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Abstract

Denmark has committed towards increasing the wind power production to cover 50% of the
power consumption by 2020. As the amount of wind by nature is uncertain, an integration
of wind power into the current highly efficient combined heat and power (CHP) system,
requires new flexible measures to reduce forced heat production in periods of high wind.
Heat pumps (HP) and electric immersion boilers (EB) show excellent potential to increase
flexibility and utilize excess power. The HP is more efficient but requires higher investments
while not being as flexible as the EB.

As a consequence of decreasing taxes for electricity based heat production, HPs and EBs
start to appear in district heating systems around Denmark. However, the operational
strategy for these units is still unexplored, which has instigated the search for a structured
operational strategy. As heat dispatch occurs before electricity prices are known, uncertainty
is present. This impacts the operational costs for the HP and EB which both depend highly
on the electricity prices.

This master thesis analyzes a CHP system in the Copenhagen district heating system in
order to define an appropriate framework for integrating a HP and EB. An operational
strategy for a HP and EB operating in a CHP system comprising a HP, EB CHP and
storage is developed. This strategy is based on illustrative probabilistic forecasts of the
heat demand and electricity price, used in a stochastic two-stage optimization model with
recourse. Both the heat demand and electricity price are included as stochastic variables.
Furthermore, it is assumed that a fixed amount of power is sold in the first stage decision.
Thus, the second stage decision is used to adjust the production to meet the realized heat
demand and power price in the most optimal manner. This constitutes a novel approach for
the integration of HPs and EBs in a CHP system. Illustrative examples of the stochastic
model and the deterministic equivalent confirm the working principles and appropriability
of this approach to be used as an operational strategy.

Results from model simulations of four representative weeks during 2013 show a potential
for economical benefits when a stochastic instead of a deterministic equivalent approach
is used, especially during summer. This is due to the high degree of flexibility resulting
from the HP, EB and storage. Decreasing the capacity of the HP and EB, the benefits of a
stochastic approach increase.

Cases, analyzing the sensitivity to system changes and investment decisions, indicate a
potential for substantial monetary benefits of HPs and EBs. In the event of decreasing
electricity prices the impact of a HP and EB is found most significant. Moreover, increasing
the efficiency of the HP leads to reduced heat costs while a reduction in HP and EB capacity
yields significant additional costs.

This project thus successfully develops an operational strategy for a HP and EB in a CHP
system, and results indicate substantial cost reduction resulting from the flexibility the HP
and EB provide.
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Zugno and Prof Henrik Madsen (Head of Section), all from the DynSys group. Furthermore,
Jørgen Boldt, HOFOR, Thomas Engberg, COWI, and Henrik Aalborg Nielsen, ENFOR,
supervised the project as external supervisors.

I would like to thank all of my supervisors for their valuable inputs and guidance throughout
the project. A special thanks to Juan Miguel and Marco for their dedication and support
during the last few months, and to Henrik for keeping the overview in this multidisciplinary
project.

Moreover, Jørgen Boldt, Jane G. Nielsen, Henrik Damgaard and the planning department
at HOFOR deserves a special thanks for their hospitality and helpfull discussions. Also a
thanks to Pierre-Julien Trombe, Dorthe Rosenbak Andersen, Lars Grønnegaard and Lene
Sommer for their support.

Finally, a special thanks to my boyfriend for supporting my dedication to this project during
the last five months, and for always being available for discussions concerning the project.

Maria Grønnegaard Nielsen

3. July 2014

DTU Compute - Department of Applied Mathematics and Computer Science
Technical University of Denmark

DK-2800, Kongens Lyngby
Denmark

iii



iv



Contents

Preface iii

Abbreviations and concepts ix

1 Introduction 1
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Project objective . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Literature review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.4 Research contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.5 Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Combined heat and power systems 7
2.1 Heat and power production . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.1.1 Heat only boiler . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.1.2 CHP production . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.1.3 Heat from electricity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2 Heat cost comparison . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.2.1 Marginal heat production costs . . . . . . . . . . . . . . . . . . . . . . 13
2.2.2 Taxes and fees on heat production . . . . . . . . . . . . . . . . . . . . 15

2.3 Electricity markets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.3.1 Nord Pool Spot . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.3.2 Ancillary services . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.4 District heating in Greater Copenhagen . . . . . . . . . . . . . . . . . . . . . 22
2.4.1 Heat distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.4.2 Heat dispatch in Copenhagen . . . . . . . . . . . . . . . . . . . . . . . 23

2.5 Chapter summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3 Operational framework and strategy 25
3.1 Organizational location and information access . . . . . . . . . . . . . . . . . 25
3.2 Strategic market operation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.2.1 Heat dispatch and production planning . . . . . . . . . . . . . . . . . 27
3.2.2 The regulating market . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.2.3 Reserve operation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.3 Physical location of the EB and HP . . . . . . . . . . . . . . . . . . . . . . . 30
3.3.1 Distribution or transmission network . . . . . . . . . . . . . . . . . . . 30
3.3.2 Locate the EB at a CHP plant . . . . . . . . . . . . . . . . . . . . . . 31

3.4 Modelling an operational strategy . . . . . . . . . . . . . . . . . . . . . . . . . 32
3.5 Chapter summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

v



4 Operation models for a CHP system 35
4.1 System framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
4.2 Deterministic model for a CHP system . . . . . . . . . . . . . . . . . . . . . . 36

4.2.1 Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
4.2.2 Variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
4.2.3 Objective function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
4.2.4 Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.3 Stochastic model for a CHP system . . . . . . . . . . . . . . . . . . . . . . . . 43
4.3.1 Stochastic optimization . . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.3.2 Two-stage stochastic model with recourse . . . . . . . . . . . . . . . . 44
4.3.3 Objective function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.3.4 Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4.4 Chapter summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

5 Forecasts and scenario generation 53
5.1 Forecasting heat load and spot price . . . . . . . . . . . . . . . . . . . . . . . 53

5.1.1 Heat load forecast . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
5.1.2 Scaling the demand . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
5.1.3 Spot price forecast . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

5.2 Scenario generation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
5.3 Chapter summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

6 Model validation and analysis 61
6.1 The deterministic model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

6.1.1 The simple model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
6.1.2 tart-up and shut-down costs . . . . . . . . . . . . . . . . . . . . . . . . 63
6.1.3 The full model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
6.1.4 Yearly heat production . . . . . . . . . . . . . . . . . . . . . . . . . . 68
6.1.5 Increased COP for the HP . . . . . . . . . . . . . . . . . . . . . . . . . 68

6.2 The stochastic model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
6.2.1 Scheduled heat production . . . . . . . . . . . . . . . . . . . . . . . . 70
6.2.2 High-demand realization . . . . . . . . . . . . . . . . . . . . . . . . . . 71

6.3 Chapter summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

7 Numerical results 75
7.1 Computational performance . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
7.2 Deterministic and stochastic comparison . . . . . . . . . . . . . . . . . . . . . 75

7.2.1 Model comparison . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
7.2.2 Capacity impact . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

7.3 Case studies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
7.3.1 Case 1: Capacity reduction for HP and CHP . . . . . . . . . . . . . . 78
7.3.2 Case 2: Change in COP for HP . . . . . . . . . . . . . . . . . . . . . . 80
7.3.3 Case 3: Electricity price decrease . . . . . . . . . . . . . . . . . . . . . 81

7.4 Case evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
7.5 Chapter summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

8 Conclusion and future work 85
8.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
8.2 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

vi



Bibliography 89

Appendices 93

A GAMS script for the deterministic model 93

B GAMS script for the stochastic model 101

vii



viii



Abbreviations and concepts

ACF Autocorrelation function

CHP Combined heat and power

COP Coefficient of performance

CTR District heating transmission operator in Greater Copenhagen

DONG Energy Combined heat and power production supplier

EB Electric immersion boiler

Elbas market Intra-day market for trading of electricity

Elspot market Day-ahead market for trading of electricity

Energinet.dk Transmission operator in Denmark

FDR Frequency controlled disturbance reserve

FNR Frequency controlled normal operation reserve

HOFOR District heating distribution company in Copenhagen

HOFOR Kraftvarme Combined heat and power production company, former Vattenfall

HP Heat pump

Nord Pool Spot Company managing the Nordic power market

PACF Partial autocorrelation function

Spot price Hourly electricity price resulting from the Elspot market

TSO Transmission system operator

Varmelast.dk Responsible of the daily heat dispatch in Copenhagen. Consists of one em-
ployee from VEKS, CTR and HOFOR

VEKS District heating transmission operator in Greater Copenhagen

ix



x



Chapter 1

Introduction

1.1 Motivation

Denmark has, as part of an European agreement, committed to pursue a 100% supply of
renewable energy by 2050. To fulfill this goal, it has been decided that the heat and power
supply should be completely renewable by 2035. Furthermore, by 2020 50% of the consumed
electricity should consist of wind power [3].
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Figure 1.1 – Disitribution of fuels used for district heating in Denmark from 1990 to 2012.

Figure 1.1 shows historical development of distribution of fuels used for district heating
in Denmark in the years from 1990 to 2012 [4]. Non-renewable energy sources, such as
oil and coal currently have a significant share in the Danish heat and power production.
Traditionally, these non-renewable sources have been widely used for generating heat and
power, through the use of highly efficient combined heat and power (CHP) plants. However,
an increasing number of plants are being converted to, the more sustainable alternative,
biomass. However, due to the simultaneous production of heat and power as well as the
operation restrictions, CHP plants are not very flexible.

The increasing share of wind power that is expected in the future will not provide addi-
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2 CHAPTER 1. INTRODUCTION

tional flexibility. Contrarily, the unpredictable behavior of wind and the seasonal and daily
variations, which inherently arise from using wind power, reduce the flexibility. Moreover,
this means that wind power cannot satisfy power demand alone. Consequently, wind power
requires integration into a flexible system that can supply power in the case of low wind.
However, wind power has the advantage of having zero marginal costs as well as being a
sustainable power production method.

Another challenge from using wind power is the excess production that can occur on days
with high wind and low power demand. Currently, this results in curtailment or very low
electricity prices in the Nordic electricity market [5]. The political decisions stated earlier
will lead to a significant increase of wind power in the coming years, which will increase
the occurrence of excess power production. The problem complicates even further when
considering the heat demand1 in periods of high wind power production. Traditionally
CHP plants are used to satisfy the heat demand but if electricity is no longer needed, the
economic gain of high efficiency co-production at CHP units vanish. A solution to this
problem, contradicting the political goal for 2020, could be wind power curtailment to allow
for CHP production. A second alternative is the use of traditional oil or coal fueled heat
boilers with high emission and low efficiency. In addition to extensive increases in heat
costs, this also contradict the political emission goals.

Clearly, there is a need of other and more sustainable ways of integrating wind power and
decrease heat demand driven power production at CHP plants. Hence, heat pumps (HP) and
electric immersion boilers (EB) become very interesting as they present a way of increasing
flexibility.

Electric 
boiler

Electricity Heat

(a)

Heat pump

Electricity Heat

Cold heat 
source (cold)

Cold heat 
source (warm)

(b)

Figure 1.2 – Simple illustration of an EB (a) and a HP (b).

The basic principles of an EB and a HP are displayed in Figure 1.2. Electricity is used as
input and is by the unit converted to heat. The HP also utilizes energy from an additional
colder heat source such as waste water, sea or air, as outlined in Figure 1.2(b). These
two units improve the system from two angles. First, heat production happens without a
simultaneous power production and second, electricity is used as fuel such that excess, low
cost, electricity is reduced.

Both HPs and EBs have started to appear during the last decade in district heating systems
in Denmark, but due to high taxes the profitability has been limited [6]. In 2013 a significant

1The terms heat demand and heat load will be used interchangeably.
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tax reduction was decided for this specific type of production technology, favoring especially
the HP which is more efficient than the EB [7].

For HPs and EBs to provide the desired flexibility a number of issues must be addressed.
The framework in which they should be integrated must be defined based on a thorough
analysis. This should be followed by the development of an operational strategy in order to
secure the optimal operation of the unit. These are all issues addressed in this project.

1.2 Project objective

The main challenge in this project is to identify, analyze and evaluate a mathematical
optimization model providing an operational strategy for a HP and EB in a CHP system
supplying the Greater Copenhagen district heating system. Furthermore, this project wish
to analyze the benefits of using probabilistic forecasting and stochastic optimization for the
chosen system as well as assess the monetary benefits of HPs and EBs in a CHP system.

To be able to develop a realistic and appropriate model, the framework in which the HP
and EB operate must be analyzed. The suitable organizational and physical location should
be analyzed to find the most optimal configuration. The relevant markets and the corre-
sponding decisions should be identified in order to analyze the consequences these might
have for the operational strategy of a HP and EB. Based on these analyses, a relevant CHP
system comprising the HP and EB can be modelled. Probabilistic forecasting allows for
a stochastic optimization of the modelled system. This will provide the principles of an
appropriate operational strategy for an EB and HP. Optimizing using both a deterministic
and stochastic model set-up will allow for a comparison to illustrate the potential benefits
of a stochastic approach.

1.3 Literature review

The field of combined heat and power production has increasingly received attention during
the past decades. Multiple CHP plants have been constructed and due to the complexity of
co-generating heat and power, which subsequently are sold in different markets, a need for
mathematical optimization models arose. Examples of such studies are found in [8] and [9]
but multiple others exist. These models generally tend to be deterministic. With the
increasing focus on integrating wind power, which in nature is highly uncertain, a number
of papers start to introduce stochastic optimization for the planning of CHP production,
heat dispatch, and bidding in the electricity market [10–12]. As an example Zugno et al. [13],
use robust optimization to model a CHP system that treat both the day-ahead and real-time
heat dispatch.

Related to industrial HPs and EBs the research available is very sparse. However, a few
specific instances are modelled. In [14], Blarke et al., model a system comprising a HP that
utilizes flue gas from a CHP. Both a cold and a hot storage tank are used for storage of
flue gas and heat, respectively. This increases the flexibility such that the HP can operate
concurrent with the CHP. The model is linear and deterministic, which means that the heat
demand and electricity prices are considered known.
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A recent study [15], analyzes the potential for HP to utilize waste heat from industrial
facilities. Furthermore a study on how to introduce HPs is also presented in [16], however,
with a focus on the thermodynamic properties of HPs.

Most relevant to this project is the work by Meibom et al. [17]. A stochastic set-up is here
used in modelling a system comprising wind power, HP and EB production. The paper
investigates and compares the impact of HPs and EBs for wind power integration in different
configurations. Only the wind power is considered stochastic. It was here found beneficial
to introduce HPs and EBs to decrease curtailed wind power and costs for regulating power.
Especially, in the case of the marginal heat production costs being high, such as when using
oil or gas fueled boilers, good results were obtained. The analysis was only carried out for a
specific short period in February, where the wind power production usually fluctuates much
and thus a high benefit from introducing a HP and EB would be expected in this period.

Finally, a number of internal documents and analysis has been made by HOFOR, esti-
mating the investment potential and the different options for choice of HPs [18] [19]. The
deterministic analysis tool, Balmorel, which models the entire Greater Copenhagen district
heating system including the Nordic power market, is generally used for investment analysis
as it provides long-term information on an aggregated level [20]. Simulations including HPs
have been modelled, deterministically using Balmorel but merely for investigating future
scenarios and the economic impact of including HPs.

Generally, none of the above presented research provide decision support for the daily op-
eration of a HP and an EB in a CHP system. Neither is stochastic approaches found for
models optimizing the daily operation.

1.4 Research contribution

In relation to the above section this work aims to model and optimize the daily operation
of a system comprising both CHP production, storage, a HP and an EB. This has not
previously been reported in the literature. Furthermore, a stochastic optimization model
approach is developed, using probabilistic forecasts to represent a stochastic spot price and
heat demand. This constitutes, to the best of my knowledge, a novel approach for the
optimization of systems including HPs and EBs.

1.5 Thesis Outline

The following list provides an overview of the entire thesis, in short, describing the contents
of each chapter:

Chapter 2 presents the general principles of a CHP system as well as characteristics and
functionalities of a HP and EB including the heat costs for different production units.
The Nordic power market and the Copenhagen district heating system is furthermore
outlined.

Chapter 3 presents an analysis of the framework and management issues relevant for the
introduction of HPs and EBs in the Copenhagen district heating system. Furthermore,
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the layout for an operational strategy is presented and used to decide how the decision
making process can be modelled.

Chapter 4 presents the developed deterministic and stochastic optimization models for
the operation of an EB and HP in the CHP system.

Chapter 5 presents a method for probabilistic forecasting of the electricity price and heat
demand to be used as an input to the deterministic and the stochastic model.

Chapter 6 presents illustrative results from solving both the deterministic and the stocha-
stic model and additionally analyze the model sensitivity to several parameters.

Chapter 7 presents estimates on yearly monetary benefits from the stochastic modelling
approach compared to the deterministic equivalent. Results from three case studies
are presented and the impact of introducing an EB and HP discussed.

Chapter 8 will conclude on the thesis as well as give a number of suggestions for interesting
studies for the future.
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Chapter 2

Combined heat and power systems

This chapter presents the components of a CHP system. These include heat and power
production technologies with focus on CHP plants as well as HPs and EBs. A comparison
of the heat costs and their dependence of the spot price is presented, as well as the influence
of taxes and fees. Moreover, the relevant electricity markets in Eastern Denmark will be
outlined. These are in short; the Nordic power market, which constitutes a powerful platform
for trading of power at variable prices; the regulating market for balancing production
and consumption; ancillary services bought by Energinet.dk to ensure adequate capacity
for frequency deviations and disruptions. Subsequently, the Copenhagen district heating
system is outlined. The procedure for the daily heat dispatch is presented together with the
corresponding decision making process for both the heat supplier and distributor.

2.1 Heat and power production

Several options exist for producing heat, both in terms of technology and fuel. Among
the most common in Denmark are waste incinerators, CHP plants and heat only boilers.
However, other technologies such as EBs and HPs are emerging and have attracted more
attention during the last years. This is, among other, due to an increased focus on sustain-
able production of heat, as well as the uncertain future for prices and taxes on fuel and
electricity.

The following sections outline the most common methods for heat production in Greater
Copenhagen. The CHP plant at Amagerværket is used as an example when describing the
CHP units. As these are all well known technologies, only the general operating principles
will be outlined. The main focus is instead on the operation of HPs and EBs and their
mutual differences.

2.1.1 Heat only boiler

Ordinary heat boilers only produce heat. This is either in form of hot water or steam, as
there are still areas in Copenhagen supplied by steam. Heat boiler are usually are fueled
with oil or gas. They do not have the advantage of co-generating heat and power and are
consequently less efficient overall. A low efficiency and high tax usually make boilers the

7
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least favorable choice for heat production, and often they are only used as backup or during
peak load periods during the winter. In relation to combined heat and power production,
the heat boiler is simple as operating costs are independent of electricity prices. Due to the
high costs of the heat boiler and the unfavorable production, this production unit will not
be given further attention in this project.

2.1.2 CHP production

In Denmark, centralized heat production is based on CHP plants. By producing combined
heat and power, very high total energy efficiencies are obtained which generally makes CHP
production the preferred and most widely used option for heat production in centralized
areas such as Greater Copenhagen. In addition to waste incinerators one mainly distinguish
between two types of CHP production namely back-pressure CHP and extraction CHP
production. Each production type have specific production characteristics elaborated in the
following.

Back-pressure unit

The operating principle for a back-pressure CHP is illustrated in Figure 2.1. In the boiler,
water is heated to steam which is sent through the turbine. The turbine runs a generator
which allows for electricity production. Not all energy in the turbine is utilized and the
output from the turbine can be used for district heating.

Fuel
Boiler

Turbine

Condenser

District 

heating

Electricity

Figure 2.1 – Operating principles for a back-pressure unit.

The back-pressure unit operate with a fixed power to heat ratio, cb as displayed in Figure
2.2. This decreases the flexibility and in the case of heat production from this unit, there
will unavoidably be a power production.

Extraction unit

Figure 2.3 outlines the operating principles for an extraction CHP. Similar to the back-
pressure unit a boiler heats water to steam which is transported through a multi-stage
turbine. This allows for utilization of steam of lower pressure in which the resulting heat
is too cold for district heating. However, steam for district heating can be extracted in
the turbine. The extraction unit is therefore more flexible by allowing a variable heat to
power ratio. The relationship between heat and power production can approximately be
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characterized by the operating lines in Figure 2.4. cb is the power to heat ratio in back-
pressure operation whereas cv is the reduction in power production corresponding to a unit
increase in heat.

Furthermore, the figure shows the fuel consumption along different production strategies.
Each of the dashed lines represents a constant fuel consumption. This means that using a
fixed amount of fuel, the CHP can produce e.g. 250 MWh electricity and no heat, or 211
MWh electricity and 330 MWh heat. This clearly shows that the most efficient production is
at the right most point of the line corresponding to the chosen fuel consumption. However,
this unit provides the opportunity of solely producing electricity even though this totally
results in a less efficient production configuration.

Fuel
Boiler

Turbine

Condenser

District 

heating

Electricity

Condenser

Sea

Figure 2.3 – Operating principles for an extraction unit.

Different types of fuel is used for CHP production. Since the oil crisis in the 1970’s, coal has
generally been the most widely used option due to the low and stable price [21]. However,
taxes on coal are increasing drastically while other more sustainable alternatives, such as
biomass, have been excluded from taxes to give an incentive to increased production using
this type of fuel. Some units, waste incinerators, use waste e.g household waste as fuel.
In the Greater Copenhagen district heating system these units are given priority for heat
production which makes the unit less interesting for optimization purposes. These will
therefore not be addressed further.
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Figure 2.4 – Production of heat and power from an extraction CHP. All combinations within the
solid lines are valid. Each declining blue line is comprised of operating points with a constant fuel
consumption. The optimal production point is hence the right-most point.

2.1.3 Heat from electricity

The process of generating heat from electricity is expected to have a significant impact in
the coming years’ energy supply [22]. This is due to the expected increase in wind power
production that will result in an increasing number of hours of excess power production,
and thus low electricity prices. Even though the methods for producing heat from electricity
have previously been considered less economical due to the general price and tax level for
electricity, it allows for a separate production of heat without co-production of electricity.
Another reason is the uncertain future for biomass fueled CHP production, especially if
biomass become a scarce resource for sustainable heat and power production.

Two known methods to produce heat from electricity using an EB and a HP. Both have
different advantages and disadvantages, potentially making them suitable in different situ-
ations. The following will give a brief overview of the two methods, including the mutual
differences and the integration potential.

Electric heat boiler

The EB is a simple technology that converts electrical power into thermal power with
an efficiency of approximately 1. The principle is illustrated in Figure 2.5(b) and the
corresponding electrical diagram is shown in Figure 2.5(a).

EBs have the advantage of being very flexible. The unit is capable of starting up in a few
seconds and up and down regulate the production with similar speed only with marginal
loses in efficiency. No fuel feeding system or stack is required as electricity is the only source.
Furthermore, EBs are based on a well developed and tested technology involving no complex
components [23]. This makes it extremely reliable and easy to maintain. Already existing
EBs typically have capacities spanning 1-25 MW, while larger capacities are obtained by
coupling of units. EBs are commercially available and they are considered a cheap invest-
ment with prices around 0.15 mio AC per MW for small EBs and decreasing unit costs for
larger EBs [23, 24]. However, EBs have the disadvantage of being completely dependent
on electricity and thus the electricity prices. The operational costs therefore vary with the
variable electricity prices which together wit taxes generally has been too high for the EB
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Figure 2.5 – (a) Circuit diagram for an EB. (b) Illustrative example of an EB providing heat for
district heating.

to be very profitable.

Heat pump

Heat flows naturally from a higher to a lower temperature. However, HPs are able to force
the heat flow in the other direction, using a relatively small amount of drive energy such as
electricity, fuel, or high-temperature waste heat. The focus will here be on electricity driven
HPs.

The principle of a HP is identical to that of a reverse refrigerator. For HPs, the heat that is
extracted from the ”refrigerator” is the interesting part. Figure 2.6 illustrates the working
principle.

Cold heat source

Compressor
Expansion 

valve

Condenser

Evaporator

0 ºC 10 ºC

85 ºC40 ºC

Heating network

Figure 2.6 – Diagram of a HP. In the compressor the temperature of the refrigerant is increased by
compression which is subsequently exhanged with water to be heated in the condenser. An expansion
valve descrease the pressure and the cycle continues.
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Energy from the cold source is transported to the heating network by a refrigerant, which
has specific thermodynamic properties. At the evaporator the refrigerant absorbs heat and
vaporizes. Subsequently, the refrigerant is compressed to increase the temperature. The
compressor is driven by an electrical motor which is the main part to consume electricity.
In the condenser the refrigerant is cooled such that it condenses and release heat to the
heating network (district heating). Finally, the expansion valve lowers the pressure and the
cycle starts again.

Several options exists for the cold heat source: Air, sea water, waste water and geothermal
energy are examples of some of the most frequently used. The choice of cold heat source
reflects the stability and performance of the HP. If air is used, and the air temperature
varies significantly during the year, the performance will vary accordingly and possibly lead
to an unstable system [24]. This argues for use of geothermal heat, sea water or waste water
as less variation is found for these sources.

The most commonly applied refrigerant is currently ammonia (NH3). However CO2 is also
starting to be applied due to superior abilities to extract heat from cold sources below ≈
20 ◦C and its ability to provide high condensing temperatures.

The efficiency of the HP varies depending on the temperature requirements. The coefficient
of performance (COP) describe the ratio between heat output and electricity input. The
theoretical COP for a HP is calculated based on the Carnot efficiency [25]:

COPcarnot =
Th

Th − Tl
where Th is the supply temperature and Tl is the temperature of the cold medium both
in K. If a waste water temperature of approximately 10 ◦C (283 K) and an output water
temperature of 85 ◦C (358 K) is assumed, the resulting Carnot COP is:

COPCarnot =
358K

358K− 283K
= 4.8

If geothermal water is used instead, the cold medium temperature would be around 50 ◦C
(323 K) [18], resulting in a much higher efficiency of:

COPCarnot =
358K

358K− 323K
= 10.2

It should be emphasized that these are theoretical maximum efficiencies. In reality it has
been found that the efficiency is approximately 50-70% of the Carnot efficiency [18]. The
COP for HPs are therefore in reality typically between 2 and 5, even though higher values
can be obtained. In addition to the temperature, several other factors such as the compressor
efficiency and choice of refrigerants also affects the COP.

Just as the EB, the HP is a flexible solution for separating heat and power production. It
has a high efficiency and is comparably less dependent on the electricity price. The HP can
utilize heat from otherwise wasted sources such as waste water, sea water or geothermal
heat. However, due to the complex structure of HPs they require extensive investments
with long pay back times. The prices are approximately 0.5 mio AC per MW output, and
furthermore, maintenance costs should also included [23].

Compared to the EB, the HP is not as flexible in terms of ramping during start-up and
shut-down. Figure 2.7 illustrates this issue simply. For the EB, start-up occurs almost
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instantaneously in a matter of seconds. The HP is slower, when starting up compared to
the EB. A CHP unit is generally less flexible and slow compared to both the HP and EB, as
illustrated in Figure 2.7. Furthermore, a slightly higher production often occurs depending
on the engineer operator the unit1.

Time

Heat Heat pump

Electric heat boiler

Demand

HP start
EB start

Combined heat and power plant

CHP start

Figure 2.7 – Ramping principles for a HP, EB and a CHP illustrating the difference between the
three units.

