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Summary (English)

This thesis deals with probabilistic methods for finding sparse solutions to ill-
posed linear inverse problems using both the single measurement vector (SMV)
formulation and multiple measurement vector (MMV) formulation. Specifically,
this thesis investigates the novel algorithm called approzimate message passing
(AMP) and its Bayesian generalization called generalized approzimate message
passing (GAMP). The AMP algorithm was initially proposed by Donoho et al.
(2009) to solve the linear inverse problem in the context of compressed sensing
and later generalized by Rangan (2010). Both algorithms are based on ap-
proximations of sum-product algorithm formulated for factors graphs. Through
numerical simulations, it is verified that the AMP algorithms are able to achieve
superior performance in terms of the sparsity under-sampling trade-off for the
basis pursuit problem, while maintaining a low computational complexity. More-
over, the GAMP framework is combined with the sparsity promoting spike and
slap prior to derive an inference algorithm for the inverse problem in the SMV
formulation. This algorithm is extended to the MMV formulation, which allows
the use of multiple measurement vectors by imposing a common sparsity pattern
on the measurement vectors. This method, which is coined AMP-MMYV, pro-
vides soft estimates of both the solution and the underlying support. A thorough
numerical study verifies the benefits of the MMV formulation and compares it
to state-of-the-art methods. This comparison shows that the AMP-MMYV is
able to match the recovery capabilities of these methods, while maintaining a
computational complexity that is linear in all problem dimensions. Yet another
model is considered, the AMP-DCS model, which relaxes the assumption of the
common sparsity pattern by assuming the sparsity pattern is slowly changing
over time according to a binary Markov chain. By means of numerical experi-
ments, it is demonstrated that this approach is preferable to the SMV approach.
For automatic tuning of the hyperparameters, Expectation-Maximization (EM)
algorithms are derived for both the SMV and MMV formulation.

Keywords: Inverse problems, Bayesian inference, AMP, GAMP, MMV, spar-
sity, message passing, sum-product algorithm, factor graphs






Summary (Danish)

I denne afhandling undersgges statistiske metoder til lgsning af underbestemte
linezere ligningssystemer ved brug af bade single measurement vector (SMV)
modellen og multiple measurement vector (MMV) modellen. I afhandlingen
undersgges en ny algoritme kaldet approximate message passing (AMP), og
dens Bayesianske videreudvikling kaldet generalized approximate message pas-
sing (GAMP). AMP algoritmen er oprindeligt udviklet af Donoho et al. (2009) i
forbindelse med compressed sensing problemet og er senere generaliseret af Ran-
gan (2010). Begge algoritmer er baseret pa approksimationer til sum-produkt
algoritmen formuleret for faktor grafer. Ved hjeelp af numeriske simuleringer ve-
rificeres det, at AMP algoritmen opnar overlegne resultater ift. undersampling
og sparsity niveau, men stadig bibeholder en lav beregningsmaessig kompleksitet.
Ved at kombinere GAMP algoritmen med en Bernouilli-Gaussisk a priori forde-
ling udledes en algoritme til lgsning af de for omtalte ligningssystemer. Denne
algoritme udvides ogsa til MMV modellen, hvilket ggr det muligt at bruge flere
observationsvektorer under antagelsen om konstant support. Den udvidede me-
tode, som kaldes AMP-MMYV, kan bade estimere selve lgsningen, men ogsa den
bagvedliggende support. Fordelene ved MMV modellen ift. SMV modellen efter-
vises via numeriske experimenter. Disse numeriske eksperimenter sammenligner
ogsd AMP-MMYV algoritmen med Bayesianske state-of-the-art metoder pa en
systematisk made. Denne sammenligning viser, at AMP-MMYV algoritmen kan
opna sammenlignelige resultater med state-of-the-art metoderne, men med en
signifikant lavere beregningsmeessig kompleksitet. Ydermere introduceres model-
len AMP-DCS, som antager at den bagvedliggende support for lgsningerne zen-
drer sig langsomt som funktion af tid. I AMP-DCS algoritmen modelleres denne
antagelse med en binsger Markov keede. Modellen testes ved hjelp af omfattende
numeriske simuleringer og det eftervises at overlegne resultater kan opnas med
AMP-DCS modellen fremfor SMV tilgangen. Slutteligt beskrives Expectation-
Maximization (EM) algoritmer til at estimere hyperparametrene for de omtalte
modeller.






Preface

This thesis was prepared at the department of Applied Mathematics and Com-
puter Science at the Technical University of Denmark in fulfilment of the require-
ments for acquiring an M.Sc. in Mathematical Modelling and Computation.

This thesis deals with probabilistic methods for solving the linear inverse prob-
lem. In particular, the approrimate message passing framework and its gener-
alization are derived in detail. These derivations involve a quite high number of
equations and a lot of details and therefore some parts of this thesis might be a
bit "heavy” reading. But it is the hope, that all these details might make these
algorithms more transparent and accessible. Besides the derivations, this thesis
also provides a thorough numerical study of the properties of these algorithms.

The project was carried out from September 2013 to February 2014.
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Abbreviations

AMP
ARD
BG

BP
BPDN
DCS
EEG
EM
FOCUSS
GAMP
LI.D.
LASSO
MAP
MMSE
MMV
SBL
SMV
SNR
VG

Approximate message passing
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Bernoulli Gaussian
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AT

S x> 3

Transpose of A

Value of x in the k’th iteration
Number of equations/rows

Number of unknowns/columns
Number of non-zero elements in vector

Measure of under-determinacy of a linear system, defined as § =
m/n.

Measure of sparsity, defined as p = k/m

Set of integers from 1 to m, ie. [m] = {i]i € N,1<i<m}.
Average of vector x

m x m identity matrix

Probability density function of Gaussian distribution with mean
1 and variance o2 evaluated at z.

Gaussian distributed random variable with mean p and variance

o2

Expected value of random variable X
Variance of random variable X
Denotes an identity or definition

Indicator function for proposition a
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CHAPTER 1

Introduction

In the last two decades, sparsity and sparse models have been experiencing
a great increase in interest from the machine learning and signal processing
communities | | and the list of successful applications is numerous. One of
the successful applications is the problem of computing sparse solutions to linear
inverse problems, which is the topic of this thesis. Problems of this type arise in
many different applications in both science and engineering. A non-exhaustive
list of examples includes imaging problems | ], band-limited extrapolation
[ |, stock market analysis | | and deconvolution or deblurring of images

[ B
In general, inverse problems refer to the task of the inferring the state of a system
that is not directly observable, but only available through a set of measurements.
These types of problems are often ill-posed, i.e. not well-posed, and according to
the french mathematician Jacques Hadamard, a well-posed problem is defined
as a problem for which:

1. a solution exists (existence)

2. the solution is unique (uniqueness)

3. the solution changes smoothly w.r.t. the initial conditions (stability)



2 Introduction

Forward problem

State of system Measurements

(@1, x2) (a)

Inverse problem

Figure 1.1: Illustration of the relation between the forward and inverse prob-
lem.

If a problem does not fulfil these three properties, it is ill-posed by definition.

These concepts are illustrated using the very simple task of computing the
arithmetic average of the two numbers x; and x,. This problem is clearly
well-posed according to the Hadamard-definition, since a unique solution exists:
a = %(xl + x2) and the solution is continuous w.r.t. both z; and x5. If we
denote the problem of computing the average of the two numbers as the forward
problem, we can now consider the inverse problem. That is, given the arithmetic
average a, compute the two numbers x; and x5, where (21, z2) is now considered
the state of the system and a is the measurement, see figure 1.1. This inverse
problem has a solution, but it is not unique. In fact, every tuple of real numbers
(z1,22), which satisfies the relation 1 = 2a — x9, is a solution. Therefore, the
particular problem of inferring (z1,z2) from a is a very simple example of an
ill-posed inverse problem. In general, given the state of the system it is rela-
tive easy to compute the measurements, whereas solving the inverse problem is
usually much more difficult.

1.1 Sparse Solutions to Linear Inverse Problems

The aim of this thesis is to investigate the framework of approrimate mes-
sage passing | | for finding sparse solutions to linear inverse problems.
This work is mainly motivated by problem of source localization for electroen-
cephalography (EEG) | ) |, which aims to localize the sources of
neural electrical activity in the human brain using non-invasive measurements
of electromagnetic signals. Thus, the distribution of the neural electrical brain
activity is the desired state and the electromagnetic signals are the measure-
ments (see appendix D for more details). However, the methods and algorithms
discussed in this thesis apply to ill-posed linear inverse problems in general.
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Az,
Ax, :
Set of solutions Set of measurements  Set of solutions Set of measurements
(a) Nl-posed problem (b) Ill-conditioned problem

Figure 1.2: (a) Illustration of an ill-posed problem, where more than one solu-
tion map to the same set of measurements. (b) Illustration of the
concept of an ill-conditioned problem, where two similar solutions
map to very different measurements.

Formally, a linear inverse problem has the following form:
y=Azx+e, (1.1)

where y € R™ is a vector of m measurements, A € R™*" is the so-called
forward matriz, e € R™ is a corruptive noise vector and & € R" is the desired
state of the system. The objective is then to reconstruct x from the pair (A, y).
From this formulation, it is immediately seen that the (noiseless) measurements
are easily computed based on knowledge of the forward matrix A and the true
solution x.

For many problems of practical interest (including EEG source localization), the
number of measurements are much smaller than the dimension of the desired
state vector x, i.e. m << n, and this effectively makes the linear system of
equations in eq. (1.1) under-determined. This implies that, if a solution exists,
then it is not unique and therefore, the problem is indeed ill-posed according to
the Hadamard definition.

Besides being ill-posed, many linear inverse problems also provide another dif-
ficult challenge: they are ill-conditioned, meaning that the solution is highly
sensitive to small perturbations in the measurements. This is of course an un-
desirable characteristic for a noisy system. The “degree” of illconditioned-ness
can be measured by the condition number! of the forward matrix A, where
a high condition number implies that the problem is ill-conditioned. Figure
1.2 illustrates the differences between a problem being ill-posed and being ill-
conditioned.

Because of these issues, additional assumptions or constraints have to be im-
posed on the system in eq. 1.1 in order for it to be solved. Put another way, the

IThe condition number of a matrix A is the ratio of the largest and smallest singular value
of A.
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systems needs to be regularized, where the classical approach is Tihkonov regu-
larization, in which solutions with smaller norms are preferred | , |
Another approach is to assume that the desired solution x is sparse | l,
which is the approach taken in this thesis.

So what does it mean for « to be sparse and how does it help? It means that
most of the entries in € R" is zero, or put another way: the energy of x is
concentrated in a small number of positions. The vector @ is said to be k-sparse,
if it has at most k£ < n non-zero entries. In the noiseless case, i.e. e = 0, and
under certain assumptions on the forward matrix A, it has been shown that
if x is sufficiently sparse compared to the undersamplingsratio, i.e. the ratio
™ then exact recovery of @ is possible | , |. Informally, the higher
degree of sparsity, i.e. the smaller k, the fewer samples are required to achieve
perfect reconstruction. This is referred to as the sparsity-undersampling trade-
off. Besides mathematical convenience, sparsity also has the advantage that
sparse models are usually easier to interpret than fully "dense” models. But it is
important to stress that the location of the non-zero elements in @, also known
as the support of x, are usually not known in advance.

We now return to the simple problem of recovering (x1,x2) from the arithmetic
average a, for which we concluded an infinite number of solutions existed. Sup-
pose now that the desired solution (z1,22) is 1-sparse, then it is easily seen that
(2a,0) and (0,2a) are the only solutions to the system. Thus, the solution is
still not unique, but the infinite set of solutions is effectively reduced to a set of
only 2 solutions.

However, many natural signals of interest do not have an exact sparse repre-
sentation, especially not under contamination of noise. But it turns out that
many signals can be well approximated by a sparse signal when represented in
a suitable basis. For instance, a signal dominated by a single sine-wave is well
approximated using a 1-sparse signal in suitable Fourier basis, many natural
images can be well approximated by a sparse signal using a Wavelet or Curvelet
representation [ | and so on. Signals, which are well approximated by a
sparse signal in a known basis, are referred to as compressible signals.

A natural generalization of the linear inverse problem in eq. (1.1) is the so-called
multiple measurement vector problem (MMV) | |, where, as the name
suggests, multiple measurement vectors {y'} are available at consecutive time
stepst =1,..,T":

y'=Alz' + €, (1.2)

In the context of the MMV problem, the formulation of the linear inverse prob-
lem in eq. (1.1) is referred to as a single measurement vector problem (SMV).
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Clearly, the MMV problem can be approached by solving T individual (SMV)
problems and nothing is gained. On the other hand, if the measurement vectors
{yt}z;l are obtained within a small period of time, it is often reasonable to as-
sume that support of the solutions x! is constant w.r.t. time, i.e., the locations
of the non-zero elements in x! are the same for all ¢ = 1,..,7. This is often
referred to as the common sparsity assumption | | or joint sparsity as-
sumption | |. In this case, the estimates of the solution vectors {mt}il
can be greatly improved by using multiple measurement vectors | ,
However, note that index ¢ does not necessarily have to be a time index. That
is, the evolution of the measurements {y1, Y2, ..., yr} does not necessarily have
to be temporal, it can also be spatial etc. as long as it fits into the formulation
in eq. (1.2) and satisfies the common sparsity assumption. Here a temporal evo-
lution is assumed without loss of generality. A few examples of applications of
the MMV formulation are face recognition from video | |, through-the-wall
radar imagery | ] and EEG-based source localization [ |

By assuming the forward matrix A does not change with time index ¢, and by
concatenating the measurement vectors into a matrix, i.e. ¥ = [yl Yo .. yr| €

. . T T
R™*T " and similar for the solution vectors {x'},_, and error vectors {e'},_,

the MMV problem can be reformulated using matrices:
Y=AX+FE, (1.3)

where Y € R™*T is the measurement matrix, E € R™*7 is the error matrix and
X € R*"*T is the desired solution matrix. Using this formulation, the common
sparsity assumption is then manifested as row sparsity of X. The non-zero rows
of X are referred to as the true signals or sources .

Consider the case, where multiple measurement vectors are available, but the
underlying sparsity pattern is changing with time, i.e. the common sparsity
assumption is violated. If the sparsity patterns at two subsequent time steps
are independent, then the problem should be approached as independent SMV
problems. On the other hand, if the sparsity pattern is changing slowly with
time, it can be incorporated into the model. Such models are referred to as
MMV with dynamic support as opposed to MMV with static support. The use
of such models can be justified for many applications. For instance, this type of
model is appropriate for EEG source localization due to the dynamic nature of
the human brain | , |.



6 Introduction

1.2 Literature Review

The purpose of this section is to give an overview of the literature regarding
the SMV and MMV problems. This section also serves to introduce some of
the terminology used in this thesis. First, sparse methods for solving the linear
inverse problem are discussed followed by a short review of methods for the
MMYV extension.

In the noiseless case, the linear inverse problem and its variants are often referred
to as a basis pursuit problem, since the formulation is equivalent to finding the
best representation « of a signal y in an over-complete dictionary A | ]
Similarly, the noisy version of the linear inverse problem is often referred to as
the basis pursuit de-noising problem. Also note, that a linear inverse problem of
the form in eq. 1.1 can equivalently be cast as a linear regression problem, where
A is the design matrix and x are the parameters or weights to be estimated.
Thus, the entire machinery of statistics and machine learning utilized to solve
problems of this form.

There exist a number of different approaches to the BP and BPDN problem,
where some of the major classes of methods are:

1. Pursuits methods / greedy methods
2. Optimization-based methods
3. Probabilistic methods

4. Brute force/combinatorial serach

Pursuit methods are greedy methods in the sense that they choose the most
beneficial step in each iteration. That is, the estimated solution Z is iteratively
improved by adapting the change in one or more components of solution that
yields the greatest improvement of the estimate according to some measure. One
of the simplest pursuit algorithms is the orthogonal matching pursuit-method

(OMP) | |-

Starting from an empty solution, i.e. £ = 0, OMP iteratively identifies the fea-
ture, which shows strongest correlation with the residuals and then adds this
feature to the solution. The estimate Z is then updated in a least squares fash-
ion using the included features, after which the residuals are updated using the
new estimate. These steps are repeated until a stopping criteria is met. Several
extensions have been suggested for this method, i.e. the compressive sampling
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matching pursuit (CoSaMP) method | |, which allows the inclusion of mul-
tiple features as well as pruning of features in each iteration.

