù¬S*?8i.0*�5-¬×(b.�')(+/ .�5-¬ ± *-¬i8i«9Æ�. Ã ')/ ,18#*-.p>6«+/ 5?>g*-.0³\')*?8i, 7+³�5-½+.�'SÆ]5-«9')/C8+'u5?'uÂI>6.�5p´�')7
, / / «+²Z, 79'u5-, ¬S7�Æ�¬S*-*-.pÆ]5-, ¬S7�>-Æ-½+.0²Z.�,1> ± *-¬ ± ¬\>6.p8�½i.0*-.SÄ

ËC½+,1>*-. ± ¬S*65,¾>¬S*-³\')7+, µ0.p8×'S>¾¬S/1/ ¬LÁ�>0ÄQËC½+.ZÉ9*?><5 ± ')*65�,1>�Æ�¬S² ± ¬\>6.p8×(F¸45-½+. ± *-¬)Â
± ¬\>6.p8�ÈI/ / «+²Z, 79'u5-, ¬S7×ÜW¬S*-*-.pÆ]5-, ¬S7�ÝiÆ-½+.0²Z.�')798�5-½+.�³S.07+.0*?')/�*-.p>6«+/ 5?>0Ä+ËC½+.�>6.pÆ�¬S798 ± ')*65
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��� � ���F� PRKuH<B?_0G6E�H<T K\_�VID\[\B-G<B���T H<[×MpDSH<T J�E0^NT ^ ^ �\J�T KFE�H<T MpK4U?MpKFXST H<T MpK\V��\VIB]X�H<M�U]E0DSH<�SG<B�H<[\B
T J�E0_pB?V?r

��� � ���+�	� hLB-H<U6[�M0ONH<[\BVID\[\B-G<B�T KuH<B?_0G6E�H<T K\_�^ T _p[uH<T K\_3H<B?U6[\K\Mp^ Mp_0f���T H<[�U]E0J�B-G6EgH<B?U<[\K\Mp^ Mp_pfLr
a�[FE0K\h)VNH<M�
dT XSB?MpJ�B-H<B-G� ���bO1M0GWDSG<M�e)T XST K\_qH<[\T V���T _p�SG<Bpr

,1>gÆ�¬S² ± ¬\>6.p8Ø(F¸×5-½+. Ò ±+± .0798i, ·$´�Á�½+,1Æ-½ÙÆ�¬S7\5?'), 79>�*-.p>6«+/ 5?>�¾¬S*g.p'SÆ-½ ± >6¬S*-,1'S>6,1>, ²�')³S.(b.0/ ¬S7+³S, 7+³�5-¬�5-½+.�8+'u5?'�>6.�5pÄ�Èm5�,1>, 79Æ�/ «98F.p84Ç¬S*q5-½+.Z*-.p'S8i.0*q, 7\5-.0*-.p><5-.p84¬S7Ø')79')/ ¸Fµ0, 7+³
5-½+.�*-.p>6«+/ 5?>C, 7�8i.�5?'), /RÄ

� ¡����6§�� ©<¢���£+©I¥W¢��Ø¥�¤+¤�� ¨b£+©<¥W¢���¨! ��"�#�

Ò >6.�5q¬)d8+'u5?'�Ç¬S*qÁ�½+,1Æ?½4, 5�Æ0')74(�.3'S>->6«+²Z.p8�5-½9'u5, 7×.p'SÆ-½47+.0, ³S½F(b¬S*-½+¬i¬i8�5-½+.Z8i'u5]'
½9' Ã .5-½+.�>-')²Z.�8i,1><5-*-, (+«i5-, ¬S7�,1>�*-. Ó «+, *-.p8$Ä+ËC½+.�, ²�')³S.p>C¬)�/ .p>6, ¬S79>�Á�, 5-½ ± >6¬S*-,1'S>6,1>CÆ0')7(b.d'S>->6«+²Z.p85-¬�Æ�¬S7\5?'), 7�5-½+*-.�.dÆ�/1'S>->6.p>%$0(9'SÆ-»F³S*-¬S«+798$´07+¬S*-²�')/\>6»F, 7�')798�/ .p>6, ¬S7QÄ0ÈI7�¬S*?8i.0*
5-¬�>6.0³S²Z.07S5�5-½+.�/ .p>6, ¬S79>0´9'35<ÁW¬)ÂI><5?')³S.½+, .0*?')*?Æ?½+,1Æ0')/QÆ�/1'S>->6, ÉbÆ0'u5-, ¬S7�>-Æ?½+.0²Z.Âm¬S*-, ³S, 79')/ / ¸
*-. ± ¬S*65-.p8Z, 7 Í ¹)Î Â�½9'S>�(b.0.07 ± *-¬ ± ¬\>6.p8$ÄSËC½+.�«9>6.0*W,1>�*-. Ó «+, *-.p8g5-¬3>6.0/ .pÆ]5�5-½+.qÆ�/1'S>->NÁ�½+,1Æ?½½+.�Æ�¬S79>6,18i.0*?>d²Z¬\><5�>6«+, 5?')(+/ .q5-¬Z(b.«9>6.p8�'S>C, 7 ± «i5�5-¬35-½+.ÈI/ / «+²Z, 79'u5-, ¬S7�Å9«+79Æ]5-, ¬S7�=W><Â5-, ²�'u5-, ¬S7#>-Æ?½+.0²Z.SÄ'&�.0, ³S½\(�¬S*-½+¬F¬i8+>�¬) ± , ·i.0/1>(b.0/ ¬S7+³S, 7+³�5-¬�5-½9'u5gÆ�/1'S>->')*-.Z'S>->6«+²Z.p85-¬�>-'u5-,1><Ç¸�5-½+.Z>-')²Z.�½+¬S²Z¬S³S.07+.0, 5<¸�Æ�*-, 5-.0*-,1'+ÄbÀq'u5?'�')*-.�, 7\5-.0* ± ¬S/1'u5-.p84')798�5-½+.3, / / «+²Z, Â79'u5-, ¬S7�Ç«+79Æ]5-, ¬S7�,1>�.p><5-, ²�'u5-.p8�Ç*-¬S²"5-½+.p>6.�8+'u5?'+Ä+À�.�5?'), /1>CÇ¬S/ / ¬uÁ�Ä



P6r Y�r Y�ria9B?U6[\K\T U]E0^b�WB?DiM0GIH��d�\JqtiB-G�� �
���	��
�	�����������������	�������! #"�$%"
Å+¬S*�Æ�¬S² ± / .�5-.07+.p>->0´9³S.07+.0*?')/ 'S> ± .pÆ]5?>�¬)�5-½+.3>-Æ-½+.0²Z. ± *-¬ ± ¬\>6.p8�, 7 Í ¹)Î�')*-.�³S, Ã .07�½+.0*-.SÄ
:C'S>6,1Æ0')/ / ¸S´9, 7�5-½+.�É9*?><5q><5?')³S.S´+5-½+.Z>6»F, 7�,1>q>6. ± ')*?'u5-.p8�Ç*-¬S² 5-½+.g(9'SÆ?»F³S*-¬S«+798$´9')798$´b, 7
5-½+.�>6.0Æ�¬S798×><5?')³S.S´95-½+.Z/ .p>6, ¬S74,1>>6. ± ')*?'u5-.p8�Ç*-¬S² 5-½+.37+¬S*-²�')/�>6»F, 7QÄ�ÈI7Ø(b¬)5-½Ø><5?')³S.p>0´
5-½+.�Æ�/1'S>->6.p>C')*-.�'S>->6«+²Z.p8�5-¬Z(�.�&')«9>->6,1')7�8i,1><5-*-, (+«i5-.p8$Ä+ÈI7�.p'SÆ?½�><5?')³S.S´F²Z.p')79>0´9><5?')7iÂ
8+')*?8 8i. Ã ,1'u5-, ¬S79>�')798 ± *-, ¬S* ± *-¬S(9')(+, / , 5-, .p>3¬)q5-½+.�Æ�/1'S>->6.p>3ÁW.0*-.�.p><5-, ²�'u5-.p8 Á�, 5-½Ú')7
=N· ± .pÆ]5?'u5-, ¬S7iÂI24'u·i, ²Z, µp'u5-, ¬S7 Ò / ³S¬S*-, 5-½+² Í ¯pÎmÄbËC½+.p>6.3><5?'u5-,1><5-,1Æ0>�ÁW.0*-.g, 7S5-*-¬+8i«9Æ].p8�, 7×'
8i,1>-Æ�*-, ²Z, 79'u5-, ¬S7�Ç«+79Æ]5-, ¬S7 Í ÐLÎm´+Á�½+,1Æ?½�ÁC'S>�' ±+± / , .p8�5-¬�5-½+.�¬S«i5 ± «i5�¬)�5-½+.3Æ�¬S7 Ã ¬S/ «i5-, ¬S7¬)�5-½+.,1²�')³S.qÁ�, 5-½�'ZÆ�, *?Æ�«+/1')*�Á�, 798i¬LÁ ¬)�¬ ± 5-, ²�')/ >6, µ0. Í °LÎmÄ

���&��'(�	�	)#$%�	�#�*���	�+�-,.)#�#�/���	���102�3���	$%�*���	�+�
Å+¬S/ / ¬uÁ�, 7+³ Í ÊuÎm´i/ .�5

i(x, y)
(�.�5-½+., / / «+²Z, 79'u5-, ¬S7�Ç«+79Æ]5-, ¬S7�'uÌ�.pÆ]5-, 7+³g5-½+.¬S*-, ³S, 79')/�>-Æ�.07+.

f(x, y)
$

g(x, y) = i(x, y)f(x, y)
Ï<®LÑ

>6«9Æ?½ 5-½9'u5
g(x, y)

,1>35-½+.�, / / «+²Z, 79'u5-, ¬S7Ú'uÌ�.pÆ]5-.p8 >-Æ�.07+.SÄ�ËC½+,1>Z²Z¬i8i.0/�'S>->6«+²Z.p>g5-½9'u5
5-½+.¬S«i5 ± «i5�,1>d5-½+. ± *-¬i8i«9Æ]5�(b.�5<ÁW.0.07�5-½+.�')²Z¬S«+7S5�¬)�')*-*-, Ã , 7+³�/ , ³S½\5�')798�5-½+.¬S*-, ³S, 79')/>-Æ�.07+.d*-.(49.pÆ]5-, Ã , 5<¸SÄu:C'S>6,1Æ0')/ / ¸S´05-½+.d*-.0³S, ¬S7�*-. ± *-.p>6.07\5-, 7+³q'�«9>6.p8g>6.0/ .pÆ]5-.p8gÆ�/1'S>-> k ,1>�«9>6.p85-¬�²Z¬i8i.0/�5-½+.Z, / / «+²Z, 79'u5-, ¬S7×Ç«+79Æ]5-, ¬S7QÄ ª , 5-½+, 7Ø5-½+.Z»\ÂR5-½#Æ�/1'S>->�Ád.�'S>->6«+²Z.Z'S>'�É9*?><5
' ±+± *-¬L·i, ²�'u5-, ¬S7�5-½9'u5C5-½+.�¬S*-, ³S, 79')/�, ²�')³S.�>6½+¬S«+/18�(�.�Æ�¬S79><5?')7\5�$

i(x, y) =
gk(x, y)

βk

ÏRÐSÑ

Á�½+.0*-.
gk

,1>q5-½+.Z¬S(9>6.0* Ã .p8�, / / «+²Z, 79'u5-, ¬S7#'uÌ�.pÆ]5-.p8Ø>-Æ�.07+.3, 7×5-½+.Z*-.0³S, ¬S7×*-. ± *-.p>6.07S5-, 7+³5-½+.�Æ�/1'S>->
k
´9')798

βk

,1>�'Z«+7+»F7+¬LÁ�7�Æ�¬S79><5?')7S5pÄ

5 , ·i.0/ Ã ')/ «+.p>C(b.0/ ¬S7+³S, 7+³35?¬Z5-½+.�*-.0³S, ¬S7�*-. ± *-.p>6.07\5-, 7+³35-½+.�»\ÂR5-½�Æ�/1'S>->�')*-.*-. ± /1'SÆ�.p8(F¸Z/ ¬iÆ0')/b²Z.p')79>0´SÁ�½+,1Æ?½�')*-.�«9>6.p8Z5-¬g.p><5-, ²�'u5-.q')7�, 7\5-.0* ± ¬S/1'u5-, ¬S7�Ç«+79Æ]5-, ¬S7QÄ Ò ¾5-.0*d7+¬S*6Â²�')/ , µp'u5-, ¬S7Q´L5-½+.�, 7S5-.0* ± ¬S/1'u5-, ¬S7gÇ«+79Æ]5-, ¬S7Z,1>�'S>->6«+²Z.p8g5-¬(�.C5-½+.�, / / «+²Z, 79'u5-, ¬S73Ç«+79Æ]5-, ¬S7'uÌ�.pÆ]5-, 7+³45?½i.�>-Æ�.07+.SÄ�ËC½+,1>3,1>g²Z¬S*-. ± *-.pÆ�,1>6.0/ ¸¼8i.�É97+.p8 'S>�Ç¬S/ / ¬uÁ�>0Ä76Q.�5
G
´
F
')798

I(b.�> ± .pÆ�, ÉbÆ�, ²�')³S.p>�¬) g(x, y) ´ i(x, y) ')798 f(r, c)
*-.p> ± .pÆ]5-, Ã .0/ ¸SÄ#6Q.�5 F = {f [r, c]}')798

G = {g[r, c]}
(b.�½+, .0*?')*?Æ?½+,1Æ0')/ / ¸48i.�É97+.p8#, 7#5-.0*-²�>�¬)

Z = {z[r, c]}
5-½9'u5g*-. ± Â*-.p>6.07\5?>5-½+. ± ')*65-, 5-, ¬S7#¬)d5-½+.�>-Æ�.07+.�, 7Ù8i, Ì�.0*-.07\53Æ�/1'S>->6.p>0Ä$=W'SÆ?½

z[r, c]
,1>g' Ã ')/ «+.�, 7

Ω = {1, . . . ,K}
´NÁ�½+.0*-.

z[r, c] = k
²Z.p')79>�5-½9'u5Z5-½+.�Æ�¬i¬S*?8i, 79'u5-.

[r, c]
¬)q' ± , ·i.0/(b.0/ ¬S7+³\>�5-¬Ù5-½+.

k − th
Æ�/1'S>->0Ä86Q.�5

µ = {µ1, . . . , µK}
(b.×5-½+.#Æ�/1'S>->�²Z.p')79>0´C')798

M = {m[r, c] = µk/z[r, c] = k∀k ∈ Ω}
(�.×>6«9Æ?½Ú5-½9'u5

m[r, c]
,1>�5-½+.×²Z.p')7 ¬)5-½+.

Æ�/1'S>->�5-½+. ± , ·+.�/�'u5�/ ¬+Æ0'u5-, ¬S7 [r, c]
(b.0/ ¬S7+³\>�5?¬9Ä96Q.�5

N
(b.#8i.�É97+.08 Á�, 5-½ 5-½+.Ø/ ¬+Æ0')/

²Z.p')79>�¬)
G
>6«9Æ-½�5-½9'u5

E[N] = M
Ä:6Q.�5

N̂k

(b.�5-½+.3, 7S5-.0* ± ¬S/¾'u5-, ¬S7�Ç«+79Æ]5-, ¬S7×¬)W>-')²3Â

± / .p8 Ã ')/ «+.p>�¬) Nk =< N,Z = k >
³S*-.p'u5-.0*d5-½9')7�µ0.0*-¬<;LÄ9ËC½+.07

Î [r, c] = N̂k[r,c]
Ok

')798
Ok

,1>d5-½+.�7+¬S*-²�')/ , µp'u5-, ¬S7��'SÆ]5-¬S*pÄ

=
< N,Z = k > > �@?



� YZE0^ B-HIH<TbB-HdE0^¾r

:d¬i8i¸ ± ')*65?>')*-.g²Z¬i8i.0/ / .p84Á�, 5-½#' Ó «9'S8i*?'u5-,1Æ�Ç«+79Æ]5-, ¬S7QÄQËC½+.3*-.0³S*-.p>->6, ¬)74²�'u5-*-, ·$´
Ç*-¬S² Á�½+,1Æ-½#5-½+.�Æ�¬F.�Û�Æ�, .07\5?>�¬)d5-½+.�, 7\5-.0* ± ¬S/1'u5-, ¬S7×Ç«+79Æ]5-, ¬S7Ù')*-.�'S8u;I«9><5-.p8$´Q,1>�³S, Ã .07
(F¸ $

yPx1 =
[

1P×1 r c rc rr cc
]

[θPx1] +Σ
ÏÇ¹FÑ

Á�½+.0*-.
yi

,1>N5-½+.�/ ¬iÆ0')/+²Z.p')7 Ã ')/ «+. nk[ri, ci]
Ç¬S*W'³S, Ã .07Z(9')798�')798 [ri, ci]

,1>N5-½+.�/ ¬iÆ0'uÂ
5-, ¬S7�¬)�5-½+.�, ÂR5-½ ± , ·i.0/�>-')² ± / .p8$´SÁ�½+,1Æ?½�(b.0/ ¬S7+³\>�5?¬�5-½+.�»\ÂR5-½�Æ]/¾'S>->0Ä r = [r1, . . . , rP ]T

´
c = [c1, . . . , cP ]T

')798
rc = [r1c1, . . . , rP cP ]T

´
rr = [r1r1, . . . , rP rP ]T

')798
cc = [c1c1, . . . , cP cP ]T

ÄNËC½+.�7+¬S*-²�')/ , µp'u5-, ¬S7¼�'SÆ]5-¬S*
Ok

,1>35-½+.�²�'u·i, ²�')/ Ã ')/ «+.�¬)
(Ĝk[r, c] + γ)

')798
γ
,1>d5-½+.²Z, 7+, ²�')/QÆ�¬S79><5?')7\5�'S8+8i.p8�5-¬

Gk[r, c]
>6«9Æ?½�5-½9'u5C5-½+.¬S«i56Â

± «i5�,1> ± ¬\>6, 5-, Ã .SÄ

ËC½+,1> ± *-¬iÆ�.p8i«+*-.ZÆ0')7Ø(�.�' ±+± / , .p845-¬�.0'SÆ?½#>6, 7+³S/ .Z, ²�')³S.Z(+')798$Ä ËC½F«+>0´$Ç¬S*�²g«+/ 5-, Â
> ± .pÆ]5-*?')/i, ²�')³S.p>0´L5-½+.�¬S«i5 ± «i5�¬)b5-½+. ± *-.p>6.07\5W>-Æ-½+.0²Z.�,1>�'q²g«+/ 5-, ÂI> ± .pÆ]5-*?')/ / ¸�.p><5-, ²�'u5-.p8, / / «+²Z, 79'u5-, ¬S7�Ç«+79Æ]5-, ¬S7QÄ

� � ���F§��I£�� �N¢�¦�� ©��F¨$§	�
�F©<¥W¢

ËC½+.�')/ ³S¬S*-, 5-½+² 5-½9'u5�.p><5-, ²�'u5-.p>q5-½+.�, / / «+²Z, 79'u5-,1¬S7×Ç«+79Æ]5-, ¬S7¼*-. Ó «+, *-.p>�5-½9'u5p´$Ç¬S*�.p'SÆ-½
>6, 7+³S/ .�, ²�')³S.S´�'�²�' ± ¬)W')7�.�· ± .pÆ]5-.p8�½i¬S²Z¬S³S.07+.0¬S«9>�*-.�³S,1¬S7�²g«9><5q(b. ± *-¬ Ã ,18i.p8$Ä$Ö�75-½+.�¬)5-½+.0*�½9')798$´i5-½+. ± *-¬S(+/ .0²Õ,1> ± *-.pÆ�,1>6.0/ ¸�5-½9'u5�5-½+.gÆ�/1'S>->6, ÉbÆ0'u5-, ¬S7�Æ0')7�7+¬)5�(�.�8i¬S7+., 7×'�«i7+, Ç¬S*-² ÁC'L¸�')798�Ç¬S*�5-½+,1>�*-.p'S>6¬S7Q´i5-½+.g, / / «+²Z, 79'u5-, ¬S7×Æ�¬S*-*-.pÆ]5-, ¬S7�,1>�7+.0.p8i.p8$Ä Ò >
ÁC'S>g²Z.07S5-, ¬S7+.p8Ù(�.�Ç¬S*-.S´�, 5Z,1>Z'S>->6«+²Z.p8#5-½9'u535-½+.�, ²�')³S.p>g¬)�/ .p>6, ¬S79>gÁ�, 5-½ ± >6¬S*-,1'S>6,1>Æ�¬S7\5?'), 7�5-½+*-.0.�Æ�/1'S>->6.p>%$iÆ�«+*65?'), 7Q´F7+¬S*-²�')/Q>6»F, 7�')798�/ .p>6, ¬S7QÄ+ËC½+.(b.p><5�Æ0')798i,18+'u5-.�5-¬�(b.
, 7\5-.0* ± ¬S/1'u5-.p8�,1>�5-½+.g7+¬S*-²�')/�>6»F, 7Q´9(b.pÆ0')«9>6.�, 5«9>6«9')/ / ¸�' ±+± .p')*?>�, 7×8i, Ì�.0*-.07\5 ± ')*65?>�¬)5-½+.�, ²�')³S.SÄi¿�¬uÁd. Ã .0*p´F5-½+.0*-.�')*-.Æ0'S>6.p>dÇ¬S*CÁ�½+,1Æ?½�ÁW.�Æ�¬S«+/18�Æ�¬S79>6,18i.0*d5-½9'u5�5-½+.Á�½+¬S/ .
, ²�')³S.�,1> ± «+*-.�/ .p>6, ¬S7QÄ�Å+¬S*�5-½+,1>�*-.p'S>6¬S7Q´Q.p'SÆ?½Ù>6.�5g¬)�, ²�')³S.p>�Æ�¬S*-*-.p> ± ¬S798i, 7+³�5-¬45-½+.>-')²Z.�/ .p>6, ¬S7¼ÁC'S>�5-*-.p'u5-.p8¼>6. ± ')*?'u5-.0/ ¸SÄ Å+¬S*�5-½+.�, ²�')³S.p>�¬)�5-½+.�É9*?><5 ± 'u5-, .07\5p´�, 53ÁC'S>
± ¬\>->6, (+/ .�5-¬ ± *-¬ Ã ,18i.q'�*-¬S«+³S½�.p><5-, ²�'u5?, ¬S7�¬)$5-½+.q²�' ± >dÆ�¬S*-*-.p> ± ¬S798i, 7+³�5-¬�5-½+.q7+¬S*-²�')/>6»F, 7QÄ)ËC½+.p>6.d²�' ± >�Ád.0*-.W5-½+.C¬S«i5 ± «i5�¬)+5-½+.�>6.0Æ�¬S7983><5?')³S.W¬)95-½+.�Æ�/1'S>->6, ÉbÆ0'u5-, ¬S73>-Æ-½+.0²Z.«9>6.p8$ÄF¿�¬uÁd. Ã .0*p´SÇ¬S*�5-½+.q*-.0²�'), 7+, 7+³gÆ0'S>6.p>0´S5-½+.�²�' ± >W¬)$5-½+.>6»F, 7Q´\, 79Æ�/ «98i, 7+³3/ .p>6, ¬S79>��u´Ád.0*-.3«9>6.p845-¬�.p><5-, ²�'u5-.35-½+.Z, / / «+²Z, 79'u5-, ¬S7×Ç«+79Æ]5-, ¬S7QÄQËC½+.35-½+.0²�'u5-,1Æ3²�' ± > ± *-¬+8i«9Æ�.p8, 7�5-½+.Æ�/1'S>->6, ÉbÆ0'u5-, ¬S7�>-Æ?½+.0²Z.Æ�¬S²g(+, 7+.p8�Á�, 5-½�5-½+.¬S*-, ³S, 79')/9, ²�')³S.p>d«+>6.p8�'S>W, 7 ± «i5�Ç¬S*5-½+.Z, / / «+²Z, 79'u5-, ¬S7#Æ�¬S*-*-.pÆ]5-, ¬S7×><5?')³S.Z')*-.3>6½+¬uÁ�7×, 7#Å�, ³S«+*-.ZÊ+Ä Ò >q, 5�Æ0')7×(b.�>6.0.07Q´�Ç¬S*
5-½+.�Æ0'S>6.p>

1A
´
1B

')798
1C

´ 5-½+.�*-.0³S, ¬S7#²�' ±+± , 7+³47+¬S*-²�')/W>6»F, 7ÙÁd'S>�«9>6.p8$Ä�Å+¬S*�5-½+.
Æ0'S>6.p>

2A
')798

3A
´S'q²�' ± , 798i,1Æ0'u5-, 7+³q5-½+.�Á�½+¬S/ .C, ²�')³S.CÁC'S>�³S.07+.0*?'u5-.p8$ÄuÅ9¬S*�5-½+.�Æ0'S>6.p>

2B
´
2C

´
3B

')798
3C

5-½+.5-½+.0²�'u5-,1Æq²�' ± , 798i,1Æ0'u5-, 7+³�>6»F, 7�Ád'S>�>6.0/ .pÆ]5-.p8$Ä

ËC½+.�, ²�')³S.�*-.0³S, ¬S735-¬g(�.�²Z¬i8i.0/ / .p8�Ád'S>dÆ�¬S7 Ã ¬S/ Ã .p83Á�, 5?½�'gÆ],1*?Æ]«+/1')*WÁ�, 798i¬uÁ Á�, 5-½
'×8i,1')²Z.�5-.0*3¬)�.0/ . Ã .07 ± , ·i.0/1>0´�.0² ± , *-,1Æ0')/ / ¸Ø¾¬S«+798$ÄNÈI7Ù¬S*?8i.0*g5-¬×*-.p8i«9Æ�.S´�8i«+*-, 7+³×5-½+.
T VqH<[\BgVIU]E0^ E�G�DSG<M)XS�\U-HtiB-HR��B?B?K�H<[\B�H<B?K\VIM0G

N
E0KFX�H<[\B�H<[\B?J�E�H<T UgJ�E0D�H<[FE�H[FE0V?`$T K×E

_pT eLB?K�^ MuU]E�H<T MpK�H<[\BWepE0^ �\BWMpK\Bp`uT O9H<[\B�U?M0GIG<B?VIDiMpKFXST K\_�D\T �SB?^FtiB?^ MpK\_pV�H<M�H<[\B�hukÇH<[�U?^ E0VIVNE0KFX
H<[\BCepE0^ �\B�?B-G<MM0H<[\B-GI��T VIBpr

� a�[\T V�J�B]E0K\V�H<[\B�Mp�SH<D\�SHNM0O$H<[\Bd�\G<VmH�VmH6E0_LB�M0O$H<[\BCU?^ E0VIVIT �FU]E�H<T MpK�VIU<[\B?J�B



P6r Y�r Y�ria9B?U6[\K\T U]E0^b�WB?DiM0GIH��d�\JqtiB-G�� �

Æ�¬S7 Ã ¬S/ «i5-, ¬S7Q´)5-½+.�, 7*49«+.079Æ�.�¬) ± , ·i.0/ Ã ')/ «+.p>�(b.0/ ¬S7+³S, 7+³5-¬g¬)5-½+.0*dÆ�/1'S>->6.p>N, 7Z5?½i.�*-.0³S, ¬S7(b¬S*?8i.0*?>0´ ± , ·i.0/ Ã ')/ «+.p>�5-¬×(b.�.�·+Æ�/ «98i.p8#Ç*-¬S² 5-½+.�²Z¬i8i.0/dÁW.0*-. ± *-. Ã , ¬S«9>6/ ¸Ø*-. ± /1'SÆ�.p8Á�, 5-½¼5-½+.�²Z.p')7 Ã ')/ «+.�¬)C5-½+.�8+'u5?'�5-¬4(b.�²Z¬i8i.0/ / .p8$Ä�ËC½+,1>�ÁC'S>�')/1>6¬48i¬S7+.�, 7¼¬S*?8i.0*
5-¬ ± *-.p>6.0* Ã .�5-½+.�Æ�¬S*-*-.pÆ]5Z>6½9'S8i¬uÁ", 7iÇ¬S*-²�'u5-, ¬S7Ù¬)�5-½+.�*-.0³S, ¬S7¼5-¬#(b.�²Z¬i8i.0/ / .p8$Ä Ò 7
')*65-, ÉbÆ�,1')/�³S*-,18�ÁC'S> ± /1'SÆ�.p84¬S745-½+.ZÁ�½+¬S/ .3, ²�')³S.S´$')7984³S*-,18 ± , ·i.0/1>q(�.0/ ¬S7+³S, 7+³�5-¬�5-½+.*-.0³S, ¬S7�5-¬�(b.�²Z¬i8i.0/ / .p8�Ád.0*-.�>-')² ± / .p8$Ä

ËC½+.�.p><5-, ²�'u5-.p8#²g«+/ 5-, ÂI> ± .pÆ]5-*?')/�, / / «+²Z, 79'u5-, ¬S7#Ç«+79Æ]5-, ¬S79>g')798Ø5-½+.�Æ�¬S*-*-.p> ± ¬S798i, 7+³.p><5-, ²�'u5-.p8�, / / «+²Z, 79'u5-, ¬S7iÂIÆ�¬S*-*-.pÆ]5-.p8�, ²�')³S.p>dÆ0')7�(b.�>6.0.07�, 7�Å�, ³S«+*-.q¹9ÄiËC½+.q.p><5-, ²�'u5-.p8
, / / «+²Z, 79'u5-, ¬S7 Ç«+79Æ]5-, ¬S7ÚÇ¬S*�.p'SÆ?½Ú>6, 7+³S/ .�, ²�')³S.�¬)q5-½+. ± >6¬S*-,1'S>6,1>3, ²�')³S.�>6.�5�Æ0')7Ú(b.
Ç¬S«+798¼, 7 Ò ±+± .0798i, · Ò Ä &�¬)5-.�5-½9'u5g5-½+.�.�·F5-*?' ± ¬S/1'u5-, ¬S7Ø.0*-*-¬S*?>�²Z¬\><5-/ ¸×¬+Æ0Æ�«+*�, 7¼5-½+.
(9'SÆ?»F³S*-¬)«+798$´iÁ�½+,1Æ-½�*-.p')/ / ¸�8i¬F.p>C7+¬)5�Æ�¬S7\5?'), 7�, 7iÇ¬S*-²�'u5-, ¬S7�¬)�, 7S5-.0*-.p><5�')7\¸F½+¬uÁ�Ä

1A 1B 1C

2A 2B 2C

3A 3B 3C

1A 1B 1C

2A 2B 2C

3A 3B 3C

��� � ���+��� �\E0J�D\^ B?V�M0OWM0G<T _pT KFE0^�T J�E0_pB?V�MpO�^ B?VIT MpK\V���T H<[�D\VIM0G<T E0VIT V > ^ B-O H ?�E0KFX�H<[\B�H<[\B?J�E�H<T UJ�E0D\V > G<T _p[uH ?Mp�SH<D\�SH<V�M0O�H<[\B�U?^ E0VIVIT �FU]E�H<T MLKÙVIU6[\B?J�BZ�\VIB]X#T KØH<[\B�T ^ ^ �\J�T KFE�H<T MpK#O1�\K\U-H<T MpK
B?VmH<T J�E�H<T MpK9r

ÜW¬S²Z²Z.07S5?>�(9'S>6.p8�¬S7 Ã ,1>6«9')/�'S>->6.p>->6²Z.07\5�¬)N5-½+.3, / / «+²Z, 79'u5-, ¬S7�Ç«+79Æ]5-, ¬S79>q¬)�.p'SÆ-½
³S*-¬S« ± ¬)d, ²�')³S.p>q¬)W5-½+.�>-')²Z.3/ .p>6, ¬S7×Ç¬S/ / ¬uÁ�Ä�Èm5�,1> Ó «+, 5-.Z¬S( Ã , ¬S«9>�5-½9'u5�' Ó «9'S8i*?'u5-,1Æ²Z¬i8i.0/b,1>W7+¬)5 Ã .0*-¸3*-. ± *-.p>6.07S5?'u5-, Ã .�¬)Q')7�¬S(i;I.pÆ]5d/ , »S.q'�½9')798$ÄFËC½+,1>�,¾>�*-.(49.pÆ]5-.p8�, 7�5-½+., / / «+²Z, 79'u5-, ¬S7�Ç«+79Æ?5?, ¬S7Q´bÁ�½+,1Æ-½×8i¬F.p>�7+¬)5�, 79Æ�/ «98i.�5-½+.3>6½9'S8i¬uÁ�>�(b.�5<ÁW.0.07�5-½+.�É97+³S.0*?>0Ä
ÜW¬S7\5-, 7\«+, 7+³3Á�, 5-½�5-½+.q7+.�·F5�/ .p>6, ¬S7Q´\Ád.Æ0')7�¬S(9>6.0* Ã .�5-½9'u5 ± ')*65d¬)Q5-½+./ .p>6, ¬S7 B ¬) ± 'uÂ5-, .07\5

1
,1>�Æ�¬ Ã .0*-.p8�(F¸�>6½9'S8i¬uÁ , 7�5-½+.�¬S*-, ³S, 79')/$, ²�')³S.p>0Ä+ÈI74> ± , 5-.�¬)�5-½+.�, / / «+²Z, 79'u5-, ¬S7Ç«+79Æ]5-, ¬S7�(b.0, 7+³Z')/ ²Z¬\><5d5-½+.>-')²Z.�Ç¬S*C')/ /b5-½+.�Æ0' ± 5-«+*-.p>0´\, 5�½9'S>�5-¬3(�.q7+¬)5-.p8$´\5-½9'u5C5-½+./ .p>6, ¬S7 ± *-.p>6.07\5?>�¬+Æ0Æ�/ «9>6, ¬S79>�, 74>6¬S²Z.�Æ0'S>6.p>0´+Á�½+,1Æ?½�²Z.p')79>C5-½9'u5p´�')/ ¬S7+³35?½i.3Æ0' ± 5-«+*-.p>0´5-½+.�>6½9'S8i¬uÁ ,1>C7+¬)5�'uÌ�.pÆ]5-, 7+³�'Z³S, Ã .07 ± ')*65�¬) 5-½+.�/ .p>6, ¬S7�, 7�5?½i.g>-')²Z.Ád'L¸SÄ ª , 5-½�*-.�Â

> ± .pÆ]5N5-¬/ .p>6, ¬S7 C ¬) ± 'u5-, .07\5 1
´)Á�½+,1Æ?½3,1> ± /1'SÆ�.p8g, 735-½+.�Æ�.07S5-.0*N¬)b5-½+.�, ²�')³S.S´L, 5W>6.0.0²�>5-½9'u5�5-½+.�, / / «+²Z, 79'u5-, ¬S74Æ�¬S*-*-.pÆ]5-, ¬S7�Ád¬S«+/18�7i¬)5�, ² ± *-¬ Ã .Ç«i5-«+*-.g')/ , ³S7+²Z.07S5q')798�*-.0³S,1><Â5-*?'u5-, ¬S7�¬S«i5 ± «i5?> Ã .0*-¸�²g«9Æ?½QÄ9¿�¬LÁd. Ã .0*p´F7+¬)5-., 7�5-½+.�, / / «+²Z, 79'u5-, ¬S7�Æ�¬S*-*-.pÆ]5-.p8�, ²�')³S.p>0´



� YZE0^ B-HIH<TbB-HdE0^¾r

1A 1B 1C

2A 2B 2C

3A 3B 3C

1A 1B 1C

2A 2B 2C

3A 3B 3C

��� � ���b� � VmH<T J�E�H<B]XZT ^ ^ �\J�T KFE�H<T MpK�O1�\K\U-H<T MpK\VdM0OQH<[\B�T J�E0_pB?VdM0O	�$T _p�SG<B2� > ^ B-O H ?WE0KFXZH<[\B�U?M0GIkG<B?VIDiMpKFXST K\_T ^ ^ �\J�T KFE�H<T MpKZU?M0GIG<B?U-H<B]X3T J�E0_pB?V > G<T _p[uH ?6r

5-½9'u5d5-½+.�>6½9'S8i¬uÁ�>d')*-.�7+¬)5C*-.0²Z¬ Ã .p8$Ä &�¬)5?.q, 7 Í ¹)Î�5-½9'u5d5-½+. ± *-¬ Ã ,18i.p8Z5-½+.0²�'u5-,1Æ�²�' ± >, 798i,1Æ0'u5-, 7+³Z>6»F, 7�8i¬Z7+¬)5C, 79Æ�/ «98i.q5-½+.*-.0³S, ¬S79>WÆ�¬ Ã .0*-.p8�(F¸�>6½9'S8i¬uÁ�>0Ä���.p>6«+/ 5?>CÆ�¬S«+/18�(b.
, ² ± *-¬ Ã .p8#É9798i, 7+³×(b.�565-.0*g5-½+.�Æ�¬\><5 Ã ')/ «+.p>�Ç¬S*g5-½+.�8i,1>-Æ�*-, ²Z, 79'u5-, ¬S7¼Ç«+79Æ]5-, ¬S7Ù, 7Ù5-½+.
Æ�/1'S>->6, ÉbÆ0'u5-, ¬S7�>-Æ?½+.0²Z.SÄiÅ+¬S*d5-½+./ .p>6, ¬S7

A
¬) ± 'u5-, .07\5 2

, 5�,1>C7i¬)5?.08�5-½9'u5C5-½+., / / «+²Z, 79'uÂ
5-, ¬S7�²Z¬+8i.0/ *-. ± *-.p>6.07S5?>�5-½+.g>6½9'S8i¬uÁ�>C5-½9'u5' ±+± .p')*�¬S7�5-½+.g/ .�¾5q¬)�5-½+.g, ²�')³S.p>�, 7�5-½+.>6.pÆ�¬S7984')798�Ç¬S«+*65-½Ø>6.0>->6,1¬S7 Ó «+, 5-.3ÁW.0/ /RÄ ÜW¬S² ± ')*-, 7+³�5-½+.3Æ�/1'S>->6, É9Æ0'u5-,1¬S7�¬S«i5 ± «i5�'u¾5-.0*, / / «+²Z, 79'u5-, ¬S7�Æ�¬S*-*-.pÆ]5-, ¬S7gÁ�, 5-½35-½+.�Æ�/1'S>->6, ÉbÆ0'u5-, ¬S7g¬S«i5 ± «i5�«9>6, 7+³5-½+.�¬S*-, ³S, 79')/i8+'u5?'ZÏ�>6.0.Í ¹)ÎÇÑ]´+, 5qÆ0')7�(b.g8i.p8i«+Æ�.p8$´+5-½9'u5p´+Ç¬S*C5-½+,1>�Æ0'S>6.S´F5-½+.�, / / «+²Z, 79'u5-, ¬S74Æ]¬S*-*-.pÆ]5-, ¬S7�,1>�Æ�/ .p')*-/ ¸
7+.pÆ�.p>->-')*-¸SÄ�6Q¬F¬S»F, 7+³3'u5d5-½+.q, / / «+²Z, 79'u5-,1¬S7�Æ�¬S*-*-.pÆ]5-.p8�, ²�')³S.p>W¬) ± 'u5-, .07\5 2

´F/ .p>6, ¬S7
B
, 5

Æ0')7�(b.7+¬)5-.p8�5-½9'u5C5-½+.�, / / «+²Z, 79'u5-, ¬S7�²Z¬i8i.0/Q8i¬F.p>C7+¬)5�Æ�¬S*-*-.pÆ]5W5-½+.�>6½9'S8i¬uÁ�>W, 7�>6¬S²Z.
Æ0' ± 5-«+*-.p>�Ád.0/ /RÄ�ËC½+,1>�,1>g8i«+.�5-¬�5-½+.��'SÆ]5�5-½9'u5g5-½+.�5-½+.0²�'u5-,1Æ�²�' ± ¬)C5-½+.�>6»F, 7¼8i¬i.p>
7+¬)53, 79Æ�/ «98i. ± ')*65?>g¬)�5-½+.�>6½9'S8i¬uÁ�>0´ Á�½+,1Æ-½ ÁW.0*-.�'S>->6, ³S7+.p8Ø5-¬45-½+.�Æ�/1'S>->gÆ�«+*65?'), 7Ù, 7
5-½+.�É9*?><5dÆ�/1'S>->6, ÉbÆ0'u5-, ¬S7�><5?')³S. $SÆ?½9')7+³S.p>�, 7�5-½+.qÆ�¬\><5 Ã ')/ «+.p>WÆ�¬S«+/18Z, ² ± *-¬ Ã .�5-½+.�*-.p>6«+/ 5?>¬S(i5?'), 7+.p8$Ä+Å+¬S*d5-½+.�Æ0'S>6.