The operation of CHPs, HPs and EBs have now been outlined allowing for the operational
costs for heat production on such units to be presented. This is the subject of the next
section. This will provide an intuitive understanding of the impact of electricity prices
on the optimal choice of heat production unit. Taxes on heat production induce significant
changes to the marginal heat costs and consequently the next section will present the relevant
taxes and fees imposed on heat produced by CHP, HP and EB units.

2.2 Heat cost comparison

Marginal heat production costs can be calculated for both the EB, HP and the two types
of CHP units, based on the knowledge obtained in Section 2.1. In the following the back-
pressure CHP will be denoted ”CHP”, and the extraction CHP, ”CHP2”. It is assumed
that the back-pressure unit (CHP) is biomass fueled and that the extraction unit (CHP2)
is fueled with coal as this resembles the production at one of the large CHP plants in
Copenhagen, Amagerværket.

2.2.1 Marginal heat production costs

Initially, the heat production costs are calculated without the addition of taxes and fees.
Subsequently, taxes and fees that apply will be outlined, and the changes it induce will be
illustrated.

The EB is very simple as is only consumes electricity. As the price of electricity varies the
heat costs as a function of the electricity price is found. Thus, the marginal heat cost, cEBt ,

1Oral conversation with H. Damgaard, Energy Planner, HOFOR.
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is found as:

cEBt = pspott (2.1)

where pspott is the electricity price at time t. The marginal cost for the HP, cHPt , is calculated
similarly, including the COP, COPHP .

cHPt =
1

COPHP
pspott (2.2)

The two CHP units have an electricity production which is sold. This is reflected in the
marginal heat costs. The back-pressure CHP has a marginal cost, cCHPt , determined by:

cCHPt =
1

ηCHP
(
1 + cbCHP

)
cf,bio − cbCHP pspott (2.3)

Here, ηCHP is the total efficiency of the unit, cf,bio is the cost of biomass, and cbCHP is the
power to heat ratio corresponding to the slope in Figure 2.2.

The extraction CHP2 has two operational possibilities. First, is the operation in back-
pressure mode (see Figure 2.4) with heat cost, cCHP2

t,back−pres., of:

cCHP2
t,back−pres. =

1

ηCHP2

(
1 + cbCHP2

)
cf,coal − cbCHP2pspott (2.4)

where cf,coal is the cost of coal, cbHP is the power to heat ratio and ηCHP2 is the total
efficiency of the CHP2. Thus, the first term represents additional fuel costs while the
second subtracts the turnover from selling power. Alternatively, it can operate in extraction
mode and increase the heat production while decreasing the power production at a rate,
cvCHP2. The costs, cCHP2

t,extrac., are here a matter of the opportunity cost for lost power sales.

cCHP2
t,extrac. = cvCHP2pspott (2.5)

Using the values presented in Table 2.1, the marginal heat costs are calculated and displayed
in Figure 2.8, illustrating the unit heat costs as a function of the power price.

Parameter Value Explanation

cf,bio 40 DKK/GJ Fuel costs for biomass
cf,coal 20 DKK/GJ Fuel costs for coal
cbCHP 0.24 Power to heat ratio for CHP
cbCHP2 0.64 Power to heat ratio for CHP2 in back-pressure
cvCHP2 -0.12 Power to heat ratio for CHP2 in extraction
ηCHP 1.1 Total fuel efficiency for the CHP unit2

ηCHP2 0.9 Total fuel efficiency for the CHP2 unit
ηHP 3 COP of HP

Table 2.1 – Parameters for a HP, a back-pressure and an extraction unit.

2A fuel efficiency above 1 is reached due to flue gas condensations which is not officially included in the
energy contents of the fuel.
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The behavior of the extraction CHP2 is illustrated with two different functions for two
different regimes. The first represents the costs in back-pressure operation mode described
by (2.4) which will occur when the power prices are low as the electricity production is
comparably low in this mode. At the intersection of the back-pressure and extraction mode
cost functions in (2.4) and (2.5), the prices are high enough for CHP2 to optimally operate
in extraction mode. Thus, for this price and upwards the heat costs are based on the
extraction mode.
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Figure 2.8 – Marginal heat costs, excluding taxes and fees, as a function of the electricity price for
different production units.

When taxes are not included, the HP is generally favorable for electricity price below 150
DKK/MWh compared to the other units. At this point the extraction CHP2 becomes more
economic. Only at high electricity prices, above 350 DKK/MWh, the back-pressure CHP
is favorable. The EB generally has higher marginal heat cost compared to the HP and
can only compete with the two CHP units when the electricity price is lower than ≈100
DKK/MWh.

The following section will introduce the taxes and fees that apply to HPs, EBs and CHPs
in order to provide a realistic view of the heat costs and dependency of taxes and fees.

2.2.2 Taxes and fees on heat production

The tax system for heat and power production and consumption is complex and suffers
from constant changes and amendments. These are made to accommodate changes in envi-
ronmental goals, technology development, resource availability etc. The increased focus on
sustainable production of heat and power has resulted in increasing taxes on coal compared
to biomass, which is currently exempted from most taxes. Even though coal as a resource
only is half the price of biomass, biomass production is significantly less costly compared
to coal production when taxes are included. In a similar way, taxes have recently started
to favor electricity based heat production, such as heat from EBs and HPs. In addition to
regular taxes there are also a number of fees for consumption of electricity. Taxes and fees
can account for more than 50% of the production costs which makes it important to address
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them properly.

Heat production at CHP plants

Electricity production does generally not impose any taxes. Due to the liberal nature of
the Nordic power market, tax applies at the consumer level. Heat production is, on the
contrary, taxed at the production stage. For CHP production, only the fuel corresponding
to the heat production is taxed. This is not a one-to-one relationship as heat is produced
more efficiently on a CHP compared to power. Depending on the production, the fuel to be
taxed is calculated from either the electricity or heat production. For the two CHP units
that are analyzed here, the tax method based on heat production is used, and the taxed
heat production is found as [26]:

ytax =
yprod

1.2

where yprod is the heat production. Depending on the fuel used to produce heat, the size of
the tax vary. The tax on coal is specified in Kulafgiftsloven and for 2014 it is [27]:

ctax,coal = 258.5 DKK/MWh

As mentioned, biomass used for CHP produced heat is currently not taxed with regular fuel
tax. Power produced at CHPs fueled with biomass receives a 150 DKK/MWh supplement
to promote this form of production even further [28].

In addition to the regular fuel tax, tax for emission of carbon dioxide (CO2), nitrogen oxide
(NOx) and sulphur oxides (SOx) exists. However, carbon dioxide tax is not imposed on
biomass production as opposed to coal based production. The price is typically [29]:

ctax,CO2 = 57 DKK/MWh

Finally, nitrogen oxide tax is also included for heat produced by a coal fueled CHP; however,
being less significant [30]:

ctax,NOx = 9 DKK/MWh

The sulphur oxide tax is below 1 DKK/MWh and is therefore considered negligible in these
studies.

Heat production at HPs and EBs

HPs and EBs generally have both taxes and fees, some of which only applies in certain
situations. In addition to the electricity price the EB and HP generally have costs for

1. Transmission and distribution [219 DKK/MWh power]

2. PSO3 [190 DKK/MWh]

3. Tax

3PSO (public service obligation) is a tax paid to support environmentally friendly power production such
as wind power production.
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Parameter Value Explanation

ctax,coal 258.5 DKK/MWh fuel Tax on coal
pbio,sup 150 DKK/MWh power Supplement for biomass produced power
ctax,el 412 DKK/MWh power Tax on electricity consumption by an EB or HP
ctax,heat 263 DKK/MWh heat Tax on heat production for units covered by El-

patronloven [31] (E.A.4.2.9)
ctariff,net 219 DKK/MWh heat Tax/fee for electricity distribution
ctax,CO2 57 DKK/MWh heat Carbon dioxide tax
ctax,NOx 9 DKK/MWh heat Nitrogen oxide tax

Table 2.2 – Current taxes on heat production from CHPs, HPs and EBs.

However, in Elforsyningsloven §9a, it is stated that a company producing district heating is
not obliged to pay PSO.

Producers using HPs and EBs can under specific circumstances choose between paying either
tax of the electricity consumption or the heat production. The electricity tax can always
be applied, and for tax registered companies there is a newly introduced reduction of this
tax for electricity driven heat production such as with EBs and HPs. Previously, this tax
amounts to 833 DKK/MWh. However, the reduction decreases this to 412 DKK/MWh.

Under certain conditions a HP and EB can be considered under the law for EBs (Elpa-
tronloven) [31] (E.A.4.2.9). This requires the HP and EB to be part of a CHP system or
owned by a heat or CHP producing company. In this case tax is only paid for the heat
production, which amounts to 263 DKK/MWh heat, comparable to the taxes for a heat
only boiler. However, for production units having a high electricity to heat ratio this is not
favorable. Comparing to the electricity tax of 412 DKK/MWh, a unit with a COP higher
than 412/263 = 1.6, Elpatronloven should not be applied. Instead the regular electricity tax
(412 DKK/MWh) should be used as this will be economically most favorable. Generally,
this means that EBs, which have a COP of 1, if possible should follow Elpatronloven, and
pay tax based on heat output. HPs, with a COP higher than 1.6, should on the contrary
choose to pay the electricity tax instead.

The tax can in certain situations also be removed completely. According to [32] the HP
and EB production is not taxed if the units are directly connected to, and supplied by, a
CHP unit. The connection should be internal, such that it could be considered internal
consumption. Finally, it can also be assumed that the transmission and distribution tariff
does not apply if the EB or HP unit is located and internally connected to the CHP from
which it receives electricity4.

The taxes, just explained including the current value are summarized in Table 2.2.

Heat costs including tax

With the addition of taxes outlined in the previous paragraphs, the heat costs for the
production units, found in (2.1)-(2.5) are now updated such to include taxes and fees.

4Oral discussion with T. Engberg, Chief Project and Market Manager, COWI.
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Assuming that the EB is not connected directly to a power producing unit, it has to pay
both the net tariff as well as heat tax:

cEBt = pspott + ctax,h + ctariff,net, (2.6)

where ctax,h is the tax on the heat production for units covered by Elpatronloven and
ctariff,net is the electricity distribution tariff.

The HP is assumed to pay the electricity tax just described. This leads to the cost being
described by:

cHPt =
1

COPHP
pspott +

1

COPHP

(
ctax,el + ctariff,net

)
(2.7)

where ctax,el is the electricity tax that applies to the electricity consumption.

The back-pressure CHP costs, including taxes and supplements are described by:

cCHPt =
1

ηCHP
(
1 + cbCHP

) (
cf,bio + ctax,NOx

)
− cbCHP

(
pspott + pbio,sup

)
(2.8)

For the extraction CHP the cost, including taxes, when operating in back-pressure mode
becomes:

cCHP2
t,back−pres. =

(
1 + cbCHP2

)
cf,coal − cbCHP2pspott +

1

1.2

(
ctax,coal + ctax,CO2 + ctax,NOx

)
(2.9)

Taxes imposed on extraction mode operation result in the costs:

cCHP2
t,extract. = cvCHP2pspott +

1

1.2

(
ctax,coal + ctax,CO2 + ctax,NOx

)
(2.10)

Figure 2.9 shows the heat costs when the taxes listed in Table 2.2 are applied.
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Figure 2.9 – Marginal heat costs as a function of spot price for different production units when
taxes are applied.
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The biomass back-pressure CHP is now consistently the cheapest unit due to the tax exemp-
tion for biomass production along with the supplement received for power production from
biomass. Only for electricity prices below -100 DKK/MWh the HP is competitive. It should
also be noted that the EB now have the highest marginal heat costs as seen from Figure
2.9, as opposed to the situation without tax, where it was among the most competitive.

2.3 Electricity markets

This section presents the electricity markets relevant for CHP, HP and EB production. Both
the market for buying and selling power as well as ancillary services will be presented. The
market structures vary between regions and countries around the world. The system for
Eastern Denmark will be used as reference here.

2.3.1 Nord Pool Spot

In Denmark and the Nordic countries energy can be traded on several liberalized markets
run by Nord Pool Spot. Nord Pool Spot is owned by the Nordic and Baltic transmission
operators; for Denmark this is Energinet.dk. There is 370 members generally consisting of
power producers, suppliers and traders as well as large end-users. 84% of all power in the
Nordic and Baltic regions was traded on Nord Pool Spot in 2013, which makes it the worlds
largest market for buying and selling power [33]. Two complementary markets exists; The
one day-ahead market, Elspot, and the intra-day market, Elbas. These will be outlined in
the following.

Elspot

The day-ahead market, Elspot, is most widely used as 71% of the total amount of traded
capacity is traded here [33]. Before noon, orders are placed hour by hour, for delivery on
the next day. Prices are calculated based on supply, demand and transmission capacity.

First, power producers provide a price curve reflecting the price required for different quan-
tities. This supply curve is usually very influenced by the production method and includes
a certain amount of uncertainty, as power from intermittent sources such as wind power
cannot be predicted with certainty.

Power demand bids are placed in a similar manner. The demand curves are generally
inelastic as consumers are not very sensitive to price changes.

Aggregating the supply and demand curves results in a situation similar to the one in
Figure 2.10. The supply curve shows a step-wise behavior which roughly corresponds to the
marginal costs of the production method. The cheapest is wind power but nuclear power
and hydro power have very low marginal costs as well. On the contrary, oil and gas turbines
that have high marginal costs due to high fuel costs and taxes and low efficiencies, lies in
the top. Furthermore, Figure 2.10 also illustrates the impact an increase or decrease in
wind power production have on the spot price. Due to the inelastic demand curve, a small
horizontal displacement of the supply curve can change the spot price significantly.
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Figure 2.10 – Supply and demand curve for power determining the power price. If the wind
production changes the entire supply curve shifts horizontally, which results in large changes in the
power price. Plotted with inspiration from [12].

Based on the submitted power bid and offers of power, the electricity price (spot price)5

is calculated to balance supply and demand taking into account possible limitation of the
transmission capacity [33].

Elbas

As most energy production, especially wind power production, is not known exactly one
day-ahead the intraday-market, Elbas, is used to help balance the realized production to
the realized demand.

After the spot price is announced the capacity available for the Elbas market is published at
14.00. Elbas is a continuous market where trading happens until one hour before delivery.
Prices are based on a first-come first-serve principle. This means that highest buy price and
lowest sell price comes first [34]. This market is generally not used very much. This could
be due to the existence of the regulating market described in the following section. The
Elbas market will, due to its small impact, not be considered in this project.

2.3.2 Ancillary services

Deviations in production and consumption as well as disturbances at production facilities
impact the system balance, and cause frequency deviations in the grid. Minor imbalances
can cause unstable system operation, and consequently Energinet.dk buys ancillary services
to ensure that they are always able to balance the frequency.

In addition to these, a joint Nordic market for regulating power exists to balance realized
production as consumption. This market will be outlined in the next section followed by a
description of the ancillary services bought by Energinet.dk.

5In the this report the electricity price, power price and spot price will be used interchangeably and refer
to the spot price determined in the Elspot market.
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Regulating power

Regulating power is production capacity or consumption offered by the market players to
Energinet.dk during the actual day of operation. The purpose is to neutralize imbalances
occurring during the day. Flexible units, able to increase or decrease their production,
forward bids for upward and downward regulation, stating the volume offered and the price
of activating the power. An offer of upward regulation corresponds to the ability to increase
the power production (or decrease the consumption) and similarly a downwards regulation
offer is a decrease in power production (or increase in consumption). Based on the offers, and
the need for up or down regulating power, the marginal offer that is activated determines
the regulating prices for all activated offers. However, the price for up regulation can never
exceed the spot price, just as the down regulation price can never be lower than the spot
price. Basically, a better price is obtained at the regulating market compared to the Elspot
market, but only in the event that the bid is activated.

Reserve power

The following ancillary services are bought by Energinet.dk for Eastern Denmark:

1. Frequency-controlled disturbance reserve (FDR)

2. Frequency-controlled normal operation reserve (FNR)

3. Manual reserves

4. Short-circuit power, reactive reserves and voltage control

In the FDR market HPs and EBs are not accepted and it is not considered further. Manual
reserves must be activated within 15 minutes which also makes it suitable for CHP units.
This means that a HP and EB would compete against CHP units for this market.

The focus is here on the FNR market, which is very appropriate for fast regulating units
such as a HP and EB. For this type of operation ordinary CHP units are not fast enough.

The FNR is meant for small frequency deviations of± 0.1 Hz. The power should be activated
automatically and be delivered within 150 seconds [35]. The offer should also be symmetric,
meaning that an offer of 2 MW requires the ability to regulate both up and down by 2 MW.
In Denmark only 23 MW is bought daily, which makes this a small market. An availability
price is submitted either one or two days before. A pay-as-bid6 concept is used for the
availability price. The actual production and consumption resulting from the activation is
paid according to the up and down regulating prices descrbied in the previous section. It is
very difficult to predict the prices in this market, as only the average of the trade together
with Sweden is available. The price is highly influenced by the Swedish water reservoirs
that can provide both up and down regulation at almost zero cost when they are already
running. This is only during the day and the FNR prices are, thus, usually higher at night.
It has been estimated that the Danish price is approximately 50% higher than the average
prices7.

6The supplier receives the price that was stated in the bid. This is generally the alternative to marginal
pricing where all accepted bids receive the same marginal price.

7Oral discussion with H. Damgaard, Energy Planer, HOFOR
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2.4 District heating in Greater Copenhagen

This section introduces the district heating system for Greater Copenhagen. Compared to
other district heating systems nationally and world wide, this is considered both to be a
large and complex system.

2.4.1 Heat distribution

Heat is not easily transported longer distances as opposed to electricity that can be trans-
ported hundreds of kilometres with minor losses. However, heat is restricted to the specific
area in which it is produced, as transport losses are high. This limits the heat distribution
to a relatively confined area depending on the available temperatures and the design, char-
acteristics and quality of the pipes. Figure 2.11 illustrates the district heating network of
Greater Copenhagen including the production units and the different distribution areas.

In the Greater Copenhagen area, there are two transmission operators VEKS and CTR,
and one main distributor, HOFOR, exists. Each operate within different areas of Greater
Copenhagen, see Figure 2.11. However, heat can be transported through the area of an-
other company, if necessary. Two producers provide heat, namely DONG Energy and HO-
FOR Kraftvarme (former Vattenfall). DONG Energy owns and operates Avedøreværket,
Svanemølleværket and H.C. Ørstedsværket and HOFOR Kraftvarme Amagerværket.

CHP plant

Waste incinerator
Transmission net
VEKS - DH
CTR - DH

Vestforbrænding

Steam - DH

AVV

HCV

AMV

AMF

SMV

VF

KARA

Figure 2.11 – Overview of the Greater Copenhagen district heating network [36]. DH refers to
district heating areas.

The heating network in Greater Copenhagen includes both a transmission and a distribution
network. The transmission network, visualised in Figure 2.11, is a high pressure (25 bar)
network meant for transporting heat longer distances. Heat is either distributed as hot water
and steam depending on the area. However, this project only considers heat production in
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the form of hot water as this simplifies the operation. Furthermore, a project converting
the steam based distribution to water based is currently ongoing.

The supply temperature for the transmission network varies between 100 ◦C in summer and
120 ◦C in the winter, generally increasing with lower outside temperature and higher heat
demand8.

The distribution network is connected to the transmission network through large heat ex-
changers. It supplies buildings with heat at 60 ◦C. The loss in the distribution network is
significantly higher than in the transmission network, and depending on the distance the
heat has to travel it accumulates to approximately 20% [37]. The supply temperature in
the distribution network is typically around 60-95 ◦C depending on the position in the dis-
tribution network, the outside temperature and the heat demand. The distribution network
is only a 6 bar network which increases the temperature requirements for the production.

2.4.2 Heat dispatch in Copenhagen

This section presents Varmelast.dk which is responsible for the daily heat dispatch in Copen-
hagen. The procedure for heat dispatch is subsequently outlined.

Varmelast.dk

Varmelast.dk is a company consisting of one employee from each of the three companies
VEKS, HOFOR and CTR, in Greater Copenhagen. While VEKS and CTR are transmission
companies supplying many local distribution companies around Copenhagen, HOFOR is the
distributor of district heating in Copenhagen. The purpose of Varmelast.dk is to provide
the overall most optimal and feasible heat dispatch between the two suppliers of district
heating, DONG Energy and HOFOR Kraftvarme. As a part of this, Varmelast.dk wish to
induce a degree of competition between the two suppliers.

Completely separated from Varmelast.dk, contracts are made between each distributors/
transmission operator (VEKS, CTR, HOFOR) and suppliers (DONG Energy and HOFOR
Kraftvarme) determining the monthly price to be paid for heat. Contracts include variable
costs depending on the amount supplied as well as a fixed part of the investment for the
production units.

Day-ahead heat dispatch

The process for daily heat dispatch made by Varmelast.dk is outlined in Figure 2.12.

At 07:45 Varmelast.dk sends a forecast of the expected heat demand for the upcoming day
to the producers, DONG Energy and HOFOR Kraftvarme (arrow 1). Based on this forecast,
each of the producers create a number of supply points. One point contains the production
costs for a given quantity of water and a quantity of steam. As the calculation of these
points is time-consuming and cumbersome only a limited number of points are provided
(approximately five from HOFOR Kraftvarme and 20 from DONG Energy). The points
are send to Varmelast.dk at approximately 8:45 (arrow 2). Varmelast.dk assumes a linear

8Oral discussion with H. Damgaard, Energy Planer, HOFOR.
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Figure 2.12 – Time line for Varmelast.dk heat dispatch process with inspiration from [38].

relationships between the points and a supply curve/plane is constructed. Varmelast.dk
determines the quantity from each suppliers that minimizes the total costs and sends back
the quantity of steam and water that is required from each of the producers (arrow 3). Based
on the amount requested from Varmelast.dk, each supplier now make an hourly preliminary
plan on how and where to produce. This plan is sent to Varmelast.dk at 09:45 (arrow
4). The producers neither take the physical limitations of the system into account, nor do
they know the specific production plan of the competitor. Varmelast.dk therefore has to
take both preliminary plans and run them through a flow model, that contains the physical
constraints in the network. If the plans are feasible nothing is changed. However, if this
is not the case, the model returns the feasible solution with the fewest changes in volume
taking into account the marginal costs that the suppliers provide. At 10:30 the final plan
is sent back to the producers (arrow 5). The amount of electricity they will produce is now
determined and bids are submitted to the Nord Pool Elspot market before noon.

Follow-up and intraday

Three times during the day; 15:30, 22:00 and 08:00 a follow up is made. Changes in heat
demand is included and production is changed according to a least-cost principle using the
marginal costs provided by the producers.

2.5 Chapter summary

This chapter presented the principles of CHP production on a back-pressure and an extrac-
tion plant. Furthermore, the operational principles for an EB and HP were outlined. Heat
costs for these production units were derived and the significant impact of taxes and fees
illustrated. The Nordic electricity market was outlined together with the ancillary services,
which are bought to secure grid stability. Finally, the district heating system of Greater
Copenhagen was presented and the procedures for heat dispatch outlined. This allows for an
assessment of the operational possibilities a HP and EB have if integrated in a CHP system.
Moreover, it allows for an analysis of the framework on which an operational strategy can
be developed. This will be the subject of the following chapter.



Chapter 3

Operational framework and
strategy

This chapter constitutes the foundation for the subsequent modelling and analysis chapters.
The previous chapter outlined and described the heat and power markets including the
relevant actors. Combined heat and power production was described as well as the working
principle of HPs and EBs. With this as the basis, this chapter analyzes and sets up a
framework for integrating a HP and EB in the Copenhagen district heating network and
Nordic power market. The most essential issues to be discussed include the physical and
organizational location of the HP and EB, as well as operational considerations concerning
the relevant markets. Addressing these issues properly, allows for an assessment of the
operational strategy, based on which, an appropriate modelling set-up can be defined.

3.1 Organizational location and information access

If an EB and HP are to be introduced into the system several possibilities exist for the
organizational location within the district heating system in Greater Copenhagen. Both
operational as well as political issues affected by the organizational location should be
considered before making this decision.

The heat dispatch in Greater Copenhagen, described in Section 2.4, is based on defined pro-
cedures intended to provide an optimal heat dispatch and to ensure a degree of competition
between the two suppliers. An EB and HP will therefore have to obey the principles set-up
in this agreement and enter the market in a way that is satisfactory for all parties. As a
consequence, detailed production information from both suppliers cannot be assumed to be
accessible simultaneously.

Three distinctive organizational locations are identified for the system in Greater Copen-
hagen:

1. Stand alone: Owned by third-party

2. Owned by Varmelast.dk

3. Owned by supplier: DONG Energy or HOFOR Kraftvarme

25
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These options have been selected after discussing the possibilities with both Varmelast.dk
and HOFOR, and are believed to constitute realistic options. The political as well as
operational consequences for each of these options are assessed in the following paragraphs
and summarized in Table 3.1.

In the first option the EB and HP operate as individual units. In this way the units are
competing equally against CHP units from HOFOR Kraftvarme and DONG Energy. In
relation to the level of information available, this will be limited to the day-ahead electricity
price forecasts and the daily heat demand forecast for the upcoming day. Thus, the operation
will have to be based on forecasts with large margins, to lower the risk of uneconomical
situations, as no rescheduling is possible. Furthermore, the HP and EB will not be able to
produce if the power price, unexpectedly, becomes very low and no heat dispatch is given
based on the forecasts for the electricity price.

The second option is to let Varmelast.dk operate the EB and HP, and profit to be divided
between the involved parts (DONG Energy, HOFOR Kraftvarme, HOFOR, VEKS and
CTR). This allows for the dispatch to be decided knowing the bids from the other suppliers.
However, such a set-up is politically complex and the production companies might not
accept this construction due to the risk of loosing profit. However, Varmelast.dk do not
have full access to supplier information and hence the flexibility of the HP and EB will not
be fully explored in this option.

Finally, in the third option the HP and EB are a part of a bigger system including addi-
tional ways of producing heat, such as CHP plants. This portfolio of production options
allows for a better optimization of the overall operation. Knowing information concerning
other production units, the heat and power bidding can take place on an aggregated level
with more flexibility to reschedule internally in the event of unexpected electricity prices.
Furthermore, access to storage is usually available in connection to large CHP units which
provide additional flexibility. This will result in cheaper bids to Varmelast.dk and thus more
heat dispatch.

Following, it seems most beneficial to opt for the third option and let the HP and EB be
part of a CHP system, owned by one supplier. This will not lead to any political conflicts
and allows for the flexibility of the HP and EB to be fully utilized.

Organizational
location

Political Operational

Stand alone
Simple solution. Operate and
compete equally against com-
petitors

No information, no flexibility and
high uncertainty

Varmelast.dk
Complex as it might favor the
HP and EB. Producers might
object

Overall production knowledge avail-
able. Low flexibility. Back-up func-
tionality

Supplier
Simple but requires internal
integration

Operational information available.
Optimize as part of CHP system.
High flexibility

Table 3.1 – Summary of political and operational consequences of three distinctive organizational
locations.
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3.2 Strategic market operation

This section analyzes the different markets in which a HP and EB might be beneficial to
operate. Section 2.3 outlined the markets for buying and selling electricity. These are,
important as the driving force of the EB and HP considered here is electricity. The markets
for selling heat and reserve capacity, described in Section 2.4 and 2.3, is also of interest.
Even though Varmelast.dk carries out an overall optimization based on the incoming bids,
an internal optimization still occurs after dispatch. With the introduction of a HP and EB
it thus needs to be considered, how they most optimally can operate in both the heat and
electricity market.