The pursuit methods are closely related to the iterative thresholding methods
[ |, which can be subdivided into soft or hard thresholding methods. Both
types of methods alternates between steps of the form:

e Compute residuals: rp, = y — Axy

e Update estimate: @p41 = h(xg + £ - 71),

where 7 is an estimate of the current residual, the function A determines the
thresholding policy and « controls the step-size. These types of methods are
in general very simple and therefore also fast, but at the cost of suboptimal
performance in terms of the sparsity-undersampling trade-off | ].

We now turn the attention towards the optimization-based methods. Most of
the optimization-based methods can be divided into two stages. In the first
stage an optimization objective or cost function is designed to encourage the
desired behaviour of the solution, i.e. sparsity, temporal smoothness, spatial
smoothness and so on. In the second stage, either an existing optimization
scheme (line search, trust region etc.) is applied to the cost function or a new
optimization scheme is designed specifically to the given cost function.

For a vector £ € R", the pseudonorm? or counting function ||-||, : R* — R
returns the number of non-zero elements and thus, is useful for describing the
degree of sparsity for a vector, i.e. of a vector x is k-sparse if and only if
Izl < k.

In the search for sparse solutions, it is indeed tempting to try to minimize |||,
subject to a data fitting constraint, i.e. a least squares criterion:

minflzl, st [Az-yli<e 0<e (1.4)

or one of the related problems
min || Az — y|[3 st 2l < s, (1.5)
min ;|| Az — ] st Allelly, (16)

However, these objective functions are both highly non-convex and non-smooth
and are therefore hard to optimize. One approach to circumvent this, is the

2Tt is not an actual norm, since ||az||, # |of - ||z||, for a € R
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(a) p=0 (b) p=10.5 (c)p=1 (d)p=2

Figure 1.3: Boundary of the unit balls for |||, for p = {0,0.5,1,2}. Note,
how norm for p > 1 can be considered as convex approximations
to the {p-pseudonorm.

convex relaxation approach, where the non-convex optimization objective is ap-
proximated by a convex function (see figure 1.3). The LASSO | | problem
is an example of such an approach and is given by:

1 2
min L || Az~ yiZ + Aall,. (17)

where )\ is a hyperparameter controlling the trade-off between sparsity and fi-
delity of the fit. This is in general a robust approach, but it requires tun-
ing the regularization parameter A. However, the closely related Least-angle
Regression-algorithms provides a fast way of computing the entire regulariza-
tion path [ |

The minimum norm-methods are a subclass of the optimization-based methods.
In the noiseless case, the minimum 2-norm solution is simply the solution, which
minimizes to fo-norm subject to the constraint y = Ax. Several improvements
to this approach have been proposed. One is the re-weighted minimum norm
algorithm, which is also known as the FOCUSS? algorithm | ]. Using an
initial estimate, the FOCUSS algorithm iteratively minimizes the re-weighted

2
norm y ., w0 (%) subject to the constraint y = Ax, where w; is the value
of z; in the previous iteration. This approach produces sparse solutions, because
if the i’th component of « is small in the k’th iteration, it is even smaller in
iteration k£ + 1 and so on. These methods can also be extended to the noisy
formulation, by introducing a regularization parameter and changing the hard

data constraint with a soft constraint | |

We now turn the attention to the class of probabilistic models. Most methods
in this class can also be divided into two stages. In the first stage a probabilistic

3FOcal Underdertermined System Solver
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model is set up by introducing to the necessary random variables and by specify-
ing the relationship between them and in the second stage, an inference method
is applied to the model. It is worth noting that many algorithms can be derived
from more than one perspective, i.e. the LASSO | | can both be derived
from the optimization perspective as well as from the probabilistic perspective.
Sometimes it is even beneficial to view a method from another perspective.

For the probabilistic models, we will mainly focus on Bayesian models, since
they allow the sparsity assumption to be incorporated using suitable prior dis-
tributions. In particular, a number of methods are based on the Bayesian frame-
work coined Automatic Relevance Determination (ARD) [ , ] or on
the related Sparse Bayesian Learning (SBL) framework | |. In the ARD
framework, a Gaussian noise distribution is combined with a zero-mean Gaus-
sian prior on «, which is imposed to regularize the estimated solution. This
prior assigns individual variance hyperparameters toto each element in x, i.e.
the prior distribution has n individual variance parameters. By marginalizing
out the solution x, and applying the so-called evidence approzimation | 1,
the marginal likelihood function of the measurements y conditioned on the hy-
perparameters is obtained and optimized with respect to these hyperparameters.
During this optimization, the individual variance hyperparameters of irrelevant
features will shrink towards 0 and thus effectively prune the corresponding of
the parameter of the model.

Another popular Bayesian approach is the use of a Bernoulli-Gaussian prior on
each z; | |. That is, the prior distribution on « is assumed to be a mixture
of a Dirac delta function at zero and a Gaussian distribution. Under this prior,
x; has point mass at x; = 0 and therefore this is a sparsity promoting prior.
Because of the form of the density, this type of prior is also known as a “spike
and slap”-prior.

The Variational Garrote (VG) | ] uses a prior similar to the "spike and slap”™-
prior, but instead the support variables are marginalized out and the posterior
distribution is obtained using a mean-field variational approximation | |
In | |, a single hyperparameter is controlling the sparsity of the solution.
This hyperparameter is tuned using a cross validation procedure. In | ,
the VG model is extended to estimate the hyperparameter from the data using
an emperical Bayes approach. For more details about the VG approach, see
Appendix E.

Many models and algorithms for the SMV formulation have been extended to
the MMV formulation. In | ], Cotter et al. describe natural extensions
of the OMP and FOCUSS methods to the MMV formulation. Similarly, many
of the probabilistic methods have been extended as well. The SBL method
is also extended to the MMV formulaton resulting in the M-SBL | ] and
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TM-SBL methods | |. The model M-SBL proposed by Wipf et al. is a
straightforward extension to the MMV problem using SBL framework, where
each row of the source matrix X shares a common hyperparameter. In fact,
Wipf et al. showed that the M-SBL method implicitly minimizes the f3-norm
of each row in X. This way the pruning of the features become row-based. In
[ |, Zhang et al. introduced the TM-SBL model, which is a further extension
of the M-SBL model that takes temporal correlation of the non-zero sources into
account. The TM-SBL model assumes that each source, i.e. each row of X,
has the same correlation structure and Zhang et al. argues that TM-SBL only
differs from M-SBL by implicitly minimizing the Mahalanobis distance of the
rows of X instead of the fo-norm.

Many researchers have been working on deriving theoretical bounds and guar-
antees for when the inverse problem is solvable. We will not go into details here,
but the interested reader is referred to | | for an overview. However, we will
review the concept of phase space and phase transitions introduced by Donoho
et al. | |. Consider a noiseless linear inverse problem y = Az, then define
the undersamplingsratio 6 € [0, 1] as the ratio of measurements and unknowns,
i.e. 6 = m/n and the sparsity p € [0,1] as the ratio of non-zero elements and
measurements, i.e. p = k/m. Note also that the reciprocal values of p can be
interpreted as the number of measurements per parameter. Donoho et al. define
the phase space as the domain (4, p) € [0,1]°.

Many reconstruction algorithms exhibit a so-called phase transition in this
space. That is, the recovery performance of a given method partitions the phase
space into two regions: a solvable and an unsolvable region. The phase transi-
tion curve is then the boundary between these two regions. These curves then
provide a neat way of comparing the reconstruction performance for different
algorithm.

For a noiseless linear inverse problem with I.I.D. Gaussian forward matrix, the
phase transition curve for the LASSO can be computed analytically in large
system limit i.e. n,m — oo for m/n — 6 and k/m — p using combinatorial
geometry | , , |. The asymptotic phase transition curve is
given by:

1 (2)9) [+ 2)8(-2) - 26(2)]
220 1422 — 2[(1 4+ 22)®(—2) — 2¢(2)]

where ¢(z) and ®(z) are the density and cumulative distribution of a standard-
ized Gaussian variable z, respectively. This curve is shown in figure 1.4, where
the region below the curve is solvable region. As one moves up and to the left
in the phase space, problems become more undersampled and less sparse and
therefore more difficult to solve. The curve pca(9) thus provides a convenient
frame of reference when designing and investigating new methods.

pcc(d) = (1.8)
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Figure 1.4: Asymptotic phase transition curve for ¢; minimization predicted
by combinatorial geometry.

1.3 Problem Definition

As stated earlier, the topic of this thesis is linear inverse problems. Among
the many different approaches to these problems, Bayesian methods have been
shown to provide state-of-the-art recovery performance compared to other meth-
ods. However, a large portion of the Bayesian methods suffer from the fact, that
they are inherently slow, which limits their applicability on large-scale problems.
On the other end of the spectrum is the class of iterative threshold methods,
which are extremely fast but at the cost of suboptimal recovery performance.

But in 2009 David Donoho and his colleagues introduced a framework called
approximate message passing (AMP) | |, which appear to offer the best
from both worlds. That is, AMP provides excellent recovery performance, while
maintaining low computational complexity. In 2010, Sundeep Rangan intro-
duced a generalization of this framework, called Generalized Approximate Mes-
sage Passing (GAMP) | |, which allows the use of a broader class of models
with the same low computational complexity.

The main goal of this thesis is to analyze and derive the AMP and GAMP
frameworks. It is of great interest to investigate how these frameworks can
be utilized to construct algorithms, which are capable of doing rapid inference
in highly underdetermined noisy systems. The second goal of this thesis is
to explore how these algorithms can be extended to the MMV formulation. In
particular, it is of interest to investigate the properties of these methods in terms
of their sparsity-undersampling trade-off, robustness to noise and computational
complexity.
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1.4 Thesis Overview

The structure of the thesis is as follows. The thesis consists of 5 chapters
(including this introduction) and a number of appendices. Below is a short
description of each chapter.

e Chapter 1 is the introduction, including literature review and problem
definition.

e Chapter 2 provides a small introduction to message passing algorithm in
factor graphs, which also serves to introduce to necessary terminology
and notation. The rest of chapter 2 describes the theory for approximate
message passing (AMP) and the generalized approximate message pass-
ing algorithms (GAMP). Moreover, an inference algorithm (BG-AMP) is
derived based on GAMP and the Bernoulli-Gaussian prior.

e Chapter 3 extends the BG-AMP method from chapter 2 into two new al-
gorithms for the multiple measurement vector (MMV) formulation. The
first algorithm, AMP-MMYV, assumes constant support, whereas the sec-
ond algorithm, AMP-DCS, assumes slowly changing support.

e Chapter 4 provides an extensive numerical study and discussion of the
methods introduced in chapter 2 and 3.

e Chapter 5 summarizes and concludes on the results.



CHAPTER 2

Theory: The Linear Inverse
Problem

The goal of this section is to describe the algorithms approzimate message pass-
ing (AMP) and generalized approzimate message passing (GAMP). Both of
these algorithms are based on message passings techniques in factors graphs.
Therefore, the first part of this chapter is devoted to introduce the basic termi-
nology of factor graphs and the associated inference technique called message
passing. The second part describes the theory behind the AMP algorithm,
whereas the third part describes the GAMP algorithm. Finally, the fourth sec-
tion introduces an algorithm called BG-AMP, which is derived using the GAMP
framework. Before diving into the theory of these algorithms, we briefly review
a few concepts related to basic statistical inference.

The objective is to solve a linear inverse problem of the form:
y=Azx+e (2.1)

where y € R™ is a measurement vector, * € R" is the desired solution vector,
e € R™ is a vector of measurements errors and A € R™*"™ is the forward matrix,
where it is assumed that m < n such that the system is under-determined.

There are different approaches to statistical inference, where mazimum like-
lihood estimation (ML), mazimum a posteriori estimation estimation (MAP),
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minimal mean square error estimation and Bayesian inference are commonly
used | |. The likelihood of a set of parameters x is the probability of the
observed data given the particular set of parameters x, or put another way, it
is the probability of the data conditioned on the parameters . Now suppose
the likelihood is given by p(y|z), where y is the observed data and x is the
parameters. Then, as the name suggest, the principle of maximum likelihood is
to choose the parameters such that the likelihood function is maximized. That
is, the ML estimate is given by

&ML = arg max p(y|x) (2.2)
T

where x is treated as a deterministic variable. Now suppose we treat « as a
random variable, then we can assign a prior distribution p(x) to x, which reflects
our prior beliefs or assumptions about . For the remainder of this discussion,
let p(m|9) be a parametric distribution, which is parametrized by 6. Since 6 is a
parameter controlling the prior distribution, it is referred to as a hyperparameter

Bayes theorem | | now allows us to obtain an expression for the posterior
distribution of the parameters, i.e. the probability of the parameters x condi-
tioned on the observed values y:

p(ylz)p(z|0)

ply) 23)

pzly) =

where the term p(y) often is called the evidence or marginal likelihood. Note,
that the marginal likelihood is independent of @, and therefore

p(xly) o< p(y|z)p(x|0) (24)
Using this result, we can now state the MAP estimate as

FMAP — arg mmaxp(w|y) = arg mgxp(y|w)p($\9) (2.5)

where 6 is treated a deterministic variable. Thus, the MAP estimator is sim-
ilar to the ML estimator except for the prior distribution on the parameters.
However, the prior distribution can often be interpreted as regularization term
and does therefore often have a crucial effect on the final estimate. Next, we
consider the concept of Bayesian inference.

The basic philosophy of Bayesian inference is that all involved quantities are
considered to be random variables. Ideally, we would also assign a prior distri-
bution to the hyperparameter, i.e. p(#). In the Bayesian paradigm, we are just
as interested in the associated uncertainty as in the estimate itself and therefore
we strive to acquire the entire posterior distribution p(z|y), and not only the
point estimates T as in ML or MAP estimation. However, for many problems of
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practical interest, exact inference in the Bayesian paradigm is often infeasible
due to analytically intractable integrals and therefore we often have to resort to
different approximation schemes.

The last type of inference, we will consider here, is the minimal mean square
error estimator. That is, the estimator which minimizes the mean error square
between the fitted value and the true value. Under mild conditions, the MMSE-
estimate is equal to the conditional expectation | ]

PSP (y) — E [2]y] (2.6)

We are now ready to dive into the concepts of factor graphs and message passing.

2.1 Inference using Factor Graphs

Most of the methods used in this thesis are based on the so-called message
passing techniques | , , | for a graphical representation called a
factor graph | , , ] and therefore this section
serves to give a brief mtroductlon to the basic methodology and terminology of
these concepts.

Informally, a factor graph' is a graphical representation of the decomposition
of a global function f(x) into its local factors f,(x,). Consider a function
f(x1, 2, x3) and assume it decomposes as follows:

f(z1, 2, 3) = f1(w1,2) - fa(@2, 73) - f3(z3) Hfa z,) (2.7)

where x, is the set of variables associated to the factor f,(-), i.e. @1 = (x1,22).
Thus, the global function f(x1,x2,23) decomposes into 3 local functions, where
each local function is a function of a subset of the variables. This thesis deals
with probabilistic models, and therefore the global function will be a joint dis-
tribution of interest, while the local factors will correspond to marginal and
conditional distributions. However, this framework is not restricted to proba-
bility distributions.

Formally, a factor graph is a bipartite graph consisting of a set of edges and
two disjoint sets of nodes: variables nodes and factor nodes. Each variable
node corresponds to a unique variable in the global function and is represented
by a circle. Each factor node corresponds to a unique factor function in the

n the literature, there exists different kinds of factor graphs, but here we will adapt the
style and notation from [ |.
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fi(z1,z2) fa(z2,23) fa(z3)

Figure 2.1: Factor graph representation for the decomposition of the global
function in eq. (2.7). Each variable is uniquely represented by a
variable node (circles) and each factor function is uniquely rep-
resented by a factor node (black squares). An edge between a
variable node z; and factor node f,(-) indicates that the given
factor function f,(-) is a function of z;.

decomposition of the global function and is represented by a filled black square.
There is an edge between variable node x; and a factor node f,(-) if and only
if fo(-) is a function of ;. Note, that the edges are undirected. Using these
properties it is possible to translate the decomposition of a global function into
a factor graph and vice versa.