(2, C)
´+, 5�,1>C7+¬)5-.p8�5-½9'u5C5-½+.�Æ�/1'S>->6, ÉbÆ0'u5-, ¬S7�¬S«i5 ± «i5�, ² ± *-¬ Ã .p>Á�½+.07�5-½+.�, / / «+²Z, 79'u5-, ¬S7�,1>�Æ�¬S*-*-.pÆ]5-.p8$ÄiÈI7�> ± , 5-.�¬)�(b.0, 7+³�.�·F5-*?' ± ¬S/1'u5-, ¬)7�.0*-*-¬S*?>d, 7�5-½+.Æ�«+*65?'), 7Q´F5-½+.0¸�¬S( Ã , ¬S«9>6/ ¸�8i¬Z7+¬)5�'uÌ�.pÆ]5C5-½+.�Æ�/1'S>->6, ÉbÆ0'u5-, ¬S7�(b.�5<Ád.0.07�7+¬S*-²�')/$>6»F, 7�')798

/ .p>6, ¬S7QÄiËC½+., / / «+²Z, 79'u5-, ¬S7�Ç«+79Æ]5-, ¬S79>C¬) 5-½+.Æ0'S>6.
(3, A)

>6.0.0² 5-¬3*-. ± *-.p>6.07\5d5-½+.�>6½9'S8FÂ¬uÁ�>¬S7×5?½i.�¬S*-, ³S, 79')/�, ²�')³S.p>Ád.0/ /RÄ ËC½+,1>�Æ0'S>6.�,1> Ó «+, 5-.�8i, Û�Æ�«+/ 5p´ (b.pÆ0')«9>6.�, 5�,1>�½9')*?8
5-¬�,18i.07S5?, Ç¸�Æ�¬S*-*-.p> ± ¬S798i.07\5 ± ¬S, 7S5?>�, 7�5-½+.�, ²�')³S.p>�(\¸ Ã ,1>6«9')/�'S>->6.p>->6²Z.07S5pÄ9ËC½+.0*-.�Ç¬S*-.S´5-¬�. Ã ')/ «9'u5-.�5-½+.gÆ�/1'S>->6, ÉbÆ0'u5-, ¬S7�¬S«i5 ± «i5,1>�8i, Û�Æ�«+/ 5pÄ�¿�¬uÁd. Ã .0*p´+Ç¬S*q>-')²Z. ± '), *?>�¬)W>6.p><Â>6, ¬S79>0´)>6¬S²Z.d»F, 798g¬)b*-. ± .p'u5-.p8g><5-*-«9Æ]5-«+*-.�Æ0')73(b.C¬S(9>6.0* Ã .p8$ÄuËC½+.�Æ�/1'S>->6, ÉbÆ0'u5-, ¬S7�¬S«i5 ± «i5Á�, 5-½+, 7�>6.p>->6, ¬S79>N'u¾5-.0*N,1/ / «+²Z, 79'u5-, ¬S7�Æ�¬S*-*-.pÆ]5-, ¬S7g¬)b5-½+.�, ²�')³S.p>�¬)b5-½+.�Æ0'S>6.

(3, B)
8i¬F.p>

7+¬)5�/ ¬F¬S» Ã .0*-¸�Æ�¬S7 Ã , 79Æ�, 7+³9Ä+ËC½+,1>�²�'p¸�(b.�8i«+.5-¬Z5-½+.�> ± ½+.0*-,1Æ0')/$>6½9' ± .¬)�5-½+.�, / / «+²Z, Â79'u5-, ¬S7�Ç«+79Æ]5-, ¬S7Q´+Á�½+,1Æ?½�,1>�7+¬)5�*-. ± *-.p>6.07\5?'u5-, Ã .¬) 5-½+.�(�¬i8i¸ ± ')*65�²Z¬+8i.0/ / .p8$Ä�&�¬)5-.�, 75-½+.q, / / «+²Z, 79'u5-, ¬S7�Æ�¬S*-*-.pÆ]5-.p8Z, ²�')³S.p>N5?½i.q/1, ³S½S5�')*-.p'S>�¬S7�5-½+.q, ²�')³S.qÆ�¬S*-7+.0*?>0Ä Ò (b.�565-.0*
5-½+.0²�'u5-,1Æ�²�' ± ¬)�5-½+.�*-.0³S, ¬S7�5-¬�(b.�²Z¬+8i.�/1/ .p8�Æ�¬S«+/18�, ² ± *-¬ Ã .�5-½+.�*-.p>6«+/ 5?>�¬S(i5?'), 7+.p8$ÄÅ+¬S*d5-½+.�Æ0'S>6.

(3, C)
´+>6»F, 7�8i,1> ± /1'SÆ�.0²Z.07\5?>C'u565?'), 7+.p8�'u15?.�*CÇ¬S/18i, 7+³g5-½+..0/ (�¬LÁ ')/ /1¬LÁ 5-¬
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,18i.07\5-, Ç¸×Æ�¬S*-*-.p> ± ¬)798i, 7+³ ± ¬S, 7\5?> Ã ,1>6«9')/ / ¸SÄ$:d¸×Æ�¬S² ± ')*-, 7+³�5-½+.�Æ�/1'S>->6, ÉbÆ0'u5-, ¬S7×¬S«i5 ± «i5?>'u¾5-.0*d, / / «+²Z, 79'u5-, ¬S7�Æ�¬S*-*-.pÆ]5-, ¬S7ZÁ�, 5-½+, 7�>6.p>->6, ¬S79>0´S,17�³S.07+.0*?')/R´)5-½+.0¸�Æ�¬S7S5?'), 7�'�*-. ± .p'u5-.p8
± 'u565-.0*-7QÄ�¿�¬uÁd. Ã .0*p´QÇ¬S*3>6¬S²Z. ± '), *?>�¬)�>6.p>->6, ¬S79>0´ ± ')*65-,1Æ�«+/1')*-/ ¸45-½+.�/1'S><5g¬S7+.p>0´ ,1>�7+¬)5Ó «+, 5-.�¬S( Ã ,1¬S«+>C½+¬uÁ 5-½+.�Æ�¬S*-*-.p> ± ¬S798i.079Æ�.>6½+¬S«i/¾8�(b.SÄ

ËC½+.�7+¬S*-²�')/ , µ0.p8 ½+,1><5-¬S³S*?')²�>3¬)�5-½+.�*-.0³S, ¬S7 , 798i,1Æ0'u5-, 7+³¼>6»F, 7ÚÁd'S>�')³\'), 7ÚÆ0')/1Æ�«iÂ
/1'u5-.p8 Ç¬S*�.p'SÆ?½Ú>6, 7+³S/ .�� :WÂ<&���(9')798$ÄWË�')(+/ .¼®S´�Æ�¬S² ± ')*?')(+/ .�5-¬ÙË�')(+/ .×Ð×, 7 Í ¹)Îm´�ÁC'S>
Æ�¬S79><5-*-«9Æ]5-.p8$Ä��)Ä$À�.�5?'), /1>qÆ0')74(b.gÇ¬S«+798�, 7ØË�')(+/ .ZÐiÄ Ò >q, 5�Æ�')7×(b.g¬S(9>6.0* Ã .p8$´9, 7×³S.07iÂ
.0*?')/R´\5-½+.�Æ�¬S*-*-.0/1'u5-, ¬S7 Ã ')/ «+.p>C')*-.>6²�')/ / .0*d5-½9')7�(b.�Ç¬S*-.SÄiËC½+./1')*-³S.Æ�¬S*-*-.0/1'u5-, ¬)7 Ã ')/ «+.p>
(b.�Ç¬S*-.�, / / «+²Z, 79'u5-, ¬S7ÚÆ�¬S*-*-.pÆ]5-, ¬S7 Æ�¬S«+/18 (b.�8i«+.�5-¬×5-½+.�, / / «+²Z, 79'u5-, ¬S7 , 5?>6.0/ ')798Ù5-½+.
'SÆ]5-«9')/NÆ�¬S*-*-.0/1'L5-, ¬S7 Ã ')/ «+.p>q')*-.g²Z¬S*-.3*-.p')/ Ç¬S*�5-½+.�>6»F, 7Ø8+'u5?'+ÄbÈm5�,1>>6«+³S³S.p><5-.p8�5-¬�.�·FÂ
5-*?' ± ¬S/1'u5-.�><5?'u5-,1><5-,1Æ0>dÇ*-¬S²"¬S7+.�>6, 7+³S/ ., ²�')³S.q5-¬�')7i¬)5?½i.0*�¬S7+/ ¸�'u¾5-.0*�7+¬S*-²�')/ , µp'u5-, ¬S7QÄ

� �F��� � �F��� eLB-G6E0_pB�E0KFX�VmH6E0KFX\E�G6X�XSB?e)T E�H<T MpK�U?M0GIG<B?^ E�H<T MpK�epE0^ �\B�tiB-H���B?B?K�H<[\B�[\T VmH<Mp_0G6E0J M0O
E�K\M0G<J�E0^ T ?B]X�T ^ ^ �\J�T KFE�H<T MpKSk�U?M0GIG<B?U-H<B]X�T J�E0_pB�tFE0KFX�E0KFX3H<[\B�K\M0G<J�E0^ T ?B]X�[\T VmH<Mp_0G6E0J M0OQH<[\B
K\M0G<J�E0^ T ?B]X3tFE0KFXSVNM0O�H<[\B�T ^ ^ �\J�T KFE�H<T MpKSk�U?M0GIG<B?U-H<B]XgT J�E0_LB-VWtiB?^ MpK\_pT K\_qH<MqH<[\BCV<E0J�B�VIB?VIVIT MpK9r

>	� E�H<T B?KuH]` µa σa µb σb µc σc µd σds9B?VIT MpK*?
> �p` � ? o)r � o�� ��o)r ��� ��� o)r ����� � o)r o@� � o o)r ��������o)r � � � � o)r ��
pn�
qo)r ��l �0o
> �p` �? o)r �3� � �o)r � � �!� o)r � � � 
qo)r �]opn � o)r � � ����o)r o�
��@� o)r � ������o)r o@� � �
> �p` ��? o)r � ���0oqo)r �]o�
po o)r � n �0oqo)r opn � 
 o)r ���3��
qo)r �]o�
 �
> lu` � ? o)r � � ��
qo)r ��� � � o)r ������l�o)r o � �ul o)r � � � � o)r opn � � o)r �Ln�� ��o)r ��l�
�

> lu` �? o)r �Lopopoqo)r o � �!� o)r ����
 ��o)r �]oLl�
 o)r ��
po ��o)r o � 
@� o)r ��
 � ��o)r oLl � l
> lu` ��? o)r � �ul���o)r o � � � o)r � � l���o)r � �pl3� o)r � � �!��o)r o�
 � � o)r �ul0n ��o)r o �@�3�
> �)` � ? o)r ����
 � o)r o@���(� o)r � �Lopnqo)r � �@� � o)r ��
 � nqo)r opn�
 � o)r � �(��
qo)r o � � �
> �)` �? o)r ��
 � �qo)r o � � � o)r � �0n ��o)r opn �]n o)r � �ul���o)r oLl3��
 o)r � � �0oqo)r opnul��
> �)` ��? o)r �Ln � �qo)r ���(�pl o)r � � �0nqo)r o����@� o)r �����]nqo)r o�
�
 � o)r �!�0oLl�o)r o � l �

ËC½+.�>-')²Z.�5-½+.0²�'u5-,1Æ�²�' ± >3, 798i,1Æ0'u5-, 7+³#>6»F, 7 ³S.07+.0*?'u5-.p8¼, 7 5-½+. ± *-. Ã , ¬S«9>3Æ�/1'S>->6, ÂÉbÆ0'u5-, ¬S7Ù«+>6,17i³45-½+.�¬S*-, ³S, 79')/W, ²�')³S.p>0´ ÁW.0*-.�'S>->6«+²Z.p8Ø5-¬×(b.�5-½+.�¬S«i5 ± «i53¬)�5-½+.�É9*?><5Æ�/1'S>->6, ÉbÆ0'u5-, ¬S7×><5?')³S.3«9>6, 7+³�5-½+.Z, ²�')³S.p>qÁ�, 5-½Ø, / / «+²Z, 79'u5-, ¬S7#Æ�¬S*-*-.pÆ]5-, ¬S7QÄ�ËC½+.Z¬S«i5 ± «i5?>¬)d5-½+.�>6.pÆ�¬S798Ø><5?')³S.Z¬)d5-½+.�Æ�/1'S>->6, ÉbÆ0'u5-, ¬S7Ø>-Æ?½+.0²Z.�')*-.�>6½+¬uÁ�7Ø, 7ÙÝF«+(9>6.pÆ]5-, ¬S7 Ü�ÄQÈI7
¬S*?8i.0*q5-¬4' Ã ¬S,18×.�·F5-*?' ± ¬S/1'u5-, ¬S7×.0*-*-¬S*?>0´95-½+.�8i,1>-Æ�*-, ²Z, 79'u5-, ¬S7×Ç«+79Æ]5-, ¬S7#ÁC'S>�Æ�¬S² ± «i5-.p8Ç¬S*�.p'SÆ?½�>6, 7+³S/ ., ²�')³S.�>6. ± ')*?'u5-.0/ ¸SÄ

Ò >Q, 5�Æ0')7(�.W>6.0.07Q´�5-½+.0²�'u5-,1Æ�²�' ± >Q¬)+>6¬S²Z.N/ .p>6, ¬S79>0´0½9' Ã .W>6¬S²Z.�*-. ± .p'u5-.p8 ± 'u565-.0*-79>, 7ØÆ�¬S²Z²Z¬S7QÄ$:C'S>6.p8�¬S745-½+,1>0´�, 5�,1>qÆ�¬S79>6,18i.0*-.p8�5-½9'u5q5-½+.3¬S«i5 ± «i5�¬)�5-½+.3, / / «+²Z, 79'u5-, ¬S7Æ�¬S*-*-.pÆ]5-, ¬S7�,¾>q'�(�.�565-.0*q.p><5-, ²�'u5-, ¬S74¬)N5-½+.3.�· ± .pÆ]5-.p848+'u5?'+Ä�¿�¬uÁW. Ã .0*p´9, 7×¬S*?8i.0*�5-¬�(b.')(+/ .�5-¬�')«i5-¬S²�'u5-,1Æ0')/ / ¸�>6.0/ .pÆ]5Æ�¬S*-*-.p> ± ¬S798i, 7+³Z¬S(+;I.pÆ]5?>�, 7�5-½+.�5-½+.0²�'u5-,1Æ�²�' ± >�¬)N5-½+.>-')²Z.�/ .p>6, ¬S7Q´\Ç«+*65-½+.0*dÁd¬S*-»Z7+.0.p8+>�5-¬3(�.q8i¬S7+.SÄ+ÝF, 79Æ�.q, 5C,1>d7+¬)5d5-½+.q²�'), 7�¬S(+;I.pÆ?5?, Ã .q¬)
5-½+. ± *-.p>6.07S5dÁd¬S*-»�´)5-½+.qÆ0'S>6.p>NÇ¬S*dÁ�½+,1Æ?½�, 5CÁd'S>W7+¬)5 ± ¬\>->6, (+/ .�5-¬3')«i5-¬S²�'u5-,1Æ0')/ / ¸Z8i.�É97+.Æ�¬S*-*-.p> ± ¬S798i, 7+³�¬S(+;I.pÆ]5?>0´�²�')7F«9')/ / ¸�>6.0/ .pÆ]5-, ¬S7Ø'u¾5-.0* Ã ,1>6«9')/�, 79> ± .pÆ]5-, ¬S7×¬)�5-½+.Z, ²�')³S.p>
� �\M0GWU?MpJ�D\�SH6E�H<T MpKFE0^9XSB-H6E0T ^ V?`FVIB?B � �u�FE�H<T MpK\V ��E0KFX ��T K � �%�



n YZE0^ B-HIH<TbB-HdE0^¾r

,1>�>6«i³S³S.p><5-.p8$Ä

Èm5�>6½+¬S«+/18 5-¬Ù(b.4²Z.07\5-, ¬S7+.p8 5-½9'u5�, 7 ²�')7\¸ÚÆ0'S>6.p>0´W>6½9'S8i¬uÁ�>Z, 7 5-½+.×>6»F, 7 Ád.0*-.
'S>->6, ³S7+.p8�5-¬Z5-½+.�Æ�/1'S>->�Æ�«+*65?'), 7QÄ9ËC½+,1>�8i,18�7+¬)5�')/ / ¬uÁ 5-½+.�, 7\5-*-¬i8i«9Æ]5-, ¬S7�¬)�5-½+.�Æ�¬S*-*-.pÆ]5
>6/ ¬ ± .�¬)�5-½+.g>6«+*6�'SÆ�.q5-½9'u5�*-. ± *-.p>6.07\5?>d5-½+.g>6»F, 7�, 7�5-½+.�, / / «+²Z, 79'u5-, ¬S7�²Z¬i8i.0/RÄbÅ�, 798i, 7+³(b.�565-.0*�Æ�¬\><5 Ã ')/ «+.p>�5-¬Ø«9>6.�«9>6.�, 7Ù5-½+.�8i,1>-Æ�*-, ²Z, 79'u5-, ¬S7¼Ç«+79Æ]5-, ¬S79>3,1>3.079Æ�¬S«+*?')³S.p8#, 7
¬S*?8i.0*d5-¬�, ² ± *-¬ Ã .q5-½+.�¬S(i5?'), 7+.p8�*-.p>6«+/ 5?>0Ä

� �Ø¥W¢�¨ �6§	�F©<¥W¢	�

Ò 7+.0Á >-Æ?½+.0²Z.qÇ¬S*�, / / «+²Z, 79'u5-, ¬S7�Æ�¬S*-*-.pÆ]5-, ¬S7�, 7�8i.0*-²�'u5-¬S/ ¬S³S,1Æ0'u/$8+'u5?'35-½9'u5�Æ�¬S²�(+, 7+.p>
Æ�¬S7 Ã .07\5-, ¬S79')/ 5-¬F¬S/1>q½9'S>�(�.�.07 ± *-¬ ± ¬\>6.p8$Ä�ËC½+.ZÆ�/1'S>->6, ÉbÆ0'u5-, ¬S74>-Æ?½+.0²Z.3«9>6.p84½9'S>q(b.0.07>6½+¬uÁ�7Ø5-¬ ± *-¬i8i«9Æ�.�>6«+, 5?')(+/ .Z5-½+.0²�'u5-,1Æ�²�' ± >�5-¬�(�.�«9>6.p8Ø, 7#5-½+.�.p><5-,1²�'u5-, ¬S7#¬)C5-½+.
, / / «+²Z, 79'u5-, ¬S7�Ç«+79Æ]5-, ¬S7�'uÌ�.pÆ]5-, 7+³�5-½+.q>-Æ�.07+.SÄSÈm5d½9'S>W')/1>6¬�(�.0.07�>6½+¬uÁ�7Z5-½9'u5W5-½+.�, / / «+²Z, Â
79'u5-, ¬S7�Æ�¬S*-*-.pÆ]5-.p8�, ²�')³S.p>d')*-.'g(b.�565-.0*�, 7 ± «i5CÇ¬S*d5-½+.>6.pÆ�¬S798�><5?')³S.q¬)Q5-½+.�Æ�/1'S>->6, ÉbÆ0'uÂ5-, ¬S7�>-Æ?½+.0²Z.SÄ Ò ¾5-.0*C, / / «+²Z, 79'u5-,1¬S7�Æ�¬S*-*-.pÆ]5-, ¬S7Q´)5-½+.�Æ�/1'S>->6, ÉbÆ0'u5-, ¬S7�*-.p>6«+/ 5?>d, ² ± *-¬ Ã .p8�, 7Æ0'S>6.p>�Ç¬S*Á�½+,1Æ?½Ø, 5�ÁC'S>q7+¬)5 ± ¬\>->6, (+/ .35-¬ ± *-¬+8i«9Æ�.g5-½+.0²�'u5-,1Æ3²�' ± >Á�, 5-½#'�*-. ± .p'u5-.p8
± 'u565-.0*-7 ± *-. Ã , ¬S«9>6/ ¸SÄb:d¸ Ã ,1>6«9')/�'S>->6.p>->6²Z.07S5�¬)�5?½i.g*-.p>6«+/ 5?>0´9, 5q,1>�.079Æ�¬S«+*?')³S, 7+³35-¬�.�·FÂ5-.0798�5-½+.�>-Æ?½+.0²Z.q5-¬�¬)5-½+.0*�' ±+± / ,1Æ0'u5-, ¬S7�')*-.p'S>0Ä

� ¨���¢�¥�� � � ¦����#� ¢W£��

Ë ¬Ø5-½+.4ÝFÈ<ËC= 5 *-¬);I.pÆ]5ZÇ«+798i.p8 (F¸ '×³S*?')7\53Ç*-¬S² 5-½+.�Àq')7+,1>6½ÚË .pÆ?½+7+,1Æ0')/ ��.p>6.0')*?Æ?½
Å+¬S«+798+'u5-, ¬S7�Ï 5 *-¬);I.pÆ]5 &�«+²�(�.0*	�	
����°)¶uÂ����LÂ��+®pÐ)ÊSÑ9Ç¬S* >6« ±+± ¬S*65-, 7+³�5-½+. ± *-.p>6.07\5QÁd¬S*-»�ÄË ¬�5-½+.�8i.0*-²�'u5-¬S/ ¬S³S,1>I5?>�6Q¬S7+.�ÝF»)¬ Ã ')798�:d¬3:C')7+³g¬)Q5-½+.�&q.07S5-¬)¾5-.�¿�¬\> ± , 5?')/b¬)�À�.07iÂ²�')*-»4')798�5-¬�5?½i.�')7+¬S7F¸F²Z¬S«9> ± 'u5-, .07\5?>0´�Ç¬S*q5-½+.0, *�Æ�¬S/ /1')(�¬S*?'L5-, ¬S7×8i«+*-, 7+³�5-½+.Z, ²�')³S.'SÆ Ó «+,1>6, 5-, ¬S7�>6.p>->6, ¬S79>0Ä

����� � ¢�¦�©��

� ¡����6§�� ©<¢���£+©<¥W¢��]§�¢q¨b£+©<¥W¢	�
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8�9;:=<?> @BAC9EDF9;A @�GHG?>09;IKJ1L�MN9;<?I=@�O�<�PH:(Q;A A

R�S�TVU�WYXNZ&S�[\X^]B_a`b[c_C]BWNZ�U�XNd e�fgUB[Vh�i�U�XNjkS�Z�U�XNd elUBmniE];hcS�m m d [kocp
qrS�eNjk[kd elUBmrs�[kd t\S?WNfYd Xbuv]B_(R�S�[kZ�U�WNwxp
R�y�z|{B}�~�~�y�o�f��V�=uc[ko���u�pcR�S�[kZ�U�WNw
�B�B�\�0�E�;�����;���\�������0�����

���\���0�|�\���\�\� �Y���\����� � ������� � �l�c�����

�v�n�������V ���¡ q�jkS
]��c¢bS�e?XNd t\S
]B_"XNjkd f�£�]BWNw�d f�XN]FS?¤cTkm ]BWNS¥XNjkS¥_CSlUBfYd �kd m d Xbu¦]B_
§�¨ UB[�XNd _ ucd [kovXNS?¤;X ¨ WHUBm(eHjVUB[ko�S��xS?Xb£�S�S�[1TVUBd WNf"]B_�fYS�o�Z&S�[�XNSlh©TVU�XYXNS?WN[kf�£�d XNjcz
] ¨ X�WNS�o�d f|XNS?WNd [koEXNjkS�Z��=q�jkS�i ¨ m XNd z�t�U�WNd U�XNS�ªgm XNSHWHUBXNd ]�[1R�S?XNS�e?XNd ]�[¬«�i
� ª"� R�� 
qKWHUB[kf|_C]BWNZ®d f&UBTkTkm d Slh¯XN]
U¥XNSH¤cX ¨ WNSvZ&];hcS�m�e�]�[kf|XYW ¨ e?XNSlh¯£�d XNj°XNjkSEhkU�XHU¥]B_
fYS�o�Z&S�[�XNSlh¥TkfY]BWNd UBfYd f�m S�fYd ]�[kf�d Z�UBo�S�f��Kq�jkS±XNS?¤;X ¨ WNS"Z&];hcS�mnd f�²�U�WHUBm d eHwx³ f�e�]Bz
]�e�e ¨ WYWNS�[ke�S¥Z�U�XYWNd ¤=p(£�jkd eHj%d f�e�]�Z&T ¨ XNSlh¬UB[VhF[k]BWNZ�UBm d ´�SlhF_C]BWvSlUBeHj�fYd [ko�m S
�VUB[Vh&£�d XNj�XNjkS�S §�¨ UBm d ´�SlhEhkU�XHU"]B_(U±o�d t\S�[vm S�fYd ]�[K�Vq�jkS�e�]�[�XYWNd � ¨ XNd ]�[v]B_(S�U�eNj
fYd [ko�m S"e�]�m ]BW��VUB[Vh�XN]�XNjkS�XNS?¤;X ¨ WHUBm=eHjVUB[ko�S�d fgUB[VUBm uc´�Slh=�

µ ¶k·g¸x¹=º�»±¼±½r¸=¾Nºg·

¿ @�ÀKPH@�9±J=9�G�9;:K9cPH@�Á�ÂcIKPH>CPNG?> I=Ã�Â;Är9�PH@�G�Â;Ä0Å�Æ;Ç�> È¥9;Ãc@�P0Â;ÄKA @�PH> ÂcIKP�É�> G?ÊvËKPHÂc<?>C9cPH>CPaG�9;Ì;@BI
9�G�G?Ê=@"8�@BIcG?Â;ÄÍG?@�Î"ÂkPHË=> G�9;AVÂ;ÄrÏ±@BI=È¥9;<?Ì�JxÀ=<?> I=Ã"ÄÐÂcÀ=<�Ë=> A Â;G^PH@�P?PH> ÂcIKP0É�> G?ÊvG?Ê=<?@B@�> IVÑV> G?@�J
ËK9�G?> @BIkG�PBÒ;Ó=Âc<�@�9cÁ�ÊvËK9�G?> @BIkG�Ô\G?Ê=<?@B@�A @�PH> ÂcIKP�É�@B<?@�ÁB9;ËxG?À=<?@�J�ÕKÑ;@�G?> È�@�P^JxÀ=<?> I=Ã�@�9cÁ?Ê�PH@�PNÖ
PH> ÂcIaÔc9;A ÂcI=Ã�ÄÐÂcÀ=<�É�@B@BÌxPBÒ;×�Ê=@"> È¥9;Ãc@�P�É�@B<?@�AC9;:n@�ACA @�JEÉ�> G?ÊEÄÐÂcÀ=<gÁ�ÊK9;<�9cÁlG?@B<�PBÔ\> IKJx>CÁB9�G?> I=Ã
ËK9�G?> @BIkG
ØNÅcÔ�ÙxÔ0ÚkÛlÔaA @�PH> ÂcIÜØ�Ý�Ô�L�Ô^Þ�ÛlÔ0PH@�P?PH> ÂcIÜØ�9=Ôa:aÔ�Á;Ô0JKÛ&9;IKJ�ÁB9;ËxG?À=<?@FØNÅcÔ�ÙxÔ0Ú=ÔaßKÔ
ÇcÛ�<?@�PHËr@�ÁlG?> Ñc@BA àcÒr×�Ê=@EÂc<?> Ãc> IK9;A

RGB
> È¥9;Ãc@�P"É�@B<?@v<?@�JxÀKÁl@�J°> I%PH> áB@�G?Â

(576 − 20)/4<?Â�É"P�:kà
(768− 20)/4

Á�ÂcA À=È�IKP�Â;Ä�Ë=> âx@BACPBÒK×�Ê=@&> È¥9;Ãc@�P�ÁB9;I¯:r@v9cP?PHÀ=È�@�J©G?Â©Á�ÂcIkG�9;> I
G?Ê=<?@B@�Á�AC9cP?PH@�P&ØÐ:K9cÁ?ÌVÃc<?ÂcÀ=IKJ(ÔxI=Âc<?È¥9;AaPHÌV> I°9;IKJ1A @�PH> ÂcIrÛlÔ=É�Ê=>CÁ�Ê¯É�@B<?@&PH@BÃcÈ�@BIkG?@�J1É�> G?Ê
9�GNÉ�Â;ÖYPNG�9;Ãc@&Ê=> @B<�9;<�Á?Ê=>CÁB9;A0Á�AC9cP?PH> ÕrÁB9�G?> ÂcI°P?Á�Ê=@BÈ�@
ã ä�å|Òr×�Ê=>CP�P?Á?Ê=@BÈ�@EPH@BËK9;<�9�G?@�PBÔ=> I°G?Ê=@
ÕK<�PNGvPNG�9;Ãc@cÔnG?Ê=@
PHÌV> I%ÄÐ<?ÂcÈ�G?Ê=@©:K9cÁ�ÌVÃc<?Â;À=IKJ(Ôa9;IKJ(Ô0> I%G?Ê=@
PH@�Á�ÂcIKJ%PNG�9;Ãc@cÔ(G?Ê=@©A @�PH> ÂcI
ÄÐ<?ÂcÈæG?Ê=@±I=Âc<?È¥9;ArPHÌV> IaÒxçV> IKÁ�@"G?Ê=@�> È¥9;Ãc@�Pg9;<?@±9�èn@�ÁlG?@�J¥:kà©PHÊK9cJVÂ�É"PBÔk9;I©> A A À=È�> IK9�G?> ÂcI
Á�Âc<?<?@�ÁlG?> ÂcI1P?Á�Êx@BÈ�@&É�9cP�Ë=<?ÂcËnÂkPH@�JFã Å�é�å|Ò

×0Â±@BÑ;9;A ÀK9�G?@gA @�PH> ÂcIEÁ�Ê=9;I=Ãc@�P�:r@�GNÉg@B@BI�PH@�P?PH> ÂcIKPBÔ�Ë=ÊkàxPH>CÁ�>C9;IKP�È¥9;Ì;@�P?Á�Âc<?@�P0Â;Är9"ÄÐÂcÀ=<HÖ
Ñ�9;<?>Í9;:xAC@BP"PH@�G�êKG?Ê=@v<?@�JxI=@�P?PBÔ=G?Ê=@EP?ÁB9;A > I=ÃKÔ=G?Ê=@�G?Ê=>CÁ�ÌVI=@�P?P±9;IKJ¯G?Ê=@v:rÂxJxà°9;<?@�9¥Á�Â�Ñ;@B<?@�J
:Và%G?Ê=@
A @�PH> ÂcIKPBÒ�DF9;IVÀ=9;A�P?Á�Âc<?> I=Ã°Ê=> ÃcÊ=A àëJx@BËr@BIKJ=PvÂcIëG?Ê=@1Jx@B<?È¥9�G?ÂcA ÂcÃc>CPNG�ÔaÉ�Ê=Â¬ÁB9;I
PHÊ=Â�É,Ñ;9;<?>C9�G?> ÂcIKP�> IìÁ�<?> G?@B<?>C9¬9;A ÂcI=Ã%PH@�P?PH> ÂcIKPEJxÀ=@
G?Â¬G?Ê=@1ÊVÀ=Ãc@¯9;È�ÂcÀ=IcG�Â;Ä±ËK9�G?> @BIkG�P
9;IKJ%A @�PH> ÂcIKP&Âc:KPH@B<?Ñc@�J%JxÀ=<?> I=Ã°@�9cÁ�Ê�ÉgÂc<?ÌV> I=Ã°J=9\àcÒaíYIëÂc<�Jx@B<�G?Â°ÀKPH@
9°PH@�G�Â;Ä�A @�PH> ÂcIKP
A > Ìc@vG?Ê=@�PH@�9cP±> I=Ë=ÀxG�G?Â¯9;I%9;ÀxG?ÂcÈ¥9�G?>CÁvPHàxPNG?@BÈ�G?ÊK9�G�9;IK9;A àVáB@�P�G?Ê=@B> <&Á�ÊK9;I=Ãc@v> IFG�> È�@cÔ
> G©Á�ÂcÀ=ACJî:r@¯Ê=@BA ËxÄÐÀ=A�G?Â%@�âxË=<?@�P?PvG?Ê=@°J=9�G�9¬>CI/9¬É�9�à¦É�Êx@B<?@1G?Ê=@Bàî9;<?@¯Á�ÂcÈ�ËK9;<�9;:=A @cÔ
É�> G?Ê=ÂcÀxG�A ÂxÂkPH> I=Ã
Á�ÂcI=I=@�ÁlG?> ÂcIFÉ�> G?Ê¬G?Ê=@EÂc<?> Ãc> IK9;A�J=9�G�9=Ò(ï�@BÃc>CPNG?<�9�G?> ÂcI°Â;Ä�Á�AC9cP?PH> ÕK@�J°A @�Ö
PH> ÂcIKP�ËK9�GHG?@B<?IKPg9;Ë=Ën@�9;<g9cP�ÂcËxG?> ÂcIKP�G?Â�ËnÂkP?PH> :=A @±PHÂcA ÀxG?> ÂcIKPBÒkÎ"Â\É�@BÑc@B<�Ô;G?Ê=@Bà¥Á�ÂcÀ=ACJ�ÊK9\Ñc@
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9EÊ=> ÃcÊ°Á�ÂcÈ�Ë=ÀxG�9�G?> ÂcIK9;A(Á�ÂkPNG�Ò