3.2.1 Heat dispatch and production planning

Heat dispatch at Varmelast.dk

Heat offers made by the suppliers to Varmelast.dk should always be based on production
costs. For CHP system with and without HPs and EBs, the costs are variable and uncertain
as the spot price is not yet known at the time the heat offer is made. Including HPs and
EBs a more competitive offer should be possible when the spot price is expected to be low.
However, the volatility of the spot prices and the uncertainty in the heat demand prediction
should be accounted for. Offering a price that ensures with e.g. 90% confidence that the
realized price will still result in a profitable situation could be a simple, yet good, strategy.

In the case where the supplier solely owns an EB or HP, the offers that are made will be
binding. In other words, if for instance the supplier offer and accepts to produce 50 MW,
the supplier is obligated to do so, no matter the costs. Consequently, a price margin should
be added to the bid to account for the volatility in the power prices. On the contrary, if the
supplier have a portfolio of production units (CHPs, EBs, HPs, etc.), the supplier could in
case of high power prices, produce the promised heat on a different and more economical
unit given the realized power price.

Heat and power schedule

Based on the heat dispatch provided one day ahead in the morning, the decision is now how
to produce the dispatched heat and how much to offer in the Elspot market. If the HP and
EB operate alone they simply have to buy the required amount at any price and be turned
on at the given time.

If a portfolio of different production units are available it becomes more complicated but
opens up for several new options. The HP and EB can only consume power, but if a back-
pressure and an extraction CHP is available, they can produce power and heat in different
ratios and with different efficiencies. Adding a storage opens up for even further possibilities.
In this situation it becomes difficult to come up with a simple operational strategy that can
plan the HP and EB operation in the complex system.
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3.2.2 The regulating market

Both the EB and HP could operate in the regulation market, utilizing their flexibility, by
selling up or down regulation hour by hour. As explained in Section 2.3.2 up or down
regulation is a service Energinet.dk buys based on offers provided at latest 45 minutes
before the hour in question. For an EB or HP this means that in order to up regulate it has
shut down and thus consume less electricity. Down regulation corresponds to increasing the
power consumption by turning on the HP or EB.

For downwards regulation, the offered quantity has to be available if activated. This means
that if an EB offer 5 MW down regulating, and its capacity is also 5 MW, it cannot operate
in any other market or supply heat. It has to be turned off and wait for the offer to be
activated. If activated, an amount of heat will be produced. This either has to be stored in
a storage tank, in the network, or used for supplying the district heating network. When
operating in the up-regulating market the EB or HP has to consume electricity in order
to be able to up-regulate. This means that if offering 5 MW up-regulation, the EB needs
to have a planed consumption of 5 MW such that it can turn off the power consumption
if activated. This means it will require heat dispatch when in this market. If activated,
the heat has to be supplied from another unit or from storage. However, if the unit is only
activated in a short amount of time the district heating network might be able to absorb the
change. An assessment of this possibility will be outlined for the reserve market in Section
3.2.3, but the same principles apply to this market. Generally, the EB and HP have to be
integrated with a CHP, boiler, storage or another device that can supply heat if operating
in the regulating market.

3.2.3 Reserve operation

The FNR reserve market is as explained in Section 2.3.2, both one and two days ahead.
In the following, the first paragraph analyzes some of the challenges of a bidding strategy,
whereas the second paragraph analyzes the possibility of utilizing the network to absorb
changes in heat production resulting from this market.

Bidding strategy

At the time of the two days ahead market, the electricity prices are very uncertain. The
reserve market clearing is difficult to forecast as only the average prices are public. If a
HP or EB were to offer reserve capacity in the two days ahead market, the bid would be
based on a forecast for the spot price with a high uncertainty. Also the marginal cost for
heat dispatch is not known and must be forecast. If the forecast for marginal heat cost is
denoted, p̂heatt , the electricity price forecast, p̂spott , and the expected minimum acceptance
cost for the reserve market, p̂rest , three different scenarios will be of specific interest for the
simple example of an EB considering to operate in the reserve market:

1. p̂rest + p̂heatt ≥ p̂spott and p̂heatt ≥ p̂spott

2. p̂spott is low

3. p̂rest ≥ p̂spott − p̂heatt and p̂spott ≥ p̂heatt
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In the first situation it might be profitable to bid in the reserve market. However, if the
supplier places an offer to the reserve market, only 50% of the capacity can be be sold at the
heat market. If not accepted in the reserve market a potential profit is lost by not supplying
100% capacity to the heat market.

In the second situation it might still be profitable to bid in the reserve market. However, if
the electricity price turns out very low or even negative, the benefits from operating in the
heat market with full capacity (as opposed to half the capacity) would be much higher.

Finally, in the last situation the expected spot price is higher than the expected heat market
clearing price. This means, that under normal circumstances the EB would not get any heat
dispatch as the operating costs would be too high. However, in the situation that the reserve
market can provide additional profit, such that the sum of reserve and heat profit exceeds
the electricity price, it would be reasonable to consider to offer in the reserve market.
Clearly, this market is very uncertain and operating here could easily lead to uneconomical
situations.

Complicating the issue even further, the actual use of the EB is paid the regulating price
for reserve market operation. This is not considered in the scenarios described above.
Generally, offers in the reserve market should be provided with very high margins due to
the uncertainty.

The one day-ahead market, which happens at 19:00, has the advantage of known power
prices. This means that a situation as the one described in bullet (2) above would not
occur. However, the offer to the heat market now occurs before the reserve market is
decided. If the heat price is expected to be lower than the electricity price, the supplier
needs to decide between a full load (heat market only) or a 50% load (heat and reserve).
The decision will be affected by the risk-willingness, as operating only in the heat market
has significantly less associated risk. However, all uncertainties are generally reduced in the
one day-ahead market, hence this market is clearly preferred if the supplier was to chose.

Finally, there is also a challenge of political nature in relation to this. Currently, the
costs provided to Varmelast.dk in the daily heat dispatch must not be influenced by the
benefits obtained in any reserve market. For CHP plants this is only an insignificant part
of their total production. However, for an EB, operating on the reserve market will in some
situations, like scenario 3 described above, be crucial for its competitiveness on the heat
market.

Heat from FNR operation

A relevant issue when considering into introduce HPs and EBs to the reserve market is the
consequences on the heat market. If frequency reserve is required the heating network has
to be flexible and absorb the resulting fluctuating heat production. Otherwise a storage, or
other heat producing units, needs to be connected to the unit. The impact on the network
depends on the volume, the power of the HP and EB and the running time.

The temperature difference, ∆T , due to an increased energy supply is found as [39]:

∆T =
Q

m · Cp
(3.1)
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where Q is the energy added, m is the mass and Cp is the heat capacity of the heating
medium (here water).

Calculations are carried out for Amagerland and Tingbjerg which are the largest and small-
est distribution networks in Copenhagen, respectively1.

For an EB supplying 1 MW for 1 hour in Amagerland which has a volume of 8500 m3 this
gives:

∆T =
3.6× 106kJ

8.5× 106kg · 4.18 kJ
kg· ◦C

= 0.1 ◦C (3.2)

For the smallest network Tingbjerg with only 62 m3 the corresponding calculation results
in:

∆T = 13.9 ◦C (3.3)

These calculations emphasize the impact of the location of the unit if this market should be
considered for an EB without a storage available. Normally, activation in the FNR market
corresponds to continuous small deviations to be counteracted continuously. However, there
is no limit for the maximum duration of an activated reserve capacity, and thus, the specific
district heating network should be considered before deciding to enter this market. The
network would not be as suitable for absorbing regulating power, as described in Section
3.2.2, due to the long activation times that more often occur in this market.

3.3 Physical location of the EB and HP

The physical location of an EB and HP can have a large impact on the associated benefits as
was already illustrated in the last section. The different options along with their advantages
and disadvantages are outlined in this section.

3.3.1 Distribution or transmission network

It is important to decide whether the HP and EB should be connected to the transmission
network or the distribution network. Deciding between one or the other will have both
benefits and drawbacks.

Currently, HPs are only designed to produce heat with a supply temperature of up to
85 ◦C2. This is mainly due the refrigerants that is used and the corresponding high pressure
that is required for making the high temperature. However, as the technology matures the
available temperatures might increase. In order to supply the transmission network the
temperature has to be significantly higher, ∼ 100 ◦C. This means that the location of
the HP currently is limited to the distribution network. Thus, the HP will be limited to
production for only one distribution area. In situations of a bottleneck in the distribution
network, in can be an advantage to be situated in the distribution network. A bottleneck

1Information on the two distribution networks was provided by D. Lindblom, HOFOR.
2Discussion with T. Engberg, Chief Project and Market Manager, COWI.
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usually requires an increase in the supply temperature or the start-up of an oil or gas boiler
which can be extremely costly. If an HP was located on the right side of the critical point it
would be favorable to supply this area and the temperature would not have to be increased.
However, the monetary benefits for this type of operation is difficult to assess and requires
the optimal location to be found. In addition production can not be planned in advance
and thus, the unit cannot buy power on the Elspot market. This will increase the operating
cost of the unit, but since it replaces more expensive gas or oil boilers it might still be
profitable. Furthermore, the HP has an additional restriction concerning the location as it
requires access to a cold source of energy. In the case of sea water, the HP is limited to a
location in a distribution network adjacent to the sea.

For an EB the situation is similar concerning the beneficial location when there are bot-
tlenecks. If the area after the bottleneck is small, the EB will be more suitable than the
HP since the EB is a small investment and does not require many operating hours to be
profitable compared to a HP. Furthermore, EBs do not have the restrictions in temperature
and can produce at any temperature. However, EBs are still not as efficient when it comes
to production and the operational costs are high due to the high use of electricity and com-
parable high taxes and fees. In order to reduce the marginal costs, it should be considered
to locate the EB at the CHP plants as described below.

3.3.2 Locate the EB at a CHP plant

If an EB is located at a CHP plant connected to the transmission network, it is not able to
explore the benefits of getting dispatch due to a favorable location. However, it can easily
be connected to existing transformers and it will often have access to storage facilities. This
keeps the investment costs even lower. However, the main incentive to locate the EB at a
CHP plant is, to be exempted from the heat tax and distribution fee, according to the tax
rules described in Section 2.2.2.
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Figure 3.1 – Marginal heat costs for production units including both the marginal cost for an EB
with and without tax.

Figure 3.1 shows the marginal heat costs presented in Section 2.2 with the addition of
marginal costs for the EB without tax and distribution fee. The impact of locating the EB
at a CHP is huge and significantly increase the competitiveness of the EB. If tax is included
it is generally the least favored unit. Excluding the tax makes it competitive with both
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CHP units as well as the HP.

The following section summarize the operational possibilities for the HP and EB, and the
corresponding time line for the decision making process.

3.4 Modelling an operational strategy

A full operational strategy for an EB and HP, including all the relevant markets analyzed
in the previous sections, would result in multiple interlinked decisions to be taken at dif-
ferent times. As was realized from the previous sections, different markets have different
structure and time horizons, which makes such operational strategy highly complex. Figure
3.2 displays a time line of decisions to be taken, including both, the ordinary heat market,
the Elspot market, the one day-ahead reserve market, the regulating market and finally
the real-time changes based on the realized heat demand. In the vertical axis additional
information on the decision is outlined. ”Basis” highlights the information available at the
time of the decision and other previous constraining decisions. ”Characteristics” indicates
the complexity of the given market/decision and the relative importance of an operational
strategy.
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Figure 3.2 – Outline for an operational stategy for an EB and HP including both heat and electricity
markets. Markets are ordered according to the time at which decisions are made.

As this system is both complex and interlinked, all decisions should optimally be included
into one model describing the full system. This could act as a decision support tool in
all the decision phases outlined in Figure 3.2. However, such a model requires extensive
modelling and might be computationally intractable, due to the complexity of the system
and the excessive amount of data that would serve as an input. Instead, the most impor-
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tant decision(s) must be identified and used as a starting point for the development of an
operational strategy.

Even though the heat dispatch, see column 1 in Figure 3.2, is very important, it does
not provide information on how to operate the HP and EB, but merely how much these
optimally should produce. Naturally, this is very important if the aim is to ensure the
maximum dispatch, but less significant here, where the goal is an operational strategy.

The FNR market, outlined in column 3, is very small and competition has decreased the
profitability from this market. The high uncertainty in this market, described in Section
2.3.2, makes the risk of uneconomical situations higher if a specific low-risk strategy is not
developed. In addition, the current heat dispatch procedure does not allow for bids to be
affected by this market.

The regulating market, summarized in column 4, is an interesting market to participate in.
A CHP unit could benefit from this market, as power production might have to be adjusted
to meet the realized heat demand. The EB and HP could be included by offering flexibility
during period they are not competitive in the heat market. However, if a system comprising
both CHP, HP and EB units is available, the flexibility of the HP and EB could make this
market less important.

Essentially, the development of an operational strategy for an HP and EB starts by defining
how to integrate these units into the ordinary heat and power scheduling that occurs before
the spot prices are known, but after the heat dispatch has taken place, see column 2. The
other markets and services are secondary options to increase the profit, while the first step
is to model the integration of a HP and EB in the heat and power production planning in
a CHP system.

3.5 Chapter summary

This chapter presented a framework for developing an operational strategy for a HP and
EB. The potential of relevant markets were analyzed, and a time line for an operational
strategy comprising all relevant markets was presented. The challenge and importance
of each decision was stressed, and it was concluded that the main challenge is to find
the operational strategy, which includes the HP and EB in the ordinary heat and power
scheduling and subsequently offer power to the Nordic spot market.

In order to make a heat and power schedule for a CHP system, a mathematical model seems
necessary as the complexity of the system and decision process makes it difficult to choose
optimally. This will be the scope of following chapters.
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Chapter 4

Operation models for a CHP
system

Based on the analysis of the framework carried out in the previous chapter, this chapter
introduces a model describing the heat and power operation in a CHP system including a
HP and EB supplying a district heating network. The CHP system comprise two CHP units,
a HP, an EB, a small local and a large heat accumulator (storage), s1 and s, respectively.
The small local storage is only connected to the HP. Electricity from the CHP units is used
to supply the EB directly. The remaining electricity is sold on the Nordic day-ahead Elspot
market. This system, without the HP and EB resembles a realistic integrated heat and
power production system in Copenhagen. The EB and HP constitute two additional units
to increase flexibility and take advantage of low electricity prices.

4.1 System framework

Figure 4.1 shows a simple overview of the system. Red dashed lines represent heat transfer
from normal production; black arrows represent electricity inputs or outputs. The two CHP
units, one extraction unit and one back-pressure unit, produce directly to the transmission
network and to a large heat accumulator.

The transmission network supplies several local distribution networks of which only two
are shown here. The HP is, due to temperature limitations, only connected to a local
distribution network and a small local heat accumulator. The HP operates as a negative
load for the total system, meaning that it is assumed that the size and heat demand of the
distribution network is large enough for the HP to produce at any time. Both the HP and
EB consume electricity and offer heat.

35
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Figure 4.1 – Overview of a district heating system comprising two CHP units, an EB, a HP, a large
and a local heat accumulator.

4.2 Deterministic model for a CHP system

4.2.1 Parameters

Table 4.1 and 4.2 list the time dependent and constant parameters, respectively. Generally,
”C” denotes heat capacities, ”c” costs, ”P” power limitations and ”H” heat limitations.

Parameter Unit Explanation

p̂spott DKK/MWh Forecast spot price at time t

d̂t MWh Forecast heat load at time t

Table 4.1 – Time dependent parameters.

4.2.2 Variables

Table 4.3 lists the variables used in the model along with the type and definition. All
variables are in greek letters with subscript indicating an index, such as time and super-
script denoting the units or specifying the variable. As an example ”d” and ”s” is used
to specify a production to (heat) demand and storage, respectively. When referring to the
two CHP units, the back-pressure CHP is denoted as ”CHP” and the extraction CHP as
”CHP2”. Generally, variables denoted by χ, ρ, α and β represent heat transfer, power
production, storage level and binary variables, respectively. Variable χd,CHPt is hence, the
heat production from the back-pressure CHP to cover the heat demand at time t.
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Parameter Value Explanation

Cs 3000 MWh Storage capacity
Cs1 300 MWh HP storage capacity
CHP 75 MWh Heat production capacity for HP
CEB 75 MWh Heat production capacity for EB
CCHP 250 MWh Heat production capacity for back-pressure CHP
CCHP2 330 MWh Heat production capacity for extraction CHP2
cf,CHP 144 DKK/MWh Fuel cost for CHP (biomass)
cf,CHP2 72 DKK/MWh Fuel cost for extraction CHP2 (coal)
COPHP 3 COP for HP
ηCHP 1.1 Total efficiency for back-pressure CHP
ηCHP2 0.35 Power efficiency for extraction CHP2
cbCHP 0.24 Power to heat relationship for back-pressure CHP
RCHP 50 MW Max ramp up and down rate for back-pressure CHP
RCHP2 40 MW Max ramp up and down rate for extraction CHP2
Sflow 300 MW Maximum flow to and from storage
Sloss 1.05 MW Loss when using heat from storage
cvCHP2 -0.12 Power to heat ratio for CHP2 in extraction opera-

tion
cbCHP2 0.64 Power to heat ratio for CHP2 in back-pressure op-

eration
Pmin,CHP 12 MWh Minimum power production from CHP
Pmax,CHP2 250 MWh Maximum power production from CHP2
Pmin,CHP2 40 MWh Minimum power production from CHP2
Hmin,HP 10 MWh Minimum heat production from HP
csu 125000 DKK Start up cost for CHP and CHP2
csd 125000 DKK Shut-down cost for CHP and CHP2
csu,HP 2500 DKK Start up cost for HP
ctax,coal 258.5 DKK/MWh Tax for production from coal
ctariff,net 219 DKK/MWh Distribution fee for electricity consumption
ctax,el 412 DKK/MWh Electricity consumption tax
cCO2 57 DKK/MWh CO2 tax for heat production from fossil fuels
cNOx 9 DKK/MWh NOx tax for heat production from fossil fuels
cbio,sup 150 DKK/MWh Supplement for power produced by biomass CHP
cinf 1000 DKK/MWh Penalty for the heat demand not being satisfied
rtax,f 1.2 Ratio between heat production and fuel to be taxed

Table 4.2 – Constant parameter values used for the stochastic and the deterministic model
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Variable Type Explanation

νprodt ∈ R+ Total electricity production at time t
νcont ∈ R+ Total electricity consumption at time t

νCHP,EBt ∈ R+ Amount of CHP power production used by EB at time t

χs,CHPt ∈ R+ Production from CHP to storage, s, at time t

χd,CHPt ∈ R+ Production from CHP to demand at time t

χs,CHP2
t ∈ R+ Heat production to storage s from CHP2 at time t

χd,CHP2
t ∈ R+ Heat production to demand from CHP2 at time t

χs1,HPt ∈ R+ Production from HP to storage s1 at time t

χd,HPt ∈ R+ Production from HP to demand at time t

χs,EBt ∈ R+ Production from EB to storage s at time t

χd,EBt ∈ R+ Production from EB to demand at time t

χd,st ∈ R+ Amount taken from storage s at time t

χd,s1t ∈ R+ Amount taken from HP storage s1 at time t

χinft ∈ R+ Heat demand not covered at time t
αst ∈ R+ Amount in storage s at time t
αs1t ∈ R+ Amount in HP storage s1 at time t

ρf,CHP2
t ∈ R+ Max power corresponding to constant fuel use for extraction CHP2

at time t
γCHP2
t ∈ R+ Fuel consumption from CHP2 at time t
γCHPt ∈ R+ Fuel consumption from CHP at time t
ρCHP2
t ∈ R+ Power production from CHP2 at time t
βCHPt ∈ B Is one if CHP is producing at time t

βsu,CHPt ∈ B Is one if CHP is in start-up at time t

βsd,CHPt ∈ B Is one if CHP is in shut-down at time t
βCHP2
t ∈ B Is one if CHP2 is producing at time t

βsu,CHP2
t ∈ B Is one if CHP2 is in start-up at time t

βsd,CHP2
t ∈ B Is one if CHP2 is in shut-down at time t
βHPt ∈ B Is one if HP is producing at time t

βsu,HPt ∈ B Is one if HP is in start-up at time t
z ∈ R Total profit

Table 4.3 – Variables used in the deterministic optimization model for a CHP system.
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4.2.3 Objective function

The objective function states the overall objective of the optimization. For this model, it is
chosen to minimize costs. This is stated in (4.1)-(4.3):

min.
∑
t

(
p̂spott

(
νcont − νprodt

)
+ πtax,HPt + πtax,CHP2

t + πtax,CHPt + (4.1)(
ρCHPt − νCHP,EBt

)
cbio,sup + cfCHPγCHPt + cfCHP2γCHP2

t + cinfχinft (4.2)

+csu
(
βsu,CHPt + βsu,CHP2

t

)
+ csd

(
βsd,CHPt + βsd,CHP2

t

)
+ csu,HPβsu,HPt

)
(4.3)

where the tax costs included in (4.1) are different for each unit and calculated as:

πtax,HPt =
1

COPHP

(
χd,HPt + χs,HPt

)(
ctax,el + ctariff,net

)
, ∀t (4.4)

πtax,CHPt =
1

rtax,f

(
χd,CHPt + χs,CHPt

)
cNOx , ∀t (4.5)

πtax,CHP2
t =

1

rtax,f

(
χd,CHP2
t + χs,CHP2

t

)(
ctax,coal + cCO2 + cNOx

)
, ∀t (4.6)

The first part of the objective function, described by (4.1), includes the cost from power
consumption by the EB and HP, the expected turnover from the power traded on the Elspot
market as well a the total tax costs for the HP, CHP and CHP2 outlined in Section 2.2.
These costs are defined in (4.4)-(4.6). The EB does not pay tax as it is connected directly to
the CHP units. The second part of the objective function, described by (4.2), includes the
fuel costs for the two CHP units, the supplement given to power produced by the biomass
(the back-pressure CHP) and a cost to not fulfill the heat demand. νCHP,EBt corresponds
to the amount of the power production from the back-pressure CHP that was used for the
EB, as this share should not receive the supplement. Finally, (4.3) allows for start-up costs
for both CHP units and the HP and shut down costs for the CHPs.

4.2.4 Constraints

A number of constraints is defined to constrain the production, which ensure that results
resemble the reality to a certain extent. The following outlines each of the constraints
ordered according to their function and not by units.

Heat and power production

The heat demand, dt, is satisfied through the equality constraint in (4.7). However, the

variable χinft is included to allow for a solution even if the heat demand cannot be met.
Use of this variable is penalized in the objective function. The terms in (4.7) represent the
heat production from the two CHP units, the HP and EB and the amount of heat extracted
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from the two storages1. On the right hand side is the heat demand that is not covered:

χd,CHPt + χd,HPt + χd,EBt + χd,st + χd,s1t + χd,CHP2
t = dt − χinft , ∀t (4.7)

The planned production of electricity, νprodt , is defined in by:

νprodt = ρCHPt + ρCHP2
t , ∀t (4.8)

For the back-pressure CHP unit there is a fixed relationship, cbCHP , between power and heat
production, and thus the power production is calculated as in (4.12). The power production
from the extraction CHP2, ρCHP2

t , is defined through equations (4.14)-(4.17).

The consumption of electricity from the EB and HP, νcont , is defined in (4.9):

νcont = χs,EBt + χd,EBt +
1

COPHP

(
χd,HPt + χs,HPt

)
, ∀t (4.9)

In order for the EB to avoid tax, the power consumption always have to be supplied by
either one of the CHP units and thus it is required that:

χs,EBt + χd,EBt ≤ ρCHPt + ρCHP2
t , ∀t (4.10)

The amount of electricity used by the EB and HP, not supplied by the CHP2, is found as:

νCHP,EBt ≥ νcont − ρCHP2
t , ∀t (4.11)

Power production and fuel consumption of CHP units

The power production and fuel usage from the back-pressure CHP is calculated in (4.12)
and (4.13). The power production and the power efficiency, ηCHP , is used to find the fuel
consumption:

ρCHPt =
(
χs,CHPt + χd,CHPt

)
cbCHP , ∀t (4.12)

γCHPt =
1

ηCHP

(
ρCHPt + χs,CHPt + χd,CHPt

)
, ∀t (4.13)

Due to the operational possibilities of an extraction CHP, displayed previously in Figure
2.4, it does not have a fixed relationship between heat and power. Thus, it requires a few
additional constraints. These constraints are presented in (4.14)-(4.17). The first two limits
the power production, based on the heat production, to be within the feasible area:

ρCHP2
t ≤ cvCHP2

(
χd,CHP2
t + χs,CHP2

t

)
+ Pmax,CHP2 , ∀t (4.14)

ρCHP2
t ≥ cbCHP2

(
χd,CHP2
t + χs,CHP2

t

)
+ Pmin,CHP2 , ∀t (4.15)

The constraints in (4.16) and (4.17) define the power production, ρCHP2
t , and the corre-

sponding fuel consumption, γCHP2
t , such that the fuel usage follows the principle outlined

1It should be noticed that this assumes that the HP and the small storage unit will never deliver more
than the local distribution network requires, as they are not able to deliver to the transmission network.
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in Figure 2.4. This ensures that the right-most point in Figure 2.4 also appears optimal in
the model:

ρCHP2
t = cvCHP2

(
χd,CHP2
t + χs,CHP2

t

)
+ ρf,CHP2

t , ∀t (4.16)

γCHP2
t =

1

ηCHP2
ρf,CHP2
t , ∀t (4.17)

Ramping

Ramping constraints are also introduced for the back-pressure and extraction CHPs, see
(4.18)-(4.21). These are necessary due to the physical limitations of the CHP units. This
means it is only possible to increase or decrease the production by a limited amount, RCHP ,
from one hour to the next:(

χd,CHPt + χs,CHPt

)
−
(
χd,CHPt−1 + χs,CHPt−1

)
≤ RCHP , ∀t (4.18)(

χd,CHPt + χs,CHPt

)
−
(
χd,CHPt−1 + χs,CHPt−1

)
≥ −RCHP , ∀t (4.19)

(
χd,CHP2
t + χs,CHP2

t

)
−
(
χd,CHP2
t−1 + χs,CHP2

t−1

)
≤ RCHP2 , ∀t (4.20)(

χd,CHP2
t + χs,CHP2

t

)
−
(
χd,CHP2
t−1 + χs,CHP2

t−1

)
≥ −RCHP2 , ∀t (4.21)

These constraints do not apply to the HP and EB. As long as the capacity of the HP is not
very large, relative to the CHP units, it is assumed that ramping is not as important for
the HP. The EB can go to full load in a matter of minutes or seconds, and thus ramping
constraints are omitted here as well.

Start-up and shut-down

Start-up and shut-down costs are also introduced for both the back-pressure and the ex-
traction CHP. The HP does also have start-up costs, but no shut-down cost is implied to
allow for a more flexible production. The constraints defining the start ups are identically
constructed for the three units.