Figure 2.1 shows the corresponding factor graph representation of the decom-
position in eq. (2.7). Since fi(z1,z2) is a function of both x; and x5, there are
edges from factor node fi(x1,x2) to variable nodes z; and z. The factor node
f3(x3) is only connected to variable node x3 due the factor function f3(z3) only
being a function of xj3.

The Sum-Product Algorithm

We will now use the concept of factor graphs to introduce to the so-called
sum-product algorithm | , ], which is a computationally efficient al-
gorithm for computing the marginal posterior distribution of any variable in a
factor graph. The algorithm was initially introduced in the form of the Belief
propagation in Bayesian networks | ] by Judea Pearl in 1982, and later
generalized to the sum-product algorithm presented here.

The marginal posterior distributions obtained by the sum-product algorithm
is only exact when the underlying factor graph is a poly-tree [ |. That
is, if the underlying factor graphs contains cycles or loops, the sum-product
algorithm is not guaranteed to produce exact inference. Nevertheless, for some
cyclic factor graphs the sum-product algorithm can be successfully applied in an
iterative manner to obtain approximate posterior distributions | |. We will
make extensive use of this fact, when deriving the approximate message passing
algorithm.
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(a) From variable node to factor node (b) From factor node to variable node

Figure 2.2: (a) Illustration of the messages involved in forming the message
from variable node z; to factor node f,. (b) Ilustration of the
messages involved in forming the message from factor node f, to
variable node xz;.

The sum-product algorithm for factor graphs essentially boils down to a set
of rule for propagating local “messages”’ between the variable nodes and factor
nodes. It is out of the scope of this thesis to derive and prove the sum-product
algorithm, instead we simply state the resulting expression, but the derivations
can be found | , ch. 8]. First the necessary notation is introduced. The
sum-product algorithms involves two types of messages: messages from vari-
able nodes to factor nodes and messages from factor nodes to variables. Let
J TN fa(ma)@ci) denote the local message sent from variable node x; to factor
node f,(x,) and similarly, let pif, (z,)—a,(7;) denote the local message sent
from factor node f,(x,) to variable node x;. Both types of messages are func-
tions of the involved variable and the involved variable only. Furthermore, let
ne(z) be the set of neighbouring nodes at node z, e.g. ne(fs) = {z2,23} and
ne(z3) = {f2, f3} for the factor graph in figure 2.1.

In the following it is assumed that all variables are discrete, but sum-product
algorithm applies equally well to continuous variable by exchanging the sums
with suitable integrals. Equipped with this notation we can now define these
messages. The message sent from non-leaf variable node z; to factor node f, is
given by

bene(zi)\ fa

That is, the message sent from x; to f, is simply the product of incoming
messages at node x;, except the message from the target node f,. This is
illustrated in figure 2.2(a). From this definition, it is seen that if a variable node
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only has two neighbours it simply "forwards” the incoming messages. If the
variable node z; is a leaf node, the message simply becomes the unit function:

fai— £, (i) = 15 (2.9)

The other type of message is from a non-leaf factor node f, to a variable node
x; and is given by:

romei @) = Y | fal@i) [T seyora(a)) (2.10)

Tvji j€ne(x)\z;

where the sum is over all involved variables except x;. That is, the message from
factor node f, to variable node x; is given by the sum over the product of the
factor function f, itself and all the incoming messages, except the messages from
the target variable node z;. If the factor node f, is a leaf-node, the message
simply becomes the factor function itself:

tfo—sa; (i) = falzi) (2.11)

Note, that the message associated with an edge from variable z; to factor f,
(and vice versa) is always a function of z; and only z;. Furthermore, due to the
recursive nature of the messages, a given node is only "ready” to send its message
if it has received all the necessary incoming messages first, which explains why
the underlying factor graph must have tree structure. Otherwise, there would
be a "circular dependency”.

Using the above expression for the messages, the main results can now be stated
as in Table 2.1.

Table 2.1: Sum-product rules for obtaining posterior distributions.

1. The (unnormalized) marginal posterior distribution of any variable x;
conditioned on the set of observed variables, is obtained by computing the
product of all incoming messages at node variable z; in the corresponding
factor graph.

2. If the subset of variables, , = {z;,z;, xy,..} has a common factor node
fs(xs), then the (unnormalized) joint posterior distribution of this subset
of variables conditioned on the set of observed variable is the product of
the common factor function fs(xs) and all the incoming messages at
factor node f(xy).

Suppose the goal is to determine the marginal posterior of a variable z; and
assume the underlying factor graph is a poly-tree. Then in order to start the
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Hp(za|zy)—axs (22 p(zz2|z1) 22 (z2)

p(z2|z1) p(z3|22)

ey —>P(w2|11)(11)

Hp(a1)—a (T1) Up (4 |ws)—ras (£3)

Cmg

Figure 2.3: Factor graph for the Markov model with zo as designated root.
The variable x4 is an observed variable and can therefore be ab-
sorbed into the factor p(z4|zs).

recursion, the variable node x; can be interpreted as the root of tree. Then
starting from the leafs of the tree, the messages are propagated link by link
until the root node is reached from all leafs. Using this scheme ensures that
all necessary messages are available for computing the product of the incoming
message at node x;.

The following example illustrates the use of the sum-product algorithm for in-
ference in a simple Markov chain model. Consider the one dimensional discrete
time series {mt}?zl of length T' = 4. By assuming the time series is generated
by a first order Markov chain [ |, the joint probability of the time series
can be decomposed using the Markov property:

p(x1, 22,23, 74) = p(x1)p(T2|T1)p(T3]22)p(24]|23) (2.12)

where p(x7) is the initial probability distribution and p(z¢|z:—1) are the so-called
one-step transition probabilities. Notice, that this distribution is decomposed
into 4 local factors.

Consider now the problem of computing the posterior distribution of x5 con-
ditioned on x4. The first step is to construct the corresponding factor graph
with x5 as designated root. The resulting factor graph is shown in figure 2.3,
where it is seen that the underlying factor graph is indeed a tree. Note that the
observed variable x4 is marked by a shaded circle, which is customary for ob-
served variables. Furthermore, since x4 = 24 is observed it can be considered as
a fixed variable and therefore be absorbed into the factor p(554|x3), which then
becomes a function of x3 only. For this reason, it is not necessary to include
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the observed variables in factor graphs. However, in this thesis the observed
variable are shown anyway for completeness.

Following the sum-product algorithm, the factor nodes p(z1) and p(&4|z3) are
identified as leaf nodes. The messages can now be propagated from the leaf
nodes to the root. Starting from the right leaf, the message from the leaf node
p(&4|x3) to variable node x3 is then obtained using eq. (2.11):

Hip(@a|as)—ws (T3) = P(E4T3) (2.13)
and the message from variable node x3 to factor node p(zs|z2) is obtained using
eq. (2.8):

Py —p(eslas) (T3) = Hp(as|es)—as (€3) = P(Zal23) (2.14)

Using definition (2.10), the message from factor node p(z3|z2) to variable node
2o is given by the product of the factor function p(zs|zs) and the incoming
messages except the message from x5 and then summed over z3:

Hp(zs|za)—aa ($2) = Zp(x?) ‘x2>/1'$3—>17(963|972) (.’L‘g) (2'15)
T3

Thus, the root is reached from the right leaf node. Similarly, starting from the
left leaf results in the following sequence of messages:

Hp(a1)—a (1) = p(21) (2.16)
Nzlﬁp(zz\zl)(‘”l) = Np(zl)%zl(xl) = p(21) (2.17)
Hp(zo|z))—xo (xQ) = Zp(‘rQ‘xl)/“Lr1—>p(f£2|r1)(xl) (218)

Z1

Finally, using the result in table 2.1 the marginal posterior is obtained as the
product of the incoming messages at node xs:

p($2 ’§74) X Bp(ze|zy)—ao (x2>/~tp(zg\zg)%zz (.’1?2) (2'19)
To verify this, the messages can be back-substituted into the above expression:

p(l‘g “%4) X Hp(za|z1) 22 (xQ)/"p(mgle)ﬁm (x2)

= D@21ty s p(asfan) (1) D P3| T2) iy (s ) (3)

= Z p(z2|z1)p(21) ZP(% |22)p(Z4|2s)
= p(&a|z2)p(2) (2.20)

which is seen to be proportional to the true posterior distribution. The nor-
malization constant is easily obtained by summing over x3. Now suppose the
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problem is to obtain the marginal posterior distribution of all the latent vari-
able. In principle, the above procedure could be repeated for x1 and z3 as root
nodes, but then the same quantities would be recomputed multiple times. In-
stead, o is kept as the root node, but after propagating messages from the leaf
to the root, the messages are propagated from the root, i.e. variable node xo,
and back to the leafs. Then all messages in both direction are available and
any marginal posterior p(z;) is simply obtained as the product of the incoming
messages at node x;. That is, by selecting an arbitrary node as root node and
propagating all the messages from all leaf nodes to the root node and back to
the leaves again, we can obtain all the marginal posterior distributions in the
distribution in a very efficient manner | |. One very interesting aspect of
the sum-product algorithm is that a number of seemingly unrelated algorithms
can be interpreted as instances of the sum-product algorithm. For example,
both Kalman filtering | | and the forward/backward algorithm for Hidden
Markov Models [ | can be shown to be instances of the sum-product algo-
rithm | |. In fact, the underlying factor graphs share the same topology.
Even more surprising, algorithm like Expectation-Maximization and the Fast
Fourier Transform can also be seen interpreted as instances of the sum-product
algorithm | , |

As stated earlier, the sum-product message passing scheme is only guaranteed
to produce exact inference if the underlying factor graph is a poly-tree. But
since all messages are local, the exact same message passing scheme can be
applied in an iterative manner to cyclic factor graph. The loopy message passing
scheme is not guaranteed to produce exact inference nor converge, but empirical
evidence suggests that when it does converge, it produces accurate estimates of
the true posteriors | |. In fact, the very successful procedure for decoding
the so-called turbo codes can be interpreted as an instance of the sum-product
algorithm operating in a loopy graph | |

The Max-Sum Algorithm

Completely analogous to the sum-product algorithm, the max-product algo-
rithm is designed to compute the most likely variable configuration w.r.t. a
given probability distribution | ]. That is,

™ = max p(x1, T2, .., Tn) (2.21)
xT

Loosely speaking, this algorithm simply correspond to exchanging the sum-
mation operators in the sum-product algorithm with maximization operators.
However, products of probabilities can result in very small numbers and since
computers only have finite accuracy, this can lead to numerical underflow. To
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avoid this issue, the max-product algorithm can be applied to the logarithm of
the probability distribution of interest. Since the logarithm is a monotonically
increasing function, the order of the maximization operator and the logarithm
can be exchanged, i.e. In mxaxp(x) = max Inp(x). Furthermore, when the loga-

rithm is applied to the product decomposition of the joint probability, it turns
into a sum decomposition. The resulting algorithms is therefore referred to as
the maz-sum algorithm.

For non-leafs, the two types of messages then become:

W, (Ti) = Jax In f(z1,22,...) + Z“”‘J%fa (2.22)
T J#i

P fo (T4) Z/"Lfb‘)$7 (z4) (2.23)
b#a

while for leaf nodes:

tfo—a, (i) = In f(z) (2.24)
fia; = £, (i) = 0 (2.25)

Using these messages, the exact same schedule as for the sum-product algorithm
can be used for the max-sum algorithm. However, the above approach would
simply return the probability of the most likely configuration of variables and
not the most likely configuration of variables itself. In order to obtain this
configuration of variables, it is necessary to keep track of the arguments, which
maximize each message during the propagation of the messages. Then it is
possible to backtrack each argument in a dynamic programming manner and
then obtain the desired configuration [ ]. However, we will not go into
details with this approach since it is not needed in this thesis.

This ends the introduction to message passing and factors graph and we are now
equipped with the necessary tools for deriving the framework of approzimate
message passing.
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2.2 Approximate Message Passing

Now the attention is turned towards the approzimate message passing (AMP)
algorithm introduced by Donoho et al. in | , ]. AMP is a mes-
sage passing-based framework developed for solving the basis pursuit or the
basis pursuit de-noising problem in the context of compressed sensing | |
AMP can also been seen as an instance of the class of iterative thresholding algo-
rithms (see literature review in section 1.2). However, AMP distinguishes itself
from the other algorithms in this class by having a significant better sparsity-
undersampling trade-off. In fact, Donoho et al. shows that in the high dimen-
sional limit n,m — oo, m/n — ¢ the phase transition of AMP approaches
that achievable by ¢;-minimization, while maintaining low computational com-

plexity | |

Consider the linear system of equations Ax = y, where A € R™*"™ y € R™
and xy € R" is the true solution. It is assumed that the columns of A have been
scaled to unit fo-norm. In the remainder of this thesis, the undersamplingsratio
0 of a given problem will be defined as § = m/n, k will denote the number
of non-zero elements in the true solution and the sparsity will be defined as
p = k/m. For the basis pursuit problem, the simple update equations for AMP
are then given by

- (ATzk + %k) ’ (2.26)

oy Aah b (AT et ), @)
At—1

2k _ 75 (' (AT2"1 4+ 2b; #471)) (2.28)

where 1 (x, 7) is a soft thresholding function applied component-wise, 1’ (x, 7) is
its derivative, (-) is the averaging operator and k is the iteration index. Due to
the form of the update equations, it is readily seen that this algorithm belongs
to the class of iterative thresholding algorithms.

Analogously, the update equations for the basis pursuit de-noising (BPDN)
problem, i.e. y = Ax + e, are very similar:

karl =1 (ATZk + :L’k; A +’}/k) , (229)

Zk —y— Awk 4 %zt—l <’I’]l (ATZt—l + wt—l; )\_’_,)/t—1)>7 (230)
t—1

- )‘% (' (AT21 4 ab; A4 4471)), (2.31)

where A is the regularization parameter. By comparing the update equations
for BP and BPDN, it is seen that the two algorithms are identical for A = 0 and
therefore we will only focus on the latter without loss of generality.
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Derivation of AMP

The purpose of this subsection is to the describe the derivation of AMP following
the approach in | |. Since the derivation is rather lengthy, it is divided
into 4 parts:

e Part 1: Derive exact update rules using the sum-product algorithm
e Part 2: Taking the large system limit
e Part 3: Taking the large S limit

e Part 4: Reducing the number of messages

We will now dive directly into the first part.

Part 1: Derive Update Rules using the Sum-Product Algorithm

First the underlying linear model is defined. It is assumed that the prior dis-
tribution over each component of the solution is a Laplace distribution with a
common hyperparameter 5:

pe)= S ep (Al 520 (2.32)

Similarly, the noise is assumed to be independent and Gaussian distributed, i.e.,
the likelihood function is given by:

p(yle) =N (y| Az, 37'1,,) (2.33)

where I,, is the m x m identity matrix and S is the precision of the noise.
Note, that in this model the prior distribution and the likelihood share the
hyperparameter 3. This gives rise to the following joint distribution:

p(x,y)=p

n

P (Walz) [ (x:) (2.34)

i=1

(ylz) p (x)
11 )

Now the corresponding factor graph is set up, where x is considered a latent
variables and y an observed variable. The resulting factor graph is shown in
figure 2.4.
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Figure 2.4: Factor graph for the joint distribution given in eq. (2.34)

Inspecting the figure reveals that the factor graph contains multiple loops and
therefore it is necessary to resort to loopy message passing. The next step is
then to derive the loopy sum-product messages for the posterior of z;.

In remainder of this thesis, [m] will be used to denote the set of indices from
1to m, ie. [m] = {ala € N, 1 <a <m}. Furthermore, the variables i,j € [n]
will be used as indices for variable nodes and the variables a,b € [m] will be
used as indices for the factor nodes.