×0ÂEG?<�9;IKPNÄÐÂc<?È,ËK9;> <�P�Â;Ä�I=Â;G"<?@BÃc>CPNG?@B<?@�J©Âc<?> Ãc> IK9;A(J=9�G�9vG?Â¥9¥PHËK9cÁ�@�É�@B<?@�G?Ê=@�G?<�9;IKPNÖ
ÄÐÂc<?È�@�J©J=9�G�9�ÊK9\Ñ;@�9vËr@B<HÄÐ@�ÁlG�<?@BÃc>CPNG?<�9�G?> ÂcI¥>CPgËnÂkP?PH> :=A @�G?Ê=<?ÂcÀ=ÃcÊ
9&G?@�âVG?À=<�9;AnJx@�P?Á�<?> ËxG?Âc<
ã Å�Æ�å|Ô0ã ��å|Ô0ã Å�Ú�å|Ôaã Å�å|Ô�ã Æ�å|Ô0ã Å���å|Ôaã Å\Ç\å0G?ÊK9�G±>ÍP"> IkÑ;9;<?>C9;IcG"G?Â¥G?<�9;IKPHAC9�G?> ÂcIKP"9;IKJ¯<?Â;G�9�G?> ÂcIKP�Â;Ä
ËK9�GHG?@B<?IKPBÔVA > Ìc@�Î�9;<�9;A >CÁ?Ì�� P�Á�Â;Ö|Â=Á�Á�À=<?<?@BIKÁ�@±È¥9�G?<?> âFã Ú�å|Ò��±I©G?Ê=@�Â;G?Ê=@B<�ÊK9;IKJ(Ô=9EPNG�9�G?>CPNG?> Ö
ÁB9;A�9;Ë=Ë=<?Âk9cÁ?Ê1G?ÊK9�G�9;A A Â\É"P�G?Â
Jx@�G?@�ÁlG�9;A G?@B<�9�G?> ÂcIKP�>CP"G?Ê=@vDëÒ Ý�Ò ÏvÒ(×0<�9;IKPNÄÐÂc<?È Ø�D°À=A G?> Ö
Ñ�9;<?>Í9�G?@�Ý"A G?@B<�9�G?> ÂcIFÏ±@�G?@�ÁlG?> ÂcI¬×�<�9;IKPNÄÐÂc<?È©Û�ã ÅcÅ�å|Ô0ã Å\Ù\å|Òr×�Ê=>CP�P?Á�Ê=@BÈ�@&G?<�9;IKPNÄÐÂc<?È¥P�GNÉgÂ
PH@�G�P�Â;Ä^ÈvÀ=A G?> Ö|Ñ�9;<?>C9�G?@&Âc:KPH@B<?Ñ�9�G?> ÂcIKP�> IcG?Â
9¥Jx> èn@B<?@BIKÁ�@�:r@�GNÉ�@B@BI1GNÉ�Â¥A > I=@�9;<±Á�ÂcÈv:=> IK9�Ö
G?> ÂcIKP�Â;Ä�G?Ê=@&Âc<?> Ãc> IK9;A(Ñ�9;<?>Í9;:xAC@BP�@�âxË=AC9;> I=> I=Ã¥È¥9�âx> È¥9;AaÁ�ÊK9;I=Ãc@&> I°9;A AaÑ;9;<?>C9;:=A @�P�PH> ÈvÀ=A Ö
G�9;I=@BÂcÀKPHA àcÒ

×�Ê=@�Ë=<?@�PH@BIkG�ÉgÂc<?ÌvÁ�ÂcIKPH>CPNG�P�Â;ÄrG?Ê=@"Jx@�P?Á�<?> ËxG?> ÂcIEÂ;ÄrG?Ê=@�ÄÐÂcA A Â�É�> I=Ã&9cPHËr@�ÁlG�PBê\G?Ê=@�G?@�âVÖ
G?À=<�9;A^È�Â=Jx@BAbÔnG?Ê=@�GNÉ�Â;ÖYPH@�G�ÁB9;I=ÂcI=>CÁB9;A^Á�Âc<?<?@BAC9�G?> ÂcI%9;IK9;A àxPH>CP�9;IKJ¬G?Ê=@©DëÒ Ý�Ò ÏvÒ0×0<�9;IKPNÖ
ÄÐÂc<?È¯ÒKï�@�PHÀ=A G�P"PHÊ=Â\É G?Ê=@�Á�ÂcIkG?<?> :=ÀxG?> ÂcI1Â;Ä�@�9cÁ�Ê¯Á�ÂcA Âc<�:K9;IKJ
G?Â¥@�9cÁ?Ê°DëÒ Ý�Ò ÏvÒrÁ�ÂcÈ�ËrÂ;Ö
I=@BIkG�Ò;Ó�> IK9;A A àcÔ�9±:K9cÁ�ÌkÖ|Ë=<?Â;MY@�ÁlG?> ÂcIv9;Ë=Ë=<?Âk9cÁ�Ê�ÄÐ<?ÂcÈ7G?Ê=@�DëÒ Ý�Ò ÏvÒ;ÂcÀxG?Ë=ÀxG�G?Â±G?Ê=@�Âc<?> Ãc> IK9;A
J=9�G�9E>CP�Ëx<?ÂcËnÂkPH@�J(Ò

� �
	��������¸=¼"¹���º�»����

Ó=ÂcA A Â�É�> I=Ã¯ã ��å|Ô=A @�G
δ
:n@�9¥Á�ÂcÈ�ËK9cÁlG"9;IKJ¯Á�ÂcIVÑ;@�â¯PH@�G"@�PNG�9;:=A >CPHÊ=@�J1> I1G?Ê=@&> È¥9;Ãc@�PHËK9cÁ�@

9cPv9FÁ�> <�Á�À=AC9;<�É�> IKJxÂ�É,9;IKJëA @�G
β
:r@19°Ñc@BÁlG?Âc<vËrÂkPH> G?> ÂcIëÂcËn@B<�9�G?Âc<&<?@BAC9�G?> I=Ã°G?Ê=@
<?@BA Ö

9�G?> Ñc@¯PHËK9�G?>C9;A�A ÂxÁB9�G?> ÂcI¦Â;Ä�9FËK9;> <�Â;Ä±Ë=> âx@BACPE> I¦G?Ê=@¯É�> IKJxÂ\É���ÄÐÂc<�@�9cÁ�ÊîPH> I=ÃcA @1:K9;IKJ(Ô
G?Ê=@�Á�Â;Ö|ÂxÁBÁ�À=<?<?@BIKÁ�@FÈ¥9�G?<?> â

C
>CP
G?Ê=@%@�PNG?> È¥9�G?@�J Ëx<?Âc:K9;:=> A > GYà/Â;ÄvÊK9\ÑV> I=Ãì9¦ËK9;> <1Â;Ä

Ë=> âx@BACP
(λp, λq)

> I%G?Ê=@©<?@BAC9�G?> Ñc@�ËrÂkPH> G?> ÂcI�Ãc> Ñc@BI�:kà
β
Ò0×�Ê=@©@BA @BÈ�@�IkG�P�Â;Ä�G?Ê=@

Q × QÁ�Â;Ö|ÂxÁBÁ�À=<?<?@BIKÁ�@vÈ¥9�G?<?> â
C(λp, λq, β, δ)

Ô(É�> G?Ê
Q
:n@B> I=Ã1G?Ê=@�IVÀ=È�:n@B<&Â;Ä��kÀK9;IcG�> á�9�G?> ÂcI

A @BÑc@BACPBÔ=9;<?@�Ãc> Ñc@BI1:Vànê

O{r|r, r + β ∈ σ(δ), g(r) = λp, g(r + β) = λq}

O{r|r + β ∈ δ}

ØNÅ\Û

É�Ê=@B<?@
g(r)

>CPvG?Ê=@°PHÀ=:KPH@�G¥Â;Ä"G?Ê=@
RGB

> È¥9;Ãc@¯Á�Âc<?<?@�PHËrÂcIKJx> I=Ã°G?Â¬G?Ê=@¯A @�PH> ÂcIîÉ�> G?Ê
ËKPHÂc<?>C9cPH>CPBÔ

σ(δ)
>CP�9¥G?<�9;IKPHAC9�G?> ÂcI°>CPHÂcÈ�@�G?<?à1Â�Ñ;@B<"G?Ê=@EÉ�> IKJxÂ�É&Ô

O
>CP"G?Ê=@vÂc<�Jx@B<±Â;Ä^G?Ê=@

PH@�G�ÔK9;IKJ
r = (i, j)

>CP�G?Ê=@&Ñc@�ÁlG?Âc<�ËnÂkPH> G?> ÂcI1Â;Ä�9�Ë=> âx@BAbÒ

� ����º������(¸ �
!^·"ºg·±¾H½�!"�#�%º�¹=¹����$!�¸=¾Nºg·&%('Ü·�!"�*)�%V¾+%

ÞgÂcIKÁ�@BËxG?ÀK9;A A àcÔ0GNÉ�Â;ÖYPH@lG¥ÁB9;I=ÂcI=>CÁB9;A�Á�Âc<?<?@BAC9�G?> ÂcIKP�9;IK9;A àxPH>CPv>CPE9°G?@�Á�Ê=I=>,�kÀ=@
G?ÊK9�GEÕKIKJ=P
Á�Âc<?<?@�PHËrÂcIKJx> I=ÃìPH@�G�P¯Â;Ä�A > I=@�9;<°Á�ÂcÈv:=> IK9�G?> ÂcIKP
ÖYÁB9;A A @�J ÁB9;I=ÂcI=>CÁB9;A�Ñ�9;<?>C9;:=A @�PNÖ¥Â;ÄvGNÉgÂ
Ãc<?ÂcÀ=ËKP�Â;Ä&Ñ;9;<?>C9;:=A @�PBÔ�PHÀKÁ?Ê/G?ÊK9�G©G?Ê=@°ÕK<�PNG1ÁB9;I=ÂcI=>CÁB9;A�Ñ;9;<?>C9;:=A @�P�9;<?@¯G?Ê=@FÂcI=@�P©É�> G?Ê
G?Ê=@�AC9;<?Ãc@�PNG"Á�Âc<?<?@BAC9�G?> Â;IaÔ=9;IKJ1Ê=> ÃcÊ=@B<"Âc<�Jx@B<"ÁB9;I=ÂcI=>CÁB9;A(Ñ;9;<?>C9;:=A @�P�9;<?@&È¥9�âx> È¥9;A A à
Á�Âc<HÖ
<?@BAC9�G?@�J¯PHÀ=:=MY@�ÁlG"G?Â©Âc<HG?Ê=ÂcÃcÂcIK9;A > GYà
Âc<"À=IKÁ�Âc<?<?@BAC9�G?@�JxI=@�P?P�É�> G?Ê°A Â�É�@B<"Âc<�Jx@B<"ÁB9;I=ÂcI=>CÁB9;A
Ñ�9;<?>Í9;:xAC@BP�ã ÅcÅ�å|Ô(ã ß;å|Ò
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Ó=Âc<?È¥9;A A àcÔnA @�G
x1

9;IKJ
x2

:n@EGNÉ�Â°PH@�G�P&Â;Ä�Ñ;9;<?>C9;:=A @�P±Â;Ä�Jx> È�@BIKPH> ÂcIKP
m1

9;IKJ
m2<?@�PHËr@�ÁlG?> Ñc@BA àcÔKÉ�> G?Ê

m1 ≤ m2

Òn×�Ê=@&GNÉ�Â;ÖYPH@�G�ÁB9;I=ÂcI=>CÁB9;A0Á�Âc<?<?@BAC9�G?> ÂcI°9;IK9;A àxPH>CP±Á?Ê=ÂxÂkPH@BP
m1 +m2

A >CIx@�9;<�G?<�9;IKPNÄÐÂc<?È¥P

y1i = aT
1ix1, i = 1, ...,m1

y2i = aT
2ix2, i = 1, ...,m2,

ØbÙcÛ

PHÀKÁ�Ê
G?ÊK9�G�G?Ê=@�Á�Âc<?<?@BAC9�G?> ÂcIKPgÉ�> G?Ê=> I¯Ãc<?ÂcÀ=ËKP�9;<?@

Corr[aT
1ix1,a

T
1jx1] = δij

Corr[aT
2ix2,a

T
2jx2] = δij

Ø�ÚkÛ

9;IKJ©G?Ê=@�Á�Âc<?<?@BAC9�G?> ÂcIKP�:r@�GNÉg@B@BI¯Ãc<?ÂcÀ=ËKP�9;<?@

Corr[aT
1ix1,a

T
2jx2] = ρjδij

ØÐßVÛ

É�Ê=@B<?@
δ
>CP�G?Ê=@���<?ÂcI=@�Á�Ì;@B<�Jx@BA G�9=Ò

� @lGgG?Ê=@�PH@�G�P�Â;ÄaÑ�9;<?>C9;:=A @�P
x1

9;IKJ
x2

:r@�Jx@�P?Á�<?> :r@�J�:VàvG?Ê=@
m1 +m2

Jx> È�@BIKPH> ÂcIK9;A
Ñ�9;<?>Í9;:xAC@

X = [xT
1 xT

2 ]
ØbÇcÛ

9;IKJ19cP?PHÀ=È�@

E[X] = 0 ∧D[X] = Σ =
[

Σ11 Σ12

Σ21 Σ22

] Ø �kÛ

É�> G?Ê
Σij ∈ <

mixmj
9;IKJ

Σij = ΣT
ji,∀i, j = 1, 2

ØYÆ;Û
9;IKJ
I=ÂcIxÖYPH> I=ÃcÀ=AC9;<�Ò

¿ @�É�ÂcÀ=ACJ1A > Ì;@�G?ÂEÕKIKJ
G?Ê=@�G?<�9;IKPNÄÐÂc<?È¥P

y1 = aT
1 x1

y2 = aT
2 x2

Ø �kÛ

É�> G?Ê

D{Y } = ΣY =
[ V ar[y1] Cov[y1,y2]
Cov[y2,y1] V ar[y1]

]

=
[

aT
1 Σ11a1 aT

1 Σ12a2

aT
2 Σ21a1 aT

2 Σ22a2

] Ø�äkÛ

À=IKJx@B<�G?Ê=@�Á�ÂcIKPNG?<�9;> IkG�P
V ar[y1] = 1
V ar[y2] = 1

ØNÅ�ékÛ

PHÀKÁ�Ê
G?ÊK9�G�G?Ê=@�Á�Âc<?<?@BAC9�G?> ÂcI

ρ = Corr[y1,y2] =
Cov[y1,y2]

√

V ar[y1]V ar[y2]
= aT

1 Σ12a2

ØNÅcÅ\Û

>CP�È¥9�âx> È�> áB@�J(Ò
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� @lG
λ1/2

9;IKJ
λ2/2

:n@ � 9;Ãc<�9;I=Ãc@±ÈvÀ=A G?> Ë=A > @B<�P�> IcG?<?Â=JxÀKÁ�@�J
> I

ψ = aT
1 Σ12a2 −

λ1

2
(aT

1 Σ11a1 − 1)−
λ2

2
(aT

2 Σ22a2 − 1).
ØNÅ\ÙcÛ

¿ @�É�ÂcÀ=ACJ1A > Ìc@�G?Â¥È¥9�â=> È�> áB@
ψ
É�> G?Ê°<?@�PHËn@�ÁlG�G?Â

a1

9;IKJ
a2

ÒKÏ±À=@&G?Â¥G?Ê=@vPHàVÈ�È�@�G?<?à
Á�ÂcIKJx> G?> ÂcIì> IìO �kÀK9�G?> ÂcI ÆVÔ�G?Ê=@1ÄÐÂcA A Â�É�> I=Ã%È¥9�G?<?> âìJx> èn@B<?@�IkG?>C9�G?> ÂcIìË=<?ÂcËr@B<HGNà¦ÁB9;Iì:r@
9;Ë=Ë=A > @�J

∂(aT
i Σiiai)

∂ai

= 2Σiiai

ØNÅ�ÚkÛ

9;IKJ©G?Ê=@&ËK9;<HG?>C9;AaJx@B<?> Ñ�9�G�> Ñ;@�P�Â;Ä
ψ
É�> G?Ê¯<?@�PHËr@�ÁlG�G?Â

a1

9;IKJ
a2

9;<?@

∂ψ

∂a1

= Σ12a2 − λ1Σ11a1

ØNÅBßVÛ

∂ψ

∂a2

= Σ21a1 − λ2Σ22a2

ØNÅ\ÇcÛ

� Â;G?@�G?ÊK9�GgO �kÀK9�G?> ÂcIKP"ÅBß�9;IKJ¯Å\Ç&Á�ÂcÀ=ACJ¥9;ACPHÂ&:r@"Âc:xG�9;> I=@�J�:VàE<?@BÉ�<?> G?> I=Ã&O �kÀK9�G?> ÂcI
Å\ÙvÉ�> G?Ê

λ1

9;IKJ
λ2

9cP"Jx@BËr@BIKJx@BIkG±Ñ�9;<?>C9;:=A @�PBê
λ1

>CP"Jx@B<?> Ñ;@�J1É�> G?Ê°<?@�PHËr@�ÁlG�G?Â
a1

9;IKJ
λ2

Ô\É�> G?Êv<?@�PHËr@�ÁlG�G?Â
a2

��G?Ê=@�Jx@B<?> Ñ;9�G?> Ñc@�Â;Ä=G?Ê=@��kÀ=Â;G?> @BIkG^9;IKJ&G?Ê=@�PHàVÈ�È�@�G?<?à&Á�ÂcIKJx> G?> ÂcI
ÆE>CP±9;ËxË=A >C@BJ°9;IKJ1G?Ê=@vÊkÀ=Ãc@�@�âxË=<?@�P?PH> ÂcIKP�Âc:xG�9;> I=@�J°ÁB9;I°@�9cPH> A à
:r@vPH> È�Ë=A > ÕK@�J¯:n@�ÁB9;ÀKPH@
G?Ê=@&È¥9;> I¯Ë=9;<HG"Â;Ä�@�9cÁ�Ê1ÂcI=@�>CP�ÂcI=A à

λ1

9;IKJ
λ2

<?@�PHËr@�ÁlG?> Ñc@BA àcÒ

çV@lG?G?> I=Ã1G?Ê=@�ËK9;<HG?>C9;A^Jx@B<?> Ñ�9�G?> Ñc@�P�Â;Ä
ψ
G?Â¯áB@B<?Â¯9;IKJFÈvÀ=A G?> Ë=A àV> I=Ã¯<?@�PHËn@�ÁlG?> Ñ;@BA à°:Và

aT
1

9;IKJ
aT

2

Ô=Ég@&ÊK9�Ñc@
aT

1 Σ12a2 − λ1a
T
1 Σ11a1 = 0

ØNÅ��kÛ

aT
2 Σ21a1 − λ2a

T
2 Σ22a2 = 0.

ØNÅ�Æ;Û

Ï±À=@�G?Â
a1

9;IKJ
a2

9;<?@�P?ÁB9;AC9;<�P�Ô�G?Ê=@^ÄÐÂcA A Â\É�> I=Ã�Ë=<?ÂcËr@B<HGNà±ÁB9;I�:r@g9;Ë=Ë=A > @�J
aT

1 Σ12a2 =
(aT

1 Σ12a2)
T
Òr×�Ê=@�G?<�9;IKPHËrÂkPH@&Â;Äg9¥Ë=<?Â=JVÀKÁlG�>CP�G?Ê=@vË=<?Â=JxÀKÁ�G�Â;Ä�G?Ê=@�G?<�9;IKPHËnÂkPH@�P�É�> G?Ê

> IVÑ;@B<HG?@�J�Âc<�Jx@B<�Ôc9;IKJ�ÀKPH> I=Ã�O �kÀK9�G?> ÂcI1ÆVÔ;G?Ê=@±Á�Âc<?<?@BAC9�G?> ÂcI
ρ
:r@�GNÉg@B@BI¥G?Ê=@�G?<�9;IKPNÄÐÂc<?È�@�J

Ñ�9;<?>Í9;:xAC@BPgG?À=<?IKP�G?Â�:r@

ρ = aT
1 Σ12a2 = aT

2 Σ21a1 = λ1 = λ2

ØNÅ��kÛ

çVÀ=:KPNG?> G?ÀxG?> I=Ã¥O �VÀ=9�G�> ÂcI%Å��E> I1O �kÀK9�G?> ÂcIKP�ÅBß�9;IKJ%Å\Ç

Σ12a2 − ρΣ11a1 = 0
ØNÅ�äkÛ

Σ21a1 − ρΣ22a2 = 0
ØbÙ;ékÛ

9;IKJ
ÈvÀ=A G?> Ë=A àV> I=Ã¥O �kÀK9�G?> ÂcIFÙ;év:Và
Σ−1

22

Ãc> Ñc@�P

ρ = Σ−1
22 Σ21

a1

a2

.
ØbÙxÅ\Û
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� <?@�Ö|ÈvÀ=A G?> Ë=A àV> I=ÃFO �kÀK9�G?> ÂcIÜÅ�ä¯É�> G?Ê
ρ
Ô�PHÀ=:KPNG?> G?ÀxG?> I=ÃF> GvÉ�> G?Ê¦O �kÀK9�G?> ÂcIîÙxÅ©9;IKJ�<?@�Ö

É�<?> G?> I=Ã�@BÑc@B<?àkG?Ê=> I=ÃEÉ�> G�Ê¯<?@�PHËr@�ÁlG�G?Â
a1

Ég@&ÊK9\Ñ;@

Σ12Σ
−1
22 Σ21a1 = ρ2Σ11a1,

ØbÙcÙcÛ
É�Ê=>CÁ�Ê%>CP�<?@�Á�ÂcÃcI=> áB@�J¬9cP&9;I¬@B> Ãc@BIVÑ;9;A À=@EË=<?Âc:=A @BÈ¯Ò���IFG?Ê=@¥Â;G?Ê=@B<&ÊK9;IKJ(Ô(ÈvÀ=A G?> Ë=A àV> I=Ã
O �kÀK9�G?> ÂcI�Å�äv:Và

Σ−1
11

Ãc> Ñc@�P

ρ = Σ−1
11 Σ12

a2

a1

.
ØbÙ;ÚkÛ

çVÀ=:KPNG?> G?ÀxG?> I=ÃvO �kÀK9�G?> ÂcI
Ù;Ú&> I�Ö�Ë=<?@BÑV> ÂcÀKPHA àvÈvÀ=A G?> Ë=A > @�J¥:kàEG?Ê=@±P?ÁB9;AC9;<
ρ
Ö�O �kÀK9�G?> ÂcI
Ù;é

É�@�ÊK9\Ñc@
Σ21Σ

−1
11 Σ12a2 = ρ2Σ22a2.

ØbÙ�ßVÛ
ï�@BÉ�<?> G?> I=Ã�O �kÀK9�G?> ÂcIKP�ÙcÙ&9;IKJ
Ù�ß�Ég@±ÊK9\Ñc@�G?Ê=@±Ãc@BI=@B<�9;A > áB@�JE@��kÀK9�G?>CÂcI=P�Â;Äa@B> Ãc@BIVÑ�9;A À=@�P
9;IKJ
@B> Ãc@BIVÑc@�ÁlG?Âc<�PBê

[Σ12Σ
−1
22 Σ21Σ

−1
11 − ρ

2I]a1 = 0
ØbÙcÇcÛ

9;IKJ
[Σ21Σ

−1
11 Σ12Σ

−1
22 − ρ

2I]a2 = 0.
ØbÙ �kÛ

×�Ê=@vPH@�G�P
y1

9;IKJ
y2

9;<?@�Âc:xG�9;> I=@�J¯:Và¯Ë=<?Â;MY@�ÁlG?> I=Ã¥G?Ê=@EPH@�G�P
x1

9;IKJ
x2

ÂcIcG?Â©G?Ê=@
PHÀ=:KPHËK9cÁ�@�P�PHËK9;I=I=@�J%:Và¬G?Ê=@©@B> Ãc@BIkÑc@�ÁlG?Âc<�P

a1

9;IKJ
a2

<?@�PHËr@�ÁlG?> Ñc@BA à¬É�> G?Ê�G?Ê=@
Á�Âc<?<?@�Ö
PHËrÂcIKJx> I=Ã�AC9;<?Ãc@�PNG�@B> Ãc@BIVÑ�9;ACÀx@�@��kÀK9;AnG?ÂEG?Ê=@�P �kÀK9;<?@&Á�Âc<?<?@BAC9\G?> ÂcIaÒ

í|Ä
m1 = m2

G?Ê=@
y1i, i = 1, ...,m1

9;<?@�Âc:xG�9;> I=@�J¥:kà�Ë=<?ÂcMY@�ÁlG?> I=Ã
x1

ÂcIkG?Â&G?Ê=@�PHÀ=:xÖ
PHËK9cÁ�@�PaPHËK9;I=I=@�J&:kà�G?Ê=@g@B> Ãc@BIVÑ;@�ÁlG?Âc<�P

a11, ...,a1m1

Á�Âc<?<?@BPHËnÂ;IKJx> I=Ã�G?Â�G?Ê=@g@B> Ãc@BIVÑ�9;A À=@�P
ρ2
1 ≥ ... ≥ ρ2

m1

Â;Ä
Σ12Σ

−1
22 Σ21

É�> G?Êë<?@�PHËr@�ÁlG&G?Â
Σ11

Ô09;IKJ%G?Ê=@
y2i, i = 1, ...,m29;<?@EÂc:xG�9;> I=@�JF:VàFË=<?Â;MY@�ÁlG?> I=Ã

x2

ÂcIkG?Â
G?Ê=@¥PHÀ=:KPHËK9cÁ�@�P�PHËK9;I=Ix@�J¬:Và¯G?Ê=@�@B> Ãc@BIVÑc@�ÁlG?Âc<�P
a21, ...,a2m2

Á�Âc<?<?@�PHËrÂcIKJx> I=ÃEG?Â�G?Ê=@EP?9;È�@&@B> Ãc@BIkÑ;9;A À=@�PBÒxí|Ä
m1 ≤ m2

G?Ê=@�@B> Ãc@BIVÑ�9;A À=@
Ë=<?Âc:=A @BÈ7> I�O �kÀK9�G?> ÂcI�ÙcÙ±Jx@BÃc@BI=@B<�9�G?@�P�PH> IKÁ�@gG?Ê=@�AC9cPNG�@B> Ãc@BIVÑ�9;A À=@�É�> A Ax@��kÀK9;AxáB@B<?Â�É�> G?Ê
(m2−m1)

ÈvÀ=A G?> Ë=A >CÁ�> GNàcÒ

� �
	����� '������ �E¹�!^·&%
	�º�¹��

Ý"Ãk9;> IaÔkÄÐÂc<�Á�ÂcÈ�Ë=A @�G?@BI=@�P?PBÔkA @�G�ÀKPgÄÐÂcA A Â�É ã ÅcÅ�årÄÐÂc<�Jx@�P?Á�<?> :=> I=Ã�G?Ê=@&DëÒ Ý�Ò ÏvÒ=×�<�9;I=PNÄÐÂc<?È¯Ò
� @�G

X1

9;IKJ
X2

:r@EGNÉgÂ°PH@�G�P�Â;Ä�Ñ�9;<?>Í9;:xAC@BP�Â;Ä�Jx> È�@BIKPH> ÂcIKP
m1

9;IKJ
m2

<?@�PHËr@�ÁlG?> Ñc@BA àcÔ
É�> G?Ê

m1 ≤ m2

Ô
E{X1} = E{X2} = 0

G?<�9;IKPNÄÐÂc<?È�@�JFÉ�> G?Ê¬G?Ê=@©Á�ÂV@�©Á�> @BIkG�P±ÄÐ<?ÂcÈ 9
PNG�9;IKJ=9;<�J1ÁB9;IxÂcI=>CÁB9;AaÁ�Âc<?<?@BAC9�G?> Â;I19;IK9;A àxPH>CP

a1

9;IKJ
a2

> I

Y1i = aT
1iX1, i = 1, ...,m1

Y2i = aT
2iX2, i = 1, ...,m2.

ØbÙkÆ;Û

Ó=À=<HG?Ê=@B<�Ô
Y1

9;IKJ
Y2

9;<?@vËnÂkPH> G?> Ñ;@BA àFÁ�Âc<?<?@BAC9�G?@�J°9;IKJFÉ�> G?Ê¬À=I=> G&Ñ;9;<?>C9;IKÁ�@cÔrPHÀKÁ�ÊFG?ÊK9�G
G?Ê=@&Ñ�9;<?>C9;IKÁ�@�Â;Ä�G?Ê=@B> <"Jx> èn@B<?@BIKÁ�@&>CP�È¥9�âx> È�> áB@�J(Ò

V ar[aT
1 X1 − aT

2 X2] =
ØbÙ �kÛ
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V ar[aT
1 X1] + V ar[aT

2 X2]− 2Cov[aT
1 X1,a

T
2 X2]

ØbÙ;äkÛ

= 2(1− Corr[aT
1 X1,a

T
2 X2])

Ø�ÚcékÛ
×�Ê=@�DëÒ Ý�Ò ÏvÒ\×0<�9;IKPNÄÐÂc<?È Á�ÂcIKPH>CPNG�P(Â;ÄVG?Ê=@�Ñ;9;<?>C9�G?@�PnÂc:xG�9;> I=@�J�É�Ê=@BI�G?Ê=@gÁ�Âc<?<?@�PHËrÂcIKJVÖ

> I=Ã�ÁB9;I=ÂcI=>CÁB9;ArÑ�9;<?>C9�G?@�P�9;<?@�PHÀ=:xG?<�9cÁlG?@�J¥> I1<?@BÑ;@B<�PH@±Âc<�Jx@B<�ÔcÉ�ÊK9�G�È�@B9;IKPgG?ÊK9�G�G?Ê=@
mth

1Jx> èn@B<?@BIKÁ�@¥PHÊ=Â�É"P�È¥9�âx> È�À=È Ñ�9;<?>C9;IKÁ�@�9;È�ÂcI=Ã¯PHÀKÁ�Ê%Ñ;9;<?>C9;:=A @�PBÔn9;IKJFG?Ê=@
(m1 − j)thJx> èn@B<?@BIKÁ�@�PHÊ=Â�É"P�È¥9�âx> ÈvÀ=È Ñ;9;<?>C9;IKÁ�@�PHÀ=:xMY@�ÁlG^G?Â�G?Ê=@"Á�ÂcIKPNG?<�9;> IkG�G?ÊK9�G^G?Ê=>CP�Jx> èn@B<?@BIKÁ�@

>CP�I=Â;G�Á�Âc<?<?@BAC9�G?@�J¥É�> G?Ê
G�Êx@&Ë=<?@�Ñx> ÂcÀKP
j
ÂcI=@�PBÒx×�Ê=@&DëÒ Ý�Ò ÏvÒxÑ;9;<?>C9�G?@�P�9;<?@�> IkÑ;9;<?>C9;IcG�G?Â

A > I=@�9;<�9;IKJ©9 ¥I=@�P?ÁB9;A > I=ÃKÔkÉ�ÊK9�G�>CP�I=Â;G�G?Ê=@�ÁB9cPH@"Â;ÄaG?Ê=@ � <?> IKÁ�> ËK9;A0ÞgÂcÈ�ËrÂcI=@BIkG�PBÒV×�Ê=@
Jx>CPHËr@B<�PH> ÂcI1È¥9�G?<?> â
Â;Ä0G?Ê=@�DëÒ Ý�Ò ÏvÒKÑ�9;<?>C9�G?@�P�>CP

D[aT
1 X1 − aT

2 X2] = 2(I − R)
Ø�Ú=Å\Û

É�Ê=@B<?@
I
>CP�G?Ê=@

m1×m1

À=I=> G�È¥9�G?<?> â¥9;IKJ
R
>CP�G?Ê=@

m1×m1

È¥9�G?<?> â©Á�ÂcIcG�9;> I=> I=Ã�G?Ê=@
PHÂc<HG?@�J1ÁB9;I=ÂcI=>CÁB9;A(Á�Âc<?<?@BAC9�G?> ÂcIKPgÂcI
G?Ê=@�Jx>C9;ÃcÂcIK9;A(9;IKJ1áB@B<?ÂkP�Â;èFG?Ê=@�Jx>C9;ÃcÂcIK9;AbÒ

� � ��%V¼&�Y¸�%(!^·±» � ¾+%V½(¼&% %V¾Nºg·

íYI�Âc<�Jx@B<�G?Â°@BÑ;9;A ÀK9�G?@vG?Ê=@
Á�ÂcA Âc<�:K9;IKJ�Á�ÂcIcG?<?> :=ÀxG?> ÂcI�> I%G?Ê=@�G?@�âVG?À=<�9;A�Á�ÊK9;I=Ãc@�Â;Ä�G?Ê=@
A @�PH> ÂcIKPBÔ�G?Ê=@�ÄÐÂcA A Â�É�> I=Ã&@�âxËr@B<?> È�@BIkG�É�9cP�Jx@�PH> ÃcI=@�J(Òc×�Ê=@±PH@�GgÂ;Ä�Å�Æ;Ç�ÁB9;ËVG�Àx<?@�P^Âc:xG�9;> I=@�J
9�G�8�@BIkG?Â;ÄÍG?@�� PgÎ"ÂkPHË=> G�9;Ar9;A A Â\É�@�JvG?Ê=@±Á�ÂcIKPNG?<?ÀKÁlG?> ÂcI¥Â;Ä��kÇ;é�ËK9;> <�P^Â;ÄaÁB9;ËxG?À=<?@�P^É�> G?Ê¥G?Ê=@
P?9;È�@&G?> È�@�> IKÁ�<?@BÈ�@BIkG±Â;Ä^ÂcI=@�É�@B@BÌ1:r@�GNÉg@B@BI°G?Ê=@BÈ¯ÒnÓ=Âc<"@�9cÁ�Ê°> È¥9;Ãc@&Â;Ä�9¥Ãc> Ñc@BI°ËK9�Ö
G?> @BIkG"9;IKJ
A @�PH> ÂcIaÔV@�9cÁ�Ê
ÂcI=@�Â;ÄaG?Ê=@�ÕKÑ;@�> È¥9;Ãc@�P�Â;Ä0G?Ê=@�I=@�âVG"PH@�P?PH> ÂcI
Ég@B<?@�9cP?PHÂ=Á�>C9�G?@�J(Ò
Ó=Âc<E@�9cÁ�Ê¦ÂcI=@
Â;Ä"G?Ê=@%Å�Æ;Ç°> È¥9;Ãc@�PBÔaG?Ê=@1Ê=>CPNG?ÂcÃc<�9;È Â;Ä�G?Ê=@1Ë=> â=@�AÍPv:r@BA ÂcI=Ãc> I=ÃFG?Â¬G?Ê=@
9;<?@�9�Â;Ä0G?Ê=@�G?Ê=@BÈ¥9�G?>CÁ�È¥9;Ë1> IKJx>CÁB9�G?> I=Ã�9EA @�PH> ÂcI
É�9cPgÕK<�PNG�@��kÀK9;A > áB@�J(ÒxÓ=Âc<�@�9cÁ�Ê¯PH> I=ÃcA @
> È¥9;Ãc@cÔn9©G?Ê=<?@B@E:K9;IKJ¬PHàVIkG?Ê=@�G?>CÁB9;A�> È¥9;Ãc@vÂ;Ä�ÙcÇ �©:kà%ÙcÇ �¥Ë=> âx@BACP�É�9cP�Á�ÂcIKPNG?<?ÀKÁlG?@�JF> I
G?Ê=@vÄÐÂcA A Â\É�> I=Ã©É�9\ànê=ÄÐÂc<�@�9cÁ�ÊFPH> I=ÃcA @v:K9;IKJ(ÔKG?Ê=@EÁ�Â;Ö|Â=ÁBÁ�À=<?<H@BIKÁ�@&È¥9�G?<?> â°Â;Ä^G?Ê=@v<?@BÃc> ÂcI
> IKJx>CÁB9�G?> I=ÃEG?Ê=@�PH> I=ÃcA @�A @�PH> ÂcI1> IKÁ�A ÀKJx@�J1É�9cP�Á�ÂcIKPNG?<?ÀKÁlG?@�J19;IKJ
I=Âc<?È¥9;A > áB@�J(Ò

×0ÉgÂ1PH@�G�P"Â;Ä �kÇ;é¥ËK9;> <�P"Â;Ä�> È¥9;Ãc@�P�É�@B<?@�ÀKPH@�J¯G?Â19;Ë=Ë=A à1G?Ê=@vË=<?@�PH@BIkG�P?Á�Ê=@BÈ�@cêKG?Ê=@
ÕK<�PNG�PH@�G�É�9cP�Ãc> Ñc@BI%:kàFG?Ê=@¥Âc<?> Ãc> IK9;A�> È¥9;Ãc@�P �rG?Ê=@©PH@�Á�ÂcIKJ%PH@�G�Ô(:Và°G?Ê=@¥> A A À=È�> IK9�G?> ÂcIxÖ
Á�Âc<?<?@�ÁlG?@�J¬> È¥9;Ãc@�P¥Ø�PH@B@©Ó�> ÃcÀ=<?@�P�Å�Ú
G?Â¬ÙxÅ�>CI/ã Å�é�åÐÛlÒ0Ó=Âc<&@�9cÁ�Ê�PH> I=ÃcA @¥> È¥9;Ãc@cÔnG?Ê=@
Á�Â;Ö
ÂxÁBÁ�À=<?<?@BIKÁ�@¯È¥9�G?<?> âìÂ;Ä�G?Ê=@°@��kÀK9;A >Cá�@�Jì<?@BÃc> ÂcIì> IKJx>CÁB9�G?> I=Ã¦PHÌV> I/É�9cP¥Ãc@�I=@B<�9�G?@�J(ÒgÓ=Âc<
@�9cÁ�Ê
Ë=9;>C<�Â;Ä0Âc<?> Ãc> IK9;An9;IKJ©> A A À=È�> IK9�G?> ÂcIxÖYÁ�Âc<?<?@�ÁlG?@�J¥> È¥9;Ãc@�PgÂ;ÄaG?Ê=@&P?9;È�@�ÁB9;ËxG?À=<?@cÔkG?Ê=@
P?9;È�@FG?Ê=@BÈ¥9�G?>CÁFÈ¥9;Ë > IKJx>CÁB9�G?> I=ÃìPHÌV> I É�9cP©ÀKPH@�J ØbçV@B@�Ó�> ÃcÀ=<?@BP¯Ù%G?Â �¦> I ã ä�åÐÛlÒ�íYI
Âc<�Jx@B<�G?Âv<?@�JxÀKÁ�@"G?Ê=@±> I��KÀ=@BIKÁ�@�Â;ÄaÑc@B<?àEÊ=> ÃcÊ©Ñ;9;A À=@�PBÔcA ÂcÃk9;<?> G?Ê=È¥P�É�@B<?@±9;Ë=Ë=A > @�J�G�Â�G?Ê=@
I=Âc<?È¥9;A > áB@�J
Á�Â;Ö|Â=ÁBÁ�À=<?<H@BIKÁ�@�È¥9�G?<?> â
Ñ�9;A À=@�PBê

y[r, c, b] =
x[r, c, b]

∑

r

∑

c x[r, c, b]
.