In (4.22)-(4.24) the binary variables, βCHPt , βCHP2
t and βHPt are one if the respective unit

have a heat or power production different from zero:

χs,CHPt + χd,CHPt ≤ βCHPt CCHP , ∀t (4.22)

ρCHP2
t + χs,CHP2

t + χd,CHP2
t ≤ βCHP2

t

(
Pmax,CHP2 + CCHP2

)
, ∀t (4.23)

χs,HPt + χd,HPt ≤ βHPt CHP , ∀t (4.24)

The constraint concerning the extraction CHP2, (4.23), also includes the power production,
as this unit, as opposed to the back-pressure unit, can produce power without simultaneously
producing heat.

Naturally, there are costs associated with a start-up of CHP units. The constraints in
(4.25)-(4.27) defines the start-up of the units. If no production occurred at the previous
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time step a production in the current time step will require a start up and thus the binary
variables, βsu,CHPt , βsu,CHP2

t and βsu,HPt are required to be one:

βsu,CHPt ≥ βCHPt − βCHPt−1 , ∀t (4.25)

βsu,CHP2
t ≥ βCHP2

t − βCHP2
t−1 , ∀t (4.26)

βsu,HPt ≥ cHP,su
(
βHPt − βHPt−1

)
, ∀t (4.27)

Similar to the start-ups, shut-down constraints for the back-pressure CHP and the extraction
CHP2 are presented in (4.28) and (4.29):

βsd,CHPt ≥ βCHPt−1 − βCHPt , ∀t (4.28)

βsd,CHP2
t ≥ βCHP2

t−1 − βCHP2
t , ∀t (4.29)

Minimum load

A minimum load constraint is also formulated since, in reality, a minimum production is
required to get the turbines running:

ρCHPt ≥ βCHPt Pmin,CHP , ∀t (4.30)

ρf,CHP2
t ≥ βCHP2

t Pmin,CHP2 , ∀t (4.31)

χs,HPt + χd,HPt ≥ βHPt Hmin,HP , ∀t (4.32)

Storage operation

Both storages need state transition equations to describe the heat level at any time. These
are formulated in (4.33) and (4.34), as the previous heat level plus the net production in
time t. The net production is the production to storage subtracted the consumption from
the storage:

αst =αst−1 + χs,CHPt + χs,CHP2
t + χs,EBt − slossχd,st , ∀t (4.33)

αst1 =αs1t−1 + χs,HPt − slossχd,s1t , ∀t (4.34)

where sloss is introduced to incur a loss when using the storage and to ensure that the
storage is not favorable compared to direct delivery.

There is a physical limit on the amount of heat that can be delivered to and from the storage
for each hour. This constraint is modelled in (4.35) and (4.36):

χd,st ≤ Sflow , ∀t (4.35)

χs,CHPt + χs,EBt + χs,CHP2
t ≤ Sflow , ∀t (4.36)

It is assumed that the small storage does not have the same flow constraint as the one just
described for the large storage.
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Capacity constraints

A number of capacity constraints are required to limit the production from the CHP2, EB,
HP and the storages. These are presented in (4.37)-(4.39):

αst ≤ Cs , ∀t (4.37)

αs1t ≤ Cs1 , ∀t (4.38)

χs,EBt + χd,EBt ≤ CEB , ∀t (4.39)

The capacity for the back-pressure CHP and the HP was ensured in the definition of the
binary variables in (4.22) and (4.24), respectively.

The objective function described by (4.1) and (4.3), together with the constraints in (4.7)-
(4.39) constitute the deterministic operation model used for the subsequent modelling and
analysis.

The model described in this section was implemented in GAMS and the script can be found
in Appendix A.

4.3 Stochastic model for a CHP system

In the analysis of the framework in Chapter 3 it became apparent that uncertainty has
a big impact on the decisions to make in heat and power markets. Both the electricity
prices as well as the heat demand is uncertain, and both are based on point forecasts in the
deterministic model. Furthermore, all decisions are made before the spot price and heat
demand is realized with no option of adjusting production to the realization. In reality
the supplier would have to adjust the production to the realized heat demand. Including
both the uncertain nature of the heat demand and electricity prices together with the
adjustment of the heat demand calls for a stochastic two-stage model with recourse. The
general principles of this type of model will be outlined in the following section and followed
by a formulation of such a model.

4.3.1 Stochastic optimization

The general formulation of a linear stochastic optimization problem can be stated as [40]:

min z = cTx+ Eξ[Q(x, ξ)]

s.t. Ax = b,

x ≥ 0

where c and b are vectors of parameters, A is a matrix of parameters and x is a vector
containing the decision variables.

The recourse function Q(x, ξ) is the optimal value of the second stage problem:

min q(ξ)T y(ξ)

T (ξ)x+Wy(ξ) = h(ξ)

y(ξ) ≥ 0
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whereW is a matrix of parameters, q(ξ) and h(ξ) are parameters dependent on the stochastic
variable and y is the second stage decision variable. The principle of a two-stage program is
that a first stage ”here-and-now” decision, x, is taken before the realization of the uncertain
information, ξ, is known. For a minimization problem the costs should be minimized.
However, the expectation of the second stage problem is included. This resembles the
optimal behavior given the realization of the uncertain data. It is also referred to as the
recourse cost, i.e. the cost of compensating for any difference between the first stage decision
and the realization of uncertainty.

In order to solve a two-stage problem numerically, it can be useful to assume that the
random vector, ξ, has a finite number of realizations. These can be considered scenarios,
each with an assigned probability. In this case the expectation of the recourse function can
be formulated as a sum:

E[Q(x, ξ)] =
K∑
k=1

pkQ(x, ξk) (4.40)

where k = 1...K are the scenarios, and pk is the probability of scenario k.

This approach will be the subject of the following section. A more thorough introduction
to stochastic programming can be found in [40].

4.3.2 Two-stage stochastic model with recourse

In order to model this system as a two-stage problem a number of first and second stage
variables should be defined. A general overview of this two-stage problem is shown in Figure
4.2. The first stage decision variables are as described in the Section 4.2. The second stage
variables are displayed in Table 4.4.

Stage 1

Time

Heat and 
power 

schedule

Stage 2

Change production to 
meet realized heat 

demand

11:30 00:00-24:0012:00

Uncertain heat 
demand and power 

price

Heat demand 
realizes

Power price 
clearing

Figure 4.2 – Overview of the two-stage problem. In the first stage a production plan for heat and
power is made and a fixed amount of power is sold on the Elspot market. In second stage, the heat
demand and spot price is known and adjustments to satisfy the realized heat demand are made
accordingly, without changing the net power production.

All parameters are as described in Table 4.5 and 4.2. However, a number of scenarios,
indexed by ξ, are introduced to solve the problem numerically. Thus, dt,ξ and pspott,ξ , re-
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spectively, represent the realized heat demand and electricity price for scenario ξ and time
t.

4.3.3 Objective function

The formulation of the objective function follows the principles outlined in Section 4.3. In
(4.41) - (4.43) the first stage decision is formulated with the addition of the expectation of
the second stage in (4.44):

min.
∑
t

(
p̂spott

(
νcont − νprodt

)
+ πHP,taxt + πCHP2,tax

t + πCHP,taxt (4.41)

+
(
ρCHPt − νCHP,EBt

)
cbios + cfCHPγCHPt + cfCHP2γCHP2

t + cinfχinft (4.42)

+ csu
(
βsu,CHPt + βsu,CHP2

t

)
+ csd

(
βsd,CHPt + βsd,CHP2

t

)
+ csu,HPβsu,HPt

)
(4.43)

+ E[Q(x, ξ)] (4.44)

where E[Q(x, ξ)] is the expected value of the recourse function Q(x, ξ) which is defined as:

Q(x, ξ) = min.
∑
t

(
pspott,ξ

(
∆νcont,ξ −∆νprodt,ξ

)
+ (4.45)

∆πHP,taxt,ξ + ∆πCHP2,tax
t,ξ + ∆πCHP,taxt,ξ + (∆ρCHPt,ξ −∆νCHP,EBt,ξ )cbio,sup+ (4.46)

cfCHP∆γCHPt,ξ + cfCHP2∆γCHP2
t,ξ + cinf∆χinft,ξ + (4.47)

csu
(

∆βsu,CHPt,ξ + ∆βsu,CHP2
t,ξ

)
+ csd

(
∆βsd,CHPt,ξ + ∆βsd,CHP2

t,ξ

)
+ csu,HP∆βsu,HPt,ξ

)
(4.48)

The first part described by (4.45) includes the change in power production and consumption.
Next, the change in tax costs as well as the supplement for biomass produced power is
considered in (4.46). The change in fuel consumption and cost of uncovered heat demand is
stated in (4.47), and finally the change in start-ups and shut-downs is introduced in (4.48).

4.3.4 Constraints

A number of first and second-stage constraints are required to limit production and obtain a
practically feasible solution. The first stage constraints are identical to (4.7)-(4.39) presented
in Section 4.2. This means that the model should also be feasible in the first stage solution.
In addition to those constraints, a number of new constraints are necessary to represent
the changes from the second stage decision. Many of the constraints are similar to those
presented in Section 4.2 but with the addition of second stage variables. Those will only
be described briefly as a thorough explanation can be found in Section 4.2. However, one
very important equation is introduced to constrain the net power production. It is therefore
presented first.
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Variable Type Explanation

∆νprodt,ξ ∈ R Change in electricity production †
∆νcont,ξ ∈ R Change in electricity consumption †
∆νCHP,EBt,ξ ∈ R Change in CHP power production used by EB †
∆χs,CHPt,ξ ∈ R Change in heat production from CHP to storage s †
∆χd,CHPt,ξ ∈ R Change in heat production from CHP to demand †
∆χs,CHP2

t,ξ ∈ R Change in heat production to storage from CHP2 †
∆χd,CHP2

t,ξ ∈ R Change in heat production to demand from CHP2 †
∆χs1,HPt,ξ ∈ R Change in production from HP to storage s1 †
∆χd,HPt,ξ ∈ R Change in production from HP to demand †
∆χs,EBt,ξ ∈ R Change in production from EB to storage †
∆χd,EBt,ξ ∈ R Change in production from EB to demand †
∆χd,st,ξ ∈ R Additional amount taken from storage s †
∆χd,s1t,ξ ∈ R Additional amount taken from storage s1 †
∆χinft,ξ ∈ R Change in demand not satisfied †
∆αst,ξ ∈ R Level change in large storage s †
∆αs1t,ξ ∈ R Level change in small storage s1 †
∆ρf,CHP2

t,ξ ∈ R Power corresponding to constant fuel use for extraction CHP2 with
additional production †

∆γCHP2
t,ξ ∈ R Additional fuel consumption from CHP2 †

∆γCHPt,ξ ∈ R Change in fuel consumption from CHP †
∆ρCHP2

t,ξ ∈ R Change in power production from CHP2 †
βCHPt,ξ ∈ B Is one if CHP is producing including changes †
βsu,CHPt,ξ ∈ B Is one if CHP is in start-up †
βsd,CHPt,ξ ∈ B Is one if CHP is in shut-down †
βCHP2
t,ξ ∈ B Is one if CHP2 is producing †
βsu,CHP2
t,ξ ∈ B Is one if CHP2 is in start-up †
βsd,CHP2
t,ξ ∈ B Is one if CHP2 is in shut-down †
βHPt,ξ ∈ B Is one if HP is producing †
βsu,HPt,ξ ∈ B Is one if HP is in start-up †
∆βsu,HPt,ξ ∈ R The difference between HP start-up in first and second stage †
∆βsu,CHPt,ξ ∈ R The difference between CHP start-up in first and second stage †
∆βsu,CHP2

t,ξ ∈ R The difference between CHP2 start-up in first and second stage †
∆βsd,CHPt,ξ ∈ R The difference between CHP shut-down in first and second stage †
∆βsd,CHP2

t,ξ ∈ R The difference between CHP2 shut-down in first and second stage †
z ∈ R Total profit

Table 4.4 – Variables used in the stochastic model for the operation on a HP and EB in a CHP
system. †, at time t and scenario ξ.
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Parameter Unit Explanation

pspott,ξ DKK/MWh Realized spot price at time t and scenario ξ

dt,ξ MWh Realized heat load at time t and scenario ξ

Table 4.5 – Time dependent parameters for the stochastic optimization model.

Net power production

In the first stage, the amount of power sold on the Elspot market is decided. This model does
not allow for this amount to be changed in the second stage2. The net power production in
the second stage must therefore be equal to zero. This leads to the constraint:

∆νprodt,ξ −∆νcont,ξ = 0 , ∀t, ξ (4.49)

This constraint limits the second stage decisions such that it cannot always adjust to the
most desirable production. In the scenario where the heat demand is higher than expected
a CHP is required to produce additional heat, and thus also power, meaning that a corre-
sponding power consumption from the EB or HP should occur. If this is not considered, as
in a deterministic set-up, it can result in the heat demand not being satisfied. The stochastic
set-up includes these situations and the first stage decision is made such that it allows for
second-stage decisions to meet the realizations of the stochastic variables, heat demand and
spot price most optimally.

Demand

The realized heat demand, dt,ξ, should be satisfied when introducing the second stage vari-
ables. This is ensured through:

χd,CHPt + χd,HPt + χd,EBt + χd,st + χd,s1t + χd,CHP2
t (4.50)

+∆χd,CHPt,ξ + ∆χd,HPt,ξ + ∆χd,EBt,ξ + ∆χd,st,ξ + ∆χd,s1t,ξ + ∆χd,CHP2
t,ξ (4.51)

=dt,ξ −∆χinft , ∀t, ξ (4.52)

Tax costs

Changes in tax costs as a result of the second stage are defined by:

∆πtax,HPt =
1

COPHP

(
∆χd,HPt + ∆χs,HPt

)(
ctax,el + ctariff,net

)
, ∀t, ξ (4.53)

∆πtax,CHP2
t =

1

rtax,f

(
∆χd,CHP2

t + ∆χs,CHP2
t

)(
ctax,coal + cCO2 + cNOx

)
, ∀t, ξ (4.54)

∆πtax,CHPt =
1

rtax,f

(
∆χd,CHPt + ∆χs,CHPt

)
cNOx , ∀t, ξ (4.55)

2In reality excess power can be traded on the regulating market at less favorable prices.
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Power production and consumption

Similar to the deterministic equations (4.8) and (4.9), the second stage equations (4.56) and
(4.57) describe the change in power production and consumption by:

∆νprodt,ξ = ∆ρCHPr,ξ + ∆ρCHP2
t,ξ , ∀t, ξ (4.56)

∆νcont,ξ = ∆χd,EBt,ξ + ∆χs,EBt,ξ +
1

COPHP

(
∆χd,HPt,ξ + ∆χs,HPt,ξ

)
, ∀t, ξ (4.57)

Power production and fuel consumption

The power production and fuel consumption constraints for the back-pressure CHP, with
the addition of the stochastic variables similar to the equivalent deterministic equations
(4.13)-(4.17):

∆ρCHPt,ξ =
(

∆χs,CHPt,ξ + ∆χd,CHPt,ξ

)
cbCHP , ∀t, ξ (4.58)

∆γCHPt,ξ =
1

ηCHP
∆ρCHPt,ξ , ∀t, ξ (4.59)

where ∆ρCHPt,ξ is the change in power production from the back-pressure CHP and ∆γCHPt,ξ

is the change in fuel consumption from the back-pressure CHP.

As in the deterministic case, the extraction CHP2 has a production constrained by:

ρCHP2
t + ∆ρCHP2

t,ξ ≤

cvCHP2
(
χd,CHP2
t + χs,CHP2

t + ∆χd,CHP2
t,ξ + ∆χs,CHP2

t,ξ

)
+ Pmax,CHP2 , ∀t, ξ (4.60)

ρCHP2
t + ∆ρCHP2

t,ξ ≥

cbCHP2
(
χd,CHP2
t + χs,CHP2

t + ∆χd,CHP2
t,ξ + ∆χs,CHP2

t,ξ

)
+ Pmin,CHP2 , ∀t, ξ (4.61)

and the fuel consumption including the second stage variables is found similar to (4.16) and
(4.17) yielding:

∆ρCHP2
t,ξ = cvCHP2

(
∆χd,CHP2

t,ξ + ∆χs,CHP2
t,ξ

)
+ ∆ρf,CHP2

t,ξ , ∀t, ξ (4.62)

∆γCHP2
t,ξ =

1

ηCHP2
∆ρf,CHP2

t,ξ , ∀t, ξ (4.63)

Ramping

The ramping constraints in the deterministic model, (4.18)- (4.21) also apply in the stochas-
tic model with addition of the second stage variables. For the back-pressure CHP these are
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formulated as:(
χd,CHPt + χs,CHPt + ∆χs,CHPt,ξ + ∆χd,CHPt,ξ

)
−(

χd,CHPt−1 + χs,CHPt−1 + ∆χs,CHPt−1,ξ + ∆χd,CHPt−1,ξ

)
≤ RCHP , ∀t, ξ (4.64)(

χd,CHPt + χs,CHPt + ∆χs,CHPt,ξ + ∆χd,CHPt,ξ

)
−(

χd,CHPt−1 + χs,CHPt−1 + ∆χs,CHPt−1,ξ + ∆χd,CHPt−1,ξ

)
≥ −RCHP , ∀t, ξ (4.65)

while the extraction CHP2 has identical ramping constraints:(
χd,CHP2
t + χs,CHP2

t + ∆χs,CHP2
t,ξ + ∆χd,CHP2

t,ξ

)
−(

χd,CHP2
t−1 + χs,CHP2

t−1 + ∆χs,CHP2
t−1,ξ + ∆χd,CHP2

t−1,ξ

)
≤ RCHP2 , ∀t, ξ (4.66)(

χd,CHP2
t + χs,CHP2

t + ∆χs,CHP2
t,ξ + ∆χd,CHP2

t,ξ

)
−(

χd,CHP2
t−1 + χs,CHP2

t−1 + ∆χs,CHP2
t−1,ξ + ∆χd,CHP2

t−1,ξ

)
≥ −RCHP2 , ∀t, ξ (4.67)

Start-up and shut-down

The second stage binary variables for start-up are defined as the first stage equivalent in
(4.22)-(4.24). This means that they include all start-ups after the second stage realization.

The constraints in (4.68)-(4.73) defines when the unit has a non-zero production after the
addition of the second stage realization:

χs,CHPt + χd,CHPt + ∆χs,CHPt,ξ + ∆χd,CHPt,ξ ≤ βCHPt,ξ CCHP , ∀t, ξ (4.68)

ρCHP2
t + ∆ρCHP2

t,ξ ≤ βCHP2
t,ξ

(
Pmax,CHP2 + CCHP2

)
, ∀t, ξ (4.69)

χs,HPt + χd,HPt + ∆χs,HPt,ξ + ∆χd,HPt,ξ ≤ βHPt,ξ CHP , ∀t, ξ (4.70)

the binary start-up variables βsu,CHPt,ξ , βsu,CHP2
t,ξ and βsu,HPt,ξ are one of the respective unit

have a heat or power production different from zero:

βsu,CHPt,ξ ≥ βCHPt,ξ − βCHPt−1,ξ , ∀t, ξ (4.71)

βsu,CHP2
t,ξ ≥ βCHP2

t,ξ − βCHP2
t−1,ξ , ∀t, ξ (4.72)

βsu,HPt,ξ ≥ βHPt,ξ − βHPt−1,ξ , ∀t, ξ (4.73)

The change in start-ups are then defined by the variables ∆βCHPt,ξ , ∆βCHP2
t,ξ and ∆βHPt,ξ such

that:

∆βsu,CHPt,ξ = βCHPt − βCHPt,ξ , ∀t, ξ (4.74)

∆βsu,CHP2
t,ξ = βCHP2

t − βCHP2
t,ξ , ∀t, ξ (4.75)

∆βsu,HPt,ξ = βHPt − βHPt,ξ , ∀t, ξ (4.76)
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The second stage shut-down variables are modelled similar to the start-up constraints in
(4.74)-(4.75):

βsd,CHPt,ξ ≥ βCHPt−1,ξ − βCHPt,ξ , ∀t, ξ (4.77)

βsd,CHP2
t,ξ ≥ βCHP2

t−1,ξ − βCHP2
t,ξ , ∀t, ξ (4.78)

The difference in shut-downs are then defined by the variables ∆βsd,CHPt,ξ , ∆βsd,CHP2
t,ξ such

that:

∆βsd,CHPt,ξ = βCHPt − βCHPt,ξ , ∀t, ξ (4.79)

∆βsd,CHP2
t,ξ = βCHP2

t − βCHP2
t,ξ , ∀t, ξ (4.80)

Minimum load

The minimum load constraints from the deterministic model still apply and are formulated
as:

ρCHPt + ∆ρCHPt,ξ ≥ βCHPt,ξ Pmin,CHP , ∀t, ξ (4.81)

ρCHP2
t + ∆ρCHP2

t,ξ ≥ βCHP2
t,ξ Pmin,CHP2 , ∀t, ξ (4.82)

χs,HPt + χd,HPt + ∆χs,HPt,ξ + ∆χd,HPt,ξ ≥ βHPt,ξ Hmin,HP , ∀t, ξ (4.83)

Storage

The change in storage level resulting from the second stage are described by:

∆αst,ξ =∆αst−1,ξ + ∆χs,CHPt,ξ + ∆χs,CHP2
t,ξ + ∆χs,EBt,ξ − sloss∆χd,st,ξ , ∀t, ξ (4.84)

∆αs1t,ξ =∆αst−1,ξ1 + ∆χs,HPt,ξ − sloss∆χd,s1t,ξ , ∀t, ξ (4.85)

The flow constraints to and from storage, presented in (4.35) and (4.36), should include
additional production from the second-stage variables, and thus:

χd,st + ∆χd,st,ξ ≤ S
flow , ∀t, ξ (4.86)

χs,CHPt + χs,EBt + χs,CHP2
t + ∆χs,CHPt,ξ + ∆χs,EBt,ξ + ∆χs,CHP2

t,ξ ≤ Sflow , ∀t, ξ (4.87)

The capacity constraints also reappear but with the addition of the second stage variables
such that the capacity is not exceeded:

αst + ∆αst,ξ ≤ Cs , ∀t, ξ (4.88)

αs1t + ∆αs1t,ξ ≤ Cs1 , ∀t, ξ (4.89)

χs1,HPt + χd,HPt + ∆χs1,HPt,ξ + ∆χd,HPt,ξ ≤ CHP , ∀t, ξ (4.90)

χs,CHPt + χd,CHPt + ∆χs,CHPt,ξ + ∆χd,CHPt,ξ ≤ βCHPt CCHP , ∀t, ξ (4.91)

χs,EBt + χd,EBt + ∆χs,EBt,ξ + ∆χd,EBt,ξ ≤ CEB , ∀t, ξ (4.92)
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Finally, there is a limit on the amount that can be changed downwards since negative
production cannot occur. This is relevant for all four production units as well as the storages:

−∆χs,CHPt,ξ ≤ χs,CHPt , ∀t, ξ (4.93)

−∆χd,CHPt,ξ ≤ χd,CHPt , ∀t, ξ (4.94)

−∆χs,CHP2
t,ξ ≤ χs,CHP2

t , ∀t, ξ (4.95)

−∆χd,CHP2
t,ξ ≤ χd,CHP2

t , ∀t, ξ (4.96)

−∆ρCHP2
t,ξ ≤ ρCHP2

t , ∀t, ξ (4.97)

−∆χs,EBt,ξ ≤ χs,EBt , ∀t, ξ (4.98)

−∆χd,EBt,ξ ≤ χd,EBt , ∀t, ξ (4.99)

−∆χs,HPt,ξ ≤ χs,HPt , ∀t, ξ (4.100)

−∆χd,HPt,ξ ≤ χd,HPt , ∀t, ξ (4.101)

−∆χd,st,ξ ≤ χ
d,s
t , ∀t, ξ (4.102)

−∆χd,s1t,ξ ≤ χ
d,s1
t , ∀t, ξ (4.103)

−∆αst,ξ ≤ αst , ∀t, ξ (4.104)

−∆αs1t,ξ ≤ αs1t , ∀t, ξ (4.105)

−∆νCHP,EBt,ξ ≤ νCHP,EBt , ∀t, ξ (4.106)

The stochastic two-stage model therefore consists of the objective function in (4.42)-(4.47)
and the first-stage constraints in (4.7)-(4.39) together with the second-stage constraints just
presented in (4.50)-(4.106). This model was implemented in GAMS and the script can be
found in Appendix B.

4.4 Chapter summary

This chapter presented the mathematical formulation for a deterministic and a stochastic
optimization model. Both are developed to provide an operational strategy for an EB
and HP in a CHP system. The objective of the optimization is cost minimization and
operational constraints such as ramping, start-up, shut-down, minimum load and storage
flow were included to resemble the reality of the system. The following chapter develops
a model for probabilistic forecasting of electricity price and heat demand. This allows for
numerical results for the deterministic and the stochastic optimization model, just presented,
to be obtained and analyzed in Chapter 6 and 7.
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Chapter 5

Forecasts and scenario generation

This chapter presents a method for probabilistic forecasting of the heat load and spot price.
This is necessary for solving and comparing the deterministic and the stochastic optimization
model presented in the previous chapter.

Time series models describing the heat load and spot price are identified and analyzed in
order to provide 38 hour ahead forecasts of the heat load and spot price. Based on the
forecasts, a scenario generation method to construct scenarios for the heat load and spot
price is presented. Both the forecasts and the scenario generation could have been the
single subject of this type of project. Forecasting the spot price is generally considered
highly complex and is investigated in numerous papers [5, 12, 41, 42]. However, this thesis
is focused on modelling and optimization, thus the forecasts and scenario generation only
feature the main principles based on the sparse data available, in order to construct the
necessary data. The forecasts presented in this chapter are therefore not meant to be state-
of-the-art, but illustrate the methods and capture the main characteristics, such that they
can work as a input to the deterministic and the stochastic model.

5.1 Forecasting heat load and spot price

The data provided for the heat load comprise the expected hourly heat demand for the
full year of 2013. The heat demand covers the Greater Copenhagen district heating areas
supplied by VEKS, HOFOR and CTR, see Chapter 2.4. The demand forecast is each
morning provided to the heat suppliers (HOFOR Kraftvarme and DONG Energy) as three
individual forecasts; One for each of the areas operated by CTR, VEKS and HOFOR. Each
of these forecasts are provided by different suppliers with different forecasting methods,
which means that e.g. not all include the expected wind speed. No uncertainty on the
forecast is provided, but the monthly deviations are between 5% and 15%1 being highest in
the spring and fall where the weather is less predictable. Figure 5.1(a) and 5.1(b) shows the
provided demand forecast for one year (2013) and one week, respectively. A clear seasonal
trend is apparent from Figure 5.1(a), due to the strong difference in temperature between
summer and winter and thus a different need for heating of living spaces. Furthermore, a
daily seasonality is observed due to specific consumption patterns during the day.

1Information provided by D. R. Andersen, Varmelast.dk
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Figure 5.1 – Expected heat load for 2013 (a) and one week in 2013 (b).

Regarding the spot price, hourly realized spot price are publicly available through [43].
Figure 5.2(a) shows the hourly spot prices for 2013 and 5.2(b) shows the prices for one week
in 2013. No increasing or decreasing trends are apparent on a yearly basis. Similar to the
heat load, but less significant, the spot price shows a daily pattern with the price being
lowest at night.
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Figure 5.2 – (a) The realized spot prices for 2013. (b) Realized spot prices for one week in 2013.