The sum-product algorithm states that the posterior marginal distribution over
x; conditioned on y is given by the product of the incoming messages at variable
node z;:

p (ley) = Hp(z;)—z; (xz) H Hp(ya|z)—z; (fz) (235)

The sum-product rules decribed in section 2.1 are now used to derive the mes-
sages based on this factor graph. The message from p(z;) to x; is trivial, since
p(x;) is a leaf node

A
ooy (20) = pilr) = O exp (~BA i) (2.36)

That is, the message simply corresponds to the prior density. Next, the message
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from factor node p(ya|m) to variable node z; is given by

Hp(ya|z)—a; (Ti) = /p(ya|w) H ”ﬁjﬁp(yalm)(xj) dzjz;
Jj#i

1 B
- /\/Wexp {— (Ya — (Az),) ]‘g”m]%p (val2) (T5) AT 2

x / exp [—g (ya — (Ax),) }Huw,,wm)(%)dxm (2.37)

J#i

where o< means equal up to a constant factor and the notation dx;.; means
integration over the set of variables {xj | j# z} Finally, the message from vari-
able node z; to factor node p(ya’w) is then given by the product of incoming
messages at node x;, except the message from p(ya’:c) itself:

Mxi—>p(ya|w)($i) = Hp(e H up(yb|w)—>xz %)

_ B
=5 exp (=B |x;]) bl;[ /‘p(yb ’m)—»m (i)

o exp (—BA |zi]) [ | TN C) (2.38)
b#a

Inspection of the messages from variables x; to factors p(y,|x) shows that in
order to compute fi,,p(y,|z)(Ti), the message fi,(y,|z)—e, (i) is needed and
vice versa. This is a manifestation of the problem of message passing in loopy
factor graphs. However, resorting to loopy message passing yields the following
update scheme

bt (i) oc exp (=B [as|) [T 1y, () (2.39)
b#a
k B
o) [ exp | <5 = (A0 )?| Tt @)y (20
J#i

where superscript k& denotes iteration number. To ease the notation, the follow-
ing notation will be adopted in the remainder of the AMP derivation:

IJ’I;/’ —p(Ya|x) (ml) = /j’ig%a(xl)
Hp(ya )2, (1) = Hgi (1) (2.41)

The goal is now to approximate the above message passing scheme.
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Part 2: Taking the Large System Limit

It is now justified that the both types of messages can be well approximated
by simple parametric densities in the large system limit, i.e. when m,n — oo
for m/n — §. In particular, in this limit the messages from factor nodes to
variable nodes, pq_;(x;), are approximated by a Gaussian density and the mes-
sages from variable nodes to factor nodes are approximated by the product of
a Laplace density and a Gaussian density. Of course, linear systems with an
infinite number of equations and infinite number of unknowns are purely math-
ematical constructions. But for many linear systems of interest, the number of
unknowns is huge, e.g. the number of unknowns in imaging applications can be
of order of 10° | |.

The messages from the factor nodes to the variable nodes, i.e pq—z,(x;), are
first considered. Using a variant of the Berry-Esseen? central limit theorem
[ , ], it is possible to show that in the limit n — oo, the messages
ta—i(x;) converge to a Gaussian distribution w.r.t. supremum norm. To show
this, define the mean and variance of a random variable distributed according

to density p(z;) o¢ piya(2i) as 2F ., and %Tf_)a, respectively:

mfﬁa =E [‘rl] ) for x; ~ ,Ufzi—)a(xi) (242)
1

Next, notice that eq. (2.40) can be written as an expectation over the messages
[l ué?ﬁa (x;) and rewritten as:

W (1) < E |:exp <§ (Ya — (Am)a)2)}

2

=E |exp _g Ya — AaiTi — ZAajLEj , (2.44)
Jj#i

where it is used that (Ax), = >, Asizi = Agiz; + Zj# Agjzj. Now define an
auxiliary variable Z and an auxiliary function h,,(2) as:

7 =1y, — Z Az, hs;(2) = exp {i (Agiz; — 2)2] (2.45)
JFi

2The Berry-Esseen theorem is a variant of the central limit theorem, which quantifies the
rate at which a sum of random variables converge to a Gaussian density. This particular
variant is proved in the appendix in | |.
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The mean and variance of Z are now easily computed using the linearity prop-
erties of the expectation operator. Denote the mean and variance as z¥_,; and

7k . respectively:
a—)l =K [ Z AGJE J"] = Ya — Z Aajx]—m, (246)
J#i J#i
a~>z - V[ ] =V [ya] + Z Aijv Z Aa] j—a (247)
JFi ]751

Substituting the two definitions in eq. (2.45) into eq. (2.44) yields

iy () X E[hy, (2) (2.48)

Now let W be a Gaussian distributed random variable with mean z¥_,, and

variance 7,_,;, i.e. the same mean and variance as Z, then the Berry-Esseen

central limit theorem (see appendix A.2) implies:

C
sup [pifi(25) = E [ho, (W) € ——— (2.49)
vieR nz (ﬁ?—m’) :

where Cj is a constant. This implies that the messages p* Lyu, () will con-
verge to the function E [h,, (W)] as n approach infinity. Thus, to show that the
messages pi_, . (x;) converge to a Gaussian density, it is necessary to show that

E [he, (W)]
IE[hM W) d.%‘i

(2.50)

corresponds to a Gaussian density.

Recall that W ~ N ( Zg—sts B g i) and consider the numerator of the above

expression:
k
B[, (W) = [ o, (W07 <W|ZH, - )dw

%k

= /exp {g (Aaix—W)z] /\/’(W’zf_,i, aB—>Z> dw

It is now used that the first factor corresponds to an unnormalized Gaussian
density and followed by an application of Gaussian multiplication rule (see ap-



2.2 Approximate Message Passing 29

pendix A.1), we get:
-k

E [ha, (W)] :/ %TN (W|Aaixi,;)/\/<W|za_m Tag ) dw

o A+ il 1 1k
N W Tai , N (O Agiti — 22 i T H) dw
VB / + 7 B+ | BB

7k
a—1

2T azxzﬁ"_ aﬂi 1

7./\[ (0 Am_xz_ o 5 i + a—n) /N W a i , dI/Vv

/6 ‘ — 7:kB . B + ,[A_kl ‘

This is simplified using the fact that probability densities integrate to 1:
2T 1 4k
E [hy, (W)] = N(OAaixizf +‘H)

27 1 7k
=N (Ammi 2k =4+ H) 2.51

Using this results, the integral in denominator of eq. (2.50) is easily computed
by changing variable of integration to &; = Ag;x;. This yields:

1 27
‘/IE[hx7 (W)] dSCZ = TM F
Now the expression in eq. (2.50) is easily computed by combining eq. (2.51)
and eq. (2.52):

(2.52)

A(IICH%
[hﬂiz (W)] %N (Aaixi’,zk i) 1 _|_ 7)
E hw W)l d i s
f [ i ( )} xX; 1[“ 3

1 + Ta%z
5 ) (2.53)

Note, that the factor A,; appears outside, because the density is defined over
Agiz; and not x; alone. Finally, by combining the inequality in eq. (2.49) with
the above in eq. (2.53), we conclude:

k
= AaiN (Aaixi|za—>u

k A
ph i (i) o N Agimi| 255 —5 for n— oo (2.54)

Thus, in the large system limit, the messages from factor nodes to variable nodes
simplifies to Gaussian densities parametrized by z* .. and 7% ,,

Next, consider the messages from variable nodes to factor nodes, i.e. p;—q(x;).
For that purpose, define the family of densities fg(x' s,b) by:

fa(z;s,b) = Zlg exp [ Blx| — (s - m)z} (2.55)
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—s =0 —b=4 —s=0.5beta=1
s=1 b=1 $=2.0,beta=1
—s = 2| —b = 1/4] —s =0.5, beta = 10|

—s =2.0, beta = 10

Figure 2.5: Plots of the density f for different values of the parameters, which
are shown in the legends. (a) the effects of varying the s-parameter
for b= = 1. (b) the effect of varying §. It is seen that for large
[’s the distribution becomes more “spiky”

This particular family of densities are recognized as a product of a Laplace
density and a Gaussian density and the figures 2.5(a)-(c) show the form of this
density for different parameter combinations. The idea is now to show that the
messages [1i—q(2;) can be approximated by this density. Denote the mean and
variance of the density fz(x;s,b) as Fg(s,b) and Gg(s,b), respectively:

Fs(s,b) =E[X], where X ~ fg(z;s,b) (2.56)

Gg(s,b) = V[X] (2.57)
Recall from eq. (2.39), that the messages from variable node to factor nodes are
given by

Nf]f?jiga (@) o< exp (=B |zi]) H /jflbgai(xi)
b#a
Plugging in the result from eq. (2.53) and simplifying yields:

1+ 7,
pia (i) oc exp (=BA Jail) [T AwN (Abixilzl]f*)h ;’)
b#a

Abi 5 k 2
= exp (— A |z;]) —————exp ~ Apiti — 24, 1
) Syomes i BT R
a K3

b#a

The parameters ﬁf _,;» which are defined in eq. (2.47), do only depend on index ¢
through the "missing term in the sum”. Moreover, the columns of A are assumed
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to have unit fy-norm, and therefore the elements A2, are expected to be very
small for a large values of m. Hence, parameters ﬁf _,; can be approximated by a
common parameter 7* and this approximation is expected to become negligible

in the large system limit:
th=zk (2.59)

k .
Substituting this approximation into eq. (2.58):

153 2
it (i) oc exp | —BA || — A+ 75 ; (Apiws — 2)

Expanding the term in the parenthesis and rearranging yields

B 2 :
pg (i) oc exp | —BA || — A+ 2} ALY (3ha) 2wy Az,
b#a b#a b#a

Since z{f_m as defined in eq. (2.46), is constant w.r.t. x;, the second term of the
exponent can be ”absorbed” by the normalization constant. The fact that the
columns of A have unit f>-norm implies that >, A%, ~1— L. Inserting this
approximation yields:

g a;
it (i) oc exp | =B || — 20+ 75 x} — Rl — 2% ZAbiZlI;C—n'
b#a

2
When m is sufficiently large, the term % becomes negligible. Ignoring the term

+ and completing the square over z; again yields:

: p
i e (i) oc exp | —BA || — A+ T; — ZAMZ?%

b#a

The hyperparameter \ is positive by definition and can therefore be moved
inside the absolute value operator. Furthermore, by multiplying and dividing
by A2 in the last term, we obtain

k+1 ﬂ k
i q (i) ocexp | = | Ax;| — D4R Az — )\ZAbq',ZzHi

b#a

Then by comparing the above result with the family of densities in (2.55), it is
clear that:

it (@i) o< Mfp | Awi | A Apizt g, X (1+7F) (2.60)
b#a
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That is, it has now been shown that the messages from variable nodes to factor
nodes, i.e. p;q(x;), can be described by the density fz in the large system
limit.

Furthermore, using the definition of x%
%Ti]:a in eq. (2.43), we have that

in eq. (2.42) and the definition of

a

1
w%a = Fe | A D] Az A (1+7) (2.61)
b#a
%ﬁ;:%GB AY Apizg L, N (147 (2.62)
b#a

where the factors % and % appear because x; is scaled with A on the right hand

side of eq. (2.60). Using the approximation 77, = 7%, we get

1—a

pLi%e (ki) o
i=1 b

Notice, the summation is over n terms, but we divide by m to take into account
that we only have m degrees of freedom.

The two types of messages, i.e. piq(z;) and pq—i(x;), are now reduced to
simple parametric densities and thus, the message passing scheme has now been
greatly simplified.

Part 3: Taking the Large § Limit

We will now show that in limit 8 — oo, the mean of the distribution fz is
described by a soft thresholding function and similarly, the variance is described
by the derivative of this soft thresholding function. The integrals, which define
the mean and variance of the density f3, are by definition:

Fg (s, b) = /fc Zlﬁexp {6 x| — 2% (x — 5)2] da (2.64)

Gis,b) = /(az —F(s,b))? Zlﬁexp <—5 o] — % (@ — 5)2> Az (2.65)

First consider the expression for the mean value. In the limit § — oo, the
exponential function in eq. (2.64) will approach a Dirac’s delta function at the
value of x, which maximizes the exponent, i.e. x*. Hence, by the sift property
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of Dirac’s delta functions under integrals, the mean value is simply equal to the
value of z*. That is,

1
ﬁlirgo Fg(s, b) =a" = argmgx{ |x] — % (x — 5)2}

Next, by analyzing the partial derivative of — |z| — 2%) (x — 5)2 w.r.t. z forz <0
and for 0 < z , it can be shown that «* is determined by:

s+b, if —s>b
et =9 s—b, if s>b p=sign(s)(|s|-b) (2.66)
0, if |s| <b

To summarize, in the large £ limit, we can write the mean value of the fg(x; s, b)-
density as:

F(s,b) = 2* =n(s,b) = sign(s) (|s| — b) (2.67)
where 7)(s,b) is referred to as the soft thresholding function.

Next, consider Gg(s,b), i.e. the variance of fg(x;s,b), in the large 8 limit.
Analysing the exponential function in eq. (2.65) in the limit § — oo, shows
that the density fg can be approximated by a Laplace density and a Gaussian
density. In the case |s| < b, the first term —f |z| is the dominating term in
the exponent of the fg-density. Therefore, the resulting density can be approx-
imated by an Laplace distribution with mean z* = 0 and variance % On the
contrary, when |s| > b, the second term in the exponent is dominating and
therefore the resulting density can be approximated by a Gaussian distribution

. s _ . b
with mean 2 = sign(s) (|s| — b) and variance 3.

From eq. (2.43), we have 7/, = $Gg(s,b), therefore we consider the limit of
BGga(s,b). Therefore,

lim B% if |s| <b
lim AGg(s,b)=¢ 77
f—roo lim 8% if [s| >b
B—o0

0 if |s]<b
boif |s| > b
=b-7'(s,b) (2.68)

Thus, it is seen that the mean and variance of the f(z;s,b)-densities can be
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Figure 2.6: (a) The left-most figure shows the function n(z,b) for b =
{0.5,1,1.5}, where it is seen that n(x,b) is equal the soft thresh-
olding function. (b) The right-most figure shows the (piecewise)
derivative of n(x,b) for b = {0.5,1,1.5}. As seen, it acts like a sim-
ply hard thresholding function, i.e. it is zero when the magnitude
of the first argument is smaller than b.

written in terms of the soft thresholding function and its (piecewise)® deriva-
tive. Figure 2.6(a) shows a plot of eq. (2.66) for b = {0.5,1,1.5}, where it is
seen that n(z,b) indeed act as a soft thresholding function with threshold b.

We can now substitute these explicit expressions for the mean and variance

into the update equations. First we substitute the expression for the mean
value into eq. (2.61) to get

1
= [ A DD Awibe X (1477
b#a

Notice, that for k > 0, it holds that kn(s,b) = n(ks, kb). Using this result yields:

et =0 | Y Az, A(1+7Y)
b#a

3n(-,-) is not differentiable at 2 points (the kinks). But according | |, this does not
change the results as long as the 7 (-, ) is Lipschitz continuous, which indeed is the case



2.2 Approximate Message Passing 35

Now we substitute the expression for the variance into eq. (2.63) to get
~k+1 11 - ~k\ o/ k 2 ~k
T E)T 1—|—7’)77 AZAbizb—m)\ (1—|—7’)
_ 1+
MY Az, + 7k
g z ( X ek (147

For k > 0, it holds that n'(s,b) = n(ks, kb). Therefore,

n

1 ~k
Rl = 7( —;17 ) ZU/ <Z Apizyis A (1+ ?k)>
=1 b

The message passing scheme has now been simplified to the following update
equations:

k+1 Ak‘
z:a =0 E Ablzb—>n ) ) u—)z = E Aa]x]—m 2 69)
b#a VE)

1+7F) &
Ah+1 _ ( tnT ) Sy <Z Apizf A (1 +%’“)> (2.70)
=1 b

Later, this particular message passing scheme is referred to as the MP-scheme
(in contrast to AMP-scheme).

In each iterations we have to propagate 2mn messages, since we have m mes-
sages for each x; for i = 1..n and n messages for each z, for a = 1..m. There-
fore, Donoho et al. | | introduces yet another approximation, which is
described in the following.