Ø�ÚkÙcÛ

Ý�ÄÍG?@B<�G?ÊK9�G�ÔxG?Ê=@&Ñ�9;A À=@�P�É�@B<?@&9;Ãk9;> I
I=Âc<?È¥9;A > áB@�J(ê

z[r, c, b] =
(log(y[r, c, b] ∗map[r, c, 1] + (1−map[r, c, b])) + β[b]) ∗map[r, c]

∑

k,l(z[k, l, b] ∗map[k, l, b]) Ø�ÚcÚkÛ
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É�Ê=@B<?@
map[r, c, b]

>CP
1
> Ä
y[r, c, b] > 0

9;IKJ
0
Ô=Â;G?Ê=@B<?É�>CPH@cÔx9;IKJ

β[b] = max(|z[r, c, b]|)
Ø�Ú;ßVÛ

∀r, c
Ò

×�Ê=@±È¥9�G?<?> â�>CPgI=Â\É 9;I©> È¥9;Ãc@cÒkÓ=Âc<g@�9cÁ�Ê¥ËK9;> <gÂ;Ä0PHàVIkG?Ê=@�G?>CÁB9;Ar> È¥9;Ãc@�PgÁ�ÂcIKPNG?<?ÀKÁlG?@�J
> I
G?Ê=@�É�9\à¥È�@BIcG?> ÂcI=@�J(ÔxG?Ê=@&DëÒ Ý�Ò ÏvÒxG?<�9;IKPNÄÍÂc<?È,É�9cP�9;Ë=Ë=A > @�J(Ò=Ó=Âc<�G?Ê=>CP�PNG�9;Ãc@cÔV> G�É�9cP
Ê=@BA ËxÄÐÀ=A0G?Â
ÀKPH@&G?Ê=@�ÄÐÂcA A Â�É�> I=Ã©Ëx<?ÂcÃc<�9;È¥PBê

fhist
ã Ù\å|Ô

gclm
ã Ù\å�ã ÅBß;å�9;IKJ

maf
ã Ç\å|ÒrÓ=Âc<

@�9cÁ�Ê�ËK9;> <�Â;Ä�> È¥9;Ãc@�P&Â;Ä�G?Ê=@1J=9�G�9�ÖYPH@lG\Ô(G?Ê=@©À=I=> ÂcIëÂ;Ä�G?Ê=@©È¥9;ËKP�> IKJx>CÁB9�G?> I=Ã°ËnÂkPH> G?> Ñc@
Ñ�9;ACÀx@�P�ÄÐÂc<�@�9cÁ�Ê¯Á�Â;ÖbÂ=ÁBÁ�À=<?<H@BIKÁ�@±È¥9�G?<?> â
É�9cP�Ãc@BI=@B<�9�G?@�J��kG?Ê=@&DëÒ Ý�Ò ÏvÒK×�<�9;IKPNÄÍÂc<?È,É�9cP
ÂcI=A à¥9;Ë=Ë=A > @�J¥G?Â�G?Ê=@�Ë=> âx@BACPg> IKÁ�A ÀKJx@�J©> I©G?ÊK9�G�È¥9;ËaÒV×�9;:=A @�P±Å�9;IKJ
Ù�PHÊ=Â�É/G?Ê=@�<?@�PHÀ=A G�P
Âc:xG�9;> I=@�J�ÄÐÂc<^G?Ê=@"PH@lGlP�Â;ÄnÂc<?> Ãc> IK9;AV> È¥9;Ãc@�PBÒ�×�9;:=A @�P^Ú&9;IKJvß&PHÊ=Â�É¦G?Ê=@�<?@�PHÀ=A G�P�Âc:xG�9;> I=@�J
ÄÐÂc<�G?Ê=@�PH@�G�P�Â;Ä�> A A À=È�> IK9�G?> ÂcIxÖYÁ�Âc<?<?@�ÁlG?@�J©> È¥9;Ãc@�P���Ò

Og9cÁ?ÊëPH> I=ÃcA @�Á�@BA A^Ñ;9;A À=@�> I�×�9;:=A @�P�Å¥9;IKJ%Ú
>ÍP�G?Ê=@¥9\Ñc@B<�9;Ã;@�9;:KPHÂcA ÀxG?@�Á�Âc<?<?@BAC9�G?> ÂcI
Ñ�9;ACÀx@�:r@�GNÉ�@B@BIEG?Ê=@"I=Âc<?È¥9;A > áB@�JEÁ�Â;ÖbÂ=ÁBÁ�À=<?<H@BIKÁ�@�È¥9�G?<?> âEÂ;ÄrG?Ê=@

b− th
Á�ÂcA Âc<�:K9;IKJ=P�9;IKJ

G?Ê=@
m − th

DFÝ±Ï3Á�ÂcÈ�ËrÂcI=@BIkG�P�Â;Ä�9;A A^ËK9;> <�P�Â;Ä�> È¥9;Ãc@�P�Â;Ä�G?Ê=@
l − th

A @�PH> ÂcI%Â;ÄgG?Ê=@
p− th

ËK9�G?> @BIcG�Ò=í|G">CP"Á�ÂcÈ�Ë=ÀxG?@�J
> I1G?Ê=@�ÄÐÂcA A Â�É�> I=Ã�É�9\ànê

E[ρp,l,b,m] =
1

(ns − δt)n2
c

ns−δt
∑

s=1

nc
∑

i=1

nc
∑

j=1

ap,l,s,i,δt,j,b,m

Ø�ÚkÇcÛ

É�Ê=@�<?@

ap,l,s,i,δt,j,b,m =
1

2
(|ρ[Xp,l,s,i,b,MADp,l,s,i,δt,j,b,m]|+|ρ[Xp,l,s+δt,j,b,MADp,l,s,i,δt,j,b,m]|)Ø�Ú��kÛ

9;IKJ
ρ
>CP�G?Ê=@vÁ�Âc<?<?@BAC9�G?> ÂcI¯Á�ÂV@�©Á�> @BIkG�Ô

δt
>CP�G?Ê=@&G?>CÈ�@�> IKÁ�<?@BÈ�@BIcGEØÐ> I¯G?Ê=>CP±ÁB9cPH@cÔ

δt>CP�ÂcI=@�Ég@B@BÌ=ÛlÒ=×�Ê=@�> IKJx@�âx@�P
i
9;IKJ

j
> IKJx>CÁB9�G?@�G?Ê=@&ÁB9;ËxG?À=<?@�IkÀ=Èv:r@B<�É�> G?Ê=> I¯9EPH@�P?PH> ÂcIaÒ

MADp,l,s,i,δt,j,b,m

@��kÀK9;ACPgG?Â
MAD[Xp,l,s,i,b, Xp,l,s+δt,j,b,m]

Ò

Og9cÁ?ÊFPH> I=ÃcA @�Á�@BA A0Ñ�9;A À=@�> IF×�9;:=A @�P±Ù�9;IKJ¯ß¥>CP�G?Ê=@vPNG�9;IKJ=9;<�J1Jx@BÑV>C9�G?> ÂcI¯Â;Ä�G?Ê=@v9\ÑkÖ
@B<�9;Ãc@�J�9;:KPHÂcA ÀxG?@�Á�Âc<?<?@BAC9\G?>CÂ;I¥Ñ�9;A À=@�P�:r@�GNÉ�@B@BI¥G?Ê=@±I=Âc<?È¥9;A > áB@�J¥Á�Â;Ö|ÂxÁBÁ�À=<?<?@BIKÁ�@�È¥9�G?<?> â
Â;Ä(G?Ê=@

b− th
Á�ÂcA Âc<�:K9;IKJ=P�9;IKJEG?Ê=@

m− th
DFÝ±Ï Á�ÂcÈ�ËrÂcI=@BIkG�P�Â;Äa9;A ArËK9;> <�P^Â;Äa> È¥9;Ãc@�P

Â;Ä�G?Ê=@
l − th

A @�PH> ÂcI1Â;Ä0G?Ê=@
p− th

ËK9�G?> @BIcG\Òxí|G">CP"Á�ÂcÈ�Ë=ÀxG?@�J1> I
G?Ê=@�ÄÐÂcA A Â�É�> I=Ã�É�9\ànê

S[ρp,l,b,m] =

√

√

√

√

1

(ns − δt)n2
c

ns−δt
∑

s=1

nc
∑

i=1

nc
∑

j=1

(a2
p,l,s,i,δt,j,b,m

)− E[ρp,l,b,m]2
Ø�ÚVÆ;Û

É�Ê=@B<?@�G?Ê=@�PHàVÈv:rÂcACP�ÊK9�Ñc@�G?Ê=@�P?9;È�@�È�@�9;I=> I=Ã¥9cP�:r@�ÄÐÂc<?@cÒ
� q�jkS�]BWNd o�d [VUBma²�`����E_C]BWNZ�U�XYXNSlh©d Z�UBo�S�f�£�S?WNS ¨ fYSlh¥d [
e�]�Z��kd [VU�XNd ]�[¥£�d XNj©XNjkS�q�`��	�¬_C]�WYz
Z�U�XYXNSlh�d m m ¨ Z&d [VU�XNd ]�[E_ ¨ [ke?XNd ]�[EXN]�TcWN];h ¨ e�S�XNjkS�d m m ¨ Z&d [VU�XNd ]�[cz�e�]BWYWNS�e?XNSlhvd Z�UBo�S�f�d [�²�`����
_C]BWNZ�U�Xl�rq�jkS�fYS&d Z�UBo�S�f�£�S?WNS�S §�¨ UBm d ´�Slh1UB[Vh©XNjkS�[©XNjkS�e�]Bz�]�e�e ¨ WYWNS�[ke�S�Z�U�XYWNd ¤¥£^UBf"e�]�Z�z
T ¨ XNSlh=�



} i�UBm S?XYXNdrS?X�UBmÍ�

� �V��� ���V¡ ªrt\S?WHUBo�Sgªg�kfY]�m ¨ XNS���]BWYWNS�m U�XNd ]�[	�0U�m ¨ S�f�TxS?W��KS�fYd ]�[�]B_ RGB
fYw;d [�hkU�XHU�£�d XNj�XNjkS�d W

WNS�fYTxS�e?XNd t\S±i
� ª"� R��
��]�Z&Tx]�[kS�[�XNf

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR����«�±p i�ª�R����«��gp i�ªgR���
«���p ª� ~;� � � ��~ ��� ~;� �l}�����{ � ~;� ~ ��{ � } �
«���p �^ ~;� ~ � � � �;{ ~;� {�� � ~�� � ~;� �l~ � ~ � �
«���p �^ ~;� ���B~ ��{ � ~;� � ��� � �B} ~;� � � � � ��}
«�{�p ª� ~;� ��� � � ��� ~;� �����l} ��� ~;� �l} � ��}��
«�{�p �^ ~;� ~ � � ����~ ~;� { ��~\{B} � ~;� � ��~ � } �
«�{�p �^ ~;� �������B~ � ~;� � � �\{ � � ~;� �l}\{�{\{ �
« �;p ª� ~;� ~ ��}�} �\} ~;� � � � � � ~ ~;� � � � � ��~
« �;p �^ ~;� ~ �\{ � ��� ~;� {B~ � � �\~ ~;� {B~ � � � �
« �;p �^ ~;� ~ � ��} � � ~;� {�{B} ��{�{ ~;� � � } � � �

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR"{��«�±p i�ª�R±{��«��gp i�ªgR"{�
«���p ª� ~;� � � � � � � ~;� ~�} ������{ ~;� �l}�}\{�~�~
«���p �^ ~;� { � � ~ ��} ~;� ~�} � �B~ � ~;� ��� � ��~�~
«���p �^ ~;� { � �l~ � � ~;� � ����� � � ~;� � �B} � � }
«�{�p ª� ~;� { ��} � �\~ ~;� � � � ��{ � ~;� ~�}�~ � � �
«�{�p �^ ~;� { � �B}\{�} ~;� ~ ��{ � � � ~;� � � ~�} � �
«�{�p �^ ~;� { � ��} � � ~;� ~ � }\{ � � ~;� ~�}\{�{ ���
« �;p ª� ~;� { ��{B} ��} ~;� ~ � {B}\{�� ~;� ��� � � ���
« �;p �^ ~;� {B}�~ � � � ~;� �l~ � � � � ~;� ~ ��� ~ � {
« �;p �^ ~;� {B} � � � � ~;� ~�} � ���l~ ~;� ��{ � ��� �

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR �\�«�±p i�ª�R �\�«��gp i�ªgR �\
«���p ª� ~;� � � ��� � { ~;� � �B~ � � � ~;� � � } �;{B}
«���p �^ ~;� �l} � � { � ~;� � � ��~ � � ~;� � � � ��{ �
«���p �^ ~;� {�{ � ��}\~ ~;� { ��{ � ~\{ ~;� { �\~ � � �
«�{�p ª� ~;� { � � �B~\~ ~;� { � ��� � � ~;� { � ~ � } �
«�{�p �^ ~;� � � {�� � } ~;� � � �B} � { ~;� {B~�~�~ � �
«�{�p �^ ~;� { � � ��~ � ~;� { � � {B} � ~;� {B} � � ���
« �;p ª� ~;� � � � ��{ � ~;� �l}�� � �B} ~;� �l}�~ � � �
« �;p �^ ~;� {B~ ��� � � ~;� {�� � }�}\{ ~;� {�� � � � �
« �;p �^ ~;� � � { � � � ~;� {B~\{ �B~�� ~;� {B~\{B} � �



`H� i
� i
�xqKS�eHjk[kd elUBm��gS�Tx]BWYX�� ¨ Z��xS?W�} �

� �V��� ���=¡ ��XHUB[VhkU�WHhFR�S�t;d U�XNd ]�[¬]B_�XNjkS�ªg�kfY]�m ¨ XNS ��]BWYWNS�m U�XNd ]\[ �0UBm ¨ S�f&TxS?W��KS�fYd ]�[¬]B_�XNjkS
RGB

fYw;d [�hkU�XHU±£�d XNjEXNjkS"i
� ª"� R�� ��]�Z&Tx]�[kS�[�XNf

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR����«�±p i�ª�R����«��gp i�ªgR���
«���p ª� ~;� ~\{ � � ��� ~;� ~�� � � � � ~;� ~ ��~ � � �
«���p �^ ~;� ~\{B} � ��� ~;� ~�� � ��~ � ~;� ~\{ � � } �
«���p �^ ~;� ~ ��� � � � ~;� ~�� � � � � ~;� ~�� � }�{B~
«�{�p ª� ~;� ~ � � } � � ~;� ~ ��~\{ � � ~;� ~�� � � � �

«�{�p �^ ~;� ~ �\~\{ ��{ ~;� ~��l~�} � ~ ~;� ~\{ � ��~ �
«�{�p �^ ~;� ~ �B~��l~ � ~;� ~ ��{B~�} � ~;� ~ � � } �\{
« �;p ª� ~;� ~���{���{�~ ~;� ~��l~ � ~ � ~;� ~�� � �\} �
« �;p �^ ~;� ~�� � � � � ~;� ~�~ � �B~ � ~;� ~�� � � � �
« �;p �^ ~;� ~\{ � � � � ~;� ~�� � � � � ~;� ~\{ ��~\} �

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR"{��«�±p i�ª�R±{��«��gp i�ªgR"{�
«���p ª� ~;� ~\{B} � �\{ ~;� ~\{ � � � � ~;� ~�� � � � �

«���p �^ ~;� ~\{ � }�~�� ~;� ~ � � � � � ~;� ~�� � � � �
«���p �^ ~;� ~\{�{ � {�� ~;� ~\{ � �\} � ~;� ~\{B~ � � �

«�{�p ª� ~;� ~ � � � ��~ ~;� ~\{ ��� � � ~;� ~\{ ��{ � �
«�{�p �^ ~;� ~��l} � � � ~;� ~\{ � � ~ � ~;� ~\{ � �\{ �
«�{�p �^ ~;� ~ � � � � � ~;� ~ �\{�� ��{ ~;� ~ � � ��}��
« �;p ª� ~;� ~���� � � � ~;� ~�� � � � � ~;� ~�~�}�� ���
« �;p �^ ~;� ~�� � � ��} ~;� ~�� � � � � ~;� ~ ��~�~ � �

« �;p �^ ~;� ~\{�{ � { � ~;� ~ �\{B~�} � ~;� ~ � � � ���
« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR �\�«�±p i�ª�R �\�«��gp i�ªgR �\
«���p ª� ~;� ~�� ��} �\{ ~;� ~���{B} ��� ~;� ~���{�� � }
«���p �^ ~;� ~\{ � � � � ~;� ~\{ � ����{ ~;� ~\{B}\{ � �

«���p �^ ~;� ~���� � ~\~ ~;� ~�� � �B} � ~;� ~�� � ��� �
«�{�p ª� ~;� ~ ����{ � � ~;� ~ ��� ��{ � ~;� ~ � � � � �
«�{�p �^ ~;� ~�� ��{B} � ~;� ~�� � � �B~ ~;� ~�� ����} �

«�{�p �^ ~;� ~ ��} � � � ~;� ~ � ��~\{B~ ~;� ~ � � {�~ �
« �;p ª� ~;� ~\{�� �B} � ~;� ~\{���� � � ~;� ~\{�{�{ � �
« �;p �^ ~;� ~\{���� � � ~;� ~\{ � � � � ~;� ~\{ � ��~ �

« �;p �^ ~;� ~���{ � � � ~;� ~�� ��{�{ � ~;� ~�� � � ���
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� �V��� ���=¡ ªnt\S?WHUBo�S�ªg�kfY]�m ¨ XNS ��]BWYWNS�m U�XNd ]�[ ��UBm ¨ S�faTxS?W��KS�fYd ]�[&]B_xXNjkS^d m m ¨ Z&d [VU�XNd ]�[cz�e�]BWYWNS�e?XNSlh
RGB

fYw;d [�hkU�XHU±£�d XNjEXNjkS�d W�WNS�fYTxS�e?XNd t\S±i
� ª"� R��
��]�Z&Tx]�[kS�[�XNf

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR����«�±p i�ª�R����«��gp i�ªgR���
«���p ª� ~;� � �B~�~ � � ~;� � � � }\{�� ~;� ~ � ��� � }
«���p �^ ~;� �l} � �B} � ~;� � � ��~���� ~;� ~ � � � � �
«���p �^ ~;� {B~�}�~�} � ~;� {B~ � � � � ~;� ~ � � �;{B}
«�{�p ª� ~;� ~ ����� ��~ ~;� {�� ��{ � � ~;� ������� � �
«�{�p �^ ~;� ���B~�~�� � ~;� � � � ��� � ~;� � ���l} � �
«�{�p �^ ~;� ~ �B~ � � � ~;� �l} � � { � ~;� � � � � ~ �

« �;p ª� ~;� ��� ��} � � ~;� {�{�{ ���l} ~;� � ��{�� � �

« �;p �^ ~;� ~\{ � ��� � ~;� {B~�} �B~�� ~;� {B~\{ � � �
« �;p �^ ~;� ~ � ~\{B}�{ ~;� {�{��l}�� � ~;� � � ~\{ � �

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR"{��«�±p i�ª�R±{��«��gp i�ªgR"{�
«���p ª� ~;� ��� �\~ � � ~;� ~ � �\~ � � ~;� {B~�� � �B~
«���p �^ ~;� {B~ � � � � ~;� � � �B~���� ~;� � � } � { �
«���p �^ ~;� �l} ��� ��~ ~;� ~ � ��{ � } ~;� { � ��{ � �
«�{�p ª� ~;� { � � �\{�~ ~;� ~ � � � � � ~;� ��� � � � �

«�{�p �^ ~;� {�{ � � ��} ~;� � �\{ � � � ~;� � � �B}�� �
«�{�p �^ ~;� {B}\{B}�~ � ~;� ~�}�} � � � ~;� ~ � �\{ � �
« �;p ª� ~;� { � �B} � � ~;� ~ �\~���� � ~;� �l}\{B~\} �
« �;p �^ ~;� { � � � ~\~ ~;� �l~�~ � � � ~;� �l~ � � }\{
« �;p �^ ~;� {B} �B}\{ � ~;� ~�}�~�} ��{ ~;� � ��{ � � �

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR �\�«�±p i�ª�R �\�«��gp i�ªgR �\
«���p ª� ~;� � � � � �\} ~;� �l} � � {B} ~;� � �B}\{�} �
«���p �^ ~;� {�� �\~\{ � ~;� {�{B~ � � � ~;� {�{�{�� � �
«���p �^ ~;� {B~�~ � � � ~;� {B~�}�~ ��{ ~;� {B~ �\{ �B~
«�{�p ª� ~;� �l}��l~ � � ~;� �l}�} ��{ � ~;� �l} � � � �
«�{�p �^ ~;� {B~\{B~�} � ~;� {B~ � } � { ~;� {���� ���l~
«�{�p �^ ~;� {�{B~ ��� � ~;� { � � �B} � ~;� { � � � �\{
« �;p ª� ~;� � � � � ��~ ~;� �l}�} � ��� ~;� �l} ��� � ~
« �;p �^ ~;� {B~�}��l~�� ~;� {�� � � ��{ ~;� {�� � � �B}
« �;p �^ ~;� � � }\{B} � ~;� {B~�}�}\{ � ~;� {B~�} � � �
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� �V��� ���r¡ ��XHUB[VhkU�WHhFR�S�t;d U�XNd ]�[¬]B_�XNjkS�ªg�kfY]�m ¨ XNS ��]BWYWNS�m U�XNd ]\[ �0UBm ¨ S�f&TxS?W��KS�fYd ]�[¬]B_�XNjkS
d m m ¨ Z&d [VU�XNd ]�[cz�e�]BWYWNS�e?XNSlh RGB

fYw;d [�hkU�XHU±£�d XNjEXNjkS"i
� ª"� R�� ��]�Z&Tx]�[kS�[�XNf

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR����«�±p i�ª�R����«��gp i�ªgR���
«���p ª� ~;� ~ � � � � � ~;� ~��l}\{�{�{ ~;� ~ � � � � �
«���p �^ ~;� ~ � � � � � ~;� ~ � � � � � ~;� ~ � ��� ��{
«���p �^ ~;� ~�� � � { � ~;� ~\{�� � � � ~;� ~�� � � ���
«�{�p ª� ~;� ~ �\{ � {�~ ~;� ~�� � ��{B} ~;� ~\{ �\~ � �
«�{�p �^ ~;� ~�}�} � }�� ~;� ~ �\~ � �\~ ~;� ~ �B} � ���
«�{�p �^ ~;� ~ � � � � � ~;� ~\{ ��{ � � ~;� ~ � ��~ � �
« �;p ª� ~;� ~\{ � � � � ~;� ~�~�} �\~ � ~;� ~�� � � �B~
« �;p �^ ~;� ~\{���{�{ � ~;� ~�� � � �B} ~;� ~�� � � {��
« �;p �^ ~;� ~ � � � � � ~;� ~\{ � � � � ~;� ~\{ ����~ �

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR"{��«�±p i�ª�R±{��«��gp i�ªgR"{�
«���p ª� ~;� ~ � �B~�} � ~;� ~ ����� � � ~;� ~�� � � �\}
«���p �^ ~;� ~ � �����\{ ~;� ~ � � } ��{ ~;� ~ � �\{�}�}
«���p �^ ~;� ~\{ � � { � ~;� ~\{ � { ��� ~;� ~�~ � } � �
«�{�p ª� ~;� ~\{ � � � � ~;� ~ � ��} � � ~;� ~\{ � ��� �
«�{�p �^ ~;� ~ � ��{ � { ~;� ~ ��{ �B} � ~;� ~ ���l} � �
«�{�p �^ ~;� ~ � � ��{ � ~;� ~ �\{ � ��{ ~;� ~ ��~�}\~�}
« �;p ª� ~;� ~�� � � � ~ ~;� ~��l} � � � ~;� ~���� � � �
« �;p �^ ~;� ~��l}�~ � � ~;� ~\{�� ��� � ~;� ~��l} ��~ �
« �;p �^ ~;� ~\{��l}�~ � ~;� ~ � � � � � ~;� ~ ��}�} � }

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR �\�«�±p i�ª�R �\�«��gp i�ªgR �\
«���p ª� ~;� ~�� � �B~\~ ~;� ~���� � � � ~;� ~�� � � � �

«���p �^ ~;� ~\{B} � � � ~;� ~\{ � �B}\{ ~;� ~ � � ���l~
«���p �^ ~;� ~�~ � � ��~ ~;� ~�~ � � � � ~;� ~�~ � { � ~
«�{�p ª� ~;� ~�~ � �l}�{ ~;� ~��l~������ ~;� ~��l~ � } �
«�{�p �^ ~;� ~�~ ��� � � ~;� ~�����{ ��} ~;� ~���� ��} �

«�{�p �^ ~;� ~\{B~ � ��{ ~;� ~\{ ��{ ��{ ~;� ~\{ ��� � �
« �;p ª� ~;� ~�~ � � � � ~;� ~�~ �B}�~ � ~;� ~�~ � {��l~
« �;p �^ ~;� ~ ��~ � � � ~;� ~ � �\{ � � ~;� ~ � ��~\~\{
« �;p �^ ~;� ~���� � � � ~;� ~�� � � � � ~;� ~�� � {�� �
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� ÂVÂcÌV> I=Ã©9�G"G?Ê=@�À=Ë=Ën@B<±ËK9;<HG"Â;Äg×�9;:=A @©ÅcÔK> G�PH@B@BÈ¥P�G?ÊK9�G"ÄÐÂc<�PHÂcÈ�@vÁB9cPH@�PBÔ=È�ÂkPNG±Â;Ä
G?Ê=@�Á�ÂcIcG?<?> :=ÀxG?> ÂcI1> I1G?Ê=@�G?@�âVG?À=<�9;AaÁ�ÊK9;I=Ãc@�>CP�Ãc> Ñc@BI1:Và¥G?Ê=@�<?@�J19;IKJ©G?Ê=@&Ãc<?@B@BI
:K9;IKJ=P
Ø�ÁB9cPH@�P

(1, A)
9;IKJ

(1, C)
ÛlÔ�9;IKJ¬> I�Â;G?Ê=@B<�PBÔ(:VàFG?Ê=@¥Ãc<?@B@BI�9;IKJFG?Ê=@¥:=A À=@©:=9;IKJ=P©ØÍG?Ê=@

<?@BÈ¥9;> I=> I=ÃFÁB9cPH@�P�ÛlÒ"�±I�G?Ê=@©Â;G?Ê=@B<vÊK9;IKJ(Ô�9�ÄÍG?@B<v> A A À=È�> IK9�G?> ÂcI¦Á�Âc<?<?@�ÁlG?> ÂcIaÔ(G?Ê=@©Ñ;9;A À=@�P
<?@BËrÂc<HG?@�J¯> I%×�9;:=A @vÚ©> IKJx>CÁB9�G?@�G?ÊK9�G±ÄÐÂc<�9;A AaG?Ê=@�ÁB9cPH@�P"Â;Ä^G?Ê=@vËK9�G?> @BIkGEÅcÔrÈ�ÂkPNG�Â;Ä^G?Ê=@
Á�ÂcIkG?<?> :=ÀxG?> ÂcI
> I
G?Ê=@�G?@�âVG?À=<�9;A(Á�ÊK9;I=Ãc@�>CP�Ãc> Ñc@BI
:Và�G?Ê=@�<?@�J
9;IKJ©G?Ê=@�Ãc<?@B@BI
:K9;I=J19;IKJ(Ô
ÄÐÂc<�> IKPNG�9;IKÁ�@cÔVG?Ê=@&Á�ÂcIkG?<?> :=ÀxG?> ÂcI
Â;Ä0G?Ê=@�<?@�J©:K9;IKJ
> I
G?Ê=@�G?@�âVG?À=<�9;A(Á�ÊK9;I=Ãc@�Â;Ä0G?Ê=@&ÁB9cPH@
(3, A)

>CP �kÀ=> G?@�PH> ÃcI=> ÕrÁB9;IkG�Ò

×�Ê=@�<?@&>CP"9;I¯9cPHËn@�ÁlG�G?ÊK9�G"É�9cP�I=Â;G�G�9;Ìc@BI1> IkG?Â©9cÁBÁ�ÂcÀ=IcG±JxÀ=<?> I=ÃEG?Ê=@�Jx@�PH> ÃcI¯Â;Ä�G?Ê=@
@�âxËr@B<?> È�@BIkG�Òn×�Ê=>CP"É�9cP�G?Ê=@vA @�PH> ÂcI°G?Â
PHÌV> IF<�9�G?> ÂKÒrÝ±P±É�9cP"È�@BIkG?> ÂcI=@�J°> I%çV@�ÁlG?> ÂcI%ÙxÒ Å
Â;Ä±ã ä�å|ÔKG?Ê=@�PH> áB@v:r@�GNÉ�@B@BI¬A @�PH> ÂcIKP��vÊK9cP�91PH> ÃcI=> ÕrÁB9;IcG�Ñ;9;<?>C9;IKÁ�@cÒKíYIFÂ;G?Ê=@B<�É�Âc<�J=PBÔKG?Ê=@
Ë=<?ÂcËrÂc<HG?> ÂcI©Â;ÄaG?Ê=@&9;<?@�9�Á�Â�Ñc@B<?@�J¥:kà¥G?Ê=@�A @�PH> ÂcI
É�> G?Ê1<?@�PHËr@�ÁlG�G?ÂvG?Ê=@�9;<?@�9vÁ�Â�Ñ;@B<?@�J¥:Và
G?Ê=@�PHÌV> I1>CP �kÀ=> G?@&Ñ�9;<?>C9;:=A @cÒ��±I
G?Ê=@&Â;G?Ê=@B<�ÊK9;IKJ(ÔxG?Ê=@B<?@&9;<?@�ÁB9cPH@�PgÄÐÂc<�É�Ê=>CÁ�Ê
G?Ê=@�PHÌV> I
>CP�Á�ÂcÈ�Ë=A @�G?@BA à�Á�Â�Ñc@B<?@�J�:kà�Ñc@B<?à�PHÈ¥9;A AKA @�PH> ÂcIKPBÔVPHÀKÁ?Ê¥G?ÊK9�GgG?Ê=@�É�Ê=ÂcA @±Á�AC9cP?PH> ÕK@�J�<?@BÃc> ÂcI
> IKJx>CÁB9�G?> I=ÃvPHÌV> I©Á�ÂcÀ=ACJ�:r@�Á�ÂcIKPH>CJx@B<?@�JEËK9;<HGgÂ;ÄnG?Ê=@�Á�AC9cP?P^A @�PH> ÂcIaÔk9;IKJEG?Ê=@±PH@�Á�ÂcIKJ¥PNG�9;Ãc@
Â;Ä0G?Ê=@�Á�AC9cP?PH> ÕrÁB9�G?> ÂcI1P?Á�Ê=@BÈ�@cÔx>CP�I=Â;G"I=@�Á�@�P?P?9;<?àcÒV×�Ê=>CP�È�@�9;IKPBÔVG?ÊK9�G�> G"È¥9\à©:r@&I=@�Á�@�PNÖ
P?9;<?à�G?Â¥<?@�Jx@�PH> ÃcI©G?Ê=@&@�âxËr@B<?> È�@BIkG�> I¯Âc<�Jx@B<�G�Â¥Á�ÂcÈ�ËK9;<?@�È�Âc<?@�Ê=ÂcÈ�ÂcÃc@BI=@BÂcÀKP�J=9�G�9=Ò