5.1.1 Heat load forecast

In order to use stochastic optimization, the uncertainty on the forecast is of uttermost im-
portance. The provided heat load forecast did not include the uncertainty of the predictions.
To provide this, a new forecast is made for the heat load. This heat load forecast is based
on the provided heat load forecast data, since the realized heat load was not available. Op-
timally, historic heat loads should be used in combination with external data inputs, such
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as expected outside temperature and wind speed. However, the approach presented here
still captures the main idea.

No general increasing or decreasing trend is present when looking at the yearly data in
Figure 5.1(a). Assuming the heat demand is a stationary stochastic process the variance
is assumes to be a constant. A yearly seasonality seem to be present when looking at the
yearly development in Figure 5.1(a), but in the absence of data for a second year it was
not possible to account for this seasonality. From the weekly data in Figure 5.1(b) a daily
pattern seems to appear.

In order to investigate this daily dependence along with other dependencies, the autocorre-
lation function (ACF) and the partial autocorrelation function (PACF) are calculated. A
detailed explanation of the meaning of these can be found in [44].
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Figure 5.3 – (a) Autocorrelation function for the yearly time series of the heat load. (b) Partial
autocorrelation function from which significant lags help determining the order of an autoregressive
model.

Figure 5.3(a) and 5.3(a) shows the ACF and PACF of the heat demand data. The slowly
decreasing ACF and significant lags in the PACF imply a seasonal autoregressive model.

In order to keep the model simple only the four most significant lags (1,2, 24 and 25) are
included. This results in the following model to describe the heat load:

Yt = φ1Yt−1 + φ2Yt−2 + φ3Yt−24 + φ4Yt−25 + εt (5.1)

where Yt is the demand at time t, φ1-φ4 are parameters to be estimated and εt is a white
noise process ∼ N(0, σ). The parameter estimation is done in the statistical software R
using the prediction error method where the sum of squared residuals for the one-step
ahead predictions are minimized [44]. Defining the one step ahead prediction error as a
function of the four parameters φ = (φ1, φ2, φ3, φ4):

εt(φ) = Yt − E[Yt|φ,Yt−1) (5.2)

where Yt−1 contains the heat load information up to t− 1. The parameters are estimated
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as:

φ̂ = arg minφ S(φ) =
N∑

t=s+P

ε2t (φ)

where N = 8760 is the amount of hours in one year, s is the season and P is the number
of seasonal terms included. Thus s + P = 26. The corresponding estimated variance is
obtained as [44]:

σ̂ε =
S(φ̂)

N − (p+ P )

where p is the order of the autoregressive model. Models of lower order, e.g. removing the
Yt−2 or Yt−25 dependence, are subsequently tested using a likelihood ratio test to see if the
model can be reduced further [44]. However, all of the conducted tests revealed that the
dependence on Yt−2 or Yt−25 adds significant information to the model with a χ2 value of
0.00.

The model used to forecast the heat load is hence described by (5.1) with the parameters
estimated to:

(φ1, φ2, φ3, φ4) = (1.35,−0.40, 0.42,−0.37) (5.3)

and the variance and standard deviation:

σ2ε = 728.32 MWh2 (5.4)

sd = 26.66 MWh (5.5)

A 38 hour ahead forecast is made to resemble the reality where day-ahead forecasts are
provided at 10:00 on the day before. Only the last 24 hours of the forecasts are thus used
for modelling.

The forecast is displayed for one week in Figure 5.4. It is observed that the model, to a
certain extent, captures both of the two daily peaks as was expected when using this type
of model for forecasting.
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Figure 5.4 – Forecast for the heat demand together with the input data for one week.
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5.1.2 Scaling the demand

The data provided for the expected heat demand is normally given by two suppliers. The
system modelled in this thesis does not comprise the full production as it is modelled from
the viewpoint of one supplier and. This also requires the demand to be scaled accordingly.
Normally, the demand is dispatched each day as the first step in Varmelast.dk procedure,
see Chapter 2.4. Optimally, the heat dispatch decision was modelled and optimized for
the system including the HP and EB. This would expectedly lead to additional production
dispatched as a results of increased flexibility and lower heat costs when electricity prices
are low. However, this is an entire new modelling problem and not the main focus in this
project. Alternatively, historical data for the dispatch of heat production could be used.
However, these were not available. The heat dispatched to this system is hence found as
a fraction of the total heat demand. This fraction is decided to be 30% since it results in
a heat dispatch that is reasonable in relation to the real operation. Using 30% dispatch
both CHP units are required during most of the winter while only the back-pressure CHP
is needed in the summer. This is consistent with reality2.

5.1.3 Spot price forecast

The power price is forecast based on the realized hourly spot prices for 2013 [45]. Figure
5.2(b), displaying the weekly power prices, indicates a daily pattern similar to that observed
for the heat demand. Looking at the heat load and spot price for one week plotted together
in Figure 5.5 a correlation is observed.
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Figure 5.5 – Heat load and the spot prices for one week. A correlation between the two is observed.

The cross correlation is therefore explored and displayed in the cross correlogram in Figure
5.6. This supports the hypothesis of a correlation between the spot price and demand.

A regression model with the demand forecast as explanatory variable is therefore suggested
to model the spot price. This approach is explained in detail for similar instances in [10].

Similar to the heat demand forecast, the ACF and PACF of the spot price indicates a sea-
sonal second order autoregressive model according to the definitions in [44]. The parameter

2Oral conversation with J. G. Hansen, HOFOR.
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Figure 5.6 – Cross correlogram for the spot price and the demand forecast. The correlation appears
to be strongest around lag 0 and for each 24 hour cycle.

estimation and check for lower model order is investigated just as for the heat demand. As
no model reduction is possible, the spot price at time t, Xt, is described by:

Xt = θ1Xt−1 + θ2Xt−2 + θ3Xt−24 + θ4Yt (5.6)

where the explanatory variable Yt is the heat demand forecast at time t. The parameter
values are estimated to:

(θ1, θ2, θ3, θ4) = (1.10,−0.26, 0.15, 0.002) (5.7)

and the standard deviation:

sd = 34.2 MWh
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Figure 5.7 – Spot price forecast for one week on 2013. The general daily trend is seen to be captured
with the model

Figure 5.7 shows the forecast together with the realized spot price. Unexpected spikes or
are not captured by the model. Some of these could most likely be predicted using wind
speed forecasts, since the wind power production is found to have a negative correlation
with the spot prices [42].
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5.2 Scenario generation

In order to be able to solve the stochastic optimization problem described in Section 4.3, the
stochastic variables are represented by a number of scenarios. Each scenario corresponds to
a possible realization of the stochastic process. Naturally, it is important to have sufficient
scenarios such that the most plausible realizations of the stochastic process are included.
However, a high number of scenarios can lead to computational intractability.

In order to generate scenarios a model describing the stochastic process is needed. These
models were developed in the previous section for both the heat demand and the spot price.

The approach used to construct the scenarios is based on a number of simulations for the
heat demand and spot price. The algorithm used is summarized [10]:

1. Initialize scenario counter, s = 1.

2. Generate error for the heat demand forecast, εdemandt ∼ N(0,σ).

3. Generate error for the spot price forecast, εspott ∼ N(0,σ).

4. Simulate the heat demand forecast based on model (5.1).

5. Simulate the spot price forecast based on model (5.6) and (5.7) with the heat demand
simulated in step four as input.

6. Continue until all the desired scenarios have been issued.

Based on this algorithm, 100 scenarios were constructed. The point forecast is considered
as the first scenario These are illustrated in Figure 5.8.

6 12 18 24
200

250

300

350

400

450

500

550

600

Time [hours]

H
e

a
t 

d
e

m
a

n
d

 [
M

W
h

]

 

 

Demand forecast

Demand scenario

(a)

6 12 18 24
0

100

200

300

400

500

600

700

Time [hours]

S
p

o
t 

p
ri
c
e

 [
D

K
K

/M
W

h
]

 

 

Spot price forecast

Spot price scenario

(b)

Figure 5.8 – (a) Heat load in 100 simulations. The red line corresponds to the forecast. (b) 100
simulation of the spot price using the demand scenarios as input. The blue line is the spot price
forecast.
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5.3 Chapter summary

This chapter presented the methods used to make simple forecasts of the heat load and spot
price. A seasonal time series model was identified for the heat load and the parameters were
estimated using a one step ahead prediction method. A similar approach was utilized to
forecast the spot price. Due to the correlation between spot price and heat load, the heat
load forecast was used as an explanatory variable in the model describing the spot price.
This resulted in 38 hour ahead forecasts to be used as data inputs in the deterministic and
the stochastic model. Finally, a scenario generation method was developed and scenarios
representing different realizations of the spot price and heat load was constructed.



Chapter 6

Model validation and analysis

This chapter is meant to provide an elaborate and illustrative analysis of the models devel-
oped in Chapter 4 and the corresponding results. The forecasts developed in the previous
chapter serve as an input for the two optimization models.

The deterministic and the stochastic model are equivalent in terms of features and opera-
tional constraints. Consequently, these features are only illustrated in the first section for
the deterministic model, as they can be directly transferred to the stochastic model. The
section concerning the stochastic model will thus only focus on the differences between the
deterministic and the stochastic approach.

6.1 The deterministic model

This section explains and illustrates the results from deterministic model. Results obtained
from simple studies performed with the model are compared to analytical calculations,
based on the marginal costs of the various production technologies, to emphasize the impact
features such as start-up costs and ramping constraints. Furthermore, illustrative examples
of demand satisfaction, power production and storage usage are provided to improve the
understanding of the model.

The parameter values used for both the deterministic and the stochastic model are displayed
in Table 4.3. The optimization considers a 24-hour cycle such that each day is optimized
separately. However, the production and storage levels at the last hour of each day are used
as a fixed input to the following day.

6.1.1 The simple model

To evaluate model results, the unit heat costs for the different production units, presented
in equations (2.1), (2.2), (2.3) and (2.4) and illustrated in Figure 2.8, are re-printed in
Figure 6.1. Note that the costs do not include the cost or value of factors such as start-up,
shut-down, minimum load, ramping and storage. Vertical dashed lines are added in Figure
6.1 to indicate the spot price equal to zero and the spot price at the intersection between
any two lines. At this intersection the most economical order of production units changes.
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The critical spot prices are:

CHP-EB : 101 DKK/MWh

CHP2-HP : 281 DKK/MWh

CHP2-EB : 307 DKK/MWh

HP-EB : 315 DKK/MWh

For instance, this means that when the spot price exceeds 101 DKK/MWh the CHP is more
economical than the EB.
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Figure 6.1 – Heat costs as a function of the spot price for different production units. Vertical
dashed lines indicate the spot price for which one unit becomes superior to another in terms of costs.

As a preliminary validation of the deterministic model presented in Section 4.2, (4.18)-
(4.21), (4.22)-(4.29), (4.30)-(4.32) is excluded from the model. This corresponds to ramping
constraints for CHP units and storage and start-up and shut-down costs. In this way, results
consistent with the above analysis based on the marginal heat production costs, should be
obtained.

The production plan when solving the deterministic model for one week in February is
visualised in Figure 6.2. This figure shows a stacked plot comprising all contributions to
satisfy the heat demand; consequently, the heat demand corresponds to the dashed line in
the top. The chosen week is a high demand week where the demand can not always be
covered by the two CHP units alone. However, in February this would not be uncommon
and expensive oil and gas boilers would instead cover peak loads. The spot price forecast for
the same period is plotted as the black line on the right y-axis. This allows for an evaluation
of the use of different production units in different spot price regimes.

Correspondence between the theoretical measures presented in Figure 6.1 and the solution
shown in Figure 6.2 is clearly observed. The theoretical model suggests that the EB is
cheaper than the CHP2 and HP for prices below 307 DKK/MWh and 315 DKK/MWh,
respectively. In the first half of the week (hours 0 to 72) the spot price alternates between
values above and below 300 DKK/MWh, and the EB is found only to run when the price
is below 307 DKK/MWh. The HP does not run as frequent as the EB indicating that it
requires lower prices to be economical compared to the EB and CHP2. This corresponds
with the result from the theoretical calculation. These state that the HP should be superior
to the CHP2 for spot prices below 281 DKK/MWh. In day two and three (hours 24-72) the
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Figure 6.2 – The optimal production plan as found from solving the deterministic model for one
week in February. This model is run without start-up costs, ramping constraints and minimum load
requirements for comparison to results from Figure 6.1

spot price drops to this level for a number of hours and the production from the CHP2 is
substituted by production from the HP. The remaining production is still covered by CHP2
due to the high demand that cannot be covered alone by the CHP, HP and EB.

At day four (hours 72-96) the spot price increases significantly and it is observed that
CHP2 is producing at max capacity. This corresponds to the behavior expected from the
theoretical model, where the CHP2 becomes more economical than the HP and EB at spot
prices above 281 and 307 DKK/MWh, respectively.

The back-pressure CHP should, based on the theoretical results displayed in Figure 6.1,
be prioritized for spot prices above 100 DKK/MWh. For the period considered here, the
spot price does not fall below 100 DKK/MWh and the CHP is producing to cover the
demand at full load almost constantly. The three drops in CHP production starting at the
third day (hours 72-96) can be explained by investigating the production to storage in the
same period, see Figure 6.3. When the CHP stops producing directly to cover the demand,
it starts accumulating storage, as seen in Figure 6.2. Utilizing the storage happens for
two reasons: First, the demand at this period cannot be covered by the two CHPs alone,
which means that either the EB, HP or the storage should provide the remaining heat.
Furthermore, the spot price is high, which makes the EB and HP expensive. The best
solution is thus to use the HP and EB when the price is low in the beginning of the day and
meanwhile let the CHP accumulate heat to storage. This allows the HP and EB to turn off
when the spot price is high and the heat demand is lower than the total heat capacity for
CHP and CHP2.

6.1.2 tart-up and shut-down costs

When start-up and shut-down costs are added, a minimum load must be introduced, such
that the unit cannot produce an infinitely small amount to avoid a shut-down, and subse-
quently a start-up. The minimum load is fixed at 10 MW heat for the HP, and 40 MW



64 CHAPTER 6. MODEL VALIDATION AND ANALYSIS

24 48 72 96 120 144 168
100

200

300

400

500

Time [hours]

S
p

o
t 

p
ri
c
e

 [
D

K
K

/M
W

h
]

 

 

0

50

100

150

200

H
e

a
t 

[M
W

h
]

Spot price
CHP
CHP2
HP
EB

Figure 6.3 – Production from CHP, CHP2, HP and EB to storage for one week. The corresponding
spot price is displayed on the left y-axis. It is observed that storage is accumulated when the spot
price is at the lowest, within the day.

electricity only1 for CHP2 and 12 MW electricity for the CHP (corresponding to the max
heat ramp). The start-up and shut-down costs are as follows:

csu,HP = 2500 DKK

csu,CHP = 125000 DKK

csu,CHP2 = 125000 DKK

csd,CHP = 125000 DKK

csd,CHP2 = 125000 DKK
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Figure 6.4 – Production to satisfy the heat demand for one week when start-up and shut-down costs
are included together with a minimum load constraint. Significant changes are observed compared
to Figure 6.2. Production from the HP has descreased due to the start-up costs.

The results for this model, for the same days as showed in Figure 6.2 are displayed in
Figure 6.4. A few significant changes are evident. The HP does no longer produce in the
first three days (hours 0-72). Also a few small HP production hours around hour 120 and

1Electricity production without heat production
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160 have vanished. This is most likely due to the start-up costs for the HP which makes
the CHP2 cheaper to use, since it is already running (and cannot be shut down due to the
high demand). In order to support the idea that this follows from adding a start-up cost a
theoretical calculation is performed. The missing HP production at hours 27-32 is used as
a basis as the spot price here is slightly lower than during the other missing HP production
hours. This should make this production the first to reappear if lowering the start-up cost
to the right level.

The average spot price for hours 27-32 is calculated to:

pspotavg =
1

6

32∑
t=27

pspott = 272.5 DKK/MWh

The heat costs for the HP and CHP2 is calculated based on the theoretical costs in (2.2)
and (2.4), and found to be:

cHP|pspot=272.4 = 301.09 DKK/MWh

cCHP2
|pspot=272.4 = 303.13 DKK/MWh

Clearly, only a very small difference in price for the HP and CHP2 is obtained when the spot
price is around 270 DKK/MWh. According to the theoretical heat costs presented earlier
in Figure 6.1, the HP should be superior to the CHP if the start-up costs are reduced to:

csu,HP = (303.13− 301.09)75 · 6 = 882 DKK,

where 75 is the capacity of the HP and 6 is the number of hours it is on. The model was
subsequently run with a HP start-up cost of 875 DKK (to account for decimal rounding).
The resulting HP production is displayed in Figure 6.5 (red line) along with the results
obtained with no start-up (blue area) and with the original start-up cost (blue dashed line).
From this, it is clear that if the start-up costs are decreased to 875 DKK the HP gets the
production at hours 27-32. However, the start-up cost is not low enough for the HP to get
production at hours 49-53. In these hours the spot price is generally higher and thus, it
requires a lower start-up cost for the HP to get production.

Similarly, both CHP units experience a change when adding start-up cost. However, this
was not the case for the days illustrated previously. Looking instead at day 177 and 184
where the demand is significantly lower, Figure 6.6 shows a comparison of the on/off status
for the CHP2 with no start-up cost (red dashed line) and with a start-up cost (blue line).
It is clear that the majority of the start-up events that are present in the scenario with no
start-up cost are avoided when the start-up cost is introduced. In the seven day period,
a total of eight start-ups were reduced to one, highlighting the impact of the start-up and
shut-down cost. The shut-down cost furthermore ensures that the unit does not shut-down
just at the end of the 24 hour planning horizon and thereby induce a start-up for the next
days production.

Generally the CHP2 is designed to either be turned on for a longer period or turned off for
a longer period. It is only in certain transition periods the CHP2 has several shut downs
and these are limited by the initial start-up cost.
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Figure 6.5 – HP production to cover demand with no startup cost, a start-up cost of 875 DKK
and a start-up cost of 2500 DKK. The HP production decreases significantly when the high start-up
cost is applied.
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Figure 6.6 – CHP2 production at day 177 to 184 with and without CHP start-up costs of 125000
DKK. A significant reduction in the number of start-ups is observed when introducing the start-up
cost.
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6.1.3 The full model

Additional complexity is added to the model in the form of ramping constraints limiting
the increase or decrease of the production between two consecutive hours. Due to the high
capacity of both CHP units they cannot go from zero to full load in one hour. Generally the
HP also has a limited ramping ramping, but since it has a significantly smaller capacity, it
can still reach full capacity significantly faster than the CHP units. The ramping constraint
is therefore not of the same importance for the HP and is left out.

Figure 6.7 shows the optimal heat production plan when the full model, including start-up,
shut-down, storage flow and ramping is solved. For this specific week, the ramping and
storage flow constraints do not have much impact. However, when looking at days in the
summer, they have a significant influence. Figure 6.8 shows the power production from the
CHP during one week in the summer (day 140-146). The ramping constraints are nearly
always limiting indicating the importance of this constraint.
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Figure 6.7 – Optimal production plan to satisfy the demand when solving the full deterministic
model.
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Figure 6.8 – Power production for the CHP during one summer week (day 140-146). The influence
of the ramping constraint is clearly visible.

Finally, the power production from the CHP units as well as the power consumption by
the HP and EB is displayed in Figure 6.9. The CHP2 is found to produce just around the
maximum heat capacity. This is very reasonable due to the high heat demand and the high
efficiency when running in this point. When the spot prices are high the CHP2 generally
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lowers the heat production slightly, even though it is more favorable to produce heat at
this time. This is explained by simultaneous drops in power consumption by the EB. At
high prices, the EB is very expensive and it is most economical to stop the EB and produce
the remaining heat at the CHP2. The HP consumes power in accordance with the heat
production displayed in Figure 6.7. Finally, the CHP has a constant power production of
60 MW, corresponding to the constant maximum heat production.
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Figure 6.9 – Spot price, left y-axis, and power production from the two CHP unit as well as the
power consumption by the HP and EB, right y-axis. A correlation between the spot price and the
power production is observed.

6.1.4 Yearly heat production

Solving the deterministic model for the full year of 2013 results in the heat production
schedule displayed in Figure 6.10. The months indicate the time of the year while an
hourly resolution is used in the plot. The back-pressure CHP is generally used throughout
the whole year. During the summer time this unit is generally the only to produce heat.
The extraction CHP2 is mainly used during winter, early spring and late autumn. Both
observations are consistent with the production patterns for HOFORs two CHP units at
Amagerværket2. The HP and EB appear in the production schedule as well, mainly during
winter, spring and autumn. Reviewing the yearly data for the spot price in Figure 5.2(a), it
can be seen that winter suffers from higher volatility compared to the other seasons. This
results in more frequent occurrences of a low spot price. Combined with the high heat
demand in the winter, this explains the occurrence of the HP and EB production during
these periods.

6.1.5 Increased COP for the HP

Throughout the previous examples, the COP of the HP was fixed at COPHP = 3.0. Many
HPs have a COP around 3, but different values can be obtained as outlined in section
2.1.3. In addition, the COP of a HP generally depends on the required forward temperature
resulting from e.g. the change in outside temperature, which vary throughout the year. As
a consequence, the required forward temperature of the produced water vary as well.

2Presentation at HOFOR
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Figure 6.10 – Heat production schedule for 2013, resulting from the deterministic optimization
model.

In addition to a decreased electricity consumption the resulting tax per MWh heat would
decrease since the applied tax is per electricity input. Figure 6.1, which displays the the-
oretical heat costs, suggests that increasing the COP to 3.5 will have a significant impact
on the production schedule. The HP will for spot prices up to 250 DKK/MWh and 500
DKK/MWh, be superior to the EB and CHP2, respectively, see Figure 6.1.

The production schedule after increasing the COP of the HP is displayed in Figure 6.11.
Comparing to the results obtained with a COP of 3.0, see Figure 6.7, significant changes are
observed. In accordance with the theoretically based expectations, the HP is now superior to
the CHP2 during all seven days of the test period and is scheduled for full heat production.
The clear correspondence between analytical calculations and simulation results concludes
this section. The next section continues analyzing operational results obtained from the
stochastic optimization model.

6.2 The stochastic model

This section presents and discuss simulation results from the stochastic model. Differences
between the stochastic and the deterministic simulation results are highlighted to signify
the impact of the stochastic modelling approach.

The stochastic model accounts for the uncertainty in the spot price and heat demand.
Benefits from stochastic optimization appears when the objective function is asymmetric,
and for this type of model considered here, start-up costs, minimum load requirements and
ramping constraints are examples of features which contributes to an asymmetric objective
function.

The features of the stochastic programming model, presented in Section 4.3, are illustrated
through an analysis of the optimization results from two days in November. Based on the
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Figure 6.11 – Heat production plan when using a COP of 3.5 for the HP. Comparing to the case
with a COP of 3, as displayed in Figure 6.7, the HP experience a significant increase in production.
For the investigated days, it is superior to CHP2 at all times and produces at maximum capacity.

scenario generation method described in Section 5.2, 100 scenarios for the spot price and heat
demand are generated and used in the stochastic programming model. To achieve results
within a reasonable time frame of 5-15 minutes, the model was solved with an optimality
gap equal to 0.5%.

6.2.1 Scheduled heat production

The parameter values for the deterministic model presented in Table 4.3, are used for the
stochastic model as well. The second stage variables are fixed to zero for the scenario
corresponding to the heat demand forecast (expected value). This corresponds to requiring
the first stage solution to satisfy the expected value for the heat demand. Furthermore,
it should be noted that the net production of electricity cannot change from the first to
the second stage. If either of the CHP units are to produce more electricity than initially
planned, the EB, HP or the other CHP is required to increase the production accordingly.

Figures 6.12(a) and 6.12(b) show the scheduled heat production when solving the determin-
istic and stochastic model, respectively, for two days in November. Significant differences
are observed comparing the two figures. The deterministic model results, Figure 6.12(a)
show a lower storage use compared to the stochastic model results. Generally, a storage
provides more flexibility, which is central in the stochastic optimization model, as the sys-
tem is optimized such as to adapt to different realizations of the demand and spot price. In
addition, it is observed that the use of the storage in both the deterministic and stochastic
production schedules occurs when the spot prices are high and the EB and HP consequently
are more expensive to operate. Around hour 12 the deterministic solution does not schedule
heat production to CHP2. This could be due to the high power price, which makes it more
favorable to produce power.

The use of the storage in the stochastic simulations is investigated further to identify which
and when units supply heat to the storage and the possible correlation between storage usage
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Figure 6.12 – Planned heat production as obtained from the deterministic model (a) and the
stochastic programming model (b) for two days in November. For the stochastic model this corre-
sponds to the first-stage decision.

and spot price. Figure 6.13(a) shows the heat production from all units to the storages as
well as the spot price forecast for the same hours. In the first hours, the CHP is used to
supply the storage, which explains its absence from the first hours in Figure 6.12(b). It is
moreover observed that production to storage occurs during hours of low electricity price,
which coincide with the first hours of each day.

Figure 6.13(b) shows the development of the storage level for both storages. Both the HP
storage and the large storage are utilized as expected from Figure 6.13(a). Furthermore,
the storage level is found consistent with the storage use in Figure 6.12(b).
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Figure 6.13 – (a) Planned heat production to the two storage units based on stochastic optimization
results. (b) Storage level for both the large and small HP storage units when solving the stochastic
optimization model for two days. The large storage receives heat from both CHPs and the EB,
whereas the HP storage only is supplied by the HP.

6.2.2 High-demand realization

Naturally, it is of interest to investigate how the deterministic and the stochastic model
adjust the production to meet the realized demand. Figure 6.14(a) and 6.14(b) shows the
final production plan from the stochastic and the deterministic model, respectively, to meet
the heat demand in the realization of one scenario. For the stochastic model this corresponds
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to the addition of the second stage decision. The forecast for the heat demand and spot
price are included in the figure together with the realization in the specific scenario. The
scenario constitutes a high-demand scenario where the realization for the demand is higher
than the expected value.
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Figure 6.14 – Heat production plan, resulting from the stochastic programming model (a) and
deterministic in-sample (b), to meet the heat demand in one realization of heat demand and spot
price.

A significant difference between the production plans resulting from the deterministic and
the stochastic model, is the occurrence of uncovered demand in the deterministic model
results, Figure 6.14(b). This is generally very undesirable, as it might lead to the start-up
of expensive and non-sustainable gas and oil boilers. The reasoning behind this behavior
is found when reviewing the initial heat production schedule presented in figure 6.12 as
well as the corresponding sold and consumed power, displayed in Figure 6.15. The latter
compares the scheduled accumulated power production and consumption resulting from the
deterministic (Det) and stochastic (Stoch) models.

12 24 36 48
0

100

200

300

400

500

Time [hours]

S
p
o
t 
p
ri
c
e
 [
D

K
K

/M
W

h
]

 

 

12 24 36 48
0

100

200

300

400

500

P
o
w

e
r 

[M
W

h
]

Spot price

Det: Power sold

Stoch: Power sold

Det: consumption

Stoch: consumption

Figure 6.15 – Comparison of power production (to be sold) and power consumption in the deter-
ministic and stochastic optimization results.