Part 4: Reducing the Number of Messages

By analysing the expression for ¥, in eq. (2.69), it is seen that z¥,, only
depends weakly on index a, since the right hand side only depends on 1ndex a
through the "missing” term in the sum. Analogously, the same is true for z¥
and index i. The idea is therefore to assume x¥ , , and z* ., can be approximated
as follows:

x”igﬁa = xk +e- x”f*)a + O(l/m) (2'71)
Zai = 25 + € 24y + O(1/m) (2.72)
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where € << 1 is a positive small number. Neglecting the O(1/m) terms and
substituting these approximations into the expressions in eq. (2.69) leads to:

¥ peal, =9 ZAbi(zf—i—e-zl]fﬁi), A(1+%k)
b#a

zfj—l—ezf_)i:ya—ZAGj (x?+e~a:§_m)
i

Using the fact that sums of the form >, z; can be written as >, z; — x;
yields:

xf“—i—exfi}l:n(ZAbi (zl’f—l—e-zl’fﬁi) — A (zf—i—ezéfﬁi), )\(1—&—%1"))
b

k k+1 _ k k k k
2o TE€ 245 =Ya — E :Aaj (xj +6'$j%a) — Aqi (fz +€.xi~>a)
J

. k k . 23
The terms Ag;-€-2z;_,, and A, -€-x7,, are expected to be very small since A,;

is small in the large system limit and € << 1 is small by definition and therefore
these terms are also dropped. The resulting expressions then become:

xi?-&-l +e€- xf:; ~T <2Abi (zll)€ +e€- ZII)C—M) — Aaizéf, A (1 +7ﬁk)>
b

k R+l k k k
za—&—e-zaﬁimaya—g Aaj(xj—&—ﬂmj_)a)—Aaimi
J

Next, the expression for ¢! is approximated to first order around the point
>y Avi (25 + € 2,):

P pe gkt~ <2Abi (28 +€-20.;) /\(1+%k)>
b

~ Al (Z Ay (e s) A (L4 ﬁ))
b

k k1 k k k
e te LR Y, — E Agj (2§ +€- 25 ,,) — A

J

Now by comparing the left hand side to the right hand side of the topmost
expression, it appears that the only dependence on index a on the right hand
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side is in the second term. Thus, we can make the following identifications:

xf“ =n (Z Ap; (z{f +e- zf_”) ;A (1 + %k)> (2.73)

b

el = A,k (Z Api ( zb +e- zbﬁl) CA(1+ f'k)> (2.74)

b

and similar identifications for z*
2H oy, — ZAaj (m;“ +e- xfﬁa) (2.75)
e 2Pt Ak (2.76)

Now we can substitute eq. (2.74) into eq. (2.75) and eq. (2.76) into eq. (2.73)
to get:

k+1n<ZAbl 2+ Ayial) (1+7))
_zj:Aaj (:c?— aize 1) (ZAZU %+ Ajag) A(lﬁk)))

Expanding parenthesis in the expression for m *1 yields

DAAREN (Z Apizh 4 aF Z A2\ )>

where it is used that ¥ is independent of b and can therefore be moved outside
the sum. Furthermore, since the columns of A are assumed to have unit /-
norm, it holds that >, Agi = 1. Using this and rewriting the update equation
in vector form yields

ot~ n (ATzk + :ck, A (1 + ?k))

which is the update equation derived in | |. Next, we expand the paren-

thesis in the expression for 2%

A Yo — ZAajxf — 2 ZAij - <Z Apj2l + x?, A1+ %k)> (2.77)
J J b

where it is used that Zj A<21j = 1. Due to the large system limit, i.e. m,n — oo
for ¢ = ¢, using the law of large numbers and the normalization of the columns
of A, we can make the following approximation:

szAijm’ (ZAbjz{f—i—x?,)\(l—i—% >~szn <ZAb]Zb —|—x]7 (1+
J b

7

)
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Substituting this back into eq. (2.77) and rewriting the update equation in
vector form yields:

k_ . oAk Lok / k k ~k
2=y — Ax — zj:n (Az +x ,)\(1—1—7))

Writing the sum using the average operator (-) and using % = -, we get the

update equation in [ |:
2F =y — Az — %z’“ (0 (AzF + ¥, X (1+7%))) (2.78)

Finally, from eq. (2.70) we have the update recursion for ##+1:
14 7F)
Ak-‘rl:( § IEAk)\l ~k
' m i—1n<b i X (17

Using the same approximation as for =¥, i.e. Y, Ap2f . ~ >, AYzF + z;, and
using vector notation, we get the final update rule for 7

pert = L) amat o (14 74) @219)

Finally, defining v¥ = A\#* gives rise to the following algorithm:

2 = (AT e A (144Y)) (2:80)
2 —y— Aok - LG (A2F 2k, A1) (281

t—1
fyk (1+5V ) <77/ (ATqu erkqv )\+,yk71)> (2.82)

It is now seen that this algorithm only requires propagating m + n messages
in each iteration. Thus, the dominating operations in each iteration is the two
matrix multiplications, Az* and AT z*, which both scale as O(mn). Therefore,
each iteration of this algorithm has complexity O(mn). This finalizes the last
step of the derivation. Note, when the update rules are considered for only one
iteration, all of the approximations are expected to be negligible in the large
system limit. But there is no theoretical guarantee that the errors do accumulate
over multiple iterations. However, Donoho et al. claim that it is highly unlikely
and it has not been observed despite massive numerical simulation studies.
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Algorithm 1 AMP algorithm (AMP)

e Initialization: Set t =0, =0, 7" =1 and z = y.

e repeat until stopping criteria:
z* =1 (ATzkﬂ Lkt A +,yk71>
2k =y — Axk — %zkﬂ <17/ (Azk—l Lkl A +7k71)>
Ak—1
Ak = Lﬂg ) (n' (AT2" + 2%, X ++4571))
Increase k

The algorithm is summarized in Algorithm 1. Following the notation in | ],
the algorithm will be referred to as AMPO for A = 0 and AMPA for A > 0.

Comparing the algorithm to the standard form of iterative thresholding methods
(see literature review in section 1.2), it is seen that AMP distinguishes itself by
the last term in the update equation for the residuals, i.e. the term:

1 . . . _

gzk 1<n/ (Azk, 1 +wk 17 )\_"_,yk 1)> (2.83)
Donoho et al. states that this term leads to a substantial increase in recovery
without increasing the computational complexity significantly | |. This
term can be interpreted as a momentum term or the Onsager reaction term
from statistical physics | |

Example: Toy Problem

The AMPO algorithm is now illustrated using a small toy example. Consider
a noiseless problem with n = 1000, m = 200, and k£ = 8. That is, a linear
inverse problem with 1000 unknowns, 200 equations and the true solutions has
8 non-zero elements. Let the true solution xq be:

T
330:[—4 -3 -2 -1 1 2 3 4 0 0.] €R” (2.84)

The measurements y are then generated using y = Axg, where A;; ~ N (0,1/m).
Figure 2.7 shows the result of applying AMPO to this problem. In particular,
figure (a) shows the estimated coefficients & as a function of the iteration num-
ber. The dashed lines indicates the true coefficients. The estimated coefficients
are initialized at 0 in the first iteration and then they converge to their respec-
tive true values in approximately 15 iterations. Figure (b) shows the evolution
of the threshold parameter v as a function of the iteration number.
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Figure 2.7: Illustration of the AMPO algorithm using a noiseless toy problem
with n = 1000, § = 0.2, k = 8. (a) The estimated coefficients as a
function of iterations. The dashed lines indicate the true values.
(b) The threshold parameter v as a function of iterations.

The State Evolution Fxormalism

Although not considered in this thesis, another very interesting aspect of the
AMP algorithm is the associated state evolution (SE) formalism [ , ,

]. That is, the parameter 77 (as in eq. (2.79)) can be considered as the
state of the algorithm and it turns out that this state behaves in a predictable
manner in the large system limit. For instance, consider using the AMPO algo-
rithm on a noiseless problem of the form y = Az. Then the state variable 77 is
accurately predicted by the following analytical expressions:

1
T = SE [ (Xo + 2, 1) — Xo)® (2.85)
Vet1 = ?E " (Xo + 72, )] (2.86)

where X is a random variable distributed according to the true prior distribu-
tion of  and Z ~ N (0,1). For a Gaussian A matrix, the fixed points of the
recursion in eq. (2.85) can be used to predict whether the algorithm can solve
the current problem or not | |. In fact, Donoho et al. derives the phase
transition curve (see literature review in section 1.2) for the AMP algorithm
based on this state evolution formalism. This phase transition curve, psg(9),
is shown to be identical to that derived from combinatorial geometry (CG) for
£1-minimization:

_ 2)P(—2) — 2¢(2
psn(8) = poc(®) = max = GO L1+ 2)8(=2) — 29(2)]

2>0 1+ 22 -2 [(1 + 22)(1)(_2) — Z¢(Z)] (287)
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where ¢(z) and ®(z) are the density and cumulative distribution of a standard-
ized Gaussian variable z, respectively. Moreover, they show that the theoretical
quantities agrees with empirical simulation.
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2.3 Generalized Approximate Message Passing

The AMP algorithm introduced in last section provide a method for solving the
BP or BPDN problem in an efficient manner. Sundeep Rangan has shown that
this framework can be generalized to handle essentially arbitrary prior distribu-
tions and arbitrary noise distributions. The only requirement for the two sets of
distributions are that they factorize. This generalized framework, Generalized
Approzimate Message Passing (GAMP), is introduced in the paper | ].
The flexibility of GAMP allows us to do efficient inference using sparsity pro-

moting prior distributions like the spike and slab prior | |. Furthermore,
since the noise distribution is also arbitrary, the framework can also be used
for classification by using a binomial noise distribution | |, but this is not

considered in this work, though.

Even though the flexibility of the model is greatly increased, the computational
complexity remains the same, namely O(nm). The GAMP framework can both
be configured to perform MAP estimation based on max-sum message passing
and it can be configured to perform MMSE estimation based on sum-product
message passing. The derivation of the GAMP framework is somewhat more
straightforward than the derivation of AMP. Here the derivation is mainly based
on Taylor approximations and an application of the Central Limit Theorem.

The GAMP algorithm is stated in Algorithm 2 in its most general form. How-
ever, Rangan also provides a simplified version of this algorithm, where the indi-
vidual variance parameters 7, are exchanged for a common variance parameter
7" and similar for 7%, 727 and 7P. This simplified version is listed in Algorithm
3. The first algorithm is referred to as GAMP1 algorithm, whereas the latter
is referred to as the GAMP2 algorithm. It can be shown the AMP algorithm
introduced by Donoho et al. is actually a special case of the GAMP algorithm.
In fact, the GAMP2 algorithm correspond to the AMP algorithm if the prior
and noise distribution is chosen to be Laplace and Gaussian, respectively (see
Appendix B.2 for more details).

Consider now the computational complexity of the two algorithms. Assum-
ing the scalar functions and their derivatives have closed form expressions,
the GAMP1 algorithm is dominated by two matrix multiplication involving A
and two matrix multiplications involving A”. Due to the scalar variances, the
GAMP2 algorithm only requires one multiplication of A and one multiplication
of AT. Thus, both GAMP1 and GAMP2 scale as O(mn), but the proportion-
ality constant of GAMP2 is half of the proportionality constant for GAMP1,
which can have a large impact for large systems of equations.

Before we dive into the derivation of the GAMP framework, we will spent a
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Algorithm 2 GAMP algorithm (GAMP1)
e Initialization:
Set k =0 and 5,(—1) = 0.
Set #9 and 7{ (k) based on type of inference (MAP/MMSE).

e repeat:
Step 1. For each a € [m]: Z Anik
Z Auys (
Pa = 24 — Ta(/f)sf’i '
~k ~k p
Step 2. For each a € [m]: 8q = Yout (pc“ Yas Ta (k))
s _ g ~k P
Ta (k) = _%90l1t (paa Ya, Ta (k))
—1
Step 3: For each i € [n]: i (k) = (Z Alrs (k)>
fic = i’f + ’7'Z ZAavsa
Step 4: For each i € [n]: Bt = gin (ff,(bw Tzr(k))

x T 9 pk T
T (k’ + 1) =Tj (k)%gm (7‘?7(13'77—2' (k"))

few moments discussing the algorithm itself and the involved quantities. Sup-
pose that the individual elements in « are independently distributed according
to p(x;|q;), where g; is a known hyperparameter. Similarly, suppose that the
measurements are independently distributed according to p(ye|x). The core of
the algorithm is what Rangan calls the two scalar functions: gin(+) and gout(+)-
As we will see soon, these two functions depend on the functional forms of the
prior distribution p(x;|g;) and noise distribution p(y,|x) and whether we want
to do MAP inference or MMSE inference. Thus, these two functions control the
basic behaviour of the algorithm. As stated earlier, the GAMP framework can
handle essentially any prior and noise distribution. However, for the algorithms
to remain efficient, it is necessary that the scalar functions can be expressed in
closed form, which limits the range of applicable distributions a bit.

In the GAMP algorithm listed in Algorithm 2, #¥ denotes that estimate of
the i’th element of @ in the k’th iteration and 77 (k) can be interpreted as the
associated uncertainty of £¥. In fact, when the algorithm is running in MMSE
mode, 7 (k) can be interpreted as an approximation of the posterior variance of
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Algorithm 3 GAMP algorithm w. scalar variances (GAMP2)

1. Initialization:
Set k=0 and §,(—1) = 0.
Set 2° and 7°(k) based on type of inference (MAP/MMSE).

2. repeat:

Step 1. For each a € [m]: (k) = (%) HA||2FTZ(]€)

Pe =Y Aayiy — 70 (k)55 !
J

Step 2. For each a € [m]: 8 = gout (]5];7 Ya, Tp(k))

GRS DI G

Step 3: For each i € [n]: Trtk) - (%) A2 7 (k)

=2+ (k)Y Awids

Step 4: For each i € [n]: ifﬂ = gin (ffaqjﬂ'r(k))

. N .
T (k+1) =T (k)%gln (T?7qj57 (k))

#¥. The scalar functions for both MAP and MMSE estimation are summarized
in table 2.2.

Interpretation of the Scalar Functions for MAP Estimation

To use the GAMP algorithm for MAP inference, the input scalar function g,
is given as:

gin (723 Q7 TT) = a‘rgma‘X Fin (I, 723 q7 TT) ) (288)

where

1

27T

Fi (2, 7,¢,7") = fin (2,q) — (z —7)? (2.89)

The function fi,(z,q) is the logarithm of the prior density, i.e. fi,(z,q) =
log [p(x|q)]. Therefore, gin (7,¢,7") can interpreted as the MAP estimate under
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Table 2.2: Scalar functions for both MAP and MMSE estimation.

Scalar function MAP MMSE
%0 arg max Fout (2,0,y,7P) E [z|ﬁ, Y, 7’”}
out (B, Y, 77) L (20 — p) (20 —
G (5.9, 77) e ( - 'p’” )
Gin (T,q,7") argm;mein (z,7,¢q,7") |7, q, 7"
gl (F,q, ") % [ F,q,7"]

the (unnormalized) posterior distribution given by:
p(x) o< exp [Fiy (2,7, ¢,7")] (2.90)

In order words, we can interpret 7 as a noise corrupted version of z. For MAP
inference, the output function gyt (,y, 77) is given by

. .. . .
YJout (pa Y, 7.:0) = 7_7 (ZO - p) ) 20 = argmzax Fout (Z7p7 Y, Tp) (291)
where
. 1 .
Fout (va,i% Tp) = fout (zvy) - ﬁ (Z - p)2 ) (292)

where the function fout(y, z) is the logarithm of the noise distribution p(y.|z4)
and z, is the noise free output, i.e. z, = (Az),. Thus, 2% can be interpreted as
the MAP estimate of a random variable Z given Y = y, where Z ~ N (p, 7P) and
Y ~ p(y|z). For MAP estimation, the variables Z; and 77 should be initialized
according to:

) 1
1’? = argn;ﬁx fin(xi, i) 77(0) = I

in (i‘?a Qi) (293)

Interpretation of Scalars Function for MMSE Estimation

The GAMP algorithm can also provide approximative posterior distributions
for p(z;]y) and p(z,|y), which in turn can be used for MMSE inference, i.e.