×�Ê=@�P?9;È�@�Ë=<?ÂxÁ�@�JxÀ=<?@�9cP�:r@�ÄÐÂc<?@�É�9cP�<?@BËn@�9�G?@�J&ÄÐÂc<�G?Ê=@"ÁB9cPH@�P
(1, A)

Ô
(1, B)

Ô
(1, C)9;IKJ

(2, B)
Ô0I=Â�ÉæÀKPH> I=Ã°G?Ê=@BÈ¥9�G?>CÁ¥È¥9;ËKP�> IKJx>CÁB9�G?> I=Ã°A @�PH> ÂcIKPBÒ�×�Ê=>CP�È�@�9;IKPBÔ(G?ÊK9�G�G?Ê=@

I=Âc<?È¥9;A^PHÌV> I¬É�9cP�@�â=Á�A ÀKJx@�J(ÒaÓ=Âc<�ËK9�G?> @BIkG¥ÅcÔnG?Ê=@EG?Ê=@BÈ¥9�G?>CÁEÈ¥9;ËKP�> IKJx>CÁB9�G?> I=Ã¯A @�PH> ÂcIKP
Ãc@BI=@B<�9�G?@�JE9�ÄÍG?@B<^> ACA À=È�> IK9�G?> ÂcI¥Á�Âc<?<?@�ÁlG?> ÂcIvÂ;ÄrG?Ê=@�Âc<?> Ãc> IK9;Ax> È¥9;Ãc@�P�Ég@B<?@�ÀKPH@�J¯Ø�PH@B@"Ó�> Ã;Ö
À=<?@�P&ÙcÙ¬Ø�ÁB9cPH@

(1, A)
ÛlÔ�Ù;Ú¬Ø�ÁB9cPH@

(1, B)
Û�9;IKJ%Ù�ß�Ø�ÁB9cPH@

(1, c)
Û±> Iìã Å�é�åÐÛlÒ(×�Ê=@�Âc:xMY@�ÁlG�P

É�@B<?@
PH@BA @�ÁlG?@�JëÀKPH> I=Ã%9;Iî9;ÀxG?ÂcÈ¥9�G?@�Jë9;A ÃcÂc<?> G?Ê=È Jx@BÑc@BA ÂcËr@�J�G?ÊK9�G�9cP?PHÀ=È�@�P&G?ÊK9�GEG?Ê=@
Âc:=MY@�ÁlG�Â;Ä�AC9;<?Ãc@�PNG�PH> áB@�> I
G?Ê=@�G?Ê=@�È¥9�G�>CÁ�È¥9;Ë1>CP�G?Ê=@&Jx@�PH> <?@�J©A @�PH> ÂcIaÒ=×�Ê=@�ÂcÀxG?Ë=ÀxG�P�9;<?@
Ë=<?@�PH@BIkG?@�J¬> I¦çV@�ÁlG?> ÂcIëÝ�Ò0Ó=Âc<�ËK9�G?> @BIcGEÙxÔ(G?Ê=@�G?Ê=@BÈ¥9�G?>CÁ�È¥9;ËKP&ÀKPH@�J%Ég@B<?@�Ë=<?Â=JxÀKÁ�@�J
É�> G?Ê/ÀKPH@B<HÖ|> IkG?@B<�9cÁlG?> ÂcIì9cP?PHÀ=È�> I=Ã�Á�> <�Á�À=AC9;<©PHÊK9;Ër@¯Â;Ä±G?Ê=@°A @�PH> ÂcIaÒg×�Ê=@¯ÀKPH@B<¥É�9cP�<?@�Ö
�kÀ=> <?@�J©G?Â�Ë=<?Â\ÑV>ÍJV@�ÄÐÂc<�@�9cÁ�Ê¯PH> I=ÃcA @�> È¥9;Ãc@cÔxÂcI=@�PH> I=ÃcA @�ËrÂc> IkG�ÔxÉ�Ê=>CÁ�Ê1É�9cP�9cP?PHÀ=È�@�J¥G?Â
:r@�G?Ê=@�A @�PH> ÂcI�Á�@BIcG?@B<�ÒaÝ <�9cJx> ÀKP�Â;ÄgG?ÊK9�GvÁ�> <�Á�A @EÉ�9cP&9;ACPHÂ1<?@��kÀ=> <?@�J(Òní|G&É�9cP&9cP?PHÀ=È�@�J
G?ÊK9�G�ÄÐÂc<g9�Ãc> Ñc@BI�A @�PH> ÂcIaÔc9;A AxG?Ê=@±PHÊK9;Ër@�P^ÊK9cJEG?Ê=@"P?9;È�@�<�9cJx> ÀKPBÒc×�Ê=>CP�É�9cP�JxÂcI=@�ÄÐÂc<^G?Ê=@
A @�PH> ÂcI�L Ø�PH@B@"Ó�> ÃcÀ=<?@�> I
çV@�ÁlG?> ÂcI¥Ý�ÛlÒ � @�PH> ÂcI
Þ�É�9cP�@�â=Á�A ÀKJx@�JE:n@�ÁB9;ÀKPH@�> G�>CP^ËK9;<HG?>CÁB9;A A à
Á�Â�Ñ;@B<?@�JE:kàEÊK9;> <g9;IKJEG?Ê=@"È¥9;IkÀK9;ArPH@BA @�ÁlG?> ÂcI�Â;ÄnÂcI=@±PHÈ¥9;A A=Ê=ÂcÈ�ÂcÃc@BI=@BÂcÀKP�<?@BÃc> ÂcIvG?À=<?IKP
G?Â
:n@EJx> ©Á�À=A G�Ò(Ó=Âc<�ËK9�G?> @BIcG&Ú=ÔKG?Ê=@EË=<?ÂxÁ�@�JxÀ=<?@�É�9cP"I=Â;G&9;Ë=Ë=A > @�J(Ôr:r@�ÁB9;ÀKPH@v> G&ÁB9;IF:r@
Á�ÂcIKPH>CJx@B<?@�J©G?ÊK9�G�G?Ê=@&É�Ê=ÂcA @�<?@BÃc> ÂcI1> IKJx>CÁB9�G?> I=Ã¥PHÌV> IaÔx>ÍP�Á�Â�Ñ;@B<?@�J
:kà
A @�PH> ÂcIaÒ

Ý±P�> A A ÀKPNG?<�9�G?> ÂcIF@�â=9;È�Ë=A @�PBÔ(PHÂcÈ�@EÁ�Â;Ö|Â=ÁBÁ�À=<?<H@BIKÁ�@�È¥9�G?<?> âx@�P�ÁlÂcÈ�Ë=ÀxG?@�J¬É�> G?Ê�Jx9�Gl9
Â;Ä0> A A À=È�> IK9�G?> ÂcI¯ÁlÂc<?<?@�ÁlG?@�J¥> È¥9;Ãc@�P�9;<?@�PHÊ=Â\É�I
> I1Ý"Ë=Ën@BIKJx> â
L�ÒxÓKÂc<gG?Ê=@&ÁB9cPH@�P

(1, A)
Ô

(1, B)
Ô
(1, C)

9;IKJ
(2, B)

Ô(G?Ê=@©Á�Â;Ö|Â=ÁBÁ�À=<?<H@BIKÁ�@EÈ¥9�G?<?> âx@�P�É�@B<?@¥Á�ÂcÈ�Ë=ÀxG?@�J%ÀKPH> I=Ã¯G?Ê=@
J=9�G�9°> IKJx>CÁB9�G?@�J�> I¦Ý"Ë=Ën@BIKJx> âëÝ�Ò�×0Â¬Á�ÂcÈ�Ë=ÀxG?@¥G?Ê=@1ÁlÂ;Ö|Â=ÁBÁ�À=<?<H@BIKÁ�@�È¥9�G?<?> âx@�P�Â;Ä�G?Ê=@
ÁB9cPH@�P

(2, C)
Ô
(3, B)

9;IKJ
(3, C)

G?Ê=@¥Á�Âc<?<?@�PHËrÂcIKJx> I=Ã
J=9�G�91PH@�G�P�ÀKPH@�J¬ÁB9;I¬:r@�PH@B@BI¬> I
Ó�> ÃcÀ=<?@�P ��G?Â���Â;Ä^ã ä�åK<?@�PHËr@�ÁlG?> Ñc@BA àcÒcÓ=Âc<^G?Ê=@±ÁB9cPH@�P

(2, A)
9;IKJ

(3, A)
9;I¥9;<HG?> ÕrÁ�>C9;A=È¥9;Ë

ÄÐÂc<&G?Ê=@©JxÂ�É�IxÖYP?9;È�Ë=A @�J¬Ñc@B<�PH> ÂcI%Â;Ä�G?Ê=@©Âc<?> Ãc> IK9;A^> È¥9;Ãc@�P�É�9cP�Ãc@BI=@B<�9�G?@�J(Ô(> IKJx>CÁB9�G?> I=Ã

� q�jkd fgZ&SlUB[kf^XNjkS�fYd ´�S"�xS?Xb£�S�S�[EXNjkS�m S�fYd ]�[kf�]B_(XNjkS"hcd �=S?WNS�[�XgelUBfYS�f��
(1, A)

p
(1, B)

p
(1, C)

p
(2, A)

p
(2, B)

p
(2, C)

p
(3, A)

p
(3, B)

UB[Vh
(3, C)

�



`H� i
� i
�xqKS�eHjk[kd elUBm��gS�Tx]BWYX�� ¨ Z��xS?W�} � �

� �V��� ���=¡ ªnt\S?WHUBo�Svªg�kfY]�m ¨ XNS ��]BWYWNS�m U�XNd ]\[ �0UBm ¨ S�f�TxS?W��KS�fYd ]�[F]B_ RGB
m S�fYd ]�[¬hkU�XHU�£�d XNj

XNjkS�d W�WNS�fYTxS�e?XNd t\S"i
� ª"� R�� ��]�Z&Tx]�[kS�[�XNf

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR����«�±p i�ª�R����«��gp i�ªgR���
«���p ª� ~;� {�{B} ��� � ~;� { ���l~ � � ~;� { � � � �B~
«���p �^ ~;� ~�} � ��� � ~;� { � �l} � � ~;� { � ����}\{
«���p �^ ~;� ~\{�� ��� � ~;� � � � � � � ~;� � � } � � �
«�{�p �^ ~;� ~\{���{�{ � ~;� ��{ � � � � ~;� ��} ��� �B}

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR"{��«�±p i�ª�R±{��«��gp i�ªgR"{�
«���p ª� ~;� { ����� � � ~;� ��� � � � � ~;� { ��{�� ��{
«���p �^ ~;� � � ���l~ � ~;� �l~�} � } � ~;� � � � ���l}
«���p �^ ~;� �l~�� � ��� ~;� � ����� ~ � ~;� � � � ��� �
«�{�p �^ ~;� ~ � ��� � � ~;� �\~�~�~ ��� ~;� ���l} � �B}

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR �\�«�±p i�ª�R �\�«��gp i�ªgR �\
«���p ª� ~;� { � } � { � ~;� ��~�~ ��} � ~;� { � �B}\} �
«���p �^ ~;� { �B~ � �\{ ~;� { ��{ �B~ � ~;� { � � � ���
«���p �^ ~;� � � � } � { ~;� ~ � � � � � ~;� ~ � � �\{ �
«�{�p �^ ~;� � ��� �l~ � ~;� ~�� � ��{ � ~;� ~�� ��� ~ �

� �V��� ���=¡ ��XHUB[VhkU�WHhFR�S�t;d U�XNd ]�[¬]B_�XNjkS�ªg�kfY]�m ¨ XNS ��]BWYWNS�m U�XNd ]\[ �0UBm ¨ S�f&TxS?W��KS�fYd ]�[¬]B_�XNjkS
RGB

m S�fYd ]�[©hkU�XHU±£�d XNjEXNjkS"i
� ª"� R��
��]�Z&Tx]�[kS�[�XNf

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR����«�±p i�ª�R����«��gp i�ªgR���
«���p ª� ~;� ~ � ���l} � ~;� ~ ��� ��{ � ~;� ��{B~ � � �
«���p �^ ~;� ~ �B~ � � � ~;� ~ � ��{B}�~ ~;� ~ � { � { �
«���p �^ ~;� ~��l~�~ � � ~;� ~ �B~ � � � ~;� ~ � �B} � �
«�{�p �^ ~;� ~���{�� � � ~;� ~ �B} � � � ~;� �l~�~ �\} �

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR"{��«�±p i�ª�R±{��«��gp i�ªgR"{�
«���p ª� ~;� ~ � } � } � ~;� ~ �B~ � ��� ~;� ���l~ �\{ �
«���p �^ ~;� ~ � ��� ��� ~;� ~ � � � ��� ~;� ~ �B}\{ � �
«���p �^ ~;� ~\{�{ � {\{ ~;� ~ � � � � � ~;� ~ ��{B~ � �

«�{�p �^ ~;� ~�� ��{���~ ~;� ~�} � � �B} ~;� ~ ��� �����
« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR �\�«�±p i�ª�R �\�«��gp i�ªgR �\
«���p ª� ~;� ~���� �B~ � ~;� ~\{ � ��~ � ~;� ~\{�{ ��� �
«���p �^ ~;� ~ � �B}�} � ~;� ~ � � � � � ~;� ~ � ��� � �
«���p �^ ~;� ~\{ ��{ � � ~;� ~\{ � ��{ � ~;� ~�� �������
«�{�p �^ ~;� ~�� � � ��~ ~;� ~�~ � { � � ~;� ~�~�}�} �B~



� � i�UBm S?XYXNdrS?X�UBmÍ�

� �V��� ���x¡ ªnt\S?WHUBo�S�ªg�kfY]�m ¨ XNS ��]BWYWNS�m U�XNd ]�[ ��UBm ¨ S�faTxS?W��KS�fYd ]�[&]B_xXNjkS^d m m ¨ Z&d [VU�XNd ]�[cz�e�]BWYWNS�e?XNSlh
RGB

m S�fYd ]�[©hkU�XHU±£�d XNjEXNjkS�d W^WNS�fYTxS�e?XNd t\S±i
� ª"� R��
��]�Z&Tx]�[kS�[�XNf

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR����«�±p i�ª�R����«��gp i�ªgR���
«���p ª� ~;� ��� � } � � ~;� { ����� � � ~;� ��~ � �\{ �
«���p �^ ~;� � � �\} ��} ~;� {B}�~ ��� � ~;� {B} ����� �

«���p �^ ~;� ~\{B~��l~\~ ~;� � ��}�} � { ~;� � � � � � �
«�{�p �^ ~;� ~\{ � � ��{ ~;� � ����� ��{ ~;� � � � ��~ �

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR"{��«�±p i�ª�R±{��«��gp i�ªgR"{�
«���p ª� ~;� � � � ���\{ ~;� ����� � � � ~;� �����l} � ~
«���p �^ ~;� �\{ � � � � ~;� � �B}�� � { ~;� � � � {��l}
«���p �^ ~;� �l~ �\{�{ � ~;� � � � � � � ~;� � �\} � � �
«�{�p �^ ~;� ~ � � ��~ � ~;� � � ��� �B} ~;� ��{ �\}\} �

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR �\�«�±p i�ª�R �\�«��gp i�ªgR �\
«���p ª� ~;� { � � ����� ~;� { � } � � � ~;� { � � � � �
«���p �^ ~;� { � {B~ �;{ ~;� { � ~ � � � ~;� {B}\{ � {B}
«���p �^ ~;� � � � ��{ � ~;� ~ �\} � � � ~;� ~ ��� �;{ �
«�{�p �^ ~;� �\~�~ �\~\~ ~;� ~���� � � � ~;� ~�� � ��{��

� �V��� ���=¡ ��XHUB[VhkU�WHhFR�S�t;d U�XNd ]�[¬]B_�XNjkS�ªg�kfY]�m ¨ XNS ��]BWYWNS�m U�XNd ]\[ �0UBm ¨ S�f&TxS?W��KS�fYd ]�[¬]B_�XNjkS
d m m ¨ Z&d [VU�XNd ]�[cz�e�]BWYWNS�e?XNSlh RGB

m S�fYd ]�[©hkU�XHU±£�d XNjvXNjkS±i
� ª"� R��
��]�Z&Tx]�[kS�[�XNf

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR����«�±p i�ª�R����«��gp i�ªgR���
«���p ª� ~;� ~ � � ��� � ~;� ~ � � � {�{ ~;� �l~ ��{ ���
«���p �^ ~;� ~�} �\} ��} ~;� ~ � ���l~�~ ~;� �l~�} � �l~
«���p �^ ~;� ~���{ �\~\~ ~;� ~ � � ��� � ~;� ~ � �\{�}��
«�{�p �^ ~;� ~���� � ~ � ~;� ~�} � � � { ~;� �l~�~ � � �

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR"{��«�±p i�ª�R±{��«��gp i�ªgR"{�
«���p ª� ~;� ~ ��� ����� ~;� ~ � � ��{ � ~;� �����l~\~ �
«���p �^ ~;� ~ � � � ��} ~;� ~ ��� � � � ~;� ~ � {���} �

«���p �^ ~;� ~\{�{ ��} � ~;� ~ � � � ��~ ~;� ~ � � � ���
«�{�p �^ ~;� ~�� � � � � ~;� ~ � ~ � ��} ~;� ~ ��� � ���

« �nU�XNd S�[�Xlp �KS�fYd ]�[x « �"p i�ªgR �\�«�±p i�ª�R �\�«��gp i�ªgR �\
«���p ª� ~;� ~�� � � � � ~;� ~\{�{ ���l~ ~;� ~\{��l~\}�~
«���p �^ ~;� ~ � } ����� ~;� ~�} � � � { ~;� ~�}��l} � �
«���p �^ ~;� ~\{�{�{�{ � ~;� ~\{ � � � � ~;� ~�� � } ��}
«�{�p �^ ~;� ~�� ����{�~ ~;� ~�~�} � � � ~;� ~�~ � � � }



`H� i
� i
�xqKS�eHjk[kd elUBm��gS�Tx]BWYX�� ¨ Z��xS?W�} ���

G?Ê=@EÉ�Ê=ÂcA @E> È¥9;Ãc@E9cP±:n@B> I=Ã
AC@BPH>CÂcI(Ò(×�Ê=@�Á�ÂcIkG?<?> :=ÀxG?> ÂcIFÂ;Äg@�9cÁ�Ê¬PH> I=ÃcA @�Á�ÂcA Âc<±:K9;IKJ°G?Â
G?Ê=@�ÕK<�PNG"DëÒ Ý�Ò ÏvÒrÁ�ÂcÈ�ËrÂcI=@BIkG�Â;Ä�G?Ê=@�PH@�@�â=9;È�Ë=A @�P�ÁB9;I1:r@�PH@B@BI1> I°×�9;:=A @�ä=Ò

Ý�ÁBÁ�Âc<�Jx> I=Ã�G?Â�G?Ê=@v9cJ=JV@�J¯<?@�PHÀ=A G�P�Ø�PH@B@&À=Ë=Ër@B<"ËK9;<HG"Â;Ä�×�9;:=A @�P"Ç�9;IKJ¬Æ;ÛlÔ=> G±>CP"PHÀ=<HÖ
Ë=<?>CPH> I=ÃFG?Â�PH@B@
G?ÊK9�G�É�Ê=> A @1> IîG?Ê=@1È�@�Jx>CÁB9;A�9;<?@�9¯G?Ê=@¯<?@�JxI=@�P?Pv>CPvG?Ê=@1Ñ;9;<?>C9;:=A @©ÀKPH@�J
ÄÐÂc<�È�@�9cPHÀ=<?> I=Ã
Á?ÊK9;I=Ãc@v> IFA @�PH> ÂcIKP"É�> G?Ê¬ËKPHÂc<?>C9cPH>CPBÔ=> G�>CP±È�ÂkPNG?A à1G?Ê=@EÃc<?@B@BI°> Ä�I=Â;G�G?Ê=@
:=A À=@E:=9;IKJFÉ�Ê=>CÁ?Ê%Á�ÂcIcG?<?> :=ÀxG?@�P±È�ÂkPNG�PH> ÃcI=> ÕrÁB9;IkG?A à
G�Â©G?Ê=@�ÕK<�PNG�DëÒ Ý�Ò ÏvÒ(Á�ÂcÈ�ËnÂcI=@BIcG�Ò
×�Ê=@�PH@E<?@�PHÀ=A G�P�ÊK9\Ñc@vG?Â1:r@�> IkG?@B<?Ë=<?@�G?@�JFÉ�> G?Ê�ÁB9;ÀxG?> ÂcIaÔn:r@�ÁB9;ÀKPH@EÂ;ÄgG?Ê=@¥PHÈ¥9;A A^PH> áB@EÂ;Ä
G?Ê=@�J=9�G�9�ÖYPH@�G�ÀKPH@�J(Ò

� � !^½�� ���±¹=º����0½r¸=¾Nºg· ¸xº ¸�	�� º�¹K¾	��¾N·�!"�E»�!�¸ !

×0Â&:K9cÁ�ÌkÖ|Ë=<?Â;MY@�ÁlG^G?Ê=@"ÂcÀxG?Ë=ÀxGgÂ;ÄnË=<?@BÑV> ÂcÀKPgçV@�ÁlG?> ÂcI�G?Â�G?Ê=@"Âc<?> Ãc> IK9;A=J=9�G�9�G?Ê=@�ÄÐÂcA A Â�É�> I=Ã
9cPHËr@�ÁlG�P�ÊK9\Ñc@±G�Â�:r@�G�9;Ìc@BI1> IkG?Â¥9cÁBÁ�ÂcÀ=IkG�ê


 Ó=Âc<�@�9cÁ�Ê¬Ë=> âx@BA^> I¬G?Ê=@�> È¥9;Ãc@�9;IKJ°ÄÐÂc<�@�9cÁ�Ê%PH> I=ÃcA @E:K9;IKJ¬Ñ�9;A À=@cÔaÁ�Â;Ö|ÂxÁBÁ�À=<?<H@BIKÁ�@�PÉ�@B<?@�Á�ÂcÈ�Ë=ÀxG?@�JEÉ�> G?Ê�I=@B> ÃcÊV:rÂc<�P�> I�@B> ÃcÊkGgJx> <?@�Á�G�> ÂcIKPBÒ;×�Ê=@�ÂcÀxG?Ë=ÀxG�Â;ÄrG?Ê=@"DëÒ Ý�Ò ÏvÒ
×0<�9;IKPNÄÐÂc<?È >CPa<?@�ÄÐ@B<?<?@�J±G?Â�G�Êx@�PH@�Jx> <?@�ÁlG?> ÂcIKPBÒB×�Ê=@B<?@�>CPaI=Â;G�9�ÂcI=@�ÖbG?Â;Ö|ÂcI=@^Á�Âc<?<?@�PHËrÂcIxÖ
Jx@BIKÁ�@�G?ÊK9�Gg9;A A Â\É"P0G?Â�:K9cÁ�ÌkÖ|Ë=<?Â;MY@�ÁlG�G?Ê=@�ÂcÀxG?Ë=ÀxG^Â;ÄKG?Ê=@"DëÒ Ý�Ò ÏvÒc×0<�9;IKPNÄÐÂc<?È G?Â�G?Ê=@
Âc<?> Ãc> IK9;A(J=9�G�9=Ò=×�Ê=@B<?@�ÄÐÂc<?@cÔ=PHÂcÈ�@&Á�ÂcIKPNG?<�9;> IcG�P�ÊK9�Ñc@�G?Â�:n@&PH@�G�Ò


 ×�Ê=@°DëÒ ÝvÒ ÏvÒg×0<�9;IKPNÄÐÂc<?È>CP¥9�Jx> èn@B<?@BIKÁ�@¯Â;Ä�ÁB9;I=ÂcI=>CÁB9;A�Ñ;9;<?>C9;:=A @�PBÔ�É�Ê=>CÁ�Ê/Á�ÂcÈ�@ÄÐ<?ÂcÈ,9;I©@B> Ãc@BIxÖYJx@�Á�ÂcÈ�ËrÂkPH> G?> ÂcIaÒcO�> Ãc@BIVÑ;@�ÁlG?Âc<�P�Ãc> Ñc@�9vJx> <?@�ÁlG?> ÂcIaÔc:=ÀxG�I=Â;G�9�PH@BIKPH@cÒ
×�Ê=@±Á�ÂcIKPNG?<�9;> IkG^ÄÐÂc<�G?Ê=@±DëÒ Ý�Ò ÏvÒx×0<�9;IKPNÄÐÂc<?È >CP^G?ÊK9�GgG?Ê=@"@B> Ãc@BIVÑ;@�ÁlG?Âc<�P�9;<?@"Á�Ê=ÂkPH@BI
PHÂ�G?ÊK9�GgG?Ê=@±Á�Âc<?<?@BAC9�G?> ÂcIE:r@�GNÉg@B@BI¥G?Ê=@±ÁB9;I=ÂcI=>CÁB9;A=Ñ�9;<?>C9;:=A @�P�>CP�ËrÂkPH> G?> Ñc@�ØNã ÅcÅ�åYÔ;ËK9;Ãc@
�kÇcÛlÒgÎ"Â\É�@BÑc@B<�Ô�9;I/9cPHËn@�ÁlG¥I=Â;G
Á�ÂcIKPH>CJx@B<?@�JîÊ=@B<?@cÔ�:=ÀxG¥G?ÊK9�G1Á�ÂcÀ=ACJì:r@°@�âxË=A Âc<?@�J
ÄÐÀ=<HG?Ê=@B<�Ô^>CP�> Ä�G?Ê=@B<?@°9;<?@1<?@�9;A"ÁB9cPH@�PvÄÐÂc<�É�Ê=>CÁ�ÊîG?Ê=@F9%I=@BÃk9�G?> Ñc@¯Á�Âc<?<?@BAC9�G?> Â;Iî:r@�Ö
GNÉ�@B@BI
ÁB9;I=ÂcI=>CÁB9;AKÑ;9;<?>C9;:=A @�P�Á�ÂcÀ=ACJ©:r@±È�Âc<?@±> IkG?@B<?@�PNG?> I=Ã�G?ÂE9;IK9;A àVáB@��;ÄÐÂc<�> IKPNG�9;IKÁ�@cÔ
9±<?@BÃc> ÂcI&G?ÊK9�G�> IE9±Ãc> Ñ;@BI�G?> È�@�>CP�I=Âc<?È¥9;AV9;IKJ�> I�9"I=@�âVG�G?> È�@�>CP�> A AbÔ�9;IKJ�ÑV>CÁ�@BÑc@B<�P?9=Ò


 Ý"Ãk9;> IaÔ=G?Ê=@vDëÒ ÝvÒ ÏvÒn×0<�9;IKPNÄÐÂc<?È3>CP±9©Jx> èn@B<?@BIKÁ�@�Â;Ä�ÁB9;I=ÂcI=>CÁB9;AaÑ;9;<?>C9;:=A @�PBÒ=Ó=Âc<"G?Ê=@ÁB9cPH@vÂ;Ä�G?Ê=@�Á�Â;Ö|ÂxÁBÁ�À=<?<H@BIKÁ�@�È¥9�G?<?> â(Ôr@�9cÁ�ÊFÂcI=@vÂ;Ä�G?Ê=@�PH@EÑ�9;<?>C9;:=A @�P±9;<?@E9©I=@BÉ Á�Â;Ö
Â=Á�Á�À=<?<?@BIKÁ�@�È¥9�G?<?> â1Á�Âc<?<?@�PHËnÂ;IKJx> I=ÃvG?Â¥9EI=@BÉ ØÐÀ=I=ÌVI=Â�É�IrÛgG?@�âVG?À=<?@cÒ
×0Â�:K9cÁ�ÌkÖ|Ë=<?ÂcMY@�Á�G�G?Ê=@�J=9�G�9&ÄÐ<?ÂcÈ G?Ê=@�DëÒ Ý�Ò ÏvÒx×0<�9;IKPNÄÐÂc<?È G?Â�G?Ê=@±Âc<?> Ãc> IK9;AK> È¥9;Ãc@�PBÔ

G?Ê=@gÄÐÂcA A Â\É�> I=Ã�Á�<?> G?@B<?> ÂcI&É�9cP09;Ë=Ë=A > @�J(Ò�Ý±P0> G�É�9cPaÈ�@BIkG?> ÂcI=@�J(Ô�G?Ê=@�DëÒ Ý�Ò ÏvÒ;Á�ÂcÈ�ËrÂcI=@BIcGlP
9;<?@�Á�ÂcÈ�Ë=ÀxG?@�J¬É�> G?Ê¬G?Ê=@¥Á�Â;Ö|ÂxÁBÁ�À=<?<H@BIKÁ�@vÈ¥9�G?<?> âFÂ;Ä�@�9cÁ?Ê�PH> I=ÃcA @E:K9;IKJFÂ;ÄgGNÉgÂ¯@��kÀK9;A Ö
> áB@�J¥>CÈ¥9;Ãc@BPBÒVÓ=Âc<�@�9cÁ?Ê©Ë=> âx@BAn> I©@�9cÁ�Ê©@��kÀK9;A > áB@�J¥> È¥9;Ãc@cÔkÁ�Â;Ö|Â=ÁBÁ�À=<?<H@BIKÁ�@�ËK9;> <�Pg> I©@B> ÃcÊkG
Jx> <?@�ÁlG?> ÂcIKP�É�@B<?@¥ÄÐÂc<?È�@�J%ÄÐÂc<E@�9cÁ?ÊîPH> I=ÃcA @©:K9;IKJëÑ�9;A À=@cÒ�Og9cÁ?Ê¦ËK9;> <v>CPvÀKPH@�J¦9cP�> IKJx@�â
> I¬9¥É�@B> ÃcÊkG?> I=Ã¥ÄÐÀ=IKÁlG?> ÂcIFÃc> Ñc@BI°:Và
G?Ê=@E9;:KPHÂcA ÀxG?@�Ñ;9;A À=@�Â;Ä^G?Ê=@�ÕK<�PNG�DëÒ Ý�Ò ÏvÒ(Á�ÂcÈ�ËrÂ;Ö
I=@BIkG�Òr×�Ê=>CP�É�9cP�JxÂcI=@cÔ=:r@�ÁB9;ÀKPH@&ÂcI=A à©G?Ê=@�È¥9;ÃcI=> G?ÀKJx@&Â;Ä�G?Ê=@vÁ?ÊK9;I=Ãc@&É�9cP"Á�ÂcIKPH>CJx@B<?@�J
Â;Ä�> IkG?@B<?@�PNG�Ò=Ó=Âc<"9EÃc> Ñc@BI
Ë=> âx@BAbÔxG?Ê=@&DëÒ ÝvÒ ÏvÒK9;:KPHÂcA ÀxG?@�Ñ;9;A À=@�P�Á�Âc<?<?@�PHËnÂ;IKJx> I=ÃvG?Â�@�9cÁ?Ê
Á�Â;Ö|ÂxÁBÁ�À=<?<?@BIKÁ�@�ËK9;> <�ÄÐÂc<?È�@�J¥:kàEG?Ê=@±Ë=> âx@BArÉ�> G?Ê©> G�PgIx@B> ÃcÊV:rÂc<�P�Ë=> âx@BAK> I ��ÖYÁ�ÂcI=I=@�ÁlG?> ÑV> GNà
� Ô09;<?@¥PHÀ=È�È�@�J�9;IKJ%P?9\Ñ;@�J¬> Ië9¯PHàVIkG?Ê=@�G?>CÁB9;A�> È¥9;Ãc@cÒ(×�Ê=@¥Ê=>CPNG?ÂcÃc<�9;È Â;Ä�G?Ê=>CP&> È¥9;Ãc@
>CP�ÕKIK9;A A à©Jx> ÑV>CJx@�J
> I
GNÉ�ÂEËK9;<HG�P�:Và
9vÀKPH@B<�PH@�G�G?Ê=<?@�PHÊ=ÂcACJ(Òx×�Ê=@&PH@BÃcÈ�@BIkG�9�G?> ÂcI©ÂcÀxG?Ë=ÀxG
� ���VUB[Vhcf^��uE}�TVUBd WNf�o�d t\S�f�{ ��£�S�d o�j�XNf
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Âc:xG�9;> I=@�J�>CPvÁ�ÂcÈ�ËrÂkPH@�J�:kàë9°<?@BÃc> ÂcI�> IKJx>CÁB9�G?> I=ÃFÈ�Âc<?@�G?@�âVG?À=<�9;A�Á�ÊK9;I=Ãc@©9;IKJ�<?@BÃc> ÂcI
> IKJx>CÁB9�G?> I=Ã�A @�P?P�G�@lâxG?À=<�9;AaÁ?ÊK9;I=Ãc@cÒ

×�Ê=@°ÂcÀxG?Ë=ÀxG1Â;Ä�G?Ê=@F:K9cÁ?ÌVÖbË=<?ÂcMY@�ÁlG?> ÂcI/P?Á�Ê=@BÈ�@FË=<?ÂcËrÂkPH@�Jî>CP
PHÊ=Â�É�IìÄÐÂc<¥GNÉ�Â¦@�âVÖ
9;È�Ë=A @�PBênG?Ê=@�A @�PH> ÂcIKP

(1, A)
9;IKJ

(1, B)
ÒaíYI%:rÂ;G?Ê�ÁB9cPH@�PBÔrG?Ê=@�> A A À=È�> IK9�G?> ÂcI�Á�Âc<?<?@�ÁlG?@�J

> È¥9;Ãc@�P&É�> G?ÊëG?Ê=@
A @�PH> ÂcI�<?@BÃc> ÂcI�@��kÀK9;A > áB@�J�Ég@B<?@©ÀKPH@�J(Ò�×�Ê=@
ÂcÀVG�ËxÀxGEÂ;Ä�G?Ê=@1DëÒ Ý�Ò ÏvÒ
×0<�9;IKPNÄÐÂc<?ÈÉ�9cP�:K9cÁ?ÌkÖ|Ë=<?ÂcMY@�ÁlG?@�JëG?Â�G?Ê=@°Âc<?> Ãc> IK9;A�J=9�G�9%> IìG?Ê=@°É�9\à¦Ë=<?@BÑV> ÂcÀKPHA à¦Jx@�Ö
P?Á�<?> :r@�J(Ò � Â;G?@"> I¥@�9cÁ?Ê©ÁB9cPH@�G?ÊK9�G�ÄÐÂc<�@�9cÁ�Ê¥> È¥9;Ãc@�Â;ÄnG?Ê=@"ËK9;> <�Ô�G?Ê=@±PH@BÃcÈ�@BIkG?@�J�<?@BÃc> ÂcIKP
PHÊ=Â�É�> I=Ã¯È�Âc<?@¥9;IKJ%A @�P?P�G?@�âVG?À=<�9;AgÁ�ÊK9;I=Ãc@¥9;<?@¥9;Ë=Ë=<?Â�â=> È¥9�G?@BA àFÁ�Âc<?<?@�PHËrÂcIKJx> I=ÃKÒ(×�Ê=>CP
Ãc> Ñc@�PvG?Ê=@°@BÑV>CJx@BIKÁ�@1G?ÊK9�G©> G¥>CP�ËnÂkP?PH> :=A @
G?Â¦9�ÑcÂc>CJëG?Ê=@F9;A > ÃcI=È�@BIkG©9;IKJî<?@BÃc>CPNG?<�9�G?> ÂcI
Â;Ä�> È¥9;Ãc@�P"9;Ë=Ë=A àV> I=Ã�G?Ê=@�DëÒ ÝvÒ ÏvÒ=G?<�9;IKPNÄÐÂc<?È,G?Â©È�À=A G?> ÖYPHËn@�Á�G�<�9;AaJx@�P?Á�<?> ËxG?Âc<�P�G?ÊK9�G�9;<?@
> IVÑ�9;<?>C9;IkG�G?Â¥<?Â;G�9�G?> ÂcIKP�9;IKJ©G?<�9;IKPHAC9�G?> ÂcIKPBÒ