The limiting factor between the first and second stage is the requirement of a constant
net power production. This means that any additional power production in the second
stage should be matched by an increase in power consumption of equal size. In Figure
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6.15 at hour 12, a difference between the stochastic and deterministic power production to
be sold is observed. According to the deterministic optimization results, 310 MWh power
(maximum total power production from CHP and CHP2) is sold at this time. On the
contrary, the results from the stochastic model show a smaller amount, approximately 300
MWh. Furthermore, a planned power consumption around hour 12 is only apparent in the
stochastic schedule.

Full power capacity is already sold from CHP2, which means it is not able to produce
any heat. Furthermore, the HP and EB are limited as they require an additional power
consumption, not available in this system. With the heat demand being realized at a
higher value the CHP2 is not able to produce heat, as this would require a decrease in net
power production. This explains the uncovered demand in the deterministic solution for the
realization of a high demand scenario. Furthermore, this example illustrates the benefits of
stochastic compared to deterministic optimization.

6.3 Chapter summary

This chapter analyzed and discussed results from the deterministic and the stochastic op-
timization model. Analytical calculations of marginal heat production costs as a function
of the spot price were presented, and compared to a simplified version of the deterministic
model. The comparison showed an agreement between the simplified model and analytical
calculations.

Extending the model to its full form, i.e. taking into account start-up, ramping etc. allowed
for comparisons and further analyses to be made. Based on the presented results it is con-
cluded that the deterministic model provides adequate results, where ramping constraints
and start-up costs are important features. This allows for the subsequent use of the model
to provide numerical result presented in Chapter 7.

Additionally, the stochastic model was investigated for two days in November, using 100
scenarios for the heat demand and spot price as input. The heat production schedule was
compared to the schedule obtained with the deterministic model. Especially, an increased
use of storage was observed, consistent with the increased need for flexibility due to the
presence of uncertainty. A high-demand scenario, representing one realization of the heat
demand and electricity price, was analyzed. This resulted in uncovered heat demand in
the deterministic optimization result, while the stochastic model was still able to meet the
heat demand. Analyzing the corresponding power production, allowed for an explanation
of the uncovered demand. This emphasized the difference between the stochastic and the
deterministic model.

Both the deterministic and the stochastic optimization model were found to provide rea-
sonable results consistent with intuitive, analytical and numerical expectations. The results
from the models, thus provide an operational strategy for the introduction of a HP and EB
in the Nordic power market and Copenhagen district heating system.

This allows for an analysis of the monetary benefits of stochastic optimization as opposed
to deterministic which is presented in the following chapter together with numerical results
for the impact of HPs and EBs.
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Chapter 7

Numerical results

This chapter presents numerical results from solving the deterministic and the stochastic
model developed in Chapter 4. The difference in heat production costs obtained from the
stochastic and the deterministic model are analyzed and the influence of different production
capacities for the HP and EB is investigated. Numerical results from three case studies,
based on the stochastic model, are presented, analyzed and mutually compared to each
other.

7.1 Computational performance

Optimally, the comparison between the stochastic and the deterministic model should be
made considering a full year. However, the stochastic model is cumbersome to solve with
just 100 scenarios. Consequently, instead of reducing the number of scenarios, the model is
only solved for four different weeks, chosen to represent the yearly variation. This means
that the first week of February, May, August and November is used. The computation time
for solving a single day using the stochastic model vary from a few minutes to more than
an hour. An optimality gap of maximum 0.5% is therefore accepted as well as a time limit
of one hour for each day is used in the solver. This might lead to a small deviation from the
optimal solution for the stochastic model, and a slightly suboptimal solution. This will favor
the deterministic model slightly and reduce the benefits from the stochastic optimization
model.

The solver, CPLEX, was used together with the interface program GAMS to solve the de-
veloped optimization models that in their nature are mixed integer linear programs (MILP).
The computer used has an Intelr CoreTM i5 processor at a clock-speed of 1.7 GHz, 4GB
ram and Windows 8 64 bit.

7.2 Deterministic and stochastic comparison

In order to compare the stochastic and the deterministic model, an in-sample approach is
used. This means that the deterministic solution is used as a fixed first stage solution in the
stochastic model. Subsequently, this model is solved resulting in the optimal second stage

75



76 CHAPTER 7. NUMERICAL RESULTS

behavior for the deterministic model, given the initial solution based on the expected value
for the heat demand and power price. This allows for a comparison of the numerical results
from the deterministic and the stochastic model.

7.2.1 Model comparison

The first case study concerns the deterministic and the stochastic model described in Chap-
ter 4. The in-sample approach, described above, is here used to compare the two types.
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Figure 7.1 – Comparison of the stochastic model results and the deterministic in-sample results
for the first week of February, May, August and November 2013. A small difference between the
stochastic and deterministic model results are observed, most prominant during the days in August.

Figure 7.1 shows the total daily heat costs, for the first week of February, May, August
and November for the deterministic in-sample and the stochastic model. The differences
between the stochastic and the deterministic model costs are numerically small during all
weeks. However, the relative differences are found higher in August compared to other
weeks. Calculating the difference between the stochastic and the deterministic model costs
for each of the weeks, as a percentage, results in:

wFeb = 0.5% (7.1)

wMay = 1.4% (7.2)

wAug = 17.4% (7.3)

wNov = 1.5% (7.4)

The reason for these very small differences in February, May and November might be due
to the high degree of flexibility present in the system. As long as the net power production
is not changed, the production units can adjust production according to the demand and
spot price realization. In Chapter 5 the standard deviation of the heat demand was found
in (5.5), to σε = 26.66 MWh. As this standard deviation is small relative to the capacity of
the HP and EB, the system might be flexible enough for the deterministic model to handle



7.2 Deterministic and stochastic comparison 77

the deviations almost good as the stochastic optimization model. In May, the demand is
very low, and the CHP is generally the only unit used for heat production, as was seen in
Figure 6.10. In this situation the flexibility is limited and thus a higher benefit from using
the stochastic model is experienced.

7.2.2 Capacity impact

This section carries out an analysis to investigate the impact of the HP and EB capacity on
the appropriability of stochastic as opposed to deterministic optimization.

A number of relevant scenarios are selected and both the stochastic and the deterministic
in-sample model are solved for each scenario. The three scenarios chosen are:

1. 100% capacity for both the HP and EB (reference case 0)

2. 50% capacity for both the HP and EB

3. 0% capacity for both the HP and EB

A comparison of the three scenarios is displayed in Figure 7.2. For each scenario and week,
the difference between the deterministic and the stochastic model results are found as a
percentage of the stochastic result. Thus a positive difference implies that the stochastic
model provides lower heat costs compared to the deterministic in-sample.
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Figure 7.2 – Comparison of the stochastic results and the deterministic in-sample for the first week
of February, May, August and November 2013. A large positive value signifies that the stochastic
model results in lowered heat costs.

For January and November the same pattern appears. Production at full capacity on the HP
and EB results in a small relative difference. However, these months experience the highest
costs due to a high demand, see Figure 6.10. The high demand forces many production
units to operate simultaneously, which increase the flexibility.
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Decreasing the capacity of the HP and EB, the impact of the stochastic approach increases.
Especially when the capacity for the EB and HP is fixed to zero, i.e. removing the HP and
EB from the system, the stochastic solution is significantly better than the deterministic,
which again reflects the influence of system flexibility.

In May and August the benefits from the stochastic model are generally higher and almost
constant for August. This is likely due to the low heat demand during these months and
the corresponding choice of production unit. Section 6.1 and 2.2 illustrated how the back-
pressure CHP was most economical at almost any electricity price. During periods with
low heat demand, such as May and August, the back-pressure CHP preferably satisfies the
demand solely and the HP and EB do not get operating hours, see Figure 6.10. Therefore,
a change the in capacity does not influence the results significantly compared to periods
where the HP and EB are used frequently.

This analysis, thus, indicates a negative correlation between the capacity of the HP and EB,
and the significance of stochastic optimization, where capacity reduction results in increased
benefits from the stochastic model compared to the deterministic model. This should be
taken into consideration when deciding specific HP and EB capacities for a system.

7.3 Case studies

This section presents a number of case studies and compares the monetary benefits obtained
in each case. The comparison is made based on stochastic solutions only.

Case 0 denotes the reference case, which is the result of using the stochastic optimization
model presented in Section 4.3 with the parameter values in Table 4.2.

In addition to the reference case, three additional case studies are carried out. These are
primarily chosen such as to investigate the impact of the HP and EB - especially related
to an investment decision and prospective changes resulting from increased wind power
penetration. The case studies therefore are the following:

1. Change in capacity for the EB and HP: A 50% capacity is compared to the reference
case of 100% capacity and the case of 0% capacity. This will show if the costs increase
linearly with additional HP and EB capacity.

2. Change COP for the HP: The COP of the HP is changed to 2.5 and 3.5. In the
previous chapter, the example in section 6.1.5 indicated an increase in production
hours for the HP resulting from an increase in COP.

3. Decrease the electricity price. This is expected in the future as a result of increasing
wind power penetration [41].

7.3.1 Case 1: Capacity reduction for HP and CHP

In the reference case 0, a heat capacity of 75 MW, is used for both the EB and HP. This size
is based on an, although relatively large, yet realistic, achievable size1. However, it is not
necessarily the most optimal size. It might be, that the system does not need this amount of

1Discussion with T. Engberg, Chief Project and Market Manager, COWI.
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flexibility at this moment. As the investment depends strongly on the implemented capacity,
it is important to find the most optimal capacity. This case study investigates the effect of
reducing the HP and EB capacity to 50% and 0%, meaning that the capacity parameters
takes the following values:

CHP100% = 75 MWh

CEB100% = 75 MWh

CHP50% = 37.5 MWh

CEB50% = 37.5 MWh

CHP0% = 0 MWh

CHP0% = 0 MWh

Figure 7.3 shows a comparison of the results when solving the stochastic optimization model
using the above parameters. For each of the weeks solved, the average daily total heat costs
are displayed. The results indicate a non-linear relationship between HP and EB capacity,
and the heat costs. There is a significant cost increase when the HP and EB are removed.
The difference also appears to be largest in February and November, which is the period
where the units generally are utilized the most, see figure 6.10.
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Figure 7.3 – Comparison of average daily heat costs for different cases of HP and EB capacity. A
significant increase in the heat cost is observed when the HP and EB have 0% capacity, corresponding
to being removed from the system.

The average daily monetary savings having 50% and 100% capacity as opposed to 0% is
found based on the four investigated weeks:

ravg,day50% = 67.0× 103 DKK

ravg,daily100% = 88.7× 103 DKK

This corresponds to cost reductions of 6.2% (50%) and 8.2% (100%) compared to the zero
capacity case. The yearly benefit from 100% and 50% HP and EB capacity is estimated



80 CHAPTER 7. NUMERICAL RESULTS

based on the four week sample that is assumed representative for the behavior in a year:

zavg,yearcap,50% = 24.4× 106 DKK

zavg,yearcap,100% = 32.3× 106 DKK

It should be noted that these results are based on the average cost for the 100 scenarios that
are used. However, the economical value the HP and EB was found to provide is still in
same order of magnitude as found in a a study made by HOFOR concerning the economical
feasibility of HPs [18].

The benefit of doubling the capacity from 50% to 100% results in a cost reduction of:

32.3× 106 DKK− 24.4× 106 DKK = 7.9× 106DKK.

It is therefore clear that the first increase in capacity from 0% to 50% is more significant
than the additional capacity from 50% to 100%.

These results and estimates assume that the stochastic optimization is used to schedule the
heat and power production. The monetary benefit are expected to be smaller when using
the deterministic model, especially when the HP and EB capacity is reduced as illustrated
in Section 7.2.

Furthermore, this suggests that the capacity maybe could be reduced, as the economic ben-
efit decreases when the capacity increases. In order to evaluate this properly the investment
costs should be considered as the unit capacity cost decrease for larger units [23]. A number
of additional simulations for different capacities should be carried out and analyzed to find
the optimum between investment cost and heat cost reduction.

7.3.2 Case 2: Change in COP for HP

In the reference study (case 0) the COP for the HP was set to COPHP = 3.0. This
constitutes a realistic value. However, both higher and lower values for the COP could
occur depending on characteristics of the HP and the choice of the cold heat source.

In the following case the COP for the HP is one by one increased to 3.5 and decreased to
2.5, in order to investigate the impact on the heat costs. This allows for an assessment of
the influence of a COP variation of 0.5. This could, in addition, correspond to the yearly
deviation of the COP due to varying temperature requirements or variations in the cold
source temperature [16]. Figure 7.4 shows a comparison of daily average heat cost with a
COP of 2.5, 3.0 and 3.5.

The daily monetary benefits are here averaged to be:

zavg,dayCOP=2.5 = 17.7× 103 DKK

zavg,dayCOP=3.5 = 27.1× 103 DKK

while the yearly average estimates are:

zavg,yearCOP=2.5 = 6.5× 106 DKK

zavg,yearCOP=3.5 = 9.9× 106 DKK



7.3 Case studies 81

February May August November
0

0.5

1

1.5

2

2.5
x 10

6

Time [week]

A
v
e
ra

g
e
 d

a
ily

 c
o
s
t 
[D

K
K

]

 

 

COP=3.5

COP=3.0 (case 0)

COP=2.5

Figure 7.4 – Results from using a COP for the HP of 2.5, 3.0 and 3.5, respectively. The simulation
has been carried out for four weeks in 2013 and the average daily cost are found for each week. A
decrease in total costs is observed when a COP of 3.5 applies.

These results could potentially be used as input to the decision process concerning the choice
of HP characteristics. If an increase in COP from 3.0 to 3.5 is achievable at costs similar to
the yearly costs outlined above, the payback time for this additional investment is one year.

7.3.3 Case 3: Electricity price decrease

In this case, the effects of an increasing share of wind power and thus decreasing electricity
prices are investigated. The low electricity price will in reality usually occur when there
is high wind power penetration [5]. However, for this simple study it is assumed that all
electricity prices are lowered by the same amount. This allows for a study of the electricity
price impact on the economical benefits of HPs and EBs. Two scenarios, in addition to the
reference, are investigated. In both scenarios the electricity price is lowered. However, one
scenario does not include a HP and EB in the system. The two scenarios are characterized
by the following parameters:

1. pspot,redt,ξ = pspott,ξ − 50 DKK/MWh

CHP = CEB = 75 MW

2. pspot,redt,ξ = pspott,ξ − 50 DKK/MWh

CHP = CEB = 0 MW

Figure 7.5 shows the average daily heat costs in the two scenarios compared to the reference
case 0. If the electricity prices decrease, a significant increase in the total cost is observed.
This can be explained from the high forced production of power at the CHP plants which
is sold at a low price.
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Figure 7.5 – A comparison of the average daily heat costs with and without a HP and EB, if the
electricity prices are decreased by 50 DKK/MWh.

The average daily benefit of having an HP and EB, in the case that the spot price decreases
by 50 DKK/MWh, is calculated to be:

zavg,daypower = 148.9× 103 DKK

while the yearly estimate is:

zavg,yearpower = 54.4× 106 DKK

This clearly indicates a large economical potential for HPs and EBs in the event of decreasing
power prices. Considering the investment of HPs and EBs this should be included as the
power prices most likely will reach lower levels with the increasing wind power production.
Additional simulations, where the spot price was decreased according to hours of increasing
wind power production, could be useful in determining the full potential of HPs and EBs
under these circumstances.

7.4 Case evaluation

This section compares the cases presented in the previous sections. Such comparison can be
very useful to identify where the highest potential for increasing profit is found by comparing
with the corresponding investments. Figure 7.6 shows the average daily cost reduction for
the investigated cases.

Figure 7.6 shows the potential economical gain from all previous three cases. For case 2,
concerning the capacity, this plot shows the cost reduction when including a HP and EB
capacity of 37.5 MW and 75 MW, respectively, as opposed to the situation where no HP
and EB are included. Generally, the economic potential is in the range of 0.5 mio DKK to 3
mio per week for each of the scenarios. The largest potential is obtained in the case where
power prices are decreased and the HP and EB are included in the system as opposed to a
system without these units. The benefit from increasing the COP of the HP from 3.0 to 3.5
provides slightly less economical gain compared to increasing the COP from 2.5 to 3.0.
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Figure 7.6 – Comparison of the average daily monetary benefits from each of the cases presented
in this chapter.

7.5 Chapter summary

This chapter presented and analyzed numerical results from the deterministic and the
stochastic optimization model. The results from the stochastic model was compared to
the deterministic in-sample results. The impact of stochastic optimization was found to
increase with decreasing HP and EB capacity, due to the flexibility they provide. The eco-
nomical benefits of stochastic compared to deterministic optimization model are generally
higher during summer, as the system is less flexible during this period. This is due to the
back-pressure CHP being the only active heat production unit and consequently the system
is less capable of adjusting the production to meet the realized heat demand and spot price.

Three case studies for the stochastic model were subsequently presented and analyzed.
Changing the COP of the HP was found to have an impact on the heat costs. Furthermore,
the monetary benefits connected to the HP and EB capacity showed a non-linear behavior.
Here, an increase in capacity from 0 MW to 37.5 MW provided larger cost reductions
compared to an increase of equal size from 37.5 MW to 75 MW. Finally, the impact of
having a HP and EB, in the case of lower electricity prices, was investigated and compared
to the previous cases. The comparison showed that the highest economical potential for the
introduction of a HP and EB was obtained in the event of lower electricity prices.

Before making the decision concerning the implementation of these units, the economical
benefits should be compared to the corresponding investments associated with integrating
the HP and EB in the CHP system.
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Chapter 8

Conclusion and future work

8.1 Conclusion

This project aimed at developing an operational strategy for an EB and a HP in a CHP
system through the use probabilistic forecasting and stochastic optimization. This was
intended to provide a foundation for integration of a HP and EB and improve flexibility,
which should ultimately allow for a complete integration of intermittent power in a CHP
system.

First, the basic concepts of CHP production were introduced, followed by an introduction
to HPs and EBs including their mutual differences. Taxes applying to heat produced at
CHPs, HPs and EBs were presented and analytical expressions for marginal heat costs for
these units were introduced to illustrate the significant impact of taxes. In addition, this
outlined the principal economical order of the production units. In addition, the Nordic
electricity market as well as the reserve and regulating markets were outlined. Last, the
Copenhagen district heating system was introduced and the daily heat dispatch system was
presented.

This allowed for an analysis of the framework in which an HP and EB should operate. The
benefits of different organizational and physical locations were assessed, and the relevance of
the electricity markets discussed. It was found that the HP and EB should operate as part of
a CHP system, such that the flexibility the units provide can be utilized fully. Furthermore,
the EB would only be competitive in case the tax was excluded, which can only occur if the
EB is located and connected directly to a power producing unit such as a CHP. However,
the possibility of a more economical operation in district heating areas experiencing frequent
bottlenecks cannot be rejected. The monetary benefits are nevertheless difficult to assess
without detailed information about the heat dispatch in such areas.

The current state of the art technology does not allow HPs to reach temperatures high
enough for it to be connected to the transmission network. As a consequence, the HP
should be located in the distribution network with access to a cold medium source, e.g. sea
water or waste water.

The potential of offering ancillary services and regulating power was also analyzed. While
the FNR market was appropriate for units such as the EB, a high degree of uncertainty on
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the bidding is present. This could result in uneconomical situations or require a customized
risk-averse bidding strategy.

The regulating market was generally found relevant for both HPs, EBs and CHP units.
While the CHP unit should utilize the regulating market in case of deviating heat demands
or outages, the HP and EB could offer flexible production. However, in a system comprising
both a CHP, HP and EB unit the flexibility required by the CHP could be internally balanced
by the HP and EB, making the regulating market less important.

The principles for a complex strategy involving both the heat market, the electricity market,
frequency reserve, regulating power and intra day heat adjustments were outlined. All
decisions showed a clear correlation to previous and future decisions. The importance and
potential of the markets were assessed, and the successful operation of a HP and EB, in the
heat market was found to be central to the operation in all other markets.

Based on the previous findings, an operational strategy for a CHP system comprising a HP,
EB and two CHP units, operating in the heat and Nordic power market, was modelled. The
main challenge for this set-up is the uncertainty of the electricity price at this point in time
the schedule for district heating is made.

A deterministic optimization model was developed to provide a 24 hour operational strategy
for the production of heat and power. The model was constructed such that it could follow
the current time frame in the system, implying that the heat production was decided at
approximately 10:00 on the day before delivery, and based on the available information at
this point in time. Illustrative examples of the model results were presented and compared to
simple analytical calculations. The significance of operational constraints were highlighted
and their impact illustrated.

In order to account for uncertainty in the heat demand and spot price, the model was
extended to a stochastic two-stage model. The first stage corresponds to the decision made
at the time just after of the heat dispatch (before Elspot market clearing) and the second
stage corresponds to the adjustment made after the spot price and demand realizes. As a
consequence of the fixed offer to the Elspot market, the net production of power must be
kept constant when the second stage adjustments are included. Probabilistic forecasts for
the demand and spot price were developed through the use of time series analysis principles.
A scenario approach was used to solve the stochastic optimization problem. The stochastic
approach was shown to be only marginally better than the deterministic when a high HP and
EB capacity was included. Decreasing the capacity, and thus the flexibility of the system,
resulted in an increasing difference between the stochastic and deterministic results.

A number of case studies was then carried out for the stochastic model in order to evaluate
the impact on the economical potential of HPs and EBs. The investigated cases include
capacity reduction, change in the COP for the HP as well as a decrease in power prices.
The benefit of the HP and EB was largest when the electricity prices were reduced.

This project, thus, developed and analyzed an operational strategy for a HP and EB in a
CHP system. Results indicated substantial cost reduction resulting from the flexibility the
HP and EB provide. However, a number of areas could benefit from additional research.
These will be outlined in the following.
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8.2 Future work

Stochastic optimization of CHP systems comprising HPs and EBs is generally very unex-
plored and can provide material for numerous projects in the future. In connection to this,
a number of suggestions for future studies in continuation of the work done in this thesis
are presented:

1. Extend the forecasting model for the spot price by including the expected power load
and wind power production as explanatory variables. This would allow for better
forecasts of the spot price. Especially if the forecast is able to predict very high and
very low spot prices, this would be beneficial.

2. Extending the optimization model to include more stages. As was outlined in section
3.4 decisions are taken at different times and updates of the production schedule
occur during the day when better forecasts for the heat load is available. One could
also include the initial offer to Varmelast.dk such that the bidding curve/point was
dependent on the stochastic spot price. Including these stages by making a multi-stage
model would provide a more realistic view of the process.

3. The addition of new features, such as varying supply temperatures and thus COP for
the HP, or other markets discussed previously could also provide interesting insight
and allow for further analysis of the benefits of HPs and EBs.

4. An improvement of the model could also happen by allowing the optimization to
include more than 24 hours. This could allow for a better use of the large storage unit
which, under the current set-up is not fully utilized.

All of the above suggestions could provide valuable insight to the development of an oper-
ational strategy for a HP and EB in a CHP system.

Ultimately this will provide more flexible CHP systems allowing for increasing shares of
intermittent renewables to be integrated.
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Appendix A

GAMS script for the deterministic
model

2 *
3 $eolcom //
4 option iterlim=999999999; // avoid limit on iterations
5 option reslim=900; // timelimit for solver in sec.
6 option optcr=0.0; // gap tolerance
7 option solprint=ON; // include solution print in .lst file
8 option limrow=100; // limit number of rows in .lst file
9 option limcol=100; // limit number of columns in .lst file
10 / /

12 Sets
13 tt /tt1*tt24/
14 s /s1/
15 d /d1*d365/

17 dd(d) ;

19 ALIAS(d1,d) ;
20 sets ddd(d1)
21 ;

23 *************************************************************************
24 * PARAMETERS *
25 *************************************************************************

27 PARAMETER SP(d,tt,s);
28 $GDXIN ’C:\Users\Maria\Dropbox\Speciale2014\Master Thesis\M2G SP det.gdx’;
29 $LOAD SP
30 $GDXIN

32 PARAMETER DM(d,tt,s);
33 $GDXIN ’C:\Users\Maria\Dropbox\Speciale2014\Master Thesis\M2G DM det.gdx’;
34 $LOAD DM
35 $GDXIN

37 dd(d) = no;

39 parameter dm s(d,tt,s);
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40 dm s(d,tt,s)=DM(d,tt,s)*0.3;

42 parameter p spot s(d,tt,s);
43 p spot s(d,tt,s)=SP(d,tt,s);

45 PARAMETER prob(s) ;
46 prob(s) =0.0;

48 PARAMETERS
49 d start /1/
50 d slut /365/
51 st cap /3000/
52 st1 cap /300/
53 HP cop /3/
54 eta CHP /1.1/
55 k /0.24/
56 CHP cap /250/
57 CHP2 cap /330/
58 CHP2 ex /211/
59 HP cap /75/
60 HP min /10/
61 EB cap /75/
62 Ramp chp ’MW ’ /12/
63 Ramp chp2 ’MW ’ /40/
64 flow max ’Max from to/from storage’ /300/
65 k ex1 ’’ / 0.12/
66 k ex2 ’’ /0.64/
67 k fuel ’relationship between fuel and power lig eta’ /0.35/
68 pmax ’max power from chp2’ /250/
69 pmin ’min power from chp2’ /0/
70 c start ’’ /125000/
71 HP start ’’ /2500/
72 CHP2 min ’minimum power usage’ /40/
73 CHP min ’minimum power prod’ /12/
74 nox /9/
75 v tax /263/
76 tax ’kr per MWh’ /412/
77 tax net /219/
78 c fueltax ’tax on fossil fuels’ /258.5/
79 c CHPfuel ’Pr MJ’ /144/
80 c CHP2fuel ’Pr MJ’ /72/
81 co2 /57/
82 cinf ’Infeasibility cost’ /1000/
83 cbio ’Biomass supplment’ /150/
84 rtax /1.2/
85 sloss /1.05/
86 ;
87 parameter Rxs chp(d,tt), Rxs chp2(d,tt), Rxs hp(d,tt), Rxs eb(d,tt),
88 Rxd eb(d,tt), Rxd chp(d,tt), Rxd chp2(d,tt), Rxd hp(d,tt);
89 Parameter Rp chp2(d,tt), Rp chp(d,tt), Rb sup(d,tt)
90 Parameter Rst(d,tt), Rst1(d,tt), Rxd st(d,tt);
91 Parameter R1xs chp2(d,tt), R1xs hp(d,tt), R1xs eb(d,tt), R1xd chp2(d,tt),
92 R1xd hp(d,tt), R1st(d,tt), R1st1(d,tt), R1xd st(d,tt), Rxd st1(d,tt),
93 R1xs chp(d,tt),R1xd chp(d,tt), R1p chp(d,tt) ;
94 Parameter R1b chp(d,tt), R1b chp s(d,tt,s), R1b hp(d,tt), R1b chp2(d,tt),
95 R1bs chp(d,tt), R1bs chp2(d,tt);
96 Parameter HP costs(d,tt), EB costs(d,tt), CHP costs(d,tt), CHP2 costs(d,tt);
97 Parameter HP c(tt), EB c(tt), CHP c(tt), CHP2 c(tt);