LMMSE _ / 2 - plzilg, y) de; (2.99)
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and similar for z,. The GAMP approximation for the posterior distribution of
x; is given by:
o I p(xi|g)N (2|, 77) dag

(2.95)

As we will see soon, the input scalar function g;, for MMSE estimation is simply
the conditional expectation of x; under this distribution, i.e.:

gin (7, q,7") = E [z|f, q, 7] = 2}TMF (2.96)

The scaled partial derivative of 77¢!, (7,¢,7") w.r.t. # is then the conditional
variance under this distribution:

i (P10, 7) = V [a] 0,77 (2.97)
Analogously, the posterior distribution of z, is approximated by:

(Z ’ ): p(ya‘Zm‘I)N (Za’ﬁv Tp)
P e alar N (2] 77) dza

(2.98)

The output scalar function is related to the conditional expectation of z, under
this distribution:

. , 1 ) . R
Gou (B4, 7") = — (20 —P),  Z=E [za Dy, T7] - (2.99)

and the partial derivative of gout (P, y, 7?) is related to the conditional variance
in a similar way. For MMSE estimation, the variables &; and 77 should be
initialized according to:

&) = E[zilgi] 72(0) = V [24]q] (2.100)

That is, #) and 77(0) are initialized as the mean and variance of the prior
distribution.

The next two sections describe derivation of the GAMP framework using both
the max-sum algorithm and the sum-product algorithm. Since the two deriva-
tions have a large number of similarities, the derivation using max-sum is carried
out in detail, while for the sum-product case, only the differences are described.

Derivation of Max-Sum Algorithm for MAP Estimation

The purpose of this section is to derive the update equations for max-sum algo-
rithm and argue that the scalar functions g, (-) and gous(-) are determined by
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the prior distribution and the noise distribution, respectively. The derivation
given here follows the approach in | |. In the remainder of this chapter, it
is assumed that the columns of A are scaled such to have variance %

Both the prior distribution and the noise distribution have to factorize. That
is, the prior distribution on x have to have the form

n

p(zlq) = [ p(zila:), (2.101)

i=1

where g are hyperparameters. The same holds true for the noise distribution,
which is given by

m

p(yle) = [] plval). (2.102)

a=1

The joint probability distribution can then be written as:

= [T p(wal2) [T (ailao) (2.103)

Using this decomposition, the corresponding factor graph can be set up. Due to
the use of the max-sum algorithm, the factors in the factor graph correspond to
the logarithm of the factor functions in the decomposition in eq. (2.103). The
logarithm of the ¢’th prior distribution is denoted fi, ; and the logarithm of the
a’th noise distribution is fout,q. That is,

fin,i(x:) = Inp(xi|q:) (2.104)
.fout,a(ym Za) = lnp(ya|za), (2.105)

where the auxiliary variable z, is defined as z, = (Ax),, i.e. z = Ax. The
resulting factor graph is depicted in figure 2.8. As before, the factor graph
contains loops and therefore it is necessary to resort to loopy message passing.
In the next section, the max-sum update rules are derived based on this factor
graph.

Exact Max-Sum Message Passing Equations

We start from the leaf nodes and propagate messages towards to center of the
graph. The messages from the right-most leaf node, i.e. factor node fout,q, to
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Figure 2.8: Factor graph for GAMP model defined in eq. (2.103)

variable node z; is given by:

Hfout,a—zi (xl) = gl\%jx fout(yaa Za) + Z Kz ;= fous,a (IJ) (2106)
' i

where the maximization is over the set of variables ¢\ z; = {z; : j € [n],j # i}.
Next, the messsage from the left-most leaf is considered. That is, the message
from factor node fi, ; to variable node z;:

Hfini—a; (i) = fin(Tis qi), (2.107)

Finally, the message from variable node z; to factor node foyu¢,q is given by:

B Fowero (T0) = M (T3) + D Py, ()
b#a

= fin(@i, @) + Y Hfue s, (T0) (2.108)
b#a

Again, the two messages in eq. (2.106) and eq. (2.108) reveal the problem with
message passing in graphs with loops. Resorting to loopy message gives rise to
the following update equations:

pih i () = max § fout (2, ¥a) + ST ik () (2.109)
! i
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and

1 (i) = fn (@i, @) + Zulzf—n () (2.110)
b#a

where k is the iteration index and z, = (Ax),. Note, that both types of mes-
sages are (unnormalized) functions on the entire real line. In general, additive
constants are not important, since we are dealing with logarithmic messages.
In the next section a series of approximation are introduced to simplified this
message passing scheme.

Approximation of the Max-Sum Messages

As stated above, the messages in eq. (2.109) and (2.110) are functions defined
on the entire real line. We will now introduce a set of approximations, which
reduces these messages to a few parameters.

First, define £¥ , , as the value that maximizes the message from variable node
x; to factor node fout,q in the £’th iteration, i.e.

i, = argn;a‘xufﬁa(xi) (2.111)
The terms ¥, (z;) in eq. (2.109) are now approximated using a second order

Taylor approximation around the point x] g 1.e. around its maximum. This is
roasonablc because the values of z; in the maximization in eq. (2.109) will be

close to mJ ., for small values of A,; due to z, = Z Agiz;. This approximation
yields:
k k Ak k Ak
Hisq (.%‘7) ~ /’[’j%a(xj—)a) + aixjuj—)a (.’1?7) ’Ij:£‘];4>a (l‘]’ - xjﬁa)
1 82 ~k
+ 58 2:“’]—)@ (.13]) |mj—x’;_m(xj - xj—m)Q
1 02 k
= /”'j/ﬁa( ]—)a) + 581’2 M]—)a (l‘]) ’xj::i‘];%a (Z’j - xj—)a)Q
=uk  (zF R I 2.112
- Mj%a(m]%a) oA (‘rj xj%a) ’ ( . )
Jj—a

where it is used that the first partial derivative is zero, when evaluated at the
maxima. The following definition is used in the above approximation:

07,
Tz pg2tiza () |x,-=;z€? (2.113)
ji—a j j—ra
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Thus, 772, plays the role of the reciprocal negative curvature of the message
from varlable node z; to factor node fout,. evaluated at its maxima. Note, that
the quantity 77", , does also depend on the iteration number &, but to keep the
notation uncluttered, it is omitted if is it not strictly necessary.

An additional approximation in now introduced by assuming that 7, is inde-
pendent of a. That is =177 for all a. Using this assumption, the messages
become:

’ j~>a

. 1
/j’;?%a (.’E]) ~ M?—)a(x?%a) - 27T
J

N 2
(z; — &7 ,,) (2.114)

The expression for the messages in eq. (2.114) is now substituted into eq.
(2.109):

1 R 2
Hansi (26) 2 X fou (0 Ya) + D |15, osg, (00) = 5 (@5 = Bjsa)

wm J#i J
The terms ué?ﬁa (%aa) do not depend on z; and can be absorbed by the nor-
malization constant. Therefore, the message simplifies to:

1 . 2
P () = max fout (Zar¥a) = > 57 (x5 — 2% ,,) (2.115)
' J#i

This optimization problem is now further simplified using a two step procedure.
The first step is to optimize to sum-term w.r.t. x; for j # ¢ subject to the
constraint z, = Agx; + Zj# Agjxj, but for fixed values of z; and z,. The
second step is then to optimize the result w.r.t. z,.

To solve the first step, assume x; and z, are fixed. Then the corresponding
optimization problem is given by:

J = mlnz 277 ; ]_,G)Q subject to  z4 = AgiTi + ZAaj.I‘j, (2.116)
J#i J#i

which is recognized as a least squares problem with an equality constraint. Such
a problem can be solved by introducing a Lagrange multiplier and forming the
Lagrangian function | |:

1 .
f(CC, )\) = Z o (Ij ;C_m) + A Za — Amitz — ZA(L]'I]' (2117)
g i

The procedure is now to compute the partial derivatives of f(x, \) ineq. (2.117),
equating them to zero and solve the resulting system of equations. The long
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and tedious computation is shown in appendix B.1, but here we skip straight to
the result?:

2
1 1
J= =5 |2 — Awuri — Aajx
234 Aoy ; e
By introducing the following quantities:
Da—si = Z Aajxj_m aﬁl Z Aa] I (2118)
J#i J#i

the solution of the least squares optimization problem can be written as:

1 A 2
J = ST (2a — Aai®i = Pa—si) (2.119)

We have now solved the first of the two optimization steps. To solve the second
step, we insert the above result into eq. (2.115) and then maximize over z,

1 .
M];—m‘ (xz) ~ max {fout (%a>Ya) — 9P (24 — Pa—i — Aail’i)Q} (2-120)
Za Ta—i
Now, by defining the function:
L, 1 2
H (p,y, ") = max fout (z,9) — 5p (z—=p) ¢, (2.121)

the message from factor node fyyu¢ 4 to variable node x; can be written as:
:u];—m' (#:) = H (Pa—si + AaiTis Ya, 7ﬁ5%¢) (2.122)

We will now strive to simplify these messages even further. In particular, the
goal is to simplify the first argument in the function H(-) above. In order to do
that, we first introduce a few new definitions:

Pa =Y Awitioa = ZAM T (2.123)

Notice that these two new quantities do not depend on index i. Using these
new definitions, we can rewrite the expression for p,_,; as:

Da—si = Z AprBra = Z AprBrq — Agilina = Da — Auitissa (2124)
r#i

4There is a typo in the solution to this least squares problem in the paper [ |. The
expression for J just below eq. (106) contains a summation operator, which is should not.
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~p .
and 7,_,, as:

a—n ZAar Ty ZAG.] Tj 7—1 = Tp A?M T; (2125)
r#£i

The results from eq. (2.124) and eq. (2.125) are now substituted into eq.
(2.122):

ph (@) ~ H (P — Aail o + Aaitiy Ya, 72 — AZTE) (2.126)

Now two new approximations are introduced. First, since the columns of A
are assumed to have variance ; the elements A2, are expected to be small
and therefore we neglect the term A2, 72. Moreover we will make the following

approximation: xf 0 = f Applying these two approximations yields:

:u’];—n' (xl) ~H (Aa - Aaﬂ?k + Agixs, Ya, T 5)
=H (po + Ai (v — 2F) , ya, 77) (2.127)
We will now introduce yet another approximation. That is, the expression in

eq. (2.127) is approximated by a second order expansion® of eq. (2.127) around
the point pg:

D oH D, Ya s (‘:? N
Hasi (@) ~ H (B yas 78) |, + @8;/7)‘;315& [Agi (zi — 2F)]
10°H (]37 ya,Té’) a2
5o lomp [Aai (7 2] (2.128)

The first term H (P, yq, 7P) }ﬁ:ﬁ is constant w.r.t. x; and can therefore be
absorbed into the constant:

OH (p,ya,75) R
us-” (i) = T|p:ﬁa [Aai (xz - xf)}
10*H (p, Ya, 72) 2
5o lpmp, [Aai (7= )] (2.129)

It turns out that the first and second partial derivatives are closely related to
one of the scalar functions in the algorithm, namely gout(-). But in order to
see this, we first need small detour to figure out how to actually compute these
partial derivatives.

To compute these partial derivatives, Sundeep Rangan uses the following re-
sults®. Let f : R — R be a function, let 7,7 € R be scalars and let k¥ € N be

5In the paper [ |, this approximation is described as a first order approximation.
6Rangan points out that Af in eq. (2.132) can be interpreted as a quadratic variant of the
Legendre transformation | | of f 1 |-
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natural number, then define the following functions:

(Lf) (2,7, 7) = f(z) — %(r —2)? (2.130)

(Tf)(r,7) = arg max (Lf) (x,r,T) (2.131)

(Af)(r,1) = max (Lf) (z,r,T) (2.132)
ak

(A<k> f) (1) = 5 (AF) (r,7), (2.133)

Now assume that f is twice differentiable and the above maximizations exists
and are unique. Then by defining & = (T'f) (r, 7) and by using the above defini-
tions, it can be shown (straightforward proofs are given in the paper [ D
that the following holds:

IO (2.134)
(A(l)f) (r,7) = ; r (2.135)
(4@7) (r.7) = % (2.136)
9. 1 (2.137)

The idea is now to use the above properties to obtain expressions for the partial
derivatives of H. In order to do that, define the scalar function gout (P,y, 7P) as
the partial derivative of H w.r.t. p. That is,

R 0 .
Jout (pv Y, Tp) = aﬁH(p, Y, Tp) (2138)

Then by comparing the definition of the function H in eq. (2.121) with eq.
(2.130), it is seen that

(Efou) (215 7) = foua (2:9) — 515 (= = ) (2.139)

and therefore eq. (2.132) implies that the function H can be written as:

. 1 . .
H(ry.77) i { fo (o) = 515 (= 9" = (\foe (209 6.77) (2140)
This means that the function g.,t can be written as:

0 0
Jout (ﬁ,vap) = %H(ﬁaya’rp) = 87}5 (Afout (Z,ZJ)) (ﬁa 7_;0) (2141)
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Then by applying the definition in eq. (2.133) and the property in eq. (2.135),
we get

. 20 —p
Gout (pa Y, Tp) = P (2142)
where 2° is given by
. 1 R
= (I'f) (b, 77) = argmax {fout(zv y) — 57 (z — p)2} (2.143)

Similarly, by using the result in eq. (2.136), we get an expression for the partial
derivative of gout (9, y, 7F) w.r.t. p as well:

D o (5,1,7) = 2 H (3,9, )
8]3QOUt by, - 8]52 by,

1 AO
__ foulhy) "f’) (2.144)
1—7P out( 7y)

Using the expression for g..t and its derivative, we can now compute the coef-
ficients for the Taylor expansion. For that purpose, we define

34 = Gout (ﬁav Ya,s Tg) (2145)
0
Ta = ~gptont (Pas Yas 7o) (2.146)

We now return from our detour and substitute §, and 7 into the Taylor expan-
sion in eq. (2.129) to get:

S
fai (T3) R 8aAgi (2 — 2F) — %Aii (s — i)’

Expanding the parentheses and rearranging:

u”aﬁﬁi (xl) = §aAaixi - §aAa'L$ A2 ( (-%f)z - 2.’[5151?5)
— (Sodai + TEAZEE) s — T2 A2 — S At + T2 A2, (ah)°

. . N e ) 2
Since the terms 3,44,&" and 7= A2, (2¥)” are constant w.r.t @;, they can be
absorbed into the normalization constant:

s (25) & (8aAai + ToAZEF) 2 — Ta oAl (2.147)

We have now managed to reduce the messages from factor node to variables
nodes from being a real function on the entire real line to a simply message,
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which is parametrized by {§,,75}. These parameters are obtained from the
scalar function go,¢ and its partial derivative.

Now, we turn our attention to the messages from variable nodes to factor nodes
in order to obtain a similar simplification. In order to achieve this, we substitute
the above expression in eq. (2.147) into the expression for the messages from
variable nodes to factor nodes in eq. (2.110) and simplify:

lu’icizlz (wl) fll’l (ml’ Ql + Z |: SbAbl + Ty Abz z) T — Abz 2:|

b#a
= fin (Tiyqi) + Z SpAp; —‘rTbAbl Z €T; — fx ZTbSA
b#a b#a
Now define 7], , as:
1 2 s
—=> A (2.148)
Ti*)a b#a
Inserting this definition yields:
T 1 1
P (i) & fn (i, @) + =22 ) (8pAps + 75 ALEY) 24 — 513 T (2.149)
Ti—a b#a Ti—a
Furthermore, define #;_,, as:
Fiva =700 Y (80 Au: + 75 A7,2F) (2.150)
b#a
Substituting this into eq. (2.149) leads to:
k+1 1 . 1 5
Hisq (xl) ~ fin (xia QZ) po Ti—ali — 51'2 (2151)
1—a

We now rewrite the term in the parenthesis as follows:

N 1 1 .
<7"i—>a$z' - 2$?) =3 (27 — 27 qi)
Ly A
=-3 ((THa —z)” - 7“1-2_m>
L. 2
= =5 (fia —@)" + ky, (2.152)
where it is used that the term 372, is constant w.r.t. z;. Next, substituting

the result from eq. (2.152) back into eq. (2.151) gives:

ui@jﬂll ( z) fm (:Cza qz) T (’Fi—nz - xi)z (2153)

7,—>l1
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where the constant k; have been absorbed into the normalization constant.

The messages from variable nodes to factor nodes have now been considerably
simplified as well and we are now ready to define the second of the two scalar
functions, i.e. giy:

1
o (7,0.7") = avgmae { i (000) = g Gsa =0} (2159)

z—>a

By recalling the definition of a}f in eq. (2.111), it is seen that:

—a
Tiva = AXGMAX 1i5a(2i) = Gin (Fisas ¢ Tisa) (2.155)

The quantities #;_, and 7, , are now approximated in analogy to the approx-
imations of the parameters p,_,; and 7,_,; earlier. First we make the following

definitions:

-1

ZAG,Z ll

Note that these quantities are independent of index a. We can now approximate
(defined in eq. (2.148)) using these definitions:

, Fo=2+7] Y Agida (2.156)

z—>a

-1

T (2.157)

z—>a - E Ab’LTb

b#a

Z Aszb

That is, we ignore the term AZ,7S, which is of order O(A2;) and hence, this
approximation is also expected to become negligible, when the system size in-
crease. Consider now the expression for 7;_,,. Using a number of the previous

results, the expression for 7;_,, can be rewritten as follows:

Fiva =T} o0 Y (8044 + 75 ARi:) (Using def. (2.150))
b#a
=T 0 D A + T 0 Y T A
b#a b#a
=Tisa Z SpApi + T (Using eq. (2.148))
b#a
T Z SpApi + 4 (Using eq. (2.157))
b#a
=] Z SpApi + T — 7] Z Agida (Using eq. (2.156))
b#a
= f, —T; Am‘§a (2.158)



2.3 Generalized Approximate Message Passing 57

Substituting the approximations for #;_,, and 7;_,, back into the update equa-
tion yields:

1

T
27]

W () & fin (0, @) — = (Fi — 71 AgiBa — 1:)° (2.159)

We also substitute the approximations for #;_,, and 7_, , into the expression for
Zia In eq. (2.155) to get:

Li—a = Jin (Tz—mv qi5 T, z—>a)

= Gin (7i — 7] Aaiba, i, 7)) (2.160)
The function gi, (7; — 77 A4iSa, ¢, 7)) is now approximated using a first order
Taylor expansion around the point 7;:
Tisva = gin (7 -TT)—FQ' (. ¢5,7]) | (7 — 7] AaiSa — T4i)
1—a gln (3] q'L? 1 a,’/;gln 7ql7 7 f:T’:] K3 7 alr’a K3
R 0
= Gin (Tz'7 qi, T; ) Aazsa 8A91n (T qi, T; ) |,::,:, (2'161)
J

Based on this approximation, we will now introduce the last two definitions
needed to finish this derivation. Similar to the definition of #;_,, in eq. (2.155),
define z; and D; as:

LZ'Z' = (in (721‘7(12‘,7'[) (2.162)

r 0 N r
D, =7} ggin (Fyqi,7]) };: A (2.163)

T3

Substituting &; and D; into the first order approximation in eq. (2.161) gives
rise to:

Fiva = & — AgiSaD; (2.164)

The expression for D; is now simplified as follows:

, 0
D; =] 8A (T fin) (74, 7]) Using eq. (2.132)
= Tf%fz Using def. (2.134)
r 1 .
=T; m USlng eq. (2137) (2165)
We will now show that ,]07,,() is related to the second order partial derivative

of i (x;) evaluated at Z;. Taking the second order partial derivative of eq.
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(2.153) w.r.t. x; yields:

k41 B , .
Tl‘?ui—)a ( 1) - 8.’L‘i |:fin (xzqu) + 2m (Ti%a — CL’i):|
1
= fin (%3, i) — p
Ti—a
_ Tz?;)a i/rll (in, QZ) —1
Tia
T -1
== = (2.166
[1 =10 fih (5577%)] )

Now by comparing eq. (2.165) and eq. (2.166), it is seen that D; can be written
as:

Di=— { e (i"i)} 71,

szgl’('iaa
which we in turn approximate using eq. (2.113):
D~} (2.167)
Now we substitute eq. 2.167 back into eq. (2.164) to get:
Ziye = T4 — AaiBaT] (2.168)
At last, we need to obtain update expressions for the 7% and p, parameters. By

substituting the result from eq. (2.168) into eq. (2.123), we get the following
expression for p:

Isa = Z Aai (3}1 - Aaiga’riw)
A
= Awifii — 80y ALT)
i [

= Awidii — 8478 (Using def. (2.123)), (2.169)

which is the final update equation for p,. To get to update equation for 77,
we combine the definition of D; in eq. (2.163) with the approximation in eq.
(2.167) to give:

xX

.0 .
TR 87’1-9“1 (7, qi, 7)) (2.170)

This step ends the derivation of GAMP for MAP estimation.
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By means of a series of approximations, the update equations from variable
nodes to factor node and vice versa were simplified to a set of parametrized
messages given by:

1 R
pitt () = fin (i, @) — 5T (7 — 7/ AgiSa — ;)
1

. N Ta
pasi (20) = (3aAai + 75 A%2Y) i — ?aAiixzz’
where the parameters of these messages are 7], 7, 5., 7;, and &;. Furthermore,
the parameters are computed using the two scalar functions g;, and gout, which
are determined from the prior and noise distribution, respectively. Algorithm 2
summarizes how to update the parameters.

Derivation of Sum-Product Algorithm for MMSE Estima-
tion

The objective of this subsection is to derive the GAMP algorithm for MMSE
estimation based on the sum-product algorithm. That is, we want to estimate

@mmee =K [z|y,q] . (2.171)

The decomposition of the joint distribution is the same as in the MAP-case
and therefore the topology of the underlying factor graph does not change.
Fortunately, this implies that many of the results from the MAP derivation can
be reused.

Exact Sum-Product Message Passing Equations

As before, the first step is to derive the exact messages based on the factor
graph in figure 2.9. We will follow the approach in | | and use logarithmic
message for the sum-product algorithm as well. Messages in the non-logarithmic
space will be denoted using a "hat”, e.g. &t and messages in the logarithmic space
will just be denoted .

Starting from the left leaves, the message from factor node p(z;|g;) to variable
node z; simplify becomes the factor function itself:

fip(aila)—w: (€1) = P(2il Qi) (2.172)
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Figure 2.9: Factor graph for the joint density in eq. (2.103) for MMSE esti-
mation

Next, the message from variable node z; to factor node p(y,|x) is given by:

ﬂxi—n)(ya\a:) (gjz) = H ﬂp(yﬂm)—mi (xv)ﬂp(wl\qi)—)am (931)
b#a

- H Fip(ys|z)—a; (Ti)P(2 |Qz) (2.173)
b#a

Transforming the messages to the logarithmic-space yields:

Hz—p(yale) (Ti) = I fl, s p(y, |2) (1)

=D I iy o)z, (2) + I p (i i)
b#a

=D Hp(sla)sa: (T3) + fini(@is i) (2.174)
b#a

Note, that this message is identical to the corresponding message in the max-
sum GAMP algorithm. Consider now the messages in the other direction. The
message from factor node p(ya‘za) to variable node x; becomes:

ﬂp(ya|za)—>x7¢ (xz) = /p(ya|za)/lya—>p(ya|za)(ya) H /lacj—>p(ya|za)(mj) dxj#i
J#i
= [ ]z TL oot 2 2173
J#i
where z, = >, Ag;z;. The message in eq. (2.175) is equivalent to the expec-
tation of p(ya’za) over the variable z, with x; being independently distributed
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according to p;a (i) X flg, —sp(y.|z)- Lhat is,
ﬂp(yﬂw)%zi (mz) =E [p(yayza)} (2-176)
Transforming the message to the logarithmic-space yields:

Hp(yalw)—z: (Ti) = I fip(y, o) —a; (T2)
=InE [p(ya|za)} (2.177)

Thus, the two exact messages are given by:

pra—si(zi) = ME [p(ya|za)] (2.178)
Pisa(ri) = Z fy—sa, (2:) + Inp(ai]q;) (2.179)
b#a

We can now write the final estimate of the marginal posterior distribution of x;
as

p(z;) oc exp [pi(w;)], (2.180)

where p;(x;) is defined as:

wi(xi) = fini(xs, ¢) + Z,Ua—m'(xi) (2.181)

K2

The objective of the remainder of this section is to show how the two scalar
functions gi, and goyt must be defined in order to perform MMSE estimation
using GAMP algorithm.

Approximation the Sum-Product Messages

We will now apply a series of approximations to simplify the message passing
equations from above. In order to do that, we will need the following definitions:

fi'i%a =E [xi’/‘i—)a ()] ( )

7 = var [;|p (+)] (2.184)
7 = var [wlpia ()] (2.185)
where E [g(z)| 4 ()] means the expectation over z with density p(z) oc exp [p(z)].
This means that Z; ., and 77, are the mean and variance, respectively, of a

1—a
random variable x; with density o< exp [ti—q]-
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Consider the messages from factor nodes to variable nodes, i.e. eq. (2.178). In
this equation, the expectation is over z, = > y Az and therefore, for large n
the central limit theorem suggests that z, conditioned on z; is approximately
Gaussian distributed with mean and variance given by:

E[zq] = Agizs + Z AoiE (2| pimsa (4)] (2.186)
J#t
Vizal = Y ALV 2]t ()] (2.187)
J#i

where the variance of x; is zero since we are conditioning on x;. Therefore, we
have that

Za|i ~ N (Agizi + ZAaj]E (2| pimsa (4)] ZAij V [#j]pima ()])  (2.188)
JFi i

Using the definitions in eq. (2.183) and eq. (2.185) from above, this can be
rewritten as

Za’{L‘i ~ N(Am‘l'i + Z Aajjjiﬁa, Z A?ijiI%a) (2189)
J#i J#i

Now recognize that we can use the definitions of p,—,; and 77, in eq. (2.118)

7
from earlier to write:
za’xi ~N (za ’;ﬁaﬁi + Agixi, Tfﬂi) (2.190)

This implies that the messages from factor nodes to variables nodes can be
written as:

ftasi(2i) = nE [p(ya|2a)]

~ ln/p(ya|za)/\/ (Za ’ﬁa%i + Aaixing—Vi) dz,

Analogous to the derivation of the MAP algorithm, we now define the function
H as follows”:

H(p,y,7") = InE [p(y|2)] (2.191)

where the expectation is over z ~ N (z|p,7?). The message j1q—i(z;) can now
be rewritten using H:

tra—i(zi) = H(Pa—i + Aaiis Yo, Ta_;) (2.192)

We now recognize that the result above, i.e. eq. (2.192) has the exact same
form as eq. (2.122) from the MAP derivation. This means that we can apply

"Note, the expectation operator is missing in eq. (130) in the original paper | |
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the exact same approximations as we did in the MAP-case. Therefore, we can
approximate fi,—;(z;) using the result in eq. (2.127). This yields:

tra—i(zi) = H (Po + Agi (xi — &), Ya, TF) (2.193)

Again, completely analogous to the MAP case, a second order approximation of
eq. (2.193) yields:

fasi(€7) R 8gAgi (17 — 3) — =75 (Agi (23 — #4))°, (2.194)

where gout (D, y, 7P), §o and 75 are defined as in eq. (2.138), (2.145), and (2.146),
respectively.

The expression for the scalar function g, and its partial derivative a% Jout are
now computed. Using the definition of H in eq. (2.191), we get:

R 9 ..
gout(p7 Y, Tp) = aif)H(IL Y, Tp)
1 0

= Epul o P

To ease the notation, let Z denote the normalization constant, i.e. Z = E [p(y|z)] :

N 0
gout(pay,Tp) = %E [p(y|2)]

1 0 .

=7 p(y\Z)%N(ZIP, ™) dz
X "

=~ | ) BN Glp ) dz
11 - p 1 .,

= 55 [ PN Gl ) de = Lo [ pulon Glp ) az
1

== (-5, (2.195)

where

o o o] = L PWIN Glp )
’ fp(y|z)./\/ (z|p, 7P) dz

For the partial derivative of gout w.r.t. p, we get:

(2.196)

0 1 /0
- 5 Py — — [ 250 _
6ﬁgout(pay77- ) P <€)ﬁz 1>
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Thus, we need to compute the partial derivative of 29, which is given by:

9 0 _ SN Glp. ) dz (2.197)

o~ [plyl)N (z|p,77) dz

Applying the quotient rule for derivatives and using the fact that we can ex-
change the order of the derivative and the integration gives:

d .o 1 I
a—ﬁz = EVMP’T ] (2.198)

where the scaling 1/7P comes from the computing the partial derivative of the
Gaussian density:

0 ) Z—p .
%N(ﬂpﬁp) = 7/\/ (Z’Pﬁp)

Therefore, the partial derivative of the scalar function go,; w.r.t p becomes:

TP

0 1 1
“ 5 N 5 P] _
6ﬁgOUt(p’y’T ) — ( V [z]p, TP) 1) , (2.199)

Consider now the message update in the other direction. Inserting the approxi-
mation of the messages pq_;(x;) from eq. (2.194) into the expression pi;_q(x;)
in eq.(2.179) yields:

pisa(@:) =Y ppsi(@:) + Inp(wi|g:)
b#a
. o T
~ Z {(Abisb — Agirb xl) Ti— %Aiixf + lnp(a:i|q,»)
b#a
We can now repeat the exact same calculation as in the MAP case to obtain:
I 2
? (Ti*)a — xi) 5 (2200)

i—a

:u’?ﬁa (‘rl) ~ on (xh qz) -

where 7;_,, and 7/, , are defined in eq. (2.150) and (2.148), respectively. Finally,
using the fact that p;—q(x;) = In f;—4(x;), we can write:

. 1
flisa(Ti) ~ 7 exp [fti—a(Ti)]

1
27

i—a

1 R
= exp fin (i, qi) — (Fiya — i)° (2.201)

where Z is a normalizing constant.
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We are now ready to define the second scalar function, gy, as:
gin(fv q, TT) =E [xi|/~Li~>a ()] (2202)

where the expectation is over the density in eq. (2.201). Then by using definition
in eq. (2.183) and the result above, we have that:

jji—)a =E [$i|/-j/i—>a ()] = gin(’ﬁi—nza qis TiT—>a) (2203)

Note, that this result has exactly the same form as the corresponding result
for the MAP-case given in eq. (2.160) and therefore we can apply the same
approximations to obtain the expression in eq. (2.162). The result is restated
here for convenience:

& = gin (74, ¢35 77 ) 5

where 7; and 77 are given in eq. (2.156) and eq. (2.157), respectively. Using a
similar line of arguments as for the calculation of the partial derivative of gous
in eq. (2.198), the partial derivative of g;, w.r.t. 7, is given by:

9,

a,,/;glll
Thus, explicit expressions for the two scalar functions have been derived. This
finalizes the derivation of the GAMP algorithm for MMSE estimation. In the

next section, we will use the GAMP algorithm to derive an inference algorithm
for MMSE estimation.

R | o
(i, qi,77) = SV [zil?, '], (2.205)

2.4 Inference using a Bernoulli-Gaussian Prior

The goal of this section is to use the GAMP1 algorithm to derive an algorithm
for solving the linear inverse problem using a Bernoulli-Gaussian (BG) prior.
The BG prior, which is also known as the "spike and slab” prior, is given by:

p(xilg) = (1= X) 6 (z;) + AN (2[¢, v) (2.206)

where the A € [0, 1] is controlling the level of sparsity and (,¢ € R are mean
and variance of the Gaussian component, respectively. Note, that the sparsity
parameter A should not be confused with the sparsity p = % defined in section
2.2. However, A can be interpreted as the expected number of non-zero elements
in the solution. Using this interpretation, we can write:

k km

A=2 = =p-0 (2.207)
n mmn
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This particular kind of prior is also known as a sparsity promoting prior due
to the fact that for A < 1, the resulting density has point mass at z; = 0, and
hence favours sparsity. In | |, Vila et al. introduces an extension of the
spike and slap prior, namely:

L

panm (] q) = (1= A) 6 (z) + )\Zw/\/ (zi|Ce, ¥0) (2.208)

{=1

That is, the distribution of the active coefficients is a Gaussian Mixture Model
[ | rather than a single Gaussian component. They argue that this approach
yields better performance in the cases, where the true prior distribution is more
complex than a simple Gaussian. However, for simplicity the approach taken
here is restricted to one Gaussian component only, i.e. the conventional spike
and slap prior, but we note that the extension to a Gaussian mixture model is
possible and a natural extension.

Another representation of the Bernoulli Gaussian distribution is that X is com-
posed as a product of two hidden random variables, a binary support variable
S ~ Ber(\), which is Bernoulli distributed with parameter A and an amplitude
or coefficient variable 8 ~ A ((, %), which is Gaussian distributed with mean ¢
and variance 1. That is,

This representation will prove useful, when the model is extended to the multiple
measurement vector problem in the next section.

The specific values of the hyperparameters for the spike and slap prior have great
impact on the resulting performance of the algorithm. Therefore, following the
work in [ |, we will derive an Expectation-Maximization scheme [ ] to
learn these hyperparameters from the data at hand. This algorithm is therefore
referred to as EMBGAMP. From the view point of GAMP, the hyperparameter
will be considered as known and fixed. Hence, this method can be classified as
an Emperical-Bayes approach.

The noise is assumed to be independent, zero-mean, and Gaussian distributed
with variance o2. Thus, the set of hyperparameters for this model then becomes

q= |:)\,<’¢’a'2:|. Using GAMP in MMSE mode, the approximated posterior
distribution of z; is obtain using eq. (2.95):
o (i | QN (| 74, 7)) (2.210)

1
p(zily, q) = Ep
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where Z is the normalization term given by
Z = /pga (zil@) N (| i, 7)) da (2.211)

Now by plugging eq. (2.206) into eq. (2.210) and simplifying, we obtain

(1= 2)8(a) + AN (¢ ) N (| 72, 77)
GO N (] 74, 77)

p(zily, q) =

N[ =N =

(1 — )\) (5(1‘1)./\[ (1‘1’ ’I%,T;) + %)\N(l‘z

Invoking the Gaussian multiplication rule (see Appendix A.1) yields:

1 o T
Pz|y($¢\y7Q) = 7 (1-2) 5(Iz’)N (l’z| Tiy T; )

+§)\N $|E,F N(0|C+m,¢+ﬁ)

It is seen that the approximate posterior density also has the form of a spike
and slap density. We now introduce the following definitions for the posterior
mean and variance of the "slap”-part of the posterior density for x;:

+
+

2 ‘%»
S

1
vt

<

Vi =

A

<=

Similarly, we define 7; to be the posterior probability of the i’th coefficient being
active, i.e. m; = p(s; = 1|y, q). Substituting in these definitions gives:

Pojy(ily, @) = (1 —m;) 6(x:) + ml (2|, v4) (2.213)

To obtain an expression for 7;, we first compute the normalization factor Z.
The calculation is tedious, but straightforward:

Z:/(l—/\)é(l‘l)./\/‘($l|72“7':) —‘y—)\./\/'(l‘Z C,?ﬂ)/\/‘(l‘l‘?ﬁ“ﬂy’) dl‘z

=(1-XNN(0

ri,Tf)—&—)\/\/(O]C—ri,w—&-Tf)/N vi|— 7 | da
w"‘:ir E'f‘ﬁ

= (1 =X N (0] 75, 7)) + A (0] ¢ = 74,00 + 7)) (2.214)

We can now substitute the normalization Z into the expression for the marginal
posterior distribution of x; as given in eq. (2.210):

(1= N) 8(z)N (2] 74, 77) + AN (2|70, )

2.215
(L=X)N (0| 7, 77) + AN (0| ¢ — 74,00 + 77) 2219

pa:|y($i|ya q) =
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Figure 2.10: Plots of the posterior activation probability m; for { = 0,9 =1
as a function of A\ (left) and # (right).

Now comparing coefficients in eq. (2.213) and eq. (2.215) and solving for m;
yields:

(L=XN(0]#, 7))

1 — Ty =
TSN O] ) FAN (O] C =+ 1)
1
R 2.21
= m Ao (o] 7o) (2.216)

H AN (0] ¢=fopbry )

In order to investigate how this algorithm works, figure 2.10 shows two plots
of the posterior activation probability 7; as a function of A and 7, respectively.
It is seen that the posterior activation probability behaves as one might expect
intuitively. The left-most plot shows m; as a function of A for # = 1. It is seen
that the smaller value of 7", i.e. the less uncertainty about Z;, the higher value
of m;. The right-most plot shows 7; as a function of 7, and it is seen that for
small )\, the posterior probability of activation is also small close to r = 0, and
increases rapidly when the magnitude of 7 exceeds a threshold value.

Computing the Scalar Functions

We have now established closed form expressions for the approximate posterior
quantities using the GAMP approximation. The next step is to compute the
two required scalar functions and their partial derivatives. Consider the input
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function, g;, (7, ¢,7"), which is given by:
gLn(fa q, TT) =E [mz|f'7 TT]
= /xl [(1 — 7'('1‘) 5($z) + 7TiN (aji‘%, l/l)} dxl

Applying the linearity property of integrals yields:
gin(f,q,7") = (1 —Wi)/$i5($i)d$i +7Tz'/$i/\/($z“%,l/i) dx

Using the sift property of Dirac delta function under an integral, it is seen that
the first term evaluates to zero. The integral in the second term simply evaluates
to the mean of the Gaussian density, i.e. 7;:

gin(P,q, ") = Ty (2.217)

Next we need to determine the conditional variance, which is defined as:

\% |:X|R =rQ = q:| = /(xz — 7'('1"}/2')2 [(1 - 7T,') (5(1‘1) +mN (.Z‘i|’}/i, Vi)] dz;
Using a similar line of arguments as for the mean, we get:
A% [X‘R = ’f7 Q = q} = /(a:, — 7Ti'Yz‘)2 (1 — 7Tz') 5(1‘1) + (Jﬁi - 7Ti’yi)2 7TZ‘N ($i|’yi, I/i) dZIJZ

= (1 — 7Ti) / (l‘l — 7Ti’}/1')2 5(172) dxz —+ T / (IZ — 7Ti7i)2-/\/ (.Z‘Z|’)/Z,V1) dl’l
=m (v =71 +v) (2.218)

where it is used that [ 22N (z|u,0?) = 0 + p?. The partial derivative of the
scalar function g, (7, ¢, 7P) then becomes

0

1 .
%gin = ;V [(Ei|r7 TT]

= %m (72 — v+ v) (2.219)

Finally, we need to compute the output functions from eq. (2.195). For conve-
nience, the definition is restated here:

. I 0 . N .
Jout (pvyan) = ﬁ (ZO - p) ) ZO =E [Z‘p,ya”_p] (2220)

The variables p and 7P are readily available from the GAMP approximation,
therefore we only have to determine an expression for 2. Since the noise is

assumed to be Gaussian, the posterior of z conditioned on y is proportional to:

p(z|y) < N (ylz,0?) N (=

p,7") (2.221)
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and since both factors are Gaussian, the resulting posterior distribution is also
Gaussian. The moments of this posterior distribution is then easily obtained

using standard formulas for Gaussian distributions | , ch. 2.3
p(zly) =N (2]2%,77) (2.222)
where
~0 z Yy ﬁ z Tp02
P=r (L), = —— (2.223)
o TP TP + 0

Therefore the desired conditional expectation becomes:
E[z]p,y, 7] = /z/\/ (2]2°,7%) dz = 2° (2.224)

We can now compute partial derivative of gout (p, y, 7P) w.r.t. p using eq. (2.197):

0 1 1
A p _ n Pl —
8ﬁgout(pay77— ) - < V[Z|p77 ] 1)

P \ P
= ip <1I)TZ — 1> (2.225)
TP \ T

After defining the two scalar functions, we can now simply apply the GAMP
algorithm in Algorithm 2. The initial values of }, Vi € [n] should be initialized
as the mean of the prior. Similarly, the variances 77(1) should be initialized as
the variance of the prior. The BG-AMP algorithm is summarized in Algorithm
4.

Regarding the stopping criteria, one can either stop when a fixed number of
iterations is reached or when it converges in the relative difference of the norm
of the estimate of &, or both. By relative difference of norm is meant the
following quantity:

o

— (2.226)
(el

We have now derived an algorithm for sparse inference under the spike and slap
prior based on a set of known hyperparameters. Sometimes it is possible to
give some rough estimate of the hyperparameters, while other times it is not.
But in either case, it is likely that the hyperparameters will benefit from some
tuning. In the following we will derive a set of EM-based update equations for
the hyperparameters based on the work in | |. When the hyperparameters
are learned using the EM scheme, the algorithm is referred to as EMBGAMP.



2.4 Inference using a Bernoulli-Gaussian Prior

71

Algorithm 4 BGAMP algorithm (BGAMP)

e Initialize

Set all &} as the mean value of the prior
Set all variances 7;° (1) as the the variance of the prior

Set all s? = 0.

e repeat until stopping criteria:
Step 1. For each a € [m]:

Step 2. For each a € [m]:

Step 3: For each i € [n]:

Step 4: For each i € [n]:

ZA‘”“”J
ZAQJT;C
pa = Zs — Ta (kj)g(li !

i) =V [zaly, 0, 7 ()]

3(k)=E [za\y,ﬁ‘;,nf(k)]

o g
© (k)

=70 ()

o (peo)’

~k
=2+l (k § Agi8E

= [wly, ot 7 ()]

(k1) =V [y, 7l ()]
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Learning the Hyperparameter using Expectation Maximiza-
tion

The Expectation-Maximization (EM) framework [ ) ] is an iterative
method for likelihood optimization in probabilistic models with latent or hidden
variables. The EM algorithm increases a lower bound on the likelihood p(y|q)
in each iterations, and therefore it is guaranteed to converge to a stationary
point, i.e. a local maxima or a saddle point. The EM algorithm proceed by
alternately doing the so-called E-steps and M-steps. As we will see soon, the
E-step corresponds to computing an expectation, which is then maximized in
the M-step. Hence, the name of the algorithm.

Let p(y|q) be the likelihood given the hyperparameters gq. Then for any proba-
bility density function p(x), the following decomposition holds

Inp(y|q) = lnp(y"I)/p(‘”) dz
= / p(x)In <p (Z: ;fﬂq) P @i?@) o
- [ (P20 an- o (522 ) o
:/p(mﬂn(p(m,ym)) da:f/w)ln d“/p ( iﬁ@) -

=E, [Inp (z,y|q)] + H (p(x)) + KL (p () ,p (x|y: q))

where H(p(x)) is recognized as the entropy, K L(p1(x), p2(x)) is the Kullbach-
Leibler (KL) divergence | | between the two distributions p; (x) and pa(x).
Then by defining

Ly, (y;q) =E, [Inp(z,y;9) + H (p), (2.227)
we can write the likelihood of y given g as:
Inp(ylg) = £, (y;q) + KL (p(2)p (z]y: q)) . (2.228)

Informally, the KL divergence measures the ”"distance” between two probability
density functions and can be considered a pseudo-metric for probability density
functions, but it is not a true metric due to lack of symmetric. But for any p; and
p2, the KL divergence is non-negative, i.e. KL(p1,p2) > 0 and KL(p1,p2) =0
if and only if p;(x) = p2(x).

Since the KL divergence is non-negative, we can consider £ (y; q) in eq. (2.228)
as a lower bound on the likelihood In p(y‘q). Thus, we can optimize the likeli-
hood by iteratively performing the following two steps. In the first step (E-step),
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Figure 2.11: Illustration of optimization of some hyperparameter 6§ using EM.
The blue curve is the likelihood p(y|q), #°!% (red cross) denotes
the initial value of the hyperparameter. Then by executing the
first E-step, the lower bound Ep(y‘q"ld) (red curve) is obtained.
Next, maximizing L’p(y|q) w.r.t. g and leads to ™" (green
cross). Performing another E-step yields the new and improved
bound L, (y|g"*") (green).

we optimize £ (y;q) w.r.t. p(x) for a fixed g and in the second step (M-step),
we maximize £ (y;q) w.r.t g using p(x) from the E-step. For the E-step, the
non-negativity of the KL divergence implies that £ (y;q) is maximized when
KL (p (x),p (ar;|y,q)) = 0. This is indeed the case, when p(x) = p (:L'|y;q).
The E-step therefore becomes:

prew (iL’) =p (a:’y, qj) (2.229)

That is, when p(x) is equal to the true posterior of & conditioned on q and y.
Since the entropy is independent of the current values of hyperparameters, the
maximization in the M-step is given by:

new

" = argmax Epnew [Inp (2, y; q)] (2.230)
This process is illustrated in figure 2.11. Here, 6 is some hyperparameter to
be optimized and the blue curve is the likelihood p(y|q). Let #°!¢ (red cross)
denote the initial value of the parameter. Then by executing the first E-step,
we obtain the lower bound ,Cp(y|q01d) corresponding to the red curve. Next,
we maximize £,(y|q) w.r.t. g and obtain §"“* (green cross). We now perform

another E-step and obtain ﬁp(y|q”e“’) corresponding to the green curve and so
on. It is seen that the likelihood is increased in each step.

However, the true posterior under the current model is intractable and therefore
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Vila et al. uses the approximate posterior provided by GAMP instead of the
true posterior. That is, in the E-step for learning the hyperparameters of the
prior, the following approximate posterior is used

n

p(x|y, q) = [[p(=ily, q) (2.231)

i=1

When learning the noise variance, the following approximate posterior of z is
used in the E-step:

m

p(zly, @) = [] p(zaly. @) (2.232)

a=1

Both approximate posteriors are readily available after running GAMP.

Furthermore, due to the underlying model, the joint optimization in eq. (2.230)
is difficult to perform. Therefore, we will adopt a coordinate-wise maximization
scheme for the M-step as in | ]. This approach can interpreted as the incre-
mental version of the EM-algorithm | |, in which only one hyperparameter
is update at a time, while the remaining are held fixed. This means that the
EM-updates will be of the form:

)\new

= argm}z\iprnew np(x,y;q)] (2.233)

where A is used as example.

Learning Noise Variance

To carry out the M-step for the noise variance, we take the partial derivative of
the lower bound £;(y|q) w.r.t. o2, First, we use the fact that the joint density
P (:B, y’q) can be decomposed into p (y; x, q) p(x|q):

) 0
2 £ (la) = 25 (& [y (o la)] + H ()
— % (E [Inp (y|z, q) p(=|q)] + H (p))
= %]E np (y|z, q) C1] + %02 (2:234)
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where it is used that both p(z|q) and H(p) are independent on o2 and can
therefore be treated as constants:

O L) = 01%15 mp (y].q)

Zlnp yalw q ]
0

- clz@uz [Inp (ya|z,q)]

_(11

70126 2/ za\ya)lnp(ya}a: q) dz,

Using Leibniz’ rule for derivatives of integrals, the partial derivative operator
can be moved inside the integral:

8
P02 L(y;q) x ClZ/ za|ya lnp (ya’:c q) dzq, (2.235)

where it is also used that p(z,|y,) is independent of o2. Now computing the
partial derivative w.r.t. o2 is straightforward:

ilnp( ‘:1: q):iln 1 exp _M
0o? Yal®, 0o? V2ro2 202

2
1 (ya - za)

202 2 (02 )2

1 (ya_za)2 _i
2\ (@)

Plugging this result back into eq. (2.235) and rearranging yields:

0 1 “ a — %a ’ 1
Foz L (W @) o 012;/p(zalya) <(y(02)2) - 2) dzq

g

:01*72/p(za|ya) (ya*'za)z dzq — *722/ (2a|¥a) dza
2(0?) a=1 =1
11 & . 5 1 & .
= 012(02)QZ/N(ZG|ZQ,TG) (Yo — 2a)” dzq — —QZ/ (24|24, 7) d2a
a=1 =1
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The integrals are now easily evaluated and the resulting expression is equated
to zero:

0 1 1 & 11
@L(Q;Q)“Cli(ﬂ) ;(ya+7 + 22 —2yaza)_C1§7m
11 & 9 11
= O (g = 22> + 7] = 15 —gm =0
ol R TR

and finally, solving for o2 gives the update equation:

1
UI2IGW = — Z |:(ya - 730,)2 + ’T;:|

m
a=1

Learning the Sparsity Rate

We now repeat the above procedure in order to derive an update equation for
learning the sparsity rate \. However, we have to pay special attention since we
have to deal with