��� � ¡��V¡ �cWN]�Z XNjkS"i
� ª"� R��VqKWHUB[kf|_C]BWNZ7XN]�XNjkS��gWNd o�d [VUBmrR�U�XHU;�
�cWN]�Z7m S?_ X�XN]�WNd o�j�X �ke�]Bz�]�e�e ¨ WYWNS�[ke�S�Z�U�XYWNd ¤=pc�VUBeHw�z�TcWN]B¢bS�e?XNd ]�[�f|uc[�XNjkS?XNd elUBmKZ�UBTKp;WNS�o�d ]�[kf
£�d XNj�Z&]BWNS�XNS?¤;X ¨ WHUBm=eHjVUB[ko�S"UB[VhvWNS�o�d ]�[kf^£�d XNj�m S�fYf�XNS?¤;X ¨ WHUBm=eHjVUB[ko�S�� �cWN]�Z XN]�TEXN]
�=]BXYXN]�Z �;XNjkS��kWNf|X^Xb£�]�WN]l£�f�U�WNS"hkU�XHU±_C]BW�XNjkS�elUBfYS

(1, A)
«CXNjkS��kWNf|X�d Z�UBo�S�f�]B_(XNjkS�XNjkd WHh

UB[Vh�_C] ¨ WYXNj�fYS�fYfYd ]�[x�UB[Vh�XNjkS�m UBf|XgX�£�]�WN]�£�f�pk_C]�W�XNjkS�elUBfYS (1, B)
«CXNjkS��kWNf|Xgd Z�UBo�S�f�]B_nXNjkS

�kWNf|XgUB[VhEfYS�e�]�[VhvfYS�fYfYd ]�[xH�
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Î"Â\É�@BÑc@B<�Ô\> G�ÊK9cP0G?Â�P?9;>CJ&G?ÊK9�G�Ô;> IEÃc@BI=@B<�9;AbÔ�G?Ê=@�ÂcÀxG?Ë=ÀxG�Â;ÄKG?Ê=@�:K9cÁ?ÌkÖ|Ë=<?ÂcMY@�ÁlG?> ÂcIE9;ËxÖ
Ë=<?Âk9cÁ�Ê&É�9cP0I=Â;G�P?9�G?>CPNÄ�9cÁlG?Âc<?àcÒ�Og9cÁ�ÊvPNG?@BËE9;IKJ�Á�ÂcI=PNG�<�9;> IcG�P0PH@�G0ÄÐÂc<0G?Ê=@g:K9cÁ�ÌkÖ|Ë=<?ÂcMY@�ÁlG?> ÂcI
PHÊ=ÂcÀ=ACJ&:n@�<?@BÑV>CPH@�J(Ò�×�Ê=@gÕK<�PNG^DëÒ Ý�Ò ÏvÒ�Á�ÂcÈ�ËnÂcI=@BIcG�>CPaG?Ê=@�Jx> èn@B<?@BIKÁ�@�Â;ÄrÁB9;I=ÂcI=>CÁB9;AcÑ�9;<?> Ö
9;:=A @�P�Â;Ä�G?Ê=@vÁ�Â;Ö|Â=ÁBÁ�À=<?<H@BIKÁ�@�È¥9�G?<?> âx@�PBÔxG?ÊK9�G�ÔK> I¯Ä�9cÁlG�ÔrÁ�Âc<?<?@�PHËrÂcIKJ©G?Â
9¥I=@BÉ G?@�âVG�Àx<�9;A
Ñc@B<�PH> ÂcIîÂ;Ä�G?Ê=@°Âc<?> Ãc> IK9;A�> È¥9;Ãc@�PBÒ�Ó=Âc<�G?Ê=@°:K9cÁ�ÌkÖ|Ë=<?Â;MY@�ÁlG?> ÂcIaÔ�9�Á�ÂcÈv:=> IK9�G?> ÂcIìÂ;Ä�G?Ê=@
Âc<?> Ãc> IK9;A�J=9�G�9
9;IKJ¯G?Ê=@vÕK<�PNG�DëÒ Ý�Ò ÏvÒ(Á�ÂcÈ�ËrÂcI=@BIkG�É�9cP±ÀKPH@�JnÔnÉ�ÊK9�G�Á�ÂcÀ=ACJ°ÊK9\Ñc@v:r@B@BI
9;I¯À=IK9;Ë=Ë=<?ÂcË=<?>C9�G?@�È�> âVG�Àx<?@&Â;Ä^> IxÄÐÂc<?È¥9�G?> ÂcIaÒ=Ý±P�> G±É�9cP�È�@BIkG?> ÂcI=@�J1> I�ã Å\Ù\å|ÔxG?Ê=@�PH> ÈEÖ
Ë=A @FJx> èn@B<?@BIKÁ�@¯Â;Ä�G?Ê=@FPHËr@�ÁlG?<�9;A�:K9;IKJ=PBÔ�G?À=<?IKP�G?Â�:n@°Jx> ©Á�À=A G©G?ÂëPHÊ=Â�É3G?Ê=@FÁ�ÊK9;I=Ãc@
> Iì9;A AgG?Ê=@1:K9;IKJ=P�PH> È�À=A G�9;I=@BÂcÀKPHA àkÒ�×�ÊVÀKPBÔ�È¥9\à�:r@cÔ�ÄÐÂc<�PH> È�Ë=A >CÁ�> GNàcÔ�> IîÂc<�Jx@B<�G?Â%Âc:xÖ
G�9;> I°9EÈ�Âc<?@&PHÀ=> G�9;:=A @&:K9cÁ?ÌkÖ|Ë=<?ÂcMY@�ÁlG?> ÂcI1P?Á?Ê=@BÈ�@cÔxG?Â©PNG�9;<HG�É�> G?Ê°9�PH> I=ÃcA @&Jx> èn@B<?@BIKÁ�@&Â;Ä
ÂcI=@�ËK9;> <�Â;ÄrÁ�Â;Ö|ÂxÁBÁ�À=<?<?@BIKÁ�@�È¥9�G?<?> âx@�P�Á�ÂcÀ=ACJv:r@�È�Âc<?@�9±È�Âc<?@�ÄÐÂc<HG?À=IK9�G?@�É�9\à�G?Â�ÄÐÂcA A Â\É&Ò

� �%ºg·±½��H¼&%V¾Nºg·&%

×�Ê=@�9;Ë=Ë=A >CÁB9�G?> ÂcI¥Â;Ä(G?Ê=@�D°À=A G?> Ö|Ñ�9;<?>C9�G?@±Ý"A G?@B<�9�G?> ÂcI©Ï±@�G?@�ÁlG?> ÂcI
×0<�9;IKPNÄÐÂc<?È G?Â�G?Ê=@±I=Âc<HÖ
È¥9;A > áB@�J¯Á�Â;ÖbÂ=ÁBÁ�À=<?<H@BIKÁ�@�È¥9�G?<?> â
Â;Ä�A @�PH> ÂcIKP�É�> G?Ê¯ËKPHÂc<?>C9cPH>CP�ËK9�GHG?@B<?IKP�>CP"9�PHÀ=> G�9;:=A @�9;ËxÖ
Ë=<?Âk9cÁ�ÊvÄÐÂc<�Jx@�G?@�ÁlG?> I=Ã&G?@�âVG?À=<?@"Á?ÊK9;I=Ãc@�P�> I�G?> È�@�G?ÊK9�G�9\Ñ;Âc>CJ=P�G?Ê=@"> IcG�@�<�9cÁlG?>CÂcIEÉ�> G?Ê�G?Ê=@
ÀKPH@B<g9;IKJvG?Ê=@"A @�PH> ÂcI�ËK9�GHG?@B<?I�<?@BÃc>CPNG?<�9�G?> ÂcIaÒ;×�Ê=@�È�ÂkPNG�PH> ÃcI=> ÕrÁ�9;IkGgÁ�ÂcIkG?<?> :=ÀxG?> ÂcI�> I�G?Ê=@
G?@�âVG?À=<?@©Á?ÊK9;I=Ãc@¥Â;Ä�A @�PH> ÂcIKP&É�> G?Ê�ËKPHÂc<?>C9cPH>CP�>CP&Ãc> Ñc@BI¬ÖbÄÐÂc<�G?Ê=@¥Ë=> A Â;GvJ=9�G�9�ÖYPH@�GHÖ":VàFG?Ê=@
Ãc<?@B@BI¬9;IKJF:=A À=@E:K9;IKJ=PBÒ(×�Ê=@B<?@E>CP±@BÑV>ÍJV@BIKÁ�@vG?ÊK9�G&> G�>CP�ËrÂkP?PH> :=A @vG?Â1:K9cÁ?ÌkÖ|Ë=<?ÂcMY@�ÁlG±G?Ê=@
DëÒ Ý�Ò ÏvÒK×0<�9;IKPNÄÐÂc<?È,ÂcÀxG?Ë=ÀxG�G?ÂEG?Ê=@&Âc<?> Ãc> IK9;A(J=9�G�9=Ô=PHÀKÁ?Ê1G?ÊK9�G"Á�Âc<?<?@�PHËnÂ;IKJx> I=ÃE<?@BÃc> ÂcIKP
PHÊ=Â�É�> I=Ã¥È�Âc<?@v9;IKJ¯A @�P?P�G?@�âVG?À=<�9;A�Á�ÊK9;I=Ãc@�ÁB9;I°:n@vJx@BA > I=@�9�G?@�J(ÒnÎ"Â�Ég@BÑc@B<�Ô=> IFÂc<�Jx@B<�G?Â
:r@E9;:=A @&G?Â©Ãc@BI=@B<�9;A > áB@�G?Ê=@E9;Ë=Ë=<?Âk9cÁ?ÊaÔxG?Ê=@vÂcËxG?> È�> á�9�G?> ÂcI°Â;Ä^@�9cÁ�ÊFPH> I=ÃcA @vPNG�9;Ãc@&Â;Ä^G?Ê=@
É�Ê=ÂcA @�Ë=<?ÂxÁ�@�JxÀ=<?@�ÊK9cP�G?Â�:r@�Á�ÂcIKPH>CJx@B<?@�J(Ò

'î½���·"º�� �$�0» � � �0·g¸�%

×0Â%G?Ê=@FçVíN×�O � <?Â;MY@�ÁlG�ÄÐÀ=IKJx@�Jì:Vàî9¬Ãc<�9;IkGEÄÐ<?ÂcÈG?Ê=@°Ï�9;I=>CPHÊ/×0@�Á�Ê=I=>CÁB9;A"ï�@�PH@B9;<�Á�Ê
Ó=ÂcÀ=IKJ=9�G?> ÂcI©Ø � <?Â;MY@�ÁlG � À=È�:n@B<��������
Ç ��ÖYécé\ÖYé=Å�Ù;ÚcÛKÄÐÂc<0PHÀ=Ë=ËrÂc<HG?> I=Ã�G?Ê=@�Ë=<?@�PH@BIkGaÉ�Âc<?ÌnÒ
×0Â�G?Ê=@&Jx@B<?È¥9�G?ÂcA ÂcÃc>CPYG�P � ÂcI=@&çVÌ;Â�Ñ¥9;IKJ
L�ÂEL�9;I=ÃvÂ;ÄaG?Ê=@&8�@BIcG?Â;ÄÍG?@&Î"ÂkPHË=> G�9;ArÂ;Ä�Ï±@BIxÖ
È¥9;<?ÌF9;IKJ°G?Â
G�Êx@¥9;I=ÂcIVàVÈ�ÂcÀKP±ËK9�G?> @BIkG�PBÔnÄÐÂc<�G?Ê=@B> <&Á�ÂcA AC9;:nÂc<�9\G?> ÂcI¬JxÀ=<?> I=Ã
G?Ê=@�> È¥9;Ãc@
9cÁ �kÀ=>CPH> G?> ÂcI¯PH@�P?PH> ÂcIKPBÒ
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Session:1 PATIENT:1 LESION:A

Session:2

Session:3

Session:4

��� � ¡ �=¡ �gS�o�d ]�[kf1d [Vhcd elU�XNd [koëXNjkS°fYS�m S�e?XNSlhÜm S�fYd ]�[ ª�]B_�TVU�XNd S�[�X �¬d [ìXNjkSFd m m ¨ Z&d [VU�XNd ]�[cz
e�]BWYWNS�e?XNSlhEd Z�UBo�S�f��

Session:1 PATIENT:1 LESION:B

Session:2

Session:3

Session:4

��� � ¡ �=¡ �gS�o�d ]�[kf1d [Vhcd elU�XNd [koëXNjcSFfYS�m S�e?XNSlhÜm S�fYd ]�[ �,]B_vTVU�XNd S�[�X �¬d [/XNjkSFd m m ¨ Z&d [VU�XNd ]�[cz
e�]BWYWNS�e?XNSlhEd Z�UBo�S�f��
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Session:1 PATIENT:1 LESION:C

Session:2

Session:3

��� � ¡ �r¡ �gS�o�d ]�[kf
d [Vhcd elU�XNd [koëXNjkSFfYS�m S�e?XNSlhÜm S�fYd ]�[ �3]B_vTVU�XNd S�[�X �Fd [/XNjkSFd m m ¨ Z&d [VU�XNd ]�[cz
e�]BWYWNS�e?XNSlhEd Z�UBo�S�f��

Session:1 PATIENT:2 LESION:B

Session:2

Session:3

Session:4

��� � ¡ �=¡ �gS�o�d ]�[kf1d [Vhcd elU�XNd [koëXNjcSFfYS�m S�e?XNSlhÜm S�fYd ]�[ �,]B_vTVU�XNd S�[�X°{�d [/XNjkSFd m m ¨ Z&d [VU�XNd ]�[cz
e�]BWYWNS�e?XNSlhEd Z�UBo�S�f��
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� �%º��\º�½(½(¼"¹=¹��0·±½�� � !�¸x¹K¾*� º 	 % ���$�0½n¸ �0» �&!^¾N¹�%¦º 	¯¾ � !�� ��% !^·±»
¸�	��0¾N¹ � ' � �E¹�!^·&%
	�º�¹��

1Aa1 1Ab1 1Ac1 1Ad1

MAD(1Aa1,1Ab1) MAD(1Ab1,1Ac1) MAD(1Ac1,1Ad1)

��� � ¡ �=¡ ��]Bz�]�e�e ¨ WYWNS�[ke�S�Z�U�XYWNd ¤cS�f�UB[Vh¥i
� ª"� R��
��]�Z&Tx]�[kS�[�XNf�_C]BW�XNjkS�elUBfYS (1, A)
�

q�jkS ¨ TkTxS?W�TVU�WYX�fYjk]l£�f�XNjkS�e�]Bz�]�e�e ¨ WYWNS�[ke�S"Z�U�XYWNd ¤cS�f^]B_nXNjkS�m S�fYd ]�[�WNS�o�d ]�[¥]B_(fYS�m S�e?XNSlh
d m m ¨ Z&d [VU�XNd ]�[cz�e�]BWYWNS�e?XNSlhEd Z�UBo�S�f�]B_�« �(U�XNd S�[\X ��px�KS�fYd ]�[¥ª���;_ WN]�Z7XN]�TvXN]��x]BXYXN]�Z�p;XNjkS�WN]l£�f
e�]BWYWNS�fYTx]�[VhvXN]�XNjkS�WNSlh=pkoBWNS�S�[¥UB[VhE�cm ¨ S��VUB[Vh�WNS�fYTxS�e?XNd t\S�m u\�Vq�jkS�m ]l£�S?W�TVU�WYX�fYjk]l£�f�XNjkS
i�ªgRìe�]�Z&Tx]�[kS�[�XNf�]B_nTVUBd WNf^]B_ne�]�[kfYS�e ¨ XNd t\S�e�]Bz�]�e�e ¨ WYWNS�[ke�S�Z�U�XYWNd ¤cS�f���_ WN]�Z XN]�T�XN]±�x]BXYXN]�Z¥p

XNjkS�WN]l£î[ ¨ Z��xS?W^d fgUBfYfY]�e�d U�XNSlhE£�d XNjEXNjkS±iEªgRÜe�]�Z&Tx]�[kS�[�X^[ ¨ Z��xS?Wl�
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1Ba1 1Bb1 1Bc1 1Bd1

MAD(1Ba1,1Bb1) MAD(1Bb1,1Bc1) MAD(1Bc1,1Bd1)

��� � ¡ �x¡ �0]�z�]�e�e ¨ WYWNS�[ke�S�Z�U�XYWNd ¤cS�f�UB[Vh¥i
� ª�� R��
��]�Z&Tx]�[kS�[�XNf�_C]BW�XNjkS�elUBfYS (1, B)
�

q�jkS ¨ TkTxS?W�TVU�WYX�fYjk]l£�f�XNjkS�e�]Bz�]�e�e ¨ WYWNS�[ke�S"Z�U�XYWNd ¤cS�f^]B_nXNjkS�m S�fYd ]�[�WNS�o�d ]�[¥]B_(fYS�m S�e?XNSlh
d m m ¨ Z&d [VU�XNd ]�[cz�e�]BWYWNS�e?XNSlhEd Z�UBo�S�f�]B_^« �(U�XNd S�[�X ��pV�KS�fYd ]�[ �^��c_ WN]�Z XN]�TEXN]��x]BXYXN]�Z�p;XNjkS�WN]l£�f
e�]BWYWNS�fYTx]�[VhvXN]�XNjkS�WNSlh=pkoBWNS�S�[¥UB[VhE�cm ¨ S��VUB[Vh�WNS�fYTxS�e?XNd t\S�m u\�Vq�jkS�m ]l£�S?W�TVU�WYX�fYjk]l£�f�XNjkS
i�ªgRìe�]�Z&Tx]�[kS�[�XNf�]B_nTVUBd WNf^]B_ne�]�[kfYS�e ¨ XNd t\S�e�]Bz�]�e�e ¨ WYWNS�[ke�S�Z�U�XYWNd ¤cS�f���_ WN]�Z XN]�T�XN]±�x]BXYXN]�Z¥p

XNjkS�WN]l£î[ ¨ Z��xS?W^d fgUBfYfY]�e�d U�XNSlhE£�d XNjEXNjkS±iEªgRÜe�]�Z&Tx]�[kS�[�X^[ ¨ Z��xS?Wl�
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1Ca1 1Cb1 1Cc1

MAD(1Ca1,1Cb1) MAD(1Cb1,1Cc1)

��� � ¡ �=¡ ��]Bz�]�e�e ¨ WYWNS�[ke�S"Z�U�XYWNd ¤cS�f�UB[Vh�i
� ª"� R�� �0]\Z&Tx]�[kS�[\XNf^_C]BW�XNjkS�elUBfYS (1, C)
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q�jkS ¨ TkTxS?W�TVU�WYX�fYjk]l£�f�XNjkS�e�]Bz�]�e�e ¨ WYWNS�[ke�S"Z�U�XYWNd ¤cS�f^]B_nXNjkS�m S�fYd ]�[�WNS�o�d ]�[¥]B_(fYS�m S�e?XNSlh
d m m ¨ Z&d [VU�XNd ]�[cz�e�]BWYWNS�e?XNSlhEd Z�UBo�S�f�]B_�« �(U�XNd S�[�X �\pV�KS�fYd ]�[ �^��c_ WN]�Z7XN]�TvXN]��x]BXYXN]�Z�p;XNjkS�WN]l£�f
e�]BWYWNS�fYTx]�[VhvXN]�XNjkS�WNSlh=pkoBWNS�S�[¥UB[VhE�cm ¨ S��VUB[Vh�WNS�fYTxS�e?XNd t\S�m u\�Vq�jkS�m ]l£�S?W�TVU�WYX�fYjk]l£�f�XNjkS
i�ªgRìe�]�Z&Tx]�[kS�[�XNf�]B_nTVUBd WNf^]B_ne�]�[kfYS�e ¨ XNd t\S�e�]Bz�]�e�e ¨ WYWNS�[ke�S�Z�U�XYWNd ¤cS�f���_ WN]�Z XN]�T�XN]±�x]BXYXN]�Z¥p

XNjkS�WN]l£î[ ¨ Z��xS?W^d fgUBfYfY]�e�d U�XNSlhE£�d XNjEXNjkS±iEªgRÜe�]�Z&Tx]�[kS�[�X^[ ¨ Z��xS?Wl�
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2Aa1 2Ab1 2Ac1 2Ad1

MAD(2Aa1,2Ab1) MAD(2Ab1,2Ac1) MAD(2Ac1,2Ad1)

��� � ¡��=¡ ��]Bz�]�e�e ¨ WYWNS�[ke�S�Z�U�XYWNd ¤cS�f�UB[Vh¥i
� ª"� R��
��]�Z&Tx]�[kS�[�XNf�_C]BW�XNjkS�elUBfYS (2, A)
�

q�jkS ¨ TkTxS?W�TVU�WYX�fYjk]l£�f�XNjkS�e�]Bz�]�e�e ¨ WYWNS�[ke�S"Z�U�XYWNd ¤cS�f^]B_nXNjkS�m S�fYd ]�[�WNS�o�d ]�[¥]B_(fYS�m S�e?XNSlh
d m m ¨ Z&d [VU�XNd ]�[cz�e�]BWYWNS�e?XNSlhEd Z�UBo�S�f�]B_�« �(U�XNd S�[\X�{�px�KS�fYd ]�[¥ª���;_ WN]�Z7XN]�TvXN]��x]BXYXN]�Z�p;XNjkS�WN]l£�f
e�]BWYWNS�fYTx]�[VhvXN]�XNjkS�WNSlh=pkoBWNS�S�[¥UB[VhE�cm ¨ S��VUB[Vh�WNS�fYTxS�e?XNd t\S�m u\�Vq�jkS�m ]l£�S?W�TVU�WYX�fYjk]l£�f�XNjkS
i�ªgRìe�]�Z&Tx]�[kS�[�XNf�]B_nTVUBd WNf^]B_ne�]�[kfYS�e ¨ XNd t\S�e�]Bz�]�e�e ¨ WYWNS�[ke�S�Z�U�XYWNd ¤cS�f���_ WN]�Z XN]�T�XN]±�x]BXYXN]�Z¥p

XNjkS�WN]l£î[ ¨ Z��xS?W^d fgUBfYfY]�e�d U�XNSlhE£�d XNjEXNjkS±iEªgRÜe�]�Z&Tx]�[kS�[�X^[ ¨ Z��xS?Wl�
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2Ba1 2Bb1 2Bc1 2Bd1

MAD(2Ba1,2Bb1) MAD(2Bb1,2Bc1) MAD(2Bc1,2Bd1)

��� � ¡����K¡ ��]Bz�]�e�e ¨ WYWNS�[ke�S�Z�U�XYWNd ¤cS�f�UB[Vh¥i
� ª"� R��
��]�Z&Tx]�[kS�[�XNf�_C]BW�XNjkS�elUBfYS (2, B)
�

q�jkS ¨ TkTxS?W�TVU�WYX�fYjk]l£�f�XNjkS�e�]Bz�]�e�e ¨ WYWNS�[ke�S"Z�U�XYWNd ¤cS�f^]B_nXNjkS�m S�fYd ]�[�WNS�o�d ]�[¥]B_(fYS�m S�e?XNSlh
d m m ¨ Z&d [VU�XNd ]�[cz�e�]BWYWNS�e?XNSlhEd Z�UBo�S�f�]B_^« �(U�XNd S�[�X�{�pV�KS�fYd ]�[ �^��c_ WN]�Z XN]�TEXN]��x]BXYXN]�Z�p;XNjkS�WN]l£�f
e�]BWYWNS�fYTx]�[VhvXN]�XNjkS�WNSlh=pkoBWNS�S�[¥UB[VhE�cm ¨ S��VUB[Vh�WNS�fYTxS�e?XNd t\S�m u\�Vq�jkS�m ]l£�S?W�TVU�WYX�fYjk]l£�f�XNjkS
i�ªgRìe�]�Z&Tx]�[kS�[�XNf�]B_nTVUBd WNf^]B_ne�]�[kfYS�e ¨ XNd t\S�e�]Bz�]�e�e ¨ WYWNS�[ke�S�Z�U�XYWNd ¤cS�f���_ WN]�Z XN]�T�XN]±�x]BXYXN]�Z¥p

XNjkS�WN]l£î[ ¨ Z��xS?W^d fgUBfYfY]�e�d U�XNSlhE£�d XNjEXNjkS±iEªgRÜe�]�Z&Tx]�[kS�[�X^[ ¨ Z��xS?Wl�
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2Ca1 2Cb1 2Cc1 2Cd1

MAD(2Ca1,2Cb1) MAD(2Cb1,2Cc1) MAD(2Cc1,2Cd1)

��� � ¡�� �V¡ ��]Bz�];e�e ¨ WYWNS�[ce�S"Z�U�XYWNd ¤cS�f�UB[Vh�i
� ª"� R�� ��]�Z&Tx]�[kS�[�XNf�_C]BW�XNjkS�elUBfYS (2, C)
�

q�jkS ¨ TkTxS?W�TVU�WYX�fYjk]l£�f�XNjkS�e�]Bz�]�e�e ¨ WYWNS�[ke�S"Z�U�XYWNd ¤cS�f^]B_nXNjkS�m S�fYd ]�[�WNS�o�d ]�[¥]B_(fYS�m S�e?XNSlh
d m m ¨ Z&d [VU�XNd ]�[cz�e�]BWYWNS�e?XNSlhEd Z�UBo�S�f�]B_�« �(U�XNd S�[�X�{;pV�KS�fYd ]�[ �^��c_ WN]�Z7XN]�TvXN]��x]BXYXN]�Z�p;XNjkS�WN]l£�f
e�]BWYWNS�fYTx]�[VhvXN]�XNjkS�WNSlh=pkoBWNS�S�[¥UB[VhE�cm ¨ S��VUB[Vh�WNS�fYTxS�e?XNd t\S�m u\�Vq�jkS�m ]l£�S?W�TVU�WYX�fYjk]l£�f�XNjkS
i�ªgRìe�]�Z&Tx]�[kS�[�XNf�]B_nTVUBd WNf^]B_ne�]�[kfYS�e ¨ XNd t\S�e�]Bz�]�e�e ¨ WYWNS�[ke�S�Z�U�XYWNd ¤cS�f���_ WN]�Z XN]�T�XN]±�x]BXYXN]�Z¥p

XNjkS�WN]l£î[ ¨ Z��xS?W^d fgUBfYfY]�e�d U�XNSlhE£�d XNjEXNjkS±iEªgRÜe�]�Z&Tx]�[kS�[�X^[ ¨ Z��xS?Wl�
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3Aa1 3Ab1 3Ac1 3Ad1

MAD(3Aa1,3Ab1) MAD(3Ab1,3Ac1) MAD(3Ac1,3Ad1)

��� � ¡�� �=¡ ��]Bz�]�e�e ¨ WYWNS�[ke�S�Z�U�XYWNd ¤cS�f�UB[Vh¥i
� ª"� R��
��]�Z&Tx]�[kS�[�XNf�_C]BW�XNjkS�elUBfYS (3, A)
�

q�jkS ¨ TkTxS?W�TVU�WYX�fYjk]l£�f�XNjkS�e�]Bz�]�e�e ¨ WYWNS�[ke�S"Z�U�XYWNd ¤cS�f^]B_nXNjkS�m S�fYd ]�[�WNS�o�d ]�[¥]B_(fYS�m S�e?XNSlh
d m m ¨ Z&d [VU�XNd ]�[cz�e�]BWYWNS�e?XNSlhEd Z�UBo�S�f�]B_�« �(U�XNd S�[\X �;px�KS�fYd ]�[¥ª���;_ WN]�Z7XN]�TvXN]��x]BXYXN]�Z�p;XNjkS�WN]l£�f
e�]BWYWNS�fYTx]�[VhvXN]�XNjkS�WNSlh=pkoBWNS�S�[¥UB[VhE�cm ¨ S��VUB[Vh�WNS�fYTxS�e?XNd t\S�m u\�Vq�jkS�m ]l£�S?W�TVU�WYX�fYjk]l£�f�XNjkS
i�ªgRìe�]�Z&Tx]�[kS�[�XNf�]B_nTVUBd WNf^]B_ne�]�[kfYS�e ¨ XNd t\S�e�]Bz�]�e�e ¨ WYWNS�[ke�S�Z�U�XYWNd ¤cS�f���_ WN]�Z XN]�T�XN]±�x]BXYXN]�Z¥p

XNjkS�WN]l£î[ ¨ Z��xS?W^d fgUBfYfY]�e�d U�XNSlhE£�d XNjEXNjkS±iEªgRÜe�]�Z&Tx]�[kS�[�X^[ ¨ Z��xS?Wl�
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3Ba1 3Bb1 3Bc1 3Bd1

MAD(3Ba1,3Bb1) MAD(3Bb1,3Bc1) MAD(3Bc1,3Bd1)

��� � ¡�� �=¡ ��]Bz�]�e�e ¨ WYWNS�[ke�S�Z�U�XYWNd ¤cS�f�UB[Vh¥i
� ª"� R��
��]�Z&Tx]�[kS�[�XNf�_C]BW�XNjkS�elUBfYS (3, B)
�

q�jkS ¨ TkTxS?W�TVU�WYX�fYjk]l£�f�XNjkS�e�]Bz�]�e�e ¨ WYWNS�[ke�S"Z�U�XYWNd ¤cS�f^]B_nXNjkS�m S�fYd ]�[�WNS�o�d ]�[¥]B_(fYS�m S�e?XNSlh
d m m ¨ Z&d [VU�XNd ]�[cz�e�]BWYWNS�e?XNSlhEd Z�UBo�S�f�]B_^« �(U�XNd S�[�X �;pV�KS�fYd ]�[ �^��c_ WN]�Z XN]�TEXN]��x]BXYXN]�Z�p;XNjkS�WN]l£�f
e�]BWYWNS�fYTx]�[VhvXN]�XNjkS�WNSlh=pkoBWNS�S�[¥UB[VhE�cm ¨ S��VUB[Vh�WNS�fYTxS�e?XNd t\S�m u\�Vq�jkS�m ]l£�S?W�TVU�WYX�fYjk]l£�f�XNjkS
i�ªgRìe�]�Z&Tx]�[kS�[�XNf�]B_nTVUBd WNf^]B_ne�]�[kfYS�e ¨ XNd t\S�e�]Bz�]�e�e ¨ WYWNS�[ke�S�Z�U�XYWNd ¤cS�f���_ WN]�Z XN]�T�XN]±�x]BXYXN]�Z¥p

XNjkS�WN]l£î[ ¨ Z��xS?W^d fgUBfYfY]�e�d U�XNSlhE£�d XNjEXNjkS±iEªgRÜe�]�Z&Tx]�[kS�[�X^[ ¨ Z��xS?Wl�
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3Ca1 3Cb1 3Cc1 3Cd1

MAD(3Ca1,3Cb1) MAD(3Cb1,3Cc1) MAD(3Cc1,3Cd1)

��� � ¡�� �r¡ ��]Bz�];e�e ¨ WYWNS�[ce�S"Z�U�XYWNd ¤cS�f�UB[Vh�i
� ª"� R�� ��]�Z&Tx]�[kS�[�XNf�_C]BW�XNjkS�elUBfYS (3, C)
�

q�jkS ¨ TkTxS?W�TVU�WYX�fYjk]l£�f�XNjkS�e�]Bz�]�e�e ¨ WYWNS�[ke�S"Z�U�XYWNd ¤cS�f^]B_nXNjkS�m S�fYd ]�[�WNS�o�d ]�[¥]B_(fYS�m S�e?XNSlh
d m m ¨ Z&d [VU�XNd ]�[cz�e�]BWYWNS�e?XNSlhEd Z�UBo�S�f�]B_�« �(U�XNd S�[�X �cpV�KS�fYd ]�[ �^��c_ WN]�Z7XN]�TvXN]��x]BXYXN]�Z�p;XNjkS�WN]l£�f
e�]BWYWNS�fYTx]�[VhvXN]�XNjkS�WNSlh=pkoBWNS�S�[¥UB[VhE�cm ¨ S��VUB[Vh�WNS�fYTxS�e?XNd t\S�m u\�Vq�jkS�m ]l£�S?W�TVU�WYX�fYjk]l£�f�XNjkS
i�ªgRìe�]�Z&Tx]�[kS�[�XNf�]B_nTVUBd WNf^]B_ne�]�[kfYS�e ¨ XNd t\S�e�]Bz�]�e�e ¨ WYWNS�[ke�S�Z�U�XYWNd ¤cS�f���_ WN]�Z XN]�T�XN]±�x]BXYXN]�Z¥p

XNjkS�WN]l£î[ ¨ Z��xS?W^d fgUBfYfY]�e�d U�XNSlhE£�d XNjEXNjkS±iEªgRÜe�]�Z&Tx]�[kS�[�X^[ ¨ Z��xS?Wl�



`H� i
� i
�xqKS�eHjk[kd elUBm��gS�Tx]BWYX�� ¨ Z��xS?W�} { �

� �V��� � �=¡ ��]BWYWNS�m U�XNd ]\[°tBUBm ¨ S�f"�xS?Xb£�S�S�[
XNjkS ��]�m ]BW���UB[Vhcf±UB[Vh©XNjkS�WNS�fYTxS�e?XNd t\S �kWNf|X�i�ªgR
e�]�Z&Tx]�[kS�[�X�_C]BWgXNjkS�d Z�UBo�S�f�]B_aTcWNS�t;d ] ¨ f �nd o ¨ WNS�f

�����;` � �
t1 t2 RED(t1) GREEN(t1) BLUE(t1) RED(t2) GREEN(t2) BLUE(t2)�lª U�� � � zb~;� ~ � � � � � zb~;� {B}��l~ � � ~;� � � } � {B~ ~;� ~ � � }\}\{ ~;� { � � ��� � zb~;� � � � ��} �

�lª � � e�� ~;� ��� � � � � ~;� { � � ��} � zb~;� �\~��l~ � � zb~;� ~\~ � } � � zb~;� {B}���� � � ~;� {B}�~�� � �
�lª e�� h � ~;� ~ � { � � � zb~;� { � ��{ � � ~;� { ��{B~ � � ~;� � � ~ � � � zb~;� ~�} � ���l} zb~;� {B}�~ � ��{
� � U�� � � ~;� ��~ � � � � zb~;� { ��~ � � � ~;� ~ � � � � � zb~;� �B{ � ��{ � zb~;� � � } �\{�{ ~;� � � ��~ � �

� � � � e�� ~;� ~�}�} �B~ � zb~;� ��� � { � � ~;� { �B} � � � ~;� �\{B~�}\~�~ zb~;� ~ � } � � � zb~;� { � � � �B}
� � e�� h � ~;� ����{ � �\{ zb~;� { ��{ � � � ~;� ~���� ��{ � ~;� � � � � ~�~ zb~;� { � ~ � }�} ~;� {B~ �\}�}\~
� � U�� � � ~;� ~�~�� � ~�� zb~;� � �B}�~ � { ~;� ���l~\{�� � zb~;� ~ ��� ��� � ~;� � � ~ � � � zb~;� � �\~�}�} �
� � � � e�� zb~;� ~�~ � �\} � zb~;� � � ��� ��� ~;� � � ~\{�{ � ~;� ~�~��l}\} � ~;� � � � � �l} zb~;� � ��{ � � �

{Bª U�� � � zb~;� ~ � ��~ � � ~;� { � � �B} � zb~;� �l} � � ��{ ~;� {�� � ~�� � zb~;� � � �l} � � ~;� ~ � � ��� ~
{Bª � � e�� ~;� �\{ � � � � zb~;� ~�} � ��{�� zb~;� ~��l} � � � zb~;� ~\~�� �B~\{ ~;� {���� � ��� zb~;� {��l~ �B} �
{Bª e�� h � ~;� ~ ��{B~�� � zb~;� {�{ � ��� � ~;� �l} �B} � � ~;� { � ��� � � zb~;� � ��~ � � { ~;� ~ � � � � �

{ � U�� � � zb~;� ~�~ � ��} � ~;� � � � �B~ � zb~;� � � � � {B} ~;� ~�� � � � � ~;� � ��}�} � � zb~;� { � � � ��}
{ � � � e�� ~;� ~�~���� ��} ~;� � � � ����� zb~;� { ��{ � � � zb~;� ~ � �B~ � ~ zb~;� � ��� }�}�} ~;� � ��� � � �
{ � e�� h � zb~;� ~\{B} � � � ~;� �B~�~ � �\~ zb~;� � � ~ � � � zb~;� ~ � � { ��� zb~;� � � � � � � ~;� � � ��} � �
{�� U�� � � zb~;� ~���� ��{�� zb~;� � � �\~ � { ~;� {�{ ��� � } ~;� � � �\} ��~ ~;� �l~�� � ��} zb~;� �l} � } � �
{�� � � e�� ~;� ~ ��}�} � � ~;� � � � � � � zb~;� � ��� � � � ~;� ~ �\}�}\} � ~;� � � �\}\~�� zb~;� { � � ��� �
{�� e�� h � ~;� ~ ��� ����} ~;� � � �B~�} � zb~;� {�{�� � � � ~;� ~ �\}�}\~\{ zb~;� {�� � {B~ � ~;� � ��} ��{ �
��ª U�� � � ~;� ~�} ��~���} zb~;� {�� � � � � ~;� � � � � ��� ~;� ��� � ��� � zb~;� { ��� �B~ � ~;� � � �B} ���
��ª � � e�� ~;� ~�} �B~�~�� zb~;� {�{ �\}�� � ~;� � � � � � � ~;� � � � ��� � zb~;� {�� � � ��{ ~;� �����B~�~ �
��ª e�� h � ~;� �l~�~ � { � zb~;� {�{�{ ��� � ~;� � � � � � � zb~;� ~\} � � � � ~;� {�{ � } � � zb~;� � � ��� � �

��� U�� � � ~;� ~\{ � � � � zb~;� {�{ ��� ��~ ~;� {�{�{B} � � zb~;� ~\~�� � ��� ~;� {�{ �B~\~�} zb~;� {�{ � � � �

��� � � e�� zb~;� ~\{ �\{�{B} ~;� { � � {�{�� zb~;� �l} ��} � � zb~;� ~���� � � � zb~;� �l} � � � � ~;� � � ����{ �
��� e�� h � ~;� ~�~ � � � � zb~;� � � � � ~�~ ~;� �l} � � � } ~;� ~���� �\{ � ~;� � � {�� � � zb~;� {B~ �\}�~ �
��� U�� � � ~;� ~ � � � � � ~;� � � ����� � zb~;� { �\}�~ � { zb~;� ���l~�� � � ~;� { � {�� � � zb~;� � � � � � �
��� � � e�� ~;� ~ � {B}�} � zb~;� { � � � �B} ~;� � ��� � �B~ ~;� �l~ �B~\~ � zb~;� {�{ �\} � � ~;� ���B} � � �
��� e�� h � ~;� ~ � ��~ �\{ zb~;� { �\{�{ � � ~;� � � � � � � ~;� � � � ��} � zb~;� { � � � �B} ~;� � ��� ��}\~



��~ i�UBm S?XYXNdrS?X�UBmÍ�

� � 	 �a¹��0·±½���%

���±i
�kª ¨ o ¨ f|XNS�d ¢b[EUB[VhE�a����m S�Z&S�[kf��aª¦TxS?WY_C]BWNZ�UB[ke�S�S�tBUBm ¨ U�XNd ]�[�]B_rXNS?¤;X ¨ WNS�Z&SlUBf ¨ WNS�f�_C]BW
d Z�UBo�S&e�m UBfYfYd �VelU�XNd ]\[FUB[Vh1fYS�o�Z&S�[�XHU�XNd ]�[ ¨ fYd [ko�XNjkS&elUBfYelU�hcS?z�e�]BWYWNS�m U�XNd ]\[FU�WNeHjkd XNS�e?X ¨ WNS��
�������������
	�������������������������	���	�����	�������	� !����"��	���#$����%�&�'(�������*)����+� ,-�����!.���	�&�&����
����/102 !�3�����������4�����
	+�5� � .6	�����	Hp � � � ��~�~�7 � �\~ �;p � ��� �c�

{���8c� ��U�WNf|XNS�[kfYS�[K�:9;	�&+�+��� 02�������<���,>=?�5/( �� ��������@���-AB�5&� ���C�
	�D��� !��	H� �ajkR XNjkS�fYd f�p
`H� i
� �x� �±� �"� pVqrS�eHjk[kd elUBmKs�[kd t\S?WNfYd Xbuv]B_(R�S�[kZ�U�WNwxpk�=uc[ko���u\pkªgTcWNd m � ��� {��

�;� �"�=²�U�WHUBm d eHwx� ��XHU�XNd f|XNd elUBm�UB[Vh©f|XYW ¨ e?X ¨ WHUBmaUBTkTcWN]\UBeHjkS�f�XN]vXNS?¤;X ¨ WNS���E$������	�	�,��5�!.�&F���;�5G�	
��������p � �;«��� � �B} � 7�}�~ �cpKi�U�u � � � � �

�c��y��B²�d m o�S?Wl�4�HD�0�� ������3����I�JK���� I�&��5&K����LM ?� ���5A��������
	N9���3B� �ajK� h=�BXNjkS�fYd f�p�`b[c_C]BWNZ�U�XNd e�faUB[Vh
i�U�XNjkS�Z�U�XNd elUBm=iE];hcS�m m d [koc�kqrS�eNjk[kd elUBmxs�[kd t\S?WNfYd Xbu�]B_rR�S�[kZ�U�WNwx� p�y�o�f��c�=uc[ko���u\p ��]�t\S�Z�z
�xS?W�{B~�~����

��� �"�(�rU�WNfYS�[K�°i�U�_�UB[Vh°]BXNjkS?W�XYWHUB[kf|_C]BWNZ�U�XNd ]�[kf&UBTkTcm d Slh¯XN]¥WNS�Z&]BXNSvfYS�[kfYd [koc�°i�UBf|XNS?Wl³ f
XNjkS�fYd f�pK`b[kf|XNd X ¨ XNS"_C]BW�i�U�XNjkS?ZvU�XNd elUBmaf|XHUBf|XNd f|XNd e�f±UB[Vh ��TxS?WHU�XNd ]�[kf �gS?fYSlU�WNeHj%«Í`Yi � � ��Hp
qKS�eHjk[kd elUBmrs�[kd t\S?WNfYd Xbu�]B_aR�S�[kZ�U�WNwxp;R�q�s±p � ��� ����TkTK�;¤cd d O � ��~PO�{B~ ���

� ��8c�g�Kd WHU¬UB[Vh¦�a� �cW ¨ m m U;� ªg[¦U ¨ XN]�Z�U�XNSlh�WNS�o�d ]�[îoBWN]l£�d [ko�UBm o�]BWNd XNjkZ _C]�W¥fYS�o�Z&S�[\XHU�z
XNd ]�[°]B_�XNS?¤;X ¨ WNS�WNS�o�d ]�[kf�d [°fNU�W�d Z�UBo�S�f��Q���?�
	��+�2�����������SR!�� !������S���(T"	�/F���
	U=4	���&��5�!.Bp
� � «��l}\ � � � � ��7 � � ~ � p�� ��� };�

����8c���Kd WHUFUB[Vh ±�giEU�m SHXYXNdÍ� ª f ¨ TxS?WNt;d fYSlh�e�m UBfYfYd �VS?W�_C]BW�Z ¨ m XNd fYTxS�e?XYWHUBm�UB[Vh%XNS?¤;X ¨ WNSlh
d Z�UBo�S�f^�VUBfYSlhv]�[�UB[�U ¨ XN]�Z�U�XNSlh&WNS�o�d ]�[�oBWN]l£�d [ko&U�m o�]BWNd XNjkZ��$�$ !����0�	���V=�0?P��	WJ�.6	����+I
E$ �X�� �������������&Np � �(z � � � � ��� ��7�����};p�� ��� };�

};��8c�a�Kd ¨ pay�� ��]l£^u�S?WlpaR�� �]�m hco�]B_bp�UB[Vh �V� �cU�WNw�U�Wl�°ª e�]�Z&TVU�WHU�XNd t\Svf|X ¨ h;u¯]B_gXNS?¤;X ¨ WNS
Z&SlUBf ¨ WNS�f�_C]BWEj ¨ Z�UB[¬fYw;d [¬XYWNSlU�XNZ&S�[�Xl�Y�����
	����������������;��������	���	����+	Z���[�����+����/F���������'
����/(/( !���������������&����,�=�� .�����4E$���B��	�&�&��5�!.Bp�� � � �B~�7�� � �cp �;S�TcXNS�Z��xS?W � ��� ����` ��` � �x³ � ���

� � ±�ci�UBm S?XYXNd=UB[Vh �g� �(WNfY��\�m mÍ�nªëjkd S?WHU�WNeHjkd elUBmxe�m UBfYfYd �VelU�XNd ]\[vfYeHjkS�Z&S�]B_rTkfY]BWNd UBfYd f^d Z�UBo�S�f��
qKS�eHjk[kd elUBm �gS�Tx]BWYX � p�R�S�TVU�WYXNZ&S�[�XK]B_k`b[c_C]BWNZ�U�XNd e�f(UB[Vh±i�U�XNjkS�Z�U�XNd elUBmciE];hcS�m m d [koc��qrS�eHjcz
[kd elUBmKs�[kd t\S?WNfYd Xbuv]B_(R�S�[kZ�U�WNwx� pcy�o�f��V�=uc[ko���u��;R�S�[kZ�U�WNwx� pVi�U�WNeHj©{B~�~ �;�

�l~;� ±��i�UBm S?XYXNdcUB[Vh �g� �(WNfY��\�m mÍ�c`bm m ¨ Z&d [VU�XNd ]�["e�]BWYWNS�e?XNd ]�[�d [±TkfY]BWNd UBfYd f(m S�fYd ]�[kfad Z�UBo�S�f��;qrS�eHjcz
[kd elUBm �gS�Tx]BWYX��;p�R�S�TVU�WYXNZ&S�[�Xa]B_=`b[c_C]BWNZ�U�XNd e�f0UB[Vh&i�U�XNjkS�Z�U�XNd elUBmxiE];hcS�m m d [koc�;qrS�eHjk[kd elUBm
s�[kd t�S?WNfYd Xbuv]B_aR�S�[kZ�U�WNwx� p;y�o�f��x�=uc[ko��\u��cR�S�[kZ�U�WNwx� pki�U�WNeHj©{B~�~ �;�

�����"ª"� ��d S�m fYS�[K�]JK���� I�&��5&"���$TK	�.� ?� ��+� I(���,^������	�.� ?� ��+� I�&+�/10�� 	�,^&�0?������� '_/( ?� ���5A��������
	�'`���,
/( !����a��
	�/10?������N,P��3B� �ajkR XNjkS�fYd f�pn`b[kf|XNd X ¨ XNS�]B_�i�U�XNjkS�Z�U�XNd elUBm�iE]ch;S�m m d [koc�aqrS�eHjk[kd elUBm
s�[kd t�S?WNfYd Xbuv]B_aR�S�[kZ�U�WNwx� p;y�o�f��x�=uc[ko��\u��cR�S�[kZ�U�WNwxp ��e?XN]��xS?W � ��� �c� �g]k� � �

��{��"ª"� ��d S�m fYS�[Kp�y�� ��]�[cWHU�hcfYS�[Kp�UB[Vhb8c� �;d Z&TkfY]�[K��i ¨ m XNd t�U�WNd U�XNS¬UBm XNS?WHU�XNd ]�[ hcS?XNS�e?XNd ]�[
«ÍZ�� U;� h=� �UB[Vh
Z�� U;� _b�KTx]�f|XNTcWN]�e�S�fYfYd [ko¥d [1Z ¨ m XNd fYT=S�eHXYWHU�mÍpK�kd XNS�Z&Tx]BWHUBm(d Z�UBo�S&hkU�XHU ����S?£
UBTkTcWN]\UBeHjcS�f�XN]�eHjVUB[ko�S�hcS?XNS�e?XNd ]�[�f|X ¨ hcd S�f��STK	�/F���
	^=4	���&�c_�$��AB�5�����4c p � � � �+7�� � p�� ��� };�

� �;�"q�� ��¢|UBm U;p�i
� �nS?d XNd w�dBd [kS�[Kp�UB[Vh"R���²�U�WY£�]�];h=�cªFe�]�Z&TVU�WHU�XNd t\S�f|X ¨ h;u�]B_cXNS?¤;XYWNS�Z&SlUBf ¨ WNS�f
£�d XNj±e�m UBfYfYd �VelU�XNd ]�[��kU�fYS�h"]�["_CSlU�X ¨ WNS^hcd f|XYWNd � ¨ XNd ]�[kf���ES����
	����FTK	�����.����5�������kp�{ � «��� � ���+7 � � p
� ��� � �

� �c� �x� �nS�eHw;d [kTVU ¨ o�jK�cªg[±d Z&TcWN]�t\Slh�Z&S?XNjk];h�_C]BW0e�]�Z&T ¨ XNd [ko�oBWHU�u;z�m S�t\S�m;e�]�]�e ¨ WYWNS�[ke�S^Z�U�XYWNd ¤
�VUBfYSlh©XNS?¤;X ¨ WNS�Z&SlUBf ¨ WNS�f��VeN���0�G6������fLV�B,6	+� &����,g��/FB.6	(E$���B��	�&�&��5�!.Bp � �c« �  � � � ��7 ��}�~cp
��]�t�S�Z��xS?W � ��� ���

�����"�a��h°UB[koc� �aS�e?XN]BW�eNjk]�d e�S±d [¥XNjkS�XNS?¤;X ¨ WNS�fYTxS�e?XYW ¨ Z UBTkTcWN]\UBeHjK�^�����
	����������������fR!�� !������
���"TK	�/F���
	^=4	���&��5�!.Bp ���;«��l}\ � ��}\{ ��7 �\}\{ � p�� ��� �c�

� � �"�a�Ph¯UB[ko�UB[Vh�R���²�S��rqKS?¤;X ¨ WNSge�m UBfYfYd �VelU�XNd ]\[ ¨ fYd [ko�XNS?¤;X ¨ WNSgfYTxS�e?XYW ¨ Z��_ES����
	����CTK	�����.�a
���5�������kpV{ �c«Ð}\ � � ~ �B7 � �l~;p�� ��� ~;�

� ����8c�!h¯S�fY´�wBUcp ��jK�cR�u�S?WlpcUB[VhEª"� �g]�fYS�[c_CS�m h=�0ª¦e�]�Z&TVU�WHU�XNd t\S�f|X ¨ h;u&]B_nXNS?¤;X ¨ WNS�Z&SlUBf ¨ WNS�f
_C]BW�XNS?WYWHUBd [1e�m UBfYfYd �VelU�XNd ]�[K�g��������i������&+P�+��������&U����=�I�&��
	�/(&�'SLV���'"���,j�fIPX+	����4	������+&Np
�ki��0z � « �� � { ��� 7;{B} ��p=ªgTcWNd m � � � � �



� 	 �

�������� " � � ��� ��	 � 
 "  � ��	 � � 	 � � 	�
 � � ��� � �"�I��� ����	 � � � �E� � � 
 � � ���
� � � � � � � � � ��� 	 � �2��� � � �

M2�	�
������ *;[KF()*�'+ �&���
�0�'�(��N,F�Q;���� R'+ +

�0��$�������$��'+ �C��:J����+* ���=�
��
�(�'+S�BF ) F ) F�2���@�J��+* <
DA�'.���� *

1− 42�C�& "��
���($&� * + b�b -



���������
	����������	����
������������������	������ �!�"	�������#%$�&��
��')(*���+� 	�����	��-,.���	����0/���������

1!2436587 9;:<2>=?24: 9�@A@87�24BDC�E"FG2458B69!HI5KJA3�L4: :

MONKPRQ�SUTGV+NKWXT%Y;Z\[]W^Z<Y;SGV�Q�TG_ `KabQ;WRcedeQ�TGfgNKV�Q�TG_ `hQ;ijd>Y4c^NKi i _ Wgk^l
mnNK`GfgWg_ `hQ;inopWg_ qXN8SGaU_ T]r�Y;Z�MONKWgV�Q�SGstl
MOuOvxw;y{z{z|u�k{aK}R~6r^Wgk{��r�l^MONKWgV�Q�SGs

�;�;�X���>�4���{�4�K�X�"���{�����{�
���X�{���x�X���X�X� �U�K�X� ��� � �"���{� � �h�^�{���

���j�K�K���R�{�{�!� T]� Y;v�axTAQ;k{N|SGNKk{_ axTUSAQ�TG_ Y{W�aU`AfgNKV+N Y;Z"PgaUY;SG_ Q;aU_ a�i NKaU_ Y{W�PRQ�TUTGN8SGWga
_ a>P^SGY{PtY{aUNhc6} []W.TGfgNe¡gSGaxT>axTAQ;k{N{l%k{i Y{�RQ;iOSGY;TAQ�TG_ Y{W¢Q;WRc£TUSAQ;WgaUi Q�TG_ Y{W¤N8¥6NK`8TGa
Y;ZIQ;aUaU¦gV+Nhc§Nh¨�¦RQ;i i r§aU`hQ;i Nhc�PgaUY;SG_ Q;aU_ a&i NKaU_ Y{W
PRQ�TUTGN8SGWga�Q�SGN!SGNKV+Y�q{Nhc6}6[]W§TGfgN
aUNK`KY{WRc�axTAQ;k{N{lnY{Wgi r§i Y�`hQ;i\TUSAQ;WgaUi Q�TG_ Y{W
N8¥6NK`8TGa&Q�SGN|SGNKV+Y�qXNhc6}t[]W��tY;TGf�axTAQ;k{NKa
Q+WgY�qXNKijQ;i k{Y;SG_ TGfgV©Z<Y;SON8ª4TUSGNKV+N�q{Q;i ¦gN c^N8TGNK`8TG_ Y{W§_ apQ;PgPgi _ Nhc6}6m fgN Y{¦^TGPg¦^TbY;Z
NhQ;`Af�axTAQ;k{N+_ a&NKq{Q;i ¦RQ�TGNhc§�I_ TGf�TGfgN+d�} � } M|}DTUSAQ;WgaxZ<Y;SGV-Q;WRc«TGfgN!`KY;SUSGNKi Q�TG_ Y{W
`KY�N8¬+`K_ NKW�Th}RbNKaU¦gi TGabQ�SGN�aUfgYh�IW>Z<Y;SISGNhQ;inN8ªgQ;V+Pgi NKaK}

® ¯g°b±t²6³�´ µ ¶n±6·G³b°

¸ 9º¹6JA9?2»JA9�@«¼4½!JA9;¾^¿e9;Bg@89{C¢ÀDJA¼^587<2^JA7<J�: 9{JA7 ¼^BÁÀD2�@A@89;58BDJ�½Â58¼^¿
RGB

7 ¿«24¾^9{J�@K24Ã^9;B
2�@�@8Ä69�1|9;B^@8¼4½Å@89�Æ&¼gJAÀ67 @K24:]Ç6È 9;B6¿«2458ÃjÇDCt¹t587<Bt¾«À67 : ¼4@ JA9{J8JA7 ¼^BDJpÉ�7 @8Ä�@8Ä6589;9+7 BgÊR7 @89{C
ÀD2�Ë
@87 9;Bg@KJ;ÌpÍ6¼^5§9{2^Î8ÄÏÀD2�@87 9;B^@{ÇI@8Ä6589;9?: 9{JA7 ¼^BDJ«Éb9;589
½Â¼^: : ¼�Éb9{C)¼^BDÎ�9?2.Ép9;9;Ã¤½Â¼^5�2�@§:<9;2^JG@
@8Ä6589;9&Ép9;9;ÃtJ;Ì^ÐUB«9{2^ÎKÄ§JA9{J8JA7 ¼^B\Ç�ÑDÊ^9&7 ¿«24¾^9{JI¼4½�9{2^Î8Ä«: 9{JA7 ¼^B«Ép9;589�@K24Ã49;B\ÌgÍD¼^: : ¼XÉ�7 B6¾+@8Ä69
B6¼4@K2�@87 ¼^B�¹DJA9{C�7 B
À6589;ÊR7 ¼^¹DJpÉb¼^58Ã?ÒGÓ Ô{Õ�ÖxÇ�Ó Ô^Ô�ÖxÇjÓ ÔX×XÖxÇjÓ Ô;Ø4ÖÂÙhÇR@8Ä69!¾^58¼^¹6À�¼4½"7 ¿«24¾^9{JOÎ�¼^58589�Ë
JAÀn¼^BDCt7 B6¾ @8¼+2 ¾^7 Ê^9;B�ÀD2�@87 9;B^@I24BDC�: 9{JA7 ¼^B�7<J"Ä69;589OÎ;24: : 9{C�Ú�Î;2^JA9!ÒÂÀD2�@87 9;B^@{Ç4: 9{JA7 ¼^BnÙ;Ú�Ì{Û%245A@
¼4½j@8Ä69&¿e9;Bg@87 ¼^B69{C«JA9;¾^¿e9;B^@89{CeÀD2�@A@89;58BDJhÜbÉO2^J%¾^9;B69;5K2�@89{C>3gÝe2!@UÉp¼4ËUJG@K24¾^9OÄ67 9;5K245KÎKÄ67<Î;24:
Î�:<2^J8JA7 ÑnÎ;2�@87 ¼^B�J8ÎKÄ69;¿e9eÓ Ô^Ô�ÖxÇ624BDC
24B6¼4@8Ä69;5OÀD245A@{Ç6Ép2^JOÀ658¼6CR¹DÎ�9{C�3RÝ�¹DJA9;5AËx7 B^@89;5K2^Îh@87 ¼^BDÞ�Ì
ß Ä67<J>ÉO2^J>Ct¼^B69
JA¼DÇ"7 B¢¼^5KCt9;5�@8¼»9�à6Î�: ¹DCt9
JAÄD2^Ct¼XÉá9�âj9{Îh@KJ>7 B¢@8Ä69
Î;24Àt@8¹6589{C¤¼^3tFU9{Îh@KJ
Ó ÔX×XÖxÌOã B69?Î;2^JA9{ä
ÉO2^Je9�à6Î�: ¹DCt9{C�Çb3n9{Î;24¹DJA9?Î�¼^58589{JAÀn¼^BDCt7 B6¾.Àn¼^7 Bg@KJ«3n9�@GÉp9;9;BÏJA9{J8JA7 ¼^BDJ
Ép9;589!ÄD245KC§@8¼>ÑDBDC�Ç63RÝ§ÊR7<JA¹D24:\2^J8JA9{J8JA¿e9;Bg@{Ì

ã BDÎ�9§2ºJAÀD2^Î�7<24:IÀD2�@A@89;58BåÄD2^J+3n9;9;B¤JA9;¾^¿e9;Bg@89{C�Ç�¿e¼^58À6Ä6¼^: ¼^¾^7<Î;2�:ICt9{J8Î�587 Àt@8¼^5KJ!: 7 Ã^9
24589{26ÇRÀj9�587<¿e9h@K9�5{ÇDÎ�¼^¿eÀD2^Îh@8B69;J8J;ÇtÀj9�587<¿e9h@K9�5&58¼^¹6¾^Ä6Bt9{J8J;Çt9{Î;Î�9�Bg@8587<Î�7 @GÝ^Ç6JAÄD24Àj9+24BDC§@89�àRË
@8¹6589�Î;24Bº3j9�9{JG@87 ¿«2�@89{C¤ÒGÓ æ�ÖxÇDÀD24¾^9�Õ4ØgçgÙhÌ6ÐUB?¼^5KCt9;5�@8¼§589;¾^7<JG@89;5�@GÉb¼�JAÀD2�@87<24:\ÀD2�@A@89;58BDJ;Ç
7 @�7<J§589{èg¹67 589{C¢@8ÄD2�@§@8Ä69£Ct9{J8Î�587 Àt@8¼^5KJ«24589?JA9;BDJA7 @87 Ê^9
@K¼.@8Ä69º@85K24BDJG½Â¼^58¿«2�@87 ¼^BDJºÒÂ58¼4@K2�Ë
@87 ¼^BDJ;Çg@85K24BDJA:<2�@87 ¼^BDJb24BDCnéX¼^5pÎKÄD24B6¾^9{JI¼4½"J8Î;24: 9XÙ%É�Ä6¼gJA9 9�âj9{Îh@OÉp9|ÉO24B^@O589;¿e¼�Ê49&@858¼^¹6¾^Ä
2§Ct7<JG@K24BDÎ�9�¿e7 B67 ¿e7 ê{2�@87 ¼^B?À658¼tÎ�9{J8J;Ì ß Ä67<J ¿e7 B67 ¿«24: Ct7<JG@K24BDÎ�9�3j9�@UÉp9;9;Bº@GÉb¼�¼^3tFU9{Îh@KJ 7<J
ëbì Y;S%TGfgNp`hQ;aUNKa

(1, A)
l
(1, B)

Q;WRc
(1, C)

aUNKN ì _ k{¦^SGNKapwOTGY|í|_ W�î ïKí;ðÂ} ì Y;S%TGfgNp`hQ;aUNKa
(3, B)Q;WRc

(3, C)
l^aUNKN ì _ k{¦^SGNKapñ|Q;WRc>y SGNKaUPtNK`8TG_ qXNKi r>_ W�î ï{ï8ð

ò�ó NKN ì _ k{¦^SGN ô _ W�î ï{ï8ðnZ<Y{SITGfgNO`hQ;aUN
(2, B)

}tõ"Q{aUN
(2, A)

� Q;abk{NKWgN8SAQ�TGNhc>_ W>TGfgNOaGQ;V+Np�%QKr�}
ö m fgN�`hQ;aUN

(2, C)
�%Q;abfRQ;_ SpQ;i iDY�qXN8Sh}



w deQ;i N8TUTG_nN8TpQ;iÅ}

2^J8JA¹6¿e9{C+@8¼!3n9O589�½Â9;58589{C+@8¼|@8Ä69OÀn¼gJA7 @87 ¼^B\Ç424B6¾^: 9O24BDC�J8Î;24: 9b½Â¼^5%É�Ä67<Î8Ä�@8Ä69�ÀD2�@A@89;58BDJ 24589
¿«2�@KÎKÄ67 B6¾DÌ ¸ Ä69;B.@8Ä67<J�Ct7<JG@K24BDÎ�9«7<J�HI¹DÎ�: 7<Ct9{24Bå24BDC£@8Ä69§¿e7 B67 ¿e7 ê{2�@87 ¼^Bå7<J�Ct¼^B69«¼�Ê49;5
58¼4@K2�@87 ¼^BDJO24BDC
J8Î;24: 9!¼4½ 9{èg¹D24: : Ý�Î�9;B^@89;589{C�¼^3tFU9{Îh@KJO@8Ä69;B
Ép9+ÄD2{Ê^9|@8Ä69!½Â¹6: :�ÛI58¼tÎ�58¹DJG@89{J
Ct7<JG@K24BDÎ�9�Ó Õ�Ö��jÉ�Ä69;B?@8Ä69eJ824¿e9�7<J ¼^B6: Ý?Ct¼^B69�¼�Ê49;5|58¼4@K2�@87 ¼^BDJ;Ç6@8Ä69;B£Ép9>ÄD2{Ê^9�@8Ä69>ÀD245AË
@87<24:pÛI58¼tÎ�58¹DJG@89{J�Ct7<JG@K24BDÎ�9^Ì�ÛI58¼6Î�58¹DJG@89{J��&BD24: ÝtJA7<J�7<J>2?¹DJA9�½Â¹6:O24À6À658¼g2^Î8Ä.½Â¼^5>24: 7 ¾^B67 B6¾
@GÉb¼>:<24BDCt¿«2458Ã>589;¾^7<JG@89;589{C«JAÄD24Àn9{J Ó ��ÖxÌtÍ6¼^5I@8Ä69!Î;2^JA9&@8ÄD2�@p@8Ä69{JA9|JAÄD24Àj9{Jb24589 B6¼4@p:Å24B6CRË
¿«2458Ã£589;¾^7<JG@89;589{C�Çj@8Ä69�24À6À658¼g2^Î8ÄåÎ�¼^¹6:<C»3j9§9�àR@89;BDCt9{C.3gÝ.JA9�@A@87 B6¾£JA¼^¿e9§Î�¼^BDJG@85K247 Bg@KJ;Ç
½Â¼^5�7 BDJG@K24BDÎ�9^ÇtÉ�7 @8Ä
589;¾g2458C«@8¼>@8Ä69!@8¼^Àn¼^: ¼^¾^Ý«¾^7 Ê49;B�3RÝ«@8Ä69�Î�¼^B6B69{Îh@87 ÊR7 @UÝ§3j9�@UÉp9;9;B�@8Ä69
:<24BDCt¿«2458ÃtJ;Ì�� : 7<JG@O¼4½"589�½Å9;589;BDÎ�9{Jb@8¼>:<24BDCt¿«2458ÃgË]½Â589;9 24À6À658¼g2^ÎKÄ69{JbÎ;24B�3j9 ½Â¼^¹6BDC�7 B£Ó Õ�ÖxÇ
ÀD24¾^9+Õ^ç��tÌ

Ðx@IÎ�¼^¹6:<C�3n9�B67<Î�9p@8¼!7 BDÎ�: ¹DCt9O@89�àR@8¹65K24:t7 Bt½Å¼^58¿«2�@K7 ¼^B�Ó ��ÖxÇtÓ Ô{ç�ÖxÇtÓ Ô�ÖxÇtÓ 	{ÖxÇtÓ ×4ç�ÖxÇRÓ Ô{æ�ÖDCR¹65AË
7 B6¾
@8Ä69«589;¾^7<JG@85K2�@87 ¼4B»À658¼tÎ�9{J8J;ÌjÛI589;ÊR7 ¼^¹DJ!Ép¼^58Ãº@8ÄD2�@�Î�¼^¿�367 B69{J�JAÄD24Àn9eÉ�7 @8Ä»@89�àR@K¹t5K24:
7 Bt½Â¼^58¿«2�@87 ¼^B»ÉO2^J|À6¹636: 7<JAÄ69{C.7 BÁÓ Ô
��ÖxÌ�ÐUB»@8Ä69«À6589{JA9;Bg@+Ép¼^58ÃjÇj7 @�7<J�2^J8JA¹6¿e9{C?@8ÄD2�@+@8Ä69
JAÄD24Àn9 ¼4½�@8Ä69 ¼^36FU9{Îh@p7<Jb7 BRÊ�24587<24Bg@I@8¼>J8Î;24: 9 24BDCe@8ÄD2�@{Çg½Â¼^5b9{2^ÎKÄ«ÀD2�@A@89;58B\Ç^@8Ä69|À67 àt9;:<Jb: ¼4Ë
Î;2�@87 ¼^BDJ%24589O:<24BDCt¿«2458ÃtJ�@KÄ62�@bÄD2{Ê^9p@8¼+3n9�¿«2�@KÎKÄ69{C�Ì4Ðx@I7<JI2^J8JA¹6¿e9{C�@8ÄD2�@%@8Ä69&¼^3tFU9{Îh@KJ%¼4½
:<2458¾^9{JG@&JA7 ê;9+7 B
@8Ä69+@8Ä69;¿«2�@87<Î+¿«24Àº7 BDCt7<Î;2�@87 B6¾«: 9{JA7 ¼^BDJ&24589+Î�¼^58589{JAÀj¼4BDCt7 B6¾DÌ6Æ&¼�Éb9;Ê^9;5{Ç
@8Ä69;Ý
Î�¼^¹6:<C
B6¼4@ ÄD2{Ê^9+@8Ä69�J824¿e9�JA7 ê;9^Ì ß Ä69;589�½Â¼^589^Çt@8Ä69�¿e¼gJG@|Î�¼^BgÊ^9;B67 9;Bg@ JA9�@ ¼4½%À67 àt9;:<J
@8ÄD2�@�É�7 : :\Ct9�ÑDB69|@8Ä69�JA9�@�¼4½":<24BDCt¿«2458ÃtJI@8¼e3n9!589;¾^7<JG@89;589{C§ÄD2^Jb@8¼e3n9|½Â¼^¹6BDC§@8Ä658¼^¹6¾^Ä�2
Ct7<JG@K24BDÎ�9!¿e7 B67 ¿e7 ê{2�@87 ¼^B
À658¼tÎ�9{J8J;Ì

ß Ä69�3D2^JA7<Î�24À6À658¼g2^ÎKÄåÎ�¼^¹6:<C¤3n9�@8¼»Î�¼^¿eÀD24589«@8Ä69�À67 àt9;:pÊ424: ¹69{J�7<Bå@8Ä69;7 5e¼^587 ¾^7 BD24:
½Â¼^58¿
ÌRÆ&¼�Ép9;Ê^9�5{Ç^@8Ä69;589!24589&¿«24BRÝ«Ép2XÝtJI@8¼�@85K24BDJG½Â¼^58¿ @8Ä69!C62�@K2�24BDC§À6589{JA9;B^@p@8Ä69;¿ @8¼
2�Ct7<JG@K24BDÎ�9�½Â¹6BDÎh@87 ¼^B\Ì�� 589;ÊR7 9;ÉÁ¼4½\: 7 B69{245p24B6C«B6¼^B«: 7 B69{245pCt9{Î�¼^¿eÀn¼gJA7 @87 ¼^B«24À6À658¼g2^ÎKÄ69{J
Î;24B?3j9�½Â¼^¹6BDC?7 B¢Ó ��ÖxÌ��R7 BDÎ�9�@8Ä69>589{Cº3D24BDC?¼4½I9{2^ÎKÄ£JA7 B6¾^: 9�7 ¿«24¾^9�7<J @8Ä69>¿e¼gJG@!Î�¼^58589�Ë
:<2�@89{CºÉ�7 @8Ä?@8Ä69�ÑD5KJG@|À6587 BDÎ�7 ÀD24: Î�¼^¿eÀn¼^B69;Bg@|¼4½%@8Ä69>7 ¿«24¾^9�Ó Ô{Õ�ÖxÇD7 @!7<J&½Â58¼^¿�@8Ä67<J|3D24BDC
@8Ä69+ÀD2�@A@89;58B�Ê424: ¹69{JO24589+Î�¼^¿eÀD24589{C�Ì

ß Ä67<JOÉp¼^58Ã«7<J&Î�¼^¿eÀn¼gJA9{C�¼4½"@8Ä69!½Â¼^: : ¼XÉ�7 B6¾«JA9{Îh@87 ¼^BDJ;Ì6Í"7 5KJG@{ÇD2>589;ÊR7 9;É ¼4½"¿e9{2^JA¹6589{J
¼4½\Ct7<JG@K24BDÎ�9{JI24BDCeJA7 ¿e7 :<24587 @87 9{J%7<JI¾^7 Ê49;B\Ì��R9{Î�¼^BDCt: ÝgÇ^2!¾^9;B69;5K24:624: ¾^¼^587 @8Ä6¿©@8¼+¼^3t@K247 Be@8Ä69
¿e7 B67 ¿«24: Ct7<JG@K24BDÎ�9�3n9�@GÉb9;9;B?@UÉp¼�ÀD2�@A@89;58BDJ&7<J À658¼^Àn¼gJA9{C�ÌDÐUB?¿«24BRÝ
Î;2^JA9{J;Ç6@8Ä69eÎ�¼gJG@ ¼4½
@8Ä69+9{JG@87 ¿«2�@87 ¼^B�¼4½�@8Ä69!Ê424: ¹69{Jp¼4½ 2�½Â¹6BDÎh@87 ¼^B
7<JO9�àtÀn9;BDJA7 Ê^9^Ì ß Ä69;589�½Â¼^589^Çg@8¼«¼^3t@K247 B�¼^B69
¼4½�7 @KJI9�àR@8589;¿e9&Ê�24: ¹69{J&ÒÅ½Â¼^5b7 BDJG@K24BDÎ�9^Ç^7 @KJI¿e7 B67 ¿�¹6¿§ÙIÎ�¼^¹6:<Ce3n9 Î;2458587 9{C>¼^¹t@b¼^B§2+JA¿«24: :
589;À6589{JA9;Bg@K2�@87 Ê49>C62�@K2�ËUJA9�@{Ì ß Ä69;B\Ç�2�JA9{Îh@87 ¼^B£Ct9�@K247 : 7 B6¾
2�J8Î8Ä69;¿e9�@8ÄD2�@!¹DJA9{J&@8Ä67<J!24: ¾^¼4Ë
587 @8Ä6¿*@8¼+Î;245858Ý+¼^¹R@%@8Ä69O7 B67 @87<24:624: 7 ¾^B6¿e9;Bg@%¼4½nÀD2�@A@89;58BDJ�½Â¼^: : ¼�É&J;Ì ß Ä69O7 B67 @87<24:D24: 7 ¾^B6¿e9;B^@
7 ¿eÀ6: 7 9{J�589;¿e¼�ÊR7 B6¾>¾^: ¼^3D24:j@85K24BDJA:<2�@87 ¼^B�24BDC�58¼4@K2�@87 ¼^B�9�âj9{Îh@KJ�¼4½"@UÉp¼§2^J8JA¹6¿e9{C�9{èg¹D24: : Ý
J8Î;24: 9{C+ÀD2�@A@89;58BDJ;Ì ß Ä69p¼^¹t@8À6¹t@ ¼4½6@8Ä69O7 B67 @87<24:t24: 7 ¾^B6¿e9;B^@%J8ÎKÄ69;¿e9p7<J�¹DJA9{C�3RÝ�24B�7 B^@89;58BD24:
: ¼tÎ;24: 589;¾^7<JG@85K2�@87 ¼^B£J8Î8Ä69;¿e9«Ct9{J8Î�587 3n9{C£2�½Å@89;58ÉO245KC6J;ÌnÐUB£@8Ä67<J+Î;2^JA9^Çj7 @+7<J+2^J8JA¹6¿e9{Cº@8ÄD2�@
@8Ä69>: ¼tÎ;24:"58¼4@K2�@87 ¼^Bº9�âj9{Îh@KJ 7 B?@8Ä69>7 B^@89;587 ¼^5|¼4½%@8Ä69>ÀD2�@A@89;58BDJ|24589�B6¼4@+JA7 ¾^B67 ÑnÎ;24B^@{Çj24BDC
¼^B6: Ý§: ¼tÎ;24:j@85K24BDJA:<2�@87 ¼^B�9�âj9{Îh@KJ�7 B�@8Ä69+7 Bg@89;587 ¼^5O¼4½"@8Ä69+ÀD2�@A@89;58BDJ�24589|589;¿e¼�Ê^9{C�Ì



[A} d�} d�}tmDNK`AfgWg_ `hQ;inbNKPtY;SUT��p¦gV|�tN8S�� �

� � ·��^±	�%° ¶�
���%° ´���·�� ·���� ²D·U±t·�
��
�©¿«2�@8Ä69;¿«2�@87<Î;24:�589;À6589{JA9;B^@K2�@87<¼^B
¼4½%Ä6¼�É*Î�: ¼gJA9�¼^5 JA7 ¿e7 :<245&@GÉb¼�¼^3tFU9{Îh@KJ ¼^5 C62�@K2�ËUJA9�@KJ
¼^5b¾^58¼^¹6ÀDJ%¼4½�¼^3DJA9;58Ê42�@87 ¼4BDJI24589^Ç47<Jb¾^7 Ê^9;Be3RÝ>@8Ä69|Ct7<JG@K24BDÎ�94Ì ß Ä69 JA9;: 9{Îh@87 ¼^B«¼4½�@8Ä69 ¿e9{2�Ë
JA¹6589e¼4½OCt7<JG@K24BDÎ�9e¹DJA9{C»ÎKÄD24B6¾^9{J @8Ä69«589{JA¹6: @KJ;Ì � JAÄ6¼^5A@+589;ÊR7 9;É©¼4½�Ct9�ÑDB67 @87 ¼^BDJ|½Â¼^: : ¼�É&J
½Â58¼^¿ Ó Ô �XÖxÌ

������������� �!�#"!$&%('*),+.-0/214365	3,'*-7/ 8
x 9 -�:

y ;<9= + 9,> ? ) 9,> @ +A:�B @ -�C./2' 3,-
d(x,y)

'D8 9:,'D8E/ 9 -�CF+GB @ -�C./2' 3,-H' BI'*/KJ 9 8L/�JM+GBE3 >*> 3,1K'*-ON<5 = 3F5M+ = /2' +E8QP
R 8ES,TUTV+./ = SWP

d(x,y) = d(y,x) XR -�3,- ? -�+YN 9 /2'*)�'*/2SWP
d(x,y) ≥ 0 XR ' :W+.-7/2' Z4C 9 /2' 3,-[T 9,=A\ P

d(x,x) = 0
������������� �!�^]_$a`bTV+./ = ' Cc'D8 9 :,'D8E/ 9 -�CF+KBE3 = 1�JO' CFJ 9,> 8Q3U/�JM+KBE3 >*> 3,1K'*-ONI5 = 3F5	+ = /2' +E8 9,= +8 9 /2'D8 Z4+F:WP
R :W+2ZK-7'*/�+.-�+E8F8QP

d(x,y) = 0
' B 9 -�:&3,- > SV' B

x = y XR / = ' 9 -ON > +<'*-�+Ad @79,> '*/2SWP
d(x,y) ≤ d(x, z) + d(z,y) e

������������� �!�gfh$a`iTV+ 9 8 @	= +�3�BU8E'*TU' > 9,= '*/2S s(x,y)
'D8V8 @ CFJj/�J 9 /c'*/k8 9 /2'D8 Z4+E8l/*JM+IBE3 > ?

> 3,1K'*-ONL5 = 3F5	+ = /2' +E8QP
R s(x,y) = s(y,x) XR s(x,y) > 0R s(x,y)
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x
24BDC

y24589eÓ ×tÔ�ÖxÇjÓ Ô �XÖYn
R È 7<JG@K24BDÎ�9+¼4½ =º7 B6Ã^¼�É&JAÃRÝ

d(x,y) = (

m
∑

i=1

|xi − yi|
r)

1

r
ÒGÔXÙ

R HI¹DÎ�: 7<Ct9{24BºÈ 7<JG@K24BDÎ�9

d(x,y) =

√

√

√

√

m
∑

i=1

(xi − yi)2
Ò]×^Ù

R È 7<JG@K24BDÎ�9+¼4½ =?24B6ÄD2�@A@K24B

d(x,y) =

m
∑

i=1

|xi − yi|
Ò�ÕgÙ

R È 7<JG@K24BDÎ�9+¼4½�op24¿�3n9;585K2

d(x,y) =

√

√

√

√

m
∑

i=1

|xi − yi|

|xi + yi|

ÒÂØRÙ
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R È 7<JG@K24BDÎ�9+¼4½�obÄ69;3RÝtÎKÄ69�Ê

d(x,y) = maxmi=1|xi − yi|
Ò �^Ù

R�� ¹D2^Ct5K2�@87<Î|È 7<JG@K24BDÎ�9

d(x,y) = (x− y)TQ(x− y)
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Q
7<J&2>Àn¼gJA7 @87 Ê^9+Ct9�ÑDB67 @89

m×m
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R È 7<JG@K24BDÎ�9+¼4½ =?24ÄD24:<24B6¼^367<J

d(x,y) = (x− y)TV −1(x− y)
Ò�	4Ù

É�Ä69;589
V
7<Jp@8Ä69�Î�¼�Ê�24587<24BDÎ�9 ¼4½

x
24BDC

y
Ì

R ã B69!¿e7 BR¹DJcob¼^58589;:<2�@87 ¼^B

d(x,y) = 1− |

∑m

i=1(xi − x)(yi − y)
√
∑m

i=1(xi − x)2
∑m

i=1(yi − y)2
|

Ò �gÙ

R �tÎ;24:<245OÛI58¼6Ct¹DÎh@+Ó æ�Ö
d(x,y) =< x,y >

Ò�ægÙ
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�gi Q;`Ast} �pW�TGfgNOi N8Z ThlgTGfgNO`KY;SUSGNKaUPtY{WRc^_ Wgk!k{SG_ c��%_ TGf>TGfgN�NKq;Q;i ¦RQ�TG_ Wgk+WgNK_ k{f��tY{SGf^Y4Y4c>Y;ZjTGfgN
N8ªgQ;V+Pgi NOY{W>TGfgNpSG_ k{f�Th}
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2^Îh@8¹D24:O¾^¹69{J8J�¼4½&@8Ä69�9{JG@87 ¿«2�@89{C¢Î�¼^58589{JAÀj¼4BDCt7 B6¾?É�7 BDCt¼�É+Ì ß Ä69�¹DJA9;5>7<J
589;Àn9{2�@89{C§½Â¼^5&2e¹DJA9�5AËxÀ658¼�ÊR7<Ct9{C§BR¹6¿�3n9;5&¼4½ 7 @89;5K2�@87 ¼^BDJ;Ì

R �&À6À658¼g2^ÎKÄ�×	n ß Ä69!2{Ê^9;5K24¾^9�¾^587<C«7<JpÎ�¼^¿eÀ6¹t@89{C�Ì ß Ät9!JA9�@p¼4½"Ct7<JG@K24BDÎ�9 Ê49{Îh@8¼^5KJ%½Â58¼^¿
@8Ä69p¾^587<C+¼4½t@8Ä69p589�½Â9;589;BDÎ�9IÀD2�@A@89;58B�7 ¿«24¾^9I@8¼&@8Ä69O2XÊ49;5K24¾^9%¾^587ÅC!7<J�¹DJA9{C+@8¼&@85K24BDJA:<2�@89
24: :�@8Ä69�¾^587<C6JO@8¼§2eB69;É Àj¼gJA7 @87 ¼^B\Ì ß Ä67<J&À658¼tÎ�9{J8JO7<J�589;Àj9{2�@89{C§½Â¼^5 2e¹DJA9;5AËxÀ658¼�ÊR7<Ct9{C
BR¹6¿�3j9;5�¼4½ 7 @89;5K2�@87 ¼^BDJ;Ì

ß Ä69;B\Ç�@8¼!¾^9;B69;5K2�@89p@8Ä69�É�Ä6¼^: 9p@K2458¾^9�@IJA9�@
Y
½Â¼^5I9{2^Î8ÄeJA7 B6¾^: 9O7 ¿«24¾^9^ÇX@8Ä67 B«À6:<2�@89�JAÀ6: 7 B69{J

24589O24À6À6: 7 9{C�@8¼!@8Ä69O589{JG@%¼4½D@8Ä69�Ê�24: ¹69{J ¼4½D@8Ä69&JA¼^¹65KÎh9
T
24BDC�@8Ä69�589{JG@ ¼4½n@8Ä69OB69;ÉÁ: 9{JA7 ¼^B

7 ¿«24¾^9+Î;24B�3n9+¾^9;B69;5K2�@89{C£Ò �R9;9 �R9{Îh@87 ¼^B �tÌ ×^ÙhÌ

�b@�@8Ä69«9;BDC»¼4½p@8Ä67<J�JG@K24¾^9^Ç�7 @�7<J+9�àtÀj9{Îh@89{C?@8ÄD2�@�@8Ä69«ÀD2�@A@89;58BåÎ�¼^58589�:Å2X@87 ¼^B£É�7 @8Ä67 B
24BDC>3n9�@GÉp9;9;B«JA9{J8JA7 ¼^BDJ 7 BDÎ�589{2^JA9{J;Ì �&:<JA¼DÇ4É�Ä69;B«Î�¼^¿eÀD24587 B6¾|@UÉp¼+ÀD2�@A@89;58BDJ%3n9;: ¼^B6¾^7 B6¾|@8¼
@8Ä69OJ824¿e9bJA9{J8JA7 ¼^B\Ç;5K24BDCt¼^¿e: Ý+1!24¹DJ8JA7<24B+B6¼^7<JA9pJAÄ6¼^¹6:<C+3n9b¼^3DJA9;58Ê^9{C!7 B+@8Ä69;7 5 Ct7 âj9;589;BDÎ�9^Ì

�_$*]�� 	M� � �V���(����� ����� ��		��� ��� � � �����
ß Ä67<J%@8¼^À67<Î�7<JbCt9;J8Î�587 3j9{C�½Â¼^: : ¼�É�7 B6¾�È 58ÝtCt9;B§24BDC«=?245KCR7Å2>Ó Õ�ÖxÌ	ob¼^BDÎ�9;Àt@8¹D24: : Ý^Ç�@8Ä69&@8Ä67 BtË
À6:<2�@89pJAÀ6: 7 B69b7<J\@8Ä69b¿e¼gJG@"BD2�@8¹65K24:^7 Bg@89;58Àn¼^:<2�@87 B6¾�½Â¹6BDÎh@87 ¼^B�½Â¼^5"C62�@K2&7 B+@GÉp¼ Ct7 ¿e9;BDJA7 ¼^BDJ;Ç
3n9{Î;24¹DJA9�7 @!¿e7 B67 ¿e7 ê;9{J&@8Ä69e24¿e¼^¹6Bg@|¼4½I3n9;BDCt7 B6¾�7 Bº@85K24BDJG½Â¼^58¿e7 B6¾§3n9�@GÉp9;9;Bº@GÉp¼�Î�¼^BtË
ÑD¾^¹65K2�@87 ¼^BDJ;Ì

\9h@I@8Ä69&JA9�@I¼4½
2
ËUCt7 ¿e9;BDJA7 ¼^BD24:t:<24BDCt¿«2458ÃtJ"3j9

T = [t1t2...tk]
T
Ç4¼^B>@8Ä69OÑD5KJG@%ÑD¾^¹6589

¿«24À6Àn9{C?9�à62^Îh@8: Ýº7 Bg@8¼
Y = [y1y2...yk]

¼^B?@8Ä69«JA9{Î�¼^BDC
ÑD¾^¹6589^ÇjÉ�7 @8Ä
m = 2

Ì ß Ä69;589



ï � deQ;i N8TUTG_nN8TpQ;iÅ}

24589
2k

7 B^@89;58Àj¼^:<2�@87 ¼^B�Î�¼^BDJG@85K247 Bg@KJQn

(yj)r = φr(tj), r = 1, 2, j = 1, ..., k
ÒGÔ
�gÙ

24BDC
φ = (φ1(tj), φ2(tj))

T
½Å¼^5�@8Ä69

2
ËUCt7 ¿e9;BDJA7 ¼^BD24:\Ct9�½Â¼^58¿«2�@87 ¼^B\Ì

� JA9�@&¼4½
k
ÀD247 5KJO¼4½�@8Ä67 BtËxÀ6:<2�@89�JAÀ6: 7 B69{JO7<J�¾^7 Ê49;B�3RÝ

k
367 Ê424587<2�@89 ½Â¹6BDÎh@87 ¼^BDJ

φ[T ] = (φ1[T ], φ2[T ])T
ÒGÔ{ægÙ

É�Ä69;589
Ykx2 = [STkxk1kx1Tkx2][W

T
2xkc2x1A2x2]

T Ò]×4çgÙ
É�Ä69;589

Si,j = σ(ti − tj)
24BDC

σ(h) = ||h||2log(||h||)
7 ½
||h|| > 0

24BDC çå7 BÏ@8Ä69
Î�¼^Bg@85K2458Ý.Î;2^JA9^ÌIã 3RÊR7 ¼^¹DJA: Ý^Ç

S = ST
Ì ÐUB¢¼^5KCt9;5�@8¼»Ct9�ÑDB69�@8Ä69�3n9;BDCt7 B6¾»9;B69;58¾^Ý^Ç JA7 à

¿e¼^589+Î�¼^BDJG@85K247 B^@KJ�24589|7 Bg@858¼tCt¹DÎ�9{C_n

[1T1xk01x101x2][W
T
2xkc2x1A2x2]

T = 01x2
Ò]×tÔXÙ

[TT
2xk02x102x2][W

T
2xkc2x1A2x2]

T = 02x2.
Ò]×^×^Ù

Û 247 5KJ"¼4½D@8Ä67 BtËxÀ6:<2�@89�JAÀ6: 7 B69{J"É�Ä67<ÎKÄeJ82�@87<JG½ÂÝ!@8Ä69�Î�¼^BDJG@85K247 Bg@KJ�¼4½nHbèg¹D2�@87 ¼^B«×tÔp24BDCe×^×
24589+Î;24: : 9{C�BD2�@8¹65K24:j@8Ä67 BtËxÀ6:<2�@89�JAÀ6: 7 B69{J;Ì \9�@�@8Ä69+¿«2�@8587 à
JAÝR¿e¿e9�@8587<Î|Àn¼gJA7 @87 Ê^9+Ct9�ÑDB67 @89
¿«2�@8587 à

Γ(k+3)x(k+3)

3n9!Ct9�ÑDB69{C§É�7 @8Ä§@8Ä69|: 9�½Å@&JA7<Ct9 ¿«2�@8587 à«¼4½�Hbèg¹D2�@87 ¼^BDJ�×4ç6ÇR×tÔ|24BDC
×^×>2^Jp½Â¼^: : ¼XÉ&JQn

Γ =





ST 1 T

1 0 0
TT 0 0





Ò]×4ÕgÙ

ß Ä69+7 BgÊ^9;5KJA9!¼4½
γ
9�àt7<JG@KJ�7 ½

S−1 9�àt7<JG@KJ;Ì ¸ 587 @87 B6¾>@8Ä69+ÀD245A@87 @87 ¼^B�¼4½ γ−1 2^JQn
(

Γ 11
kxk Γ

12

Γ 21 Γ 22

) Ò]×�ØRÙ

Ép9!ÄD2XÊ^9|@8ÄD2�@
Wkx2 = Γ 11

kxkYkx2
24BDC

Γ 21
1xkYkx2 = [cT1x2A

T
2x2]

�_$Df �&�����������
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ß Ä69!½Â¼^: : ¼XÉ�7 B6¾eÀD245K24¿e9�@89;5KJpÉp9;589!JA9�@�@8¼eÀ658¼6Ct¹DÎ�9|@8Ä69+¼^¹R@KÀt¹t@KJQn
R ß Ä69!Bg¹6¿�3n9;5�¼4½"Àn¼^7 Bg@KJp7 B�@8Ä69!¾^587<C§ÉO2^JOJA9�@p@8¼«2�¿�¹6: @87 À6: 9!¼4½
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Ì ß Ä69|¿e7 B67 ¿�¹6¿

JA7<Ct9º¼4½|@8Ä69?JA¿«24:<: 9{JG@«589{Îh@K24B6¾^: 9�@8ÄD2�@§7 BDÎ�: ¹DCt9{Je@8Ä69?: 9{JA7 ¼^BÁÉO2^J«Ct7 ÊR7<Ct9{CÁ7 B)@89;B
À67 9{Î�9{J �4@8Ä69 JA7 ê;9&¼4½�9{2^ÎKÄeÀ67 9{Î�9 Ct9�ÑDB69{Ce@8Ä69 JA7 ê;9&¼4½\J8èg¹D24589�Î�9;: :<J%½Â¼^58¿e7 B6¾!@8Ä69 ¾^587<C�Ì

R ß Ä69I5K2^Ct7 74¼4½R@8Ä69bÎ�7 5KÎ�¹6:<245�É�7 BDCt¼�É.JA7 ê;9{J\¹DJA9{C ½Â¼^5\@8Ä69I589;¾^7<JG@85K2�@87 ¼4B|Ép9;589I2p½Â¹6BDÎh@87 ¼^B
¼4½D@8Ä69�JA9;ÀD245K2�@87 ¼^B�3n9�@GÉp9;9;B>Àn¼^7 Bg@KJ"7 B�@8Ä69O¾^587<C�Ì�Í6¼^5"@8Ä69�JA¼^¹65KÎ�9p7 ¿«24¾^9^Ç{@8Ä69O5K2^Ct7 ¹DJ
ÉO2^J|Ô|@87 ¿e9{Jp@8Ä69+JA9;ÀD245K2�@87 ¼^B§3j9�@UÉp9;9;B�Àj¼^7 B^@KJO7 B�@8Ä69+¾^587<C��g½Â¼^5p@8Ä69!@K2458¾^9�@O7 ¿«24¾^9^Ç
7 @&ÉO2^J&×tÌ
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R ß Ä69+¿«24À6À67 B6¾>@89;¿eÀ6:<2�@89+Ép2^J
M(0.30, 0.5, 0.25)
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¹DJA9{C
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@8Ä69;Ý>ÄD2XÊ49�@8¼+3j9 JA9;: 9{ÎK@K9;C«2�½Å@89;5bÊR7<JA¹D24:67 BDJAÀn9{Îh@87 ¼^B«¼4½j@8Ä69 Ct7 âj9;589;BDÎ�9�3j9�@UÉp9;9;B«ÀD247 5KJ%¼4½
7 B67 @87<24: : Ý�24: 7 ¾^B69{C�: 9{JA7 ¼^BDJp3j9;: ¼^B6¾^7 B6¾�@8¼e@8Ä69�J824¿e9+JA9{J8JA7 ¼^B\Ì �R9�@A@87 B6¾e@8Ä69{JA9+ÀD245K24¿e9�@89;5KJ
Àn9;5&: 9{JA7 ¼^B
Î�¼^¹t:ÅC�7 ¿eÀ658¼�Ê49|@8Ä69+589{JA¹6: @KJ;Ì

ß Ä69!589;¾^7<JG@85K2�@87 ¼4B�¼^¹t@8À6¹t@KJO¼4½�@8Ä69�JA9{Î�¼^B6C�24À6À658¼g2^ÎKÄ�24589|À6589{JA9;Bg@89{C�7 B �R9{Îh@87 ¼^B o Ì
Hb2^ÎKÄ�JA7 B6¾^: 9|Î�9;: :nÊ�24: ¹69 7 B«@8Ä69{JA9 @K2436: 9{JbÉp2^JpÎ�¼^¿eÀ6¹t@89{C«¹DJA7 B6¾�Hbèg¹D2�@87 ¼^B?Ô
�6ÌgÐUB�Î�¼^58589�Ë
JAÀn¼^BDCt9;BDÎ�9&É�7 @8Ä ß 2436: 9&ØDÇ436¹t@p¹DJA7 B6¾!@8Ä69|Î�¼^58589;:<2X@87 ¼^B>Ê424: ¹69{J%¼4½�589;¾^7<JG@85K2�@87 ¼^B>¼^¹t@8À6¹t@KJ;Ç
ß 2436: 9{J �>24BDC �>Éb9;589!¾^9;B69;5K2�@89{C�Ì

� �R��� ���6�^� qXN8SAQ;k{N `KY;SUSGNKi Q�TG_ Y{W�Q;WRc axTAQ;WRcgQ�SAc|c^NKq4_ Q�TG_ Y{W|P6N8S\`KY{i Y;S��RQ;WRc6l;PRQ�TG_ NKW�T�Q;WRc i NKaU_ Y{W
Y;ZjQ�SAQ;WRc^Y{V+i r+aUNKi NK`8TGNhc+SGNKk{_ axTGN8SGNhc � �I_ TGf � PgP^SGYXQ;`Af«ï �\i NKaU_ Y{W>PRQ�TUTGN8SGW+�I_ TGf�TGfgNISGNKV�Q;_ Wg_ Wgk
PRQ�TUTGN8SGWga%Y{ZjTGfgNOaGQ;V+N�PRQ�TG_ NKWXTpQ;WRc�i NKaU_ Y{WD}

��� Q�TG_ NKW�Thl
µR σR µG σG µB σB µ|B−G| σ|B−G|~DNKaU_ Y{W

� ï{l � � z4} � �4ï�ñ|z4} z;í�ô;y z4} ô � ñ;z!z4} z;í �{y z4} � � yXw|z4} zXô{ô{ñ z4} � ô;yXwåz4} z��4ïE�
� ï{l � � z4} � ñ{ñ{w|z4} zXñ{w�í z4} ôQ� � í+z4} zXñ � � z4} í � zXô|z4} z � �Xñ z4} íXz{y � z4} ï{ï�wQ�
� ï{l õ � z4} w{ñ � y!z4} zXñ{wQ� z4} ïE�{zXw|z4} zXô;yXw z4} ïE�4ïE�!z4} z;í�ô{w z4} í^ï�ô;z¤z4} zXô;y �
� w�l � � z4} ô�í�ô�ï&z4} z � �Xô z4} � � y � z4} z � wQ� z4} ô{ñ{ñQ�!z4} z � ïE� z4} � z��4ï»z4} zXôQ�Xô
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� �Dl � � z4} y4ïhy � z4} � wQ�4ï z4} �{yXñ{wºz4} y��^ïKí!z4} ñ{ñ{ñ{wºz4} ô;z{y��
� �Dl ` � z4} � í^ï�ôºz4} � z�� � z4} ïKí �Xñºz4} í�ñ��{z|z4} � ñQ� � z4} zXñ{wQ�
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� `{l ` � z4} �;í�w�ï�z4} yXw�ïE� z4} ñ{ô�íXz?z4} ñQ��ñ � z4} y��Xñ � z4} ñ�íXz{y
� `{l c � z4} y4ïhy��?z4} � y��Xô z4} � � ñ � z4} � yXô;z?z4} ïhyXñ �
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� Q4l c � z4} w{w � ñºz4} í �;í � z4} í�ôXô{ô z4} � í � �?z4} z{y��{z
� �Dl � � z4} � z��Xwºz4} ô � zXô z4} �;í�ô � z4} yXôXw;y|z4} ñQ�Xw{ñºz4} �Xô;zXô
� �Dl ` � z4} w;yXñ�í£z4} � � ô�ï z4} z4ï � z?z4} ô{w{z;í!z4} ñ�í � y?z4} z � ô{ô
� �Dl c � z4} ï{ïhy��?z4} í�w�ï�ô z4} ô�ï.�Xw z4} ñ�ïKí �?z4} ï�ô{ô{ô
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� Q4l c � z4} z��XwQ�!z4} z��XôQ� z4} z��Xw{w z4} zXw � ï&z4} z;íXy��
� �Dl � � z4} ï � z{y!z4} �Xô;z{y|z4} í^ïhz{z!z4} ï � �Xw z4} ïhy{yXw|z4} �;í{í{í
� �Dl ` � z4} z������!z4} ï{ïhy{z|z4} zXô�ï � z4} z�� � y|z4} z����{y!z4} z4ïKí�w
� �Dl c � z4} zXô;y{z!z4} ï�ñ{ô{w z4} z4ïKí�ô z4} z��;í�w|z4} z � ô;z
� `{l ` � z4} zXñ{ô�í+z4} w�í �Xô z4} ïhy��{y!z4} w � �4ï�z4} ïE�Xw{ñ|z4} w{ô;z;í
� `{l c � z4} z;í�ô � z4} z{y;í � z4} zXô{w{w z4} z�� � ô|z4} z��4ïhz
� c6l c � z4} ï�w�í � z4} w�ïE�Xô z4} w � wQ�|z4} ï � ô�ï&z4} ���;í^ï
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� Q4l Q � z4} ï�ñ{ñ�í+z4} ïhy{y��|z4} �;í�w{w|z4} zXñ�í �|z4} z4ïE���!z4} �4ïE�Xñ
� Q4l � � z4} zXô;z{y!z4} ï � y4ï�z4} z;í�ô;z!z4} z����Xô z4} z4ï�ô{ñ|z4} zXw � w
� Q4l ` � z4} z{y��{y!z4} zXñ{ñ{ô z4} zXw{ô;z!z4} zXw{ñ � z4} zXw{wQ�!z4} z4ïE�Xñ
� Q4l c � z4} ïE�Xw{w|z4} z{yXw�í z4} z����;í!z4} zXw � ï&z4} z;í^ï�w
� �Dl � � z4} w;z{z � z4} � � ñQ�|z4} í �{z;í+z4} z����4ï�z4} ï�w�ïKí+z4} �Xw{ô;z
� �Dl ` � z4} z��Xô{ñ|z4} ïhzXw;y|z4} z;íXz � z4} z��{zXw z4} zXw;yXw|z4} z4ï�w�ï
� �Dl c � z4} z � ô�í+z4} ïE����� z4} z4ïhyXw z4} zXwQ�Xñ|z4} zXô�ïKí
� `{l ` � z4} ï{ï{ï�w|z4} w;yXô;y|z4} ïhy����!z4} ïE�4ï{ï�z4} zXñ;y��!z4} �{zXw{w
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� Q4l c � z4} zXwQ� � z4} ïKí �;í z4} z��{z � z4} z4ïhyXô|z4} z��Xô{ñ
� �Dl � � z4} z��Xô�ï&z4} �{y{yXw z4} ���Xô�ï&z4} ï{ï�ñ{w z4} ïhy4ï{ï&z4} w�í�w{w
� �Dl ` � z4} z��XôQ�!z4} w{w{w{ô z4} zXñ{ô{ô|z4} z��{y��|z4} z����{y!z4} zXô{ô;y
� �Dl c � z4} zXôQ�Xñ|z4} w�ïKí�w z4} z4ïE�{z|z4} z��Xw�ï&z4} ï{ï�w;y
� `{l ` � z4} z{y��Xñ|z4} w{w{ô{w z4} ïE�����!z4} ï{ï�ñ{ñ z4} ï�wQ�Xñ|z4} ï{ï�ô�í
� `{l c � z4} zXw�ïE�!z4} ï�w�í�ô z4} z;í�ñ{ô z4} zXô � ô|z4} ï�ô;z{z
� c6l c � z4} ïE�4ïE�!z4} �{z��Xw z4} z�� � �|z4} ï � w{ô|z4} wQ�Xô�ï
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� Q4l � � z4} � ô;y;í+z4} � yXñ{ô z4} ïhy��Xw|z4} ñ;z��{z|z4} ôQ�XñQ�£z4} �Xw�í �
� Q4l ` � z4} ôQ�{zXw|z4} � �{z;í!z4} w{ñ{w�í+z4} í ���;í!z4} ��� �;í»z4} ï�ô�ï�w
� Q4l c � z4} � wQ�;í+z4} ñQ�{y;í z4} í ���4ï�z4} � w�ïE�£z4} wQ�{y{z
� �Dl � � z4} y{z��{z!z4} � ôQ�Xñ z4} �Xô�í�ô|z4} y{z;í{í!z4} ñ{ô{ô{ô?z4} ôQ�Xñ;y
� �Dl ` � z4} � w{w{w|z4} � ï�wQ�|z4} ïE� � y!z4} ôQ�Xô�í!z4} � ô;z��£z4} ïhz{zXw
� �Dl c � z4} � z � w|z4} � �4ïhy z4} í � ���|z4} � � ��� z4} ���{y{y
� `{l ` � z4} �Xw;y��!z4} y4ï � y|z4} � ô{ñ{ô|z4} � í � z|z4} ñQ�XôQ�£z4} � ô;z{z
� `{l c � z4} yXw{ô�ï&z4} � y � í z4} íXz � ï�z4} � ôQ�Xñ?z4} w;z{y{y
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� �Dl ` � z4} í �Xô{ñ|z4} í�ô�í �|z4} z��Xw�ï&z4} �4ïKíXz|z4} ô�í�ñ�í|v]z4} zXw � �
� �Dl c � z4} í�w{wQ�!z4} ô{w�í{í z4} �4ï�ô{ñ z4} ôQ�����£z4} ï{ïE�4ï
� `{l ` � z4} y��{z{y!z4} � ñQ���|z4} ô;y{z��!z4} ô{w{wQ�|z4} ñ�ï�ô{ô?z4} ô�ï�ñ�í
� `{l c � z4} � íXy{z!z4} í �Xô � z4} w{w�ï�ñ z4} ô{ô{ñ;y£z4} z��;í^ï
� c6l c � z4} y{zXñ�í+z4} ñ�í �{y z4} � ïE�;í!z4} ��� w{ô?z4} ���Xô{ñ
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� Q4l Q � z4} � w;y;í+z4} ñ;y � y|z4} ô;z{yXñ|z4} yXñQ�Xw z4} ���Xñ�í»z4} í�w{w;z
� Q4l � � z4} ���Xô�ï&z4} ôQ�;íXz|z4} zXñ{ô�í+z4} ñ{w{ñ{ô z4} ��� ô�ï
z4} ï�ôQ�{z
� Q4l ` � z4} wQ�;í�ô|z4} í^ï{ïE�|z4} z��4ïhy!z4} ô{w{w;y|z4} � � � í»z4} zXô;y��
� Q4l c � z4} w�í�ô;z!z4} ôQ�Xw � z4} í�ñ�í �|z4} � ñ � y£z4} ïhz;í�ô
� �Dl � � z4} ôQ�Xô{ñ|z4} ô;y � w z4} wQ�{y��!z4} y4ïE�Xô z4} ñ � ïKí»z4} � ��� ô
� �Dl ` � z4} w � �;í+z4} � � y{z|z4} zXô;z��!z4} ô{ñ�í�ñ z4} ñ;zXw{ñ?z4} z��4ïE�
� �Dl c � z4} ï�ô{ô{ô|z4} í{í�ñ{ñ z4} ô�ïE�Xñ z4} � �4ïKí»z4} ï � �{z
� `{l ` � z4} ñ{ô�í�w|z4} � ïhy{y|z4} ô{ñQ�{z!z4} � ñ;zXw z4} y4ï�ô;z£z4} í{í^ïhy
� `{l c � z4} ôQ�{y��!z4} í^ïhzXw z4} í �Xñ � z4} ñ�ï�ô;z£z4} ïhzXô{w
� c6l c � z4} ñ{ôQ�4ï&z4} � yXñ�ï z4} ñ�ïhy;í!z4} ñ{ñQ���£z4} �;í ���
� ��v����
� Q4l Q � z4} y � �{y!z4} ñ{w�í�ñ z4} � wQ�;í+z4} yXô{ñ�í!z4} ñ{ñQ� � z4} ô � ï{ï
� Q4l � � z4} ñ;z4ï�w|z4} í�w�í{í!z4} í^ï�w{ñ|z4} ñ;z��Xñ z4} w � �{y£z4} w;y � ñ
� Q4l ` � z4} � ñQ�;í+z4} í �;í{í!z4} í{í � �!z4} � ñ{ô�í!z4} w � z{y£z4} �4ïE�;í
� Q4l c � z4} � z{zXô|z4} ���Xw{ñ z4} í�w{ñ�í!z4} w{ñ;zXw?z4} � � z;í
� �Dl � � z4} y{z{zXô|z4} ô�ï{ï{ï�z4} í ���Xñ|z4} ñ � � � z4} ô;yXwQ�£z4} ô�ïKíXy
� �Dl ` � z4} � ���Xô|z4} �{y4ïhz|z4} ���{z��!z4} � �Xô{ô z4} í � í�ñ?z4} z{yXñQ�
� �Dl c � z4} ô � z{y!z4} �{z � í z4} í�ô � ï�z4} í{íXy � z4} w;yXñ �
� `{l ` � z4} ñ;yXô�í+z4} � ñ{ô{ô z4} ô;y��Xw|z4} ñ{ô{ñ{w z4} � y4ï�ñ?z4} ñ{wQ�{y
� `{l c � z4} � �{z��!z4} í^ïKí{í z4} í �;í�ñ z4} í�ñ�í �£z4} ���{y��
� c6l c � z4} ñ�í^ïhy!z4} ô;y{y;í z4} ñQ�4ïE�|z4} � w � í»z4} ô � ñ{w
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� Q4l ` � z4} z � ô;z!z4} zXñ;zXô z4} z��XôQ�!z4} z;í{íXz|z4} zXw{wQ�!z4} z4ïE�4ï
� Q4l c � z4} zXñ�ï � z4} z � w{ô z4} z � �{y|z4} zXw � ô|z4} z � ï�ñ
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� �Dl ` � z4} z��Xô{ñ|z4} z����4ï�z4} z � y{z!z4} z;í �4ï�z4} z;íXzXw|z4} zXw;z{z
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� `{l ` � z4} ïhz��;í+z4} wQ�Xñ{ô z4} w;z��Xô|z4} ï�w � ô z4} ï � ���!z4} ï�w{wQ�
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	 �te ��� s/v p�������� � s/v � ��p6r�� � s/v �����������
	 �te � � s/v �������tsyp s/v ���yp����6s s/v �Qs��������
	 �te ��� s/v �6sQp��tp�� s/v �6rQp6s���� s/v �tsQp6sQr��
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