95

99 Parameter p spot dd(tt), R1p fuel(d,tt);
100 R1b chp(d,tt)$(ord(d)=d start 1)=0;
101 R1b hp(d,tt)$(ord(d)=d start 1)=0;
102 R1b chp2(d,tt)$(ord(d)=d start 1)=0;
103 R1xs hp(d,tt)$(ord(d)=d start 1)=0 ;
104 R1xs eb(d,tt)$(ord(d)=d start 1)=0 ;
105 R1xd hp(d,tt)$(ord(d)=d start 1)=0 ;
106 R1st(d,tt)$(ord(d)=d start 1)=0 ;
107 R1st1(d,tt)$(ord(d)=d start 1)=0 ;
108 R1xd st(d,tt)$(ord(d)=d start 1)=200 ;
109 Rxd st1(d,tt)$(ord(d)=d start 1)=0 ;
110 R1xs chp(d,tt)$(ord(d)=d start 1)=0 ;
111 R1xs chp2(d,tt)$(ord(d)=d start 1)=0 ;
112 R1xd chp(d,tt)$(ord(d)=d start 1)=0 ;
113 R1xd chp2(d,tt)$(ord(d)=d start 1)=0 ;
114 R1p fuel(d,tt)$(ord(d)=d start 1)=0;
115 R1p chp(d,tt)$(ord(d)=d start 1)=0;

117 Parameter Rin;
118 Parameter Rz(d);

120 ********************************************************************************
121 * VARIABLES *
122 ********************************************************************************
123 Variables
124 heat chp
125 xs chp(tt) ’CHP heat for storage’
126 xd chp(tt) ’CHP heat to cover demand’
127 xd hp(tt) ’heat from HP to fulfill demand’
128 xs eb(tt) ’heat produced by EB to storage’
129 xd eb(tt) ’heat produced by EB to storage’
130 xd st(tt) ’heat taen from storage to cover demand’
131 xs hp(tt) ’From hp to storage’
132 xd st1(tt) ’From small storage to demand’
133 st(tt) ’amount in storage’
134 e(tt) ’Total amount of electricity bought at time t’
135 y chp(tt) ’amount of fuel used at time t’
136 st1(tt) ’Storage in distribution net’
137 p fuel(tt) ’Power corresponding to fuel use’
138 xs chp2(tt)’Heat from CHP2 to storage’
139 xd chp2(tt)’Heat from CHP2 to demand’
140 y chp2(tt) ’fuel consumption from chp2’
141 p chp2(tt) ’Power prod from chp2’
142 z ’profit’
143 b chp2(tt) ’Binary variable to be one if CHP2 1 is turned on’
144 c chp2(tt) ’Cost of start up ’
145 b chp(tt) ’Binary variable to be one if CHP2 1 is turned on’
146 c chp(tt) ’cost of startup’
147 b hp(tt) ’Binary variable to be one if CHP2 1 is turned on’
148 c hp(tt) ’cost of start up ’
149 Q ’Second stage value’
150 bs chp2(tt)’Binary variable to be one if CHP2 1 is turned on’
151 bs chp(tt) ’Binary variable to be one if CHP2 1 is turned on’
152 bs1 chp ’Binary variable to be one if CHP2 1 is turned on’
153 bsd chp2 ’Binary variable to be one if CHP2 1 is turned on’
154 bsd chp ’Binary variable to be one if CHP2 1 is turned on’
155 bs hp(tt) ’Binary variable to be one if CHP2 1 is turned on’
156 ec(tt) ’consumed power’
157 p chp(tt) ’power production at CHP’
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158 b sup(tt) ’Amount of biomass production that does not receive sup’
159 ;

161 Variable z;
162 positive variable heat chp, heat chp s, in(tt), in s(tt,s);
163 xs chp, xd chp, xd hp, xs hp, xs eb, xd eb , xd st;
164 y chp, st, st1, xd st1, p fuel, xd chp2, xs chp2, y chp2,
165 p chp2, ec, e, p chp, b sup;
166 binary variable b chp2, bs chp2, b chp, bs chp, b hp, bs hp, bs1 chp,
167 bs1 chp2, bs2 chp,bs21 chp, bs22 chp, bs2 chp2, bs21 chp2,
168 bs22 chp2, b s chp2, b s chp, b s hp, bs s chp, bs s chp2,
169 bs s hp, bs2 s chp, b21 s chp, bs22 s chp,
170 bs2 s chp2, bs1 s chp;

173 ********************************************************************************
174 * EQUATION *
175 ********************************************************************************

177 Equations
178 cost ’define objective function’
179 demand1(d,tt) ’Ensure demand fulfilled’
180 eb el(tt)
181 elprod(tt) ’Define the required amount of el to be bought/sold’
182 elcon(tt)
183 Fuel tax
184 fuel(tt) ’Relationsip between fuel and heat production’
185 chp2 upper(tt)
186 chp2 lower(tt)
187 chp2 prod(tt)
188 chp2 fuel(tt)
189 chp power(tt)
190 rh up(tt) ’up ramp contraint for heat’
191 rh up1(d,tt)
192 rh do(tt) ’down ramp contraint for heat’
193 rh do1(d,tt) ’Constraints for t=1’
194 rh up chp2(tt) ’up ramp contraint for heat’
195 rh up1 chp2(d,tt)
196 rh do chp2(tt) ’down ramp contraint for heat’
197 rh do1 chp2(d,tt)
198 chp sdown1(tt)
199 chp sdown(tt)
200 chp2 sdown1(tt)
201 chp2 sdown(tt)
202 chp cost(tt)
203 chp2 cost(tt)
204 chp2 cost1(d,tt)
205 chp cost1(d,tt)
206 hp cost(tt)
207 hp cost1(d,tt)
208 chp on(tt)
209 hp on(tt)
210 chp2 on(tt)
211 chp2 minl(tt)
212 chp minl(tt)
213 hp minl(tt)
214 Storageeq(tt) ’storage equilibrium ’
215 Storageeq1(d,tt)
216 st1eq(tt)
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217 st1eq1(d,tt)
218 st flowOut(tt) ’Maximum to be delivered from storage’
219 st flowIn(tt) ’Maximum to be delivered in storage’
220 EBcap(tt) ’capacity for EB’
221 Stcap(tt) ’capacity for storage’
222 chp2cap(tt)
223 HPcap(tt) ’capacity for HP’
224 St1cap(tt)
225 bio substract(tt)
226 ;

228 // Objective function
229 cost .. z =e= sum((tt), sum(dd,p spot s(dd,tt,’s1’))*( e(tt)+ec(tt)) +
230 (1/HP cop)*(xd hp(tt)+xs hp(tt))*(tax+tax net)
231 (p chp(tt) b sup(tt))*cbio + (xd chp(tt)+xs chp(tt))1/rtax*nox
232 +c CHPfuel*y CHP(tt)+c CHP2fuel*y chp2(tt)+in(tt)*cinf )+
233 c start*(sum(tt, bs chp(tt) +bsd chp2(tt)+bsd chp(tt)+bs chp2(

tt)))
234 +sum(tt,bs hp(tt))*hp start +heat chp ;

236 //Tax on CHP
237 Fuel tax .. heat chp =g= (co2+nox+c fueltax)*sum(tt,xd chp2(tt)+xs chp2(tt) )

*(1/rtax) ;

239 //Total production and demand
240 demand1(dd,tt) .. xd chp(tt)+xd hp(tt)+xd st(tt)+xd st1(tt)+xd chp2(tt)+xd eb(tt

) =e= dm s(dd,tt,’s1’) in(tt);

242 eb el(tt) .. xs eb(tt)+xd eb(tt)=l=p chp(tt)+ p chp2(tt);
243 elprod(tt) .. e(tt) =e= p chp(tt) + p chp2(tt) ;
244 elcon(tt) .. ec(tt) =e= xs eb(tt)+xd eb(tt) +(1/HP cop)*(xd hp(tt)+xs hp(tt))

;

246 //Production and fuel equations
247 chp power(tt) .. p chp(tt) =e= (xs chp(tt)+xd chp(tt))*k ;
248 fuel(tt) .. y CHP(tt) =e= (p chp(tt)+xs chp(tt)+xd chp(tt))/eta chp;

250 chp2 upper(tt) .. p chp2(tt) =l= k ex1*(xd chp2(tt)+xs chp2(tt))+pmax ;
251 chp2 lower(tt) .. p chp2(tt) =g= k ex2*(xd chp2(tt)+xs chp2(tt))+pmin ;
252 chp2 prod(tt) .. p chp2(tt) =e= k ex1*(xd chp2(tt)+xs chp2(tt))+p fuel(tt) ;
253 chp2 fuel(tt) .. y chp2(tt) =e= (1/k fuel)*p fuel(tt);

255 //Ramping
256 rh up(tt)$(ord(tt)>1).. (p chp(tt)) ( p chp(tt 1)) =l= Ramp chp;
257 rh up1(ddd,tt)$(ord(tt)=1).. (p chp(tt)) (R1p chp(ddd,’tt24’)) =l= Ramp chp;

259 rh do(tt)$(ord(tt)>1).. (p chp(tt)) ( p chp(tt 1)) =g= Ramp chp;
260 rh do1(ddd,tt)$(ord(tt)=1).. (p chp(tt)) (R1p chp(ddd,’tt24’)) =g= Ramp chp;

262 rh up chp2(tt)$(ord(tt)>1).. (p fuel(tt)) ( p fuel(tt 1)) =l= Ramp chp2;
263 rh up1 chp2(ddd,tt)$(ord(tt)=1).. (p fuel(tt)) (R1p fuel(ddd,’tt24’)) =l=

Ramp chp2;

265 rh do chp2(tt)$(ord(tt)>1).. (p fuel(tt)) ( p fuel(tt 1)) =g= Ramp chp2;
266 rh do1 chp2(ddd,tt)$(ord(tt)=1).. (p fuel(tt)) (R1p fuel(ddd,’tt24’)) =g=

Ramp chp2;

268 //Startup
269 chp on(tt) .. xs chp(tt)+xd chp(tt) =l= b chp(tt)*chp cap;



98 APPENDIX A. GAMS SCRIPT FOR THE DETERMINISTIC MODEL

271 chp sdown(tt)$(ord(tt)>1).. bsd chp(tt)=g= b chp(tt 1) b chp(tt) ;
272 chp sdown1(tt)$(ord(tt)=1).. bsd chp(tt)=g= b chp(’tt24’) b chp(tt)

;

274 chp2 sdown(tt)$(ord(tt)>1).. bsd chp2(tt)=g= b chp2(tt 1) b chp2(tt) ;
275 chp2 sdown1(tt)$(ord(tt)=1).. bsd chp2(tt)=g= b chp2(’tt24’) b chp2(tt) ;

277 chp cost(tt) $(ord(tt)>1).. bs chp(tt)=g= b chp(tt) b chp(tt 1);
278 chp cost1(dd,tt)$(ord(tt)=1).. bs chp(tt) =g= b chp(tt) R1b chp(dd,’tt24’);

280 chp2 on(tt) .. p chp2(tt)+xs chp2(tt)+xd chp2(tt) =l= b chp2(tt) *(CHP2 cap+
CHP2 ex);

282 chp2 cost(tt)$(ord(tt)>1) .. bs chp2(tt)=g= (b chp2(tt) b chp2(tt 1)) ;
283 chp2 cost1(dd,tt)$(ord(tt)=1) .. bs chp2(tt)=g=(b chp2(tt) R1b chp2(dd,’tt24’))

;

285 hp on(tt) .. xs hp(tt)+xd hp(tt) =l= b hp(tt)*Hp cap;

287 hp cost(tt)$(ord(tt)>1) .. bs hp(tt)=g=(b hp(tt) b hp(tt 1) ) ;
288 hp cost1(dd,tt)$(ord(tt)=1) .. bs hp(tt)=g= (b hp(tt) R1b hp(dd,’tt24’) ) ;

290 //Minimum load

292 chp2 minl(tt).. p fuel(tt)=g=b chp2(tt)*CHP2 min;
293 chp minl(tt).. p chp(tt)=g=b chp(tt)*CHP min;
294 hp minl(tt) .. xs hp(tt)+xd hp(tt)=g=b hp(tt)*Hp min;

296 //Storage constraints
297 Storageeq(tt)$(ord(tt)>1) .. st(tt)=e= st(tt 1)+xs chp(tt)+xs chp2(tt)+xs eb(tt)

sloss*xd st(tt) ;
298 Storageeq1(dd,tt)$(ord(tt)=1) .. st(tt)=e= R1st(dd,’tt24’)+xs chp(tt)+xs chp2(tt

)+xs eb(tt) sloss*xd st(tt) ;

300 st1eq(tt)$(ord(tt)>1) .. st1(tt)=e=st1(tt 1) +xs hp(tt) sloss*xd st1(tt);
301 st1eq1(dd,tt)$(ord(tt)=1) .. st1(tt)=e=R1st1(dd,’tt24’) +xs hp(tt) sloss*xd st1(

tt);

303 st flowOut(tt) .. xd st(tt)=l=flow max;
304 st flowIn(tt) .. xs chp(tt)+xs eb(tt)+xs chp2(tt)=l=flow max;

306 //Capacity constraints
307 EBcap(tt) .. xs eb(tt)+xd eb(tt)=l=eb cap;
308 HPcap(tt) .. xd hp(tt)+xs hp(tt) =l= hp cap;
309 chp2cap(tt).. xd chp2(tt)+xs chp2(tt)=l=CHP2 cap;
310 Stcap(tt) .. st(tt)=l= st cap ;
311 St1cap(tt) .. st1(tt)=l= st1 cap;

313 //Define amount not to recieve bio sup
314 bio substract(tt).. b sup(tt) =g= ec(tt) p chp2(tt);

316 Model det /all/ ;

318 loop(d$(ord(d)>d start and ord(d)<d slut) ,
319 dd(d) = yes;

321 ddd(d1)$(ord(d1)=ord(d) 1) = yes;
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323 display dd;
324 display ddd;

326 display dm s;
327 Solve det using mip minimizing z ;
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Appendix B

GAMS script for the stochastic
model

1 *
2 $eolcom //
3 option iterlim=999999999; // avoid limit on iterations
4 option reslim=3000; // timelimit for solver in sec.
5 option optcr=0.05; // gap tolerance
6 option solprint=ON; // include solution print in .lst file
7 option limrow=100; // limit number of rows in .lst file
8 option limcol=100; // limit number of columns in .lst file
9 / /

11 Sets
12 tt /tt1*tt24/
13 s /s1*s100/
14 d /d1*d365/

16 dd(d) ;

18 ALIAS(d1,d) ;
19 sets ddd(d1)
20 ;
21 *************************************************************************
22 * PARAMETERS *
23 *************************************************************************

25 PARAMETER SP(d,tt,s);
26 $GDXIN ’C:\Users\Maria\Dropbox\Speciale2014\Master Thesis\M2G SP.gdx’;
27 $LOAD SP
28 $GDXIN

30 PARAMETER DM(d,tt,s);
31 $GDXIN ’C:\Users\Maria\Dropbox\Speciale2014\Master Thesis\M2G DM.gdx’;
32 $LOAD DM
33 $GDXIN

35 dd(d) = no;

37 parameter dm s(d,tt,s);
38 dm s(d,tt,s)=DM(d,tt,s)*0.3;

101
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40 parameter p spot s(d,tt,s);
41 p spot s(d,tt,s)=SP(d,tt,s) 50;

43 parameter prob(s) ;
44 prob(s) =0.01;

47 parameter
48 d start /1/
49 d slut /365/
50 st cap /3000/
51 st1 cap /300/
52 HP cop /3/
53 eta CHP /1.1/
54 k /0.24/
55 CHP cap /250/
56 CHP2 cap /330/
57 CHP2 ex /211/
58 HP cap /75/
59 HP min /10/
60 EB cap /75/
61 Ramp chp ’MW ’ /12/
62 Ramp chp2 ’MW ’ /40/
63 flow max ’Max from to/from storage’ /300/
64 k ex1 ’’ / 0.12/
65 k ex2 ’’ /0.64/
66 k fuel ’relationship between fuel and power lig eta’ /0.35/
67 pmax ’max power from chp2’ /250/
68 pmin ’min power from chp2’ /0/
69 c start ’’ /125000/
70 HP start ’’ /2500/
71 CHP2 min ’minimum power usage’ /40/
72 CHP min ’minimum power prod’ /12/
73 nox /9/
74 v tax /263/
75 tax ’kr per MWh’ /412/
76 tax net /219/
77 c fueltax ’tax on fossil fuels’ /258.5/
78 c CHPfuel ’Pr MJ’ /144/
79 c CHP2fuel ’Pr MJ’ /72/
80 co2 /57/
81 cinf ’Infeasibility cost’ /1000/
82 cbio ’Biomass supplment’ /150/
83 rtax /1.2/
84 sloss /1.05/
85 ;

87 parameter Rxs chp(d,tt), Rxs chp2(d,tt), Rxs hp(d,tt), Rxs eb(d,tt), Rxd eb(d,
tt), Rxd chp(d,tt),

88 Rxd chp2(d,tt), Rxd hp(d,tt);

90 Parameter Rp chp2(d,tt), Rp chp(d,tt), Rb sup(d,tt)
91 Parameter Rst(d,tt), Rst1(d,tt), Rxd st(d,tt);

93 Parameter R1xs chp2(d,tt), R1xs hp(d,tt), R1xs eb(d,tt), R1xd eb(d,tt),
R1xd chp2(d,tt),R1xd hp(d,tt), R1st(d,tt)

94 ,R1st1(d,tt), R1xd st(d,tt), Rxd st1(d,tt), R1xs chp(d,tt),R1xd chp(d,
tt), Rin(d,tt), R1p chp(d,tt) ;
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95 Parameter R1xs chp2 s(d,tt,s), R1xs hp s(d,tt,s), R1xs eb s(d,tt,s), R1xd eb s(
d,tt,s), R1xd chp2 s(d,tt,s),R1xd hp s(d,tt,s), R1st s(d,tt,s)

96 ,R1st1 s(d,tt,s), R1xd st s(d,tt,s), R1xd st1 s(d,tt,s), R1xs chp s(d,
tt,s),R1xd chp s(d,tt,s), R1in s(d,tt,s), R1p chp s(d,tt,s),
R1p chp2 s(d,tt,s) ;

97 Parameter R1b chp(d,tt), R1b chp s(d,tt,s), R1b hp(d,tt), R1b hp s(d,tt,s),
R1b chp2(d,tt), R1b chp2 s(d,tt,s), R1b sup s(d,tt,s);

98 Parameter p spot dd(tt), R1p fuel, R1p s fuel;
99 R1b chp(d,tt)$(ord(d)=d start 1)=0;

100 R1b chp s(d,tt,s)$(ord(d)=d start 1)=0;
101 R1b hp(d,tt)$(ord(d)=d start 1)=0;
102 R1b hp s(d,tt,s)$(ord(d)=d start 1)=0;
103 R1b chp2(d,tt)$(ord(d)=d start 1)=0;
104 R1b chp2 s(d,tt,s)$(ord(d)=d start 1)=0;

106 R1xs hp(d,tt)$(ord(d)=d start 1)=0 ;
107 R1xs eb(d,tt)$(ord(d)=d start 1)=0 ;
108 R1xd hp(d,tt)$(ord(d)=d start 1)=0 ;
109 R1st(d,tt)$(ord(d)=d start 1)=200 ;
110 R1st1(d,tt)$(ord(d)=d start 1)=0 ;
111 R1xd st(d,tt)$(ord(d)=d start 1)=0 ;
112 Rxd st1(d,tt)$(ord(d)=d start 1)=0 ;

114 R1xs chp2 s(d,tt,s)$(ord(d)=d start 1)=0;
115 R1xs hp s(d,tt,s)$(ord(d)=d start 1)=0 ;
116 R1xs eb s(d,tt,s)$(ord(d)=d start 1)=0 ;
117 R1xd chp2 s(d,tt,s)$(ord(d)=d start 1)=0;
118 R1xd hp s(d,tt,s)$(ord(d)=d start 1)=0 ;
119 R1st s(d,tt,s)$(ord(d)=d start 1)=0 ;
120 R1st1 s(d,tt,s)$(ord(d)=d start 1)=0 ;
121 R1xd st s(d,tt,s)$(ord(d)=d start 1)=0 ;
122 R1xs chp s(d,tt,s)$(ord(d)=d start 1)=0 ;
123 R1xd chp s(d,tt,s)$(ord(d)=d start 1)=0 ;
124 R1xd st1 s(d,tt,s)$(ord(d)=d start 1)=0 ;

126 R1xs chp(d,tt)$(ord(d)=d start 1)=0 ;
127 R1xs chp2(d,tt)$(ord(d)=d start 1)=0 ;
128 R1xd chp(d,tt)$(ord(d)=d start 1)=0 ;
129 R1xd chp2(d,tt)$(ord(d)=d start 1)=0 ;
130 R1p fuel(d,tt)$(ord(d)=d start 1)=0;
131 R1p chp(d,tt)$(ord(d)=d start 1)=0;
132 R1p chp s(d,tt,s)$(ord(d)=d start 1)=0;
133 R1p s fuel(d,tt,s)$(ord(d)=d start 1)=0;

135 Parameter Rz(d);

137 ********************************************************************************
138 * VARIABLES *
139 ********************************************************************************
140 Variables
141 heat chp
142 heat chp s(s)
143 xs chp(tt) ’CHP heat for storage’
144 xd chp(tt) ’CHP heat to cover demand’
145 xd hp(tt) ’heat from HP to fulfill demand’
146 xs eb(tt) ’heat produced by EB to storage’
147 xd eb(tt) ’heat produced by EB to demand’
148 xd st(tt) ’heat taen from storage to cover demand’
149 xs hp(tt) ’From hp to storage’
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150 xd st1(tt) ’From small storage to demand’
151 st(tt) ’amount in storage’
152 e(tt) ’Total amount of electricity bought at time t’
153 y chp(tt) ’amount of fuel used at time t’
154 st1(tt) ’Storage in distribution net’
155 p fuel(tt) ’Power corresponding to fuel use’
156 xs chp2(tt)
157 xd chp2(tt)
158 y chp2(tt) ’fuel consumption from chp2’
159 p chp2(tt) ’Power prod from chp2’
160 z ’profit’
161 b chp2(tt) ’Binary variable to be one if CHP2 1 is turned on’
162 c chp2(tt) ’Cost of start up ’
163 b chp(tt) ’Binary variable to be one if CHP2 1 is turned on’
164 c chp(tt) ’cost of startup’

166 b hp(tt) ’Binary variable to be one if CHP2 1 is turned on’
167 c hp(tt) ’cost of start up ’
168 Q
169 bs chp2(tt) ’Binary variable to be one if CHP2 1 is turned on’
170 bs chp(tt) ’Binary variable to be one if CHP2 1 is turned on’
171 bs1 chp ’Binary variable to be one if CHP2 1 is turned on’

173 bs hp(tt) ’Binary variable to be one if CHP2 1 is turned on’
174 ec(tt) ’consumed el’
175 in s(tt,s)
176 xs s chp(tt,s)
177 xd s chp(tt,s) ’CHP heat to cover demand’
178 xd s hp(tt,s) ’heat from HP to fulfill demand’
179 xs s eb(tt,s) ’heat produced by EB to storage’
180 xd s eb(tt,s) ’heat produced by EB to storage’
181 xd s st(tt,s) ’heat taen from storage to cover demand’
182 xs s hp(tt,s) ’From hp to storage’
183 xd s st1(tt,s) ’From small storage to demand’
184 st s(tt,s) ’amount in storage’
185 e s(tt,s) ’Total amount of electricity bought at time t’
186 y s chp(tt,s) ’ amount of fuel used at time t’
187 st1 s(tt,s) ’Storage in distribution net’
188 p s fuel(tt,s) ’Power corresponding to fuel use’
189 xs s chp2(tt,s)
190 xd s chp2(tt,s)
191 y s chp2(tt,s) ’fuel consumption from chp2’
192 p s chp2(tt,s) ’Power prod from chp2’
193 b s chp2(tt,s) ’Binary variable to be one if CHP2 1 is turned on’
194 b s chp(tt,s) ’Binary variable to be one if CHP2 1 is turned on’

196 b s hp(tt,s) ’Binary variable to be one if CHP2 1 is turned on’
197 bs s chp2(tt,s) ’Binary variable to be one if CHP2 1 is turned on’
198 bs s chp(tt,s) ’Binary variable to be one if CHP2 1 is turned on’
199 bs1 s chp(s) ’Binary variable to be one if CHP2 1 is turned on’

201 bs s hp(tt,s) ’Binary variable to be one if CHP2 1 is turned on’
202 ec s(tt,s) ’consumed el’
203 d CHP su(tt,s)
204 d CHP2 su(tt,s)
205 d CHP2 sd(tt,s)
206 d CHP sd(tt,s)
207 d HP su(tt,s)
208 p chp(tt)
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209 p s chp(tt,s)
210 b sup s(tt,s) ’amount to be substracted for bio tilskud’
211 b sup(tt)
212 bsd chp(tt)
213 bsd s chp(tt,s)
214 bsd chp2(tt)
215 bsd s chp2(tt,s)
216 ;

218 Variable z;
219 positive variable heat chp, heat chp s, in(tt), in s(tt,s),
220 xs chp, xd chp, xd hp, xs hp, xs eb, xd eb, xd st, y chp, st,
221 st1, xd st1, p fuel, xd chp2, xs chp2, y chp2, p chp2,
222 ec, e, p chp, b sup;

224 binary variable b chp2, bs chp2, b chp, bs chp, b hp, bs hp, bsd chp,
225 bsd chp2, bsd s chp, bsd s chp2;

227 binary variable b s chp2, b s chp, b s hp, bs s chp, bs s chp2, bs s hp;

229 // FIX THE FIRST STAGE SOLUTION
230 xd s chp.fx(tt,’s1’)=0;
231 p s chp.fx(tt,’s1’) =0;
232 p s chp2.fx(tt,’s1’)=0;
233 xs s chp2.fx(tt,’s1’)=0;
234 xd s chp2.fx(tt,’s1’)=0;
235 xs s eb.fx(tt,’s1’)=0;
236 xd s eb.fx(tt,’s1’)=0;
237 xs s hp.fx(tt,’s1’) =0;
238 xd s hp.fx(tt,’s1’) =0;
239 xd s st.fx(tt,’s1’) =0;
240 xd s st1.fx(tt,’s1’) =0;
241 st1 s.fx(tt,’s1’) =0;
242 st s.fx(tt,’s1’) =0;
243 d CHP2 su.fx(tt,’s1’)=0;
244 d CHP su.fx(tt,’s1’)=0;
245 d CHP sd.fx(tt,’s1’)=0;
246 d hp su.fx(tt,’s1’)=0;
247 d CHP2 sd.fx(tt,’s1’)=0;

250 ********************************************************************************
251 * EQUATION *
252 ********************************************************************************

254 Equations
255 cost ’define objective function’
256 stoch
257 demand1(d,tt) ’Ensure demand fulfilled’
258 demand s(d,tt,s)
259 eb el(tt)
260 eb el s(tt,s)
261 elprod(tt) ’Define the required amount of el to be bought/sold’
262 elprod s(tt,s)
263 elcon(tt) , elcon s(tt,s)

265 powerEq s(tt,s)
266 Fuel tax
267 Fuel tax s(s)
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268 EBcap(tt) ’capacity for EB’
269 EBcap s(tt,s)

271 Stcap(tt) ’capacity for storage’
272 Stcap s(tt,s)
273 chp2cap(tt)
274 chp2cap s(tt,s)

276 HPcap(tt) ’capacity for HP’ , HPcap s(tt,s)
277 St1cap(tt) , St1cap s(tt,s)

279 chp sdown1(tt), chp sdown1 s(tt,s)
280 chp sdown(tt), chp sdown s(tt,s)
281 chp2 sdown1(tt), chp2 sdown1 s(tt,s)
282 chp2 sdown(tt), chp2 sdown s(tt,s)

284 chp on(tt), chp on s(tt,s)
285 chp cost(tt), chp cost s(tt,s)

287 Storageeq(tt) ’ storage equilibrium ’
288 Storageeq s(tt,s)
289 Storageeq1(d,tt), Storageeq1 s(d,tt,s)

291 fuel(tt) ’Relationsip between fuel and heat production’
292 fuel s(tt,s)

294 rh up(tt), rh up s(tt,s) ’up ramp contraint for heat’
295 rh up1(d,tt), rh up1 s(d,tt,s)
296 rh do(tt), rh do s(tt,s) ’down ramp contraint for heat’
297 rh do1(d,tt) , rh do1 s(d,tt,s) ’Constraints for t=1’
298 rh up chp2(tt), rh up chp2 s(tt,s) ’up ramp contraint for heat’
299 rh up1 chp2(d,tt), rh up1 chp2 s(d,tt,s)
300 rh do chp2(tt), rh do chp2 s(tt,s) ’down ramp contraint for heat’
301 rh do1 chp2(d,tt), rh do1 chp2 s(d,tt,s)

303 st1eq(tt) , st1eq s(tt,s)
304 st1eq1(d,tt) , st1eq1 s(d,tt,s)

306 st flowOut(tt) ’Maximum to be delivered from storage’
307 st flowOut s(tt,s)
308 st flowIn(tt) ’Maximum to be delivered in storage’
309 st flowIn s(tt,s)

311 chp2 upper(tt), chp2 upper s(tt,s)
312 chp2 lower(tt) , chp2 lower s(tt,s)
313 chp2 prod(tt) , chp2 prod s(tt,s)
314 chp2 fuel(tt) , chp2 fuel s(tt,s)
315 chp2 on(tt) , chp2 on s(tt,s)
316 chp2 cost(tt) , chp2 cost s(tt,s)
317 chp2 cost1(d,tt) , chp2 cost1 s(d,tt,s)

319 chp cost1(d,tt), chp cost1 s(d,tt,s)
320 chp2 minl(tt) , chp2 minl s(tt,s)
321 chp minl(tt) , chp minl s(tt,s)

323 hp on(tt) , hp on s(tt,s)
324 hp cost(tt) , hp cost s(tt,s)
325 hp cost1(d,tt) , hp cost1 s(d,tt,s)
326 hp minl(tt) , hp minl s(tt,s)
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328 HPs con(tt,s)
329 HPs con1(tt,s)
330 EBs con(tt,s)
331 EBs con1(tt,s)
332 CHPs con(tt,s)
333 CHP2s con(tt,s)
334 CHPs con1(tt,s)
335 CHP2s con1(tt,s)
336 Ps con(tt,s)
337 Ss con(tt,s)
338 S1s con(tt,s)
339 XDst1 con(tt,s)
340 XDst con(tt,s)

342 delta CHP su(tt,s)
343 delta CHP2 su(tt,s)
344 delta HP su(tt,s)
345 delta chp2 sd(tt,s)

347 chpcap(tt,s)
348 chp2pcap(tt,s)
349 chp power(tt)
350 chp power s(tt,s)
351 bio substract s(tt,s)
352 bio substract(tt)
353 bio con(tt,s)
354 ;

356 cost .. z =e= sum((tt), sum(dd,p spot s(dd,tt,’s1’))*( e(tt)+ec(tt)) +
357 (1/HP cop)*(xd hp(tt)+xs hp(tt))*(tax+tax net)
358 (p chp(tt) b sup(tt))*c sub+ (xd chp(tt)+xs chp(tt))*nox
359 +c CHPfuel*y CHP(tt)+c CHP2fuel*y chp2(tt)+in(tt)*c inf )+
360 c start*(sum(tt, bs chp(tt) +bs chp2(tt) +bsd chp(tt)+bsd chp2(

tt) ))
361 +sum(tt,bs hp(tt))*hp start +heat chp + Q ;

363 stoch .. Q =e= sum(s,prob(s)*( (sum((tt), (sum(dd,p spot s(dd,tt,s)))*( e s(tt,
s)+ec s(tt,s))+

364 (1/HP cop)*(xd s hp(tt,s)+xs s hp(tt,s))*(tax+tax net)
365 ( p s chp(tt,s) b sup s(tt,s))*c sub+(xd s chp(tt,s)+xs s chp(

tt,s))*nox
366 +c CHPfuel*y s CHP(tt,s)+c CHP2fuel*y s chp2(tt,s) +in s(tt,s)*

c inf+
367 hp start*d HP su(tt,s)
368 + c start*( d CHP su(tt,s)+d CHP sd(tt,s)
369 d CHP2 su(tt,s)+d CHP2 sd(tt,s) ) ) +heat chp s(s) ) ) );

371 //Total production and demand
372 delta CHP su(tt,s).. d CHP su(tt,s)=e= bs s chp(tt,s) bs chp(tt) ;
373 delta chp sd(tt,s) .. d chp sd(tt,s) =e= bsd s chp(tt,s) bsd chp(tt);
374 delta CHP2 su(tt,s).. d CHP2 su(tt,s)=e= bs s chp2(tt,s) bs chp2(tt) ;
375 delta chp2 sd(tt,s) .. d chp2 sd(tt,s) =e= bsd s chp2(tt,s) bsd chp2(tt);
376 Delta HP su(tt,s).. d HP su(tt,s)=e= bs s hp(tt,s) bs hp(tt) ;

378 Fuel tax .. heat chp =g= (co2+nox+c fueltax)*sum(tt,xd chp2(tt)+xs chp2(tt) )

*(1/rtax) ;
379 Fuel tax s(s) .. heat chp s(s) =g= (co2+nox+c fueltax)*sum(tt, xd s chp2(tt,s)+

xs s chp2(tt,s) ) *(1/rtax) ;
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381 demand1(dd,tt) .. xd chp(tt)+xd hp(tt)+xd st(tt)+xd st1(tt)+xd chp2(tt)+xd eb(tt
) =e= dm s(dd,tt,’s1’) in(tt);

382 demand s(dd,tt,s) .. xd chp(tt)+xd hp(tt)+xd st(tt)+xd st1(tt)+xd chp2(tt)+xd eb
(tt)+

383 xd s chp(tt,s)+xd s hp(tt,s)+xd s st(tt,s)+xd s st1(tt,s)+
xd s chp2(tt,s)+xd s eb(tt,s) =e= dm s(dd,tt,s) in(tt)
in s(tt,s);

386 eb el(tt) .. xs eb(tt)+xd eb(tt)=l=p chp(tt)+ p chp2(tt);
387 eb el s(tt,s) .. xs eb(tt)+xs s eb(tt,s)+xd eb(tt)+xd s eb(tt,s)=l=p chp(tt)+

p s chp(tt,s)+ p chp2(tt)+p s chp2(tt,s);

389 elprod(tt) .. e(tt) =e= p chp(tt) + p chp2(tt) ;
390 elprod s(tt,s) .. e s(tt,s) =e= p s chp(tt,s) + p s chp2(tt,s) ;

392 elcon(tt) .. ec(tt) =e= xs eb(tt)+xd eb(tt) +(1/HP cop)*(xd hp(tt)+xs hp(tt))
;

393 elcon s(tt,s) .. ec s(tt,s) =e= xs s eb(tt,s)+xd s eb(tt,s) +(1/HP cop)*(
xd s hp(tt,s)+xs s hp(tt,s)) ;

396 powerEq s(tt,s) .. e s(tt,s) ec s(tt,s)=e= 0 ;

398 //Production and fuel equations
399 chp power(tt) .. p chp(tt) =e= (xs chp(tt)+xd chp(tt))*k ;
400 chp power s(tt,s) .. p s chp(tt,s) =e= (xs s chp(tt,s)+xd s chp(tt,s))*k ;

402 fuel(tt) .. y CHP(tt) =e= (p chp(tt)+xs chp(tt)+xd chp(tt))/eta chp;
403 fuel s(tt,s) .. y s CHP(tt,s) =e= (p s chp(tt,s)+xs s chp(tt,s)+xd s chp(tt,s))/

eta chp;

405 chp2 upper(tt) .. p chp2(tt) =l= k ex1*(xd chp2(tt)+xs chp2(tt))+pmax ;
406 chp2 upper s(tt,s) .. p s chp2(tt,s) +p chp2(tt) =l= k ex1*(xd chp2(tt)+xs chp2(

tt)+xd s chp2(tt,s)+xs s chp2(tt,s))+pmax ;

408 chp2 lower(tt) .. p chp2(tt) =g= k ex2*(xd chp2(tt)+xs chp2(tt))+pmin ;
409 chp2 lower s(tt,s) .. p s chp2(tt,s) +p chp2(tt)=g= k ex2*(xd chp2(tt)+xs chp2(

tt)+xd s chp2(tt,s)+xs s chp2(tt,s))+pmin ;

411 chp2 prod(tt) .. p chp2(tt) =e= k ex1*(xd chp2(tt)+xs chp2(tt))+p fuel(tt) ;
412 chp2 prod s(tt,s) .. p chp2(tt)+p s chp2(tt,s) =e= k ex1*(xd chp2(tt)+xs chp2(tt

)+xd s chp2(tt,s)+xs s chp2(tt,s))+(p fuel(tt)+p s fuel(tt,s)) ;

414 chp2 fuel(tt) .. y chp2(tt) =e= (1/k fuel)*p fuel(tt);
415 chp2 fuel s(tt,s) .. y s chp2(tt,s) =e= (1/k fuel)*p s fuel(tt,s);

417 //Ramping

419 rh up(tt)$(ord(tt)>1).. (p chp(tt)) ( p chp(tt 1)) =l= Ramp chp;
420 rh up s(tt,s)$(ord(tt)>1).. (p chp(tt)+p s chp(tt,s)) ( p chp(tt 1)+p s chp(tt 1 ,

s)) =l= Ramp chp;
421 rh up1(ddd,tt)$(ord(tt)=1).. (p chp(tt)) (R1p chp(ddd,’tt24’)) =l= Ramp chp;
422 rh up1 s(ddd,tt,s)$(ord(tt)=1).. (p chp(tt)+p s chp(tt,s)) (R1p chp(ddd,’tt24’)+

R1p chp s(ddd,’tt24’,s)) =l= Ramp chp;

424 rh do(tt)$(ord(tt)>1).. (p chp(tt)) ( p chp(tt 1)) =g= Ramp chp;
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425 rh do s(tt,s)$(ord(tt)>1).. (p chp(tt)+p s chp(tt,s)) ( p chp(tt 1)+p s chp(tt 1 ,
s)) =g= Ramp chp;

426 rh do1(ddd,tt)$(ord(tt)=1).. (p chp(tt)) (R1p chp(ddd,’tt24’)) =g= Ramp chp;
427 rh do1 s(ddd,tt,s)$(ord(tt)=1).. (p chp(tt)+p s chp(tt,s)) (R1p chp(ddd,’tt24’)+

R1p chp s(ddd,’tt24’,s)) =g= Ramp chp;

429 rh up chp2(tt)$(ord(tt)>1).. (p fuel(tt)) ( p fuel(tt 1)) =l= Ramp chp2;
430 rh up chp2 s(tt,s)$(ord(tt)>1).. (p fuel(tt)+p s fuel(tt,s)) ( p fuel(tt 1)+

p s fuel(tt 1 ,s)) =l= Ramp chp2;
431 rh up1 chp2(ddd,tt)$(ord(tt)=1).. (p fuel(tt)) (R1p fuel(ddd,’tt24’)) =l=

Ramp chp2;
432 rh up1 chp2 s(ddd,tt,s)$(ord(tt)=1).. (p fuel(tt)+p s fuel(tt,s)) (R1p fuel(ddd

,’tt24’)+R1p s fuel(ddd,’tt24’,s)) =l= Ramp chp2;

434 rh do chp2(tt)$(ord(tt)>1).. (p fuel(tt)) ( p fuel(tt 1)) =g= Ramp chp2;
435 rh do chp2 s(tt,s)$(ord(tt)>1).. (p fuel(tt)+p s fuel(tt,s)) ( p fuel(tt 1)+

p s fuel(tt 1 ,s)) =g= Ramp chp2;
436 rh do1 chp2(ddd,tt)$(ord(tt)=1).. (p fuel(tt)) (R1p fuel(ddd,’tt24’)) =g=

Ramp chp2;
437 rh do1 chp2 s(ddd,tt,s)$(ord(tt)=1).. (p fuel(tt)+p s fuel(tt,s)) (R1p fuel(ddd

,’tt24’)+R1p s fuel(ddd,’tt24’,s)) =g= Ramp chp2;

439 //Startup
440 chp on(tt) .. xs chp(tt)+xd chp(tt) =l= b chp(tt)*chp cap;
441 chp on s(tt,s) .. xs chp(tt)+xd chp(tt)+xs s chp(tt,s)+xd s chp(tt,s) =l=

b s chp(tt,s)*chp cap;

443 chp cost(tt) $(ord(tt)>1).. bs chp(tt)=g= b chp(tt) b chp(tt 1);
444 chp cost s(tt,s)$(ord(tt)>1) .. bs s chp(tt,s)=g= b s chp(tt,s) b s chp(tt 1 ,s);
445 chp cost1(dd,tt)$(ord(tt)=1).. bs chp(tt) =g= b chp(tt) R1b chp(dd,’tt24’);
446 chp cost1 s(dd,tt,s)$(ord(tt)=1) .. bs s chp(tt,s)=g= b s chp(tt,s) R1b chp s(dd

,’tt24’,s);

448 chp2 on(tt) .. p chp2(tt)+xs chp2(tt)+xd chp2(tt) =l= b chp2(tt) *(CHP2 cap+
CHP2 ex);

449 chp2 on s(tt,s) .. p chp2(tt)+xs chp2(tt)+xd chp2(tt)+p s chp2(tt,s)+xs s chp2(
tt,s)+xd s chp2(tt,s) =l= b s chp2(tt,s) *(CHP2 cap+CHP2 ex);

451 chp2 cost(tt)$(ord(tt)>1) .. bs chp2(tt)=g= (b chp2(tt) b chp2(tt 1)) ;
452 chp2 cost s(tt,s)$(ord(tt)>1) .. bs s chp2(tt,s)=g= (b s chp2(tt,s) b s chp2(tt

1 ,s)) ;
453 chp2 cost1(dd,tt)$(ord(tt)=1) .. bs chp2(tt)=g=(b chp2(tt) R1b chp2(dd,’tt24’))

;
454 chp2 cost1 s(dd,tt,s)$(ord(tt)=1) .. bs s chp2(tt,s)=g= (b s chp2(tt,s)

R1b chp2 s(dd,’tt24’,s)) ;

456 hp on(tt) .. xs hp(tt)+xd hp(tt) =l= b hp(tt)*Hp cap;
457 hp on s(tt,s) .. xs hp(tt)+xd hp(tt)+xs s hp(tt,s)+xd s hp(tt,s) =l= b s hp(tt,s

)*Hp cap;

459 hp cost(tt)$(ord(tt)>1) .. bs hp(tt)=g= (b hp(tt) b hp(tt 1) ) ;
460 hp cost s(tt,s)$(ord(tt)>1) .. bs s hp(tt,s)=g= (b s hp(tt,s) b s hp(tt 1 ,s) ) ;
461 hp cost1(dd,tt)$(ord(tt)=1) .. bs hp(tt)=g= (b hp(tt) R1b hp(dd,’tt24’) ) ;
462 hp cost1 s(dd,tt,s)$(ord(tt)=1) .. bs s hp(tt,s)=g= (b s hp(tt,s) R1b hp s(dd,’

tt24’,s) ) ;

464 // shudown costs
465 chp sdown(tt)$(ord(tt)>1).. bsd chp(tt)=g= b chp(tt 1) b chp(tt) ;
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466 chp sdown s(tt,s)$(ord(tt)>1).. bsd s chp(tt,s)=g= b s chp(tt 1 ,s) b s chp(tt,s)
;

467 chp sdown1(tt)$(ord(tt)=1).. bsd chp(tt)=g= b chp(’tt24’) b chp(tt)
;

468 chp sdown1 s(tt,s)$(ord(tt)=1).. bsd s chp(tt,s)=g= b s chp(’tt24’,s) b s chp(tt
,s) ;

470 chp2 sdown(tt)$(ord(tt)>1).. bsd chp2(tt)=g= b chp2(tt 1) b chp2(tt) ;
471 chp2 sdown s(tt,s)$(ord(tt)>1).. bsd s chp2(tt,s)=g= b s chp2(tt 1 ,s) b s chp2(

tt,s) ;
472 chp2 sdown1(tt)$(ord(tt)=1).. bsd chp2(tt)=g= b chp2(’tt24’) b chp2(tt)

;
473 chp2 sdown1 s(tt,s)$(ord(tt)=1).. bsd s chp2(tt,s)=g= b s chp2(’tt24’,s)

b s chp2(tt,s) ;

475 //Minimum load

477 chp2 minl(tt).. p fuel(tt)=g=b chp2(tt)*CHP2 min;
478 chp2 minl s(tt,s).. p fuel(tt)+p s fuel(tt,s)=g=b s chp2(tt,s)*CHP2 min;

480 chp minl(tt).. p chp(tt)=g=b chp(tt)*CHP min; ;
481 chp minl s(tt,s).. p chp(tt)+p s chp(tt,s)=g=b s chp(tt,s)*CHP min ;

483 hp minl(tt) .. xs hp(tt)+xd hp(tt)=g=b hp(tt)*Hp min;
484 hp minl s(tt,s) .. xs hp(tt)+xd hp(tt)+xs s hp(tt,s)+xd s hp(tt,s)=g=b s hp(tt

,s)*Hp min;

486 //Storage constraints
487 Storageeq(tt)$(ord(tt)>1) .. st(tt)=e= st(tt 1)+xs chp(tt)+xs chp2(tt)+xs eb(tt)

sloss*xd st(tt) ;
488 Storageeq s(tt,s)$(ord(tt)>1) .. st s(tt,s)=e= st s(tt 1 ,s)+xs s chp(tt,s)+

xs s chp2(tt,s)+xs s eb(tt,s) sloss*xd s st(tt,s) ; //change in storage
489 Storageeq1(dd,tt)$(ord(tt)=1) .. st(tt)=e= R1st(dd,’tt24’)+xs chp(tt)+xs chp2(tt

)+xs eb(tt) sloss*xd st(tt) ;
490 Storageeq1 s(dd,tt,s)$(ord(tt)=1) .. st s(tt,s)=e= R1st s(dd,’tt24’,s)+xs s chp(

tt,s)+xs s chp2(tt,s)+xs s eb(tt,s) sloss*xd s st(tt,s) ; //change in
storage

492 st1eq(tt)$(ord(tt)>1) .. st1(tt)=e=st1(tt 1) +xs hp(tt) sloss*xd st1(tt);
493 st1eq s(tt,s)$(ord(tt)>1) .. st1 s(tt,s)=e=st1 s(tt 1 ,s) +xs s hp(tt,s) sloss*

xd s st1(tt,s);
494 st1eq1(dd,tt)$(ord(tt)=1) .. st1(tt)=e=R1st1(dd,’tt24’) +xs hp(tt) sloss*xd st1(

tt);
495 st1eq1 s(dd,tt,s)$(ord(tt)=1) .. st1 s(tt,s)=e=R1st1 s(dd,’tt24’,s) +xs s hp(tt,

s) sloss*xd s st1(tt,s);

497 st flowOut(tt) .. xd st(tt)=l=flow max;
498 st flowOut s(tt,s) .. xd st(tt)+xd s st(tt,s)=l=flow max;

500 st flowIn(tt) .. xs chp(tt)+xs eb(tt)+xs chp2(tt)=l=flow max;
501 st flowIn s(tt,s) .. xs chp(tt)+xs eb(tt)+xs chp2(tt)+xs s chp(tt,s)+xs s eb(tt,

s)+xs s chp2(tt,s)=l=flow max;

503 //b Capacity constraints
504 EBcap(tt) .. xs eb(tt)+xd eb(tt)=l=eb cap;
505 EBcap s(tt,s) .. xs s eb(tt,s)+xs eb(tt)+xd s eb(tt,s)+xd eb(tt)=l=eb cap;

507 HPcap(tt) .. xd hp(tt)+xs hp(tt) =l= hp cap;
508 HPcap s(tt,s) .. xd s hp(tt,s)+xs s hp(tt,s) +xd hp(tt)+xs hp(tt) =l= hp cap;
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510 chp2cap(tt).. xd chp2(tt)+xs chp2(tt)=l=CHP2 cap;
511 chp2cap s(tt,s).. xd s chp2(tt,s)+xs s chp2(tt,s)+xd chp2(tt)+xs chp2(tt)=l=

CHP2 cap;

513 Stcap(tt) .. st(tt)=l= st cap ;
514 Stcap s(tt,s) .. st(tt)+st s(tt,s)=l= st cap ;

516 St1cap(tt) .. st1(tt)=l= st1 cap;
517 St1cap s(tt,s) .. st1(tt)+st1 s(tt,s)=l= st1 cap;

519 chpcap(tt,s) .. p chp(tt)+p s chp(tt,s) =l= 60;
520 chp2pcap(tt,s) .. p chp2(tt)+p s chp2(tt,s) =l= 250;

522 //Constraining the stochastic variables
523 HPs con(tt,s).. xs s hp(tt,s)=l=xs hp(tt) ;
524 HPs con1(tt,s).. xd s hp(tt,s)=l=xd hp(tt) ;

526 XDst con(tt,s).. ( xd s st(tt,s))=l=xd st(tt) ;
527 XDst1 con(tt,s).. ( xd s st1(tt,s))=l=xd st1(tt) ;

529 EBs con(tt,s).. ( xs s eb(tt,s))=l=xs eb(tt) ;
530 EBs con1(tt,s).. ( xd s eb(tt,s))=l=xd eb(tt) ;

532 Ss con(tt,s).. ( st s(tt,s))=l=st(tt) ;
533 S1s con(tt,s).. ( st1 s(tt,s))=l=st1(tt) ;
534 CHPs con(tt,s).. xs s chp(tt,s)=l=xs chp(tt) ;
535 CHPs con1(tt,s).. xd s chp(tt,s)=l=xd chp(tt) ;

537 CHP2s con(tt,s).. xs s chp2(tt,s)=l=xs chp2(tt) ;
538 CHP2s con1(tt,s).. xd s chp2(tt,s)=l=xd chp2(tt) ;

540 Ps con(tt,s).. ( p s chp2(tt,s))=l=p chp2(tt) ;

542 bio substract(tt).. b sup(tt) =g= ec(tt) p chp2(tt);
543 bio substract s(tt,s).. b sup s(tt,s) =g= ec s(tt,s) p s chp2(tt,s);
544 bio con(tt,s).. ( b sup s(tt,s))=l=b sup(tt);

546 Model transport /all/ ;

548 loop(d$(ord(d)>d start and ord(d)<d slut) ,
549 dd(d) = yes;
550 ddd(d1)$(ord(d1)=ord(d) 1) = yes;

552 display dd;
553 display ddd;

555 display dm s;
556 Solve transport using mip minimizing z ;

558 R1xs chp(dd,tt) = xs chp.L(tt);
559 R1xd chp(dd,tt) = xd chp.L(tt);
560 R1xs chp2(dd,tt) = xs chp2.L(tt);
561 R1xd chp2(dd,tt) = xd chp2.L(tt);
562 Rin(dd,tt)=in.L(tt);
563 Rp chp(dd,tt) = p chp.L(tt);
564 Rp chp2(dd,tt) = p chp2.L(tt);

566 Rb sup(dd,tt)= b sup.L(tt);
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567 Rxs chp(dd,tt) = xs chp.L(tt);
568 Rxd chp(dd,tt) = xd chp.L(tt);
569 Rxs chp2(dd,tt) = xs chp2.L(tt);
570 Rxd chp2(dd,tt) = xd chp2.L(tt);
571 Rxs hp(dd,tt) = xs hp.L(tt);
572 Rxd hp(dd,tt) = xd hp.L(tt);
573 Rxs eb(dd,tt) = xs eb.L(tt);
574 Rxd eb(dd,tt) = xd eb.L(tt);
575 Rst(dd,tt) = st.L(tt);
576 Rst1(dd,tt) = st1.L(tt);
577 Rxd st(dd,tt) = xd st.L(tt);
578 Rxd st1(dd,tt) = xd st1.L(tt);

580 R1b chp(dd,tt) = b chp.L(tt);
581 R1b hp(dd,tt) = b hp.L(tt);
582 R1b chp2(dd,tt) = b chp2.L(tt);

584 R1p chp s(dd,tt,s)=p s chp.L(tt,s);
585 R1p chp(dd,tt)=p chp.L(tt);
586 R1p chp2 s(dd,tt,s)=p s chp2.L(tt,s);
587 R1p fuel(dd,tt)=p fuel.L(tt);
588 R1p s fuel(dd,tt,s)=p s fuel.L(tt,s);

590 R1xs chp s(dd,tt,s) = xs s chp.L(tt,s);
591 R1xd chp s(dd,tt,s) = xd s chp.L(tt,s);
592 R1xs chp2 s(dd,tt,s) = xs s chp2.L(tt,s);
593 R1xd chp2 s(dd,tt,s) = xd s chp2.L(tt,s);
594 R1xs hp s(dd,tt,s) = xs s hp.L(tt,s);
595 R1xd hp s(dd,tt,s) = xd s hp.L(tt,s);
596 R1xs eb s(dd,tt,s) = xs s eb.L(tt,s);
597 R1xd eb s(dd,tt,s) = xd s eb.L(tt,s);
598 R1in s(dd,tt,s)=in s.L(tt,s);
599 R1st s(dd,tt,s) = st s.L(tt,s);
600 R1st1 s(dd,tt,s) = st1 s.L(tt,s);
601 R1xd st s(dd,tt,s) = xd s st.L(tt,s);
602 R1xd st1 s(dd,tt,s) = xd s st1.L(tt,s);
603 R1b chp s(dd,tt,s) = b s chp.L(tt,s);
604 R1b chp2 s(dd,tt,s) = b s chp2.L(tt,s);
605 R1b hp s(dd,tt,s) = b s hp.L(tt,s);
606 R1b sup s(dd,tt,s)= b sup s.L(tt,s);
607 Rz(dd)=z.L ;

609 execute unload ’C:\Users\Maria\Dropbox\Speciale2014\Master Thesis\
StochSolutionVar w3 C5.gdx’, Rxd st, Rxd st1, Rxd hp, Rxs hp, Rxs eb, Rxd eb
, Rz, Rin,

610 Rxd chp, Rxd chp2, Rxs chp, Rxs chp2, Rst, Rst1, R1b chp,
R1b hp, R1b chp2, R1xs hp s, Rp chp2, Rp chp;

612 execute unload ’C:\Users\Maria\Dropbox\Speciale2014\Master Thesis\
StochSolutionVar3d w3 C5.gdx’, R1xs hp s, R1xd hp s ,R1xs chp s, R1xs chp2 s
, R1xd chp s, R1xd chp2 s,

613 R1xs eb s, R1xd eb s, R1xd st s, R1xd st1 s, R1st s, R1st1 s,
R1b hp s, p spot s, dm s, R1in s, R1p chp s, R1p chp2 s ;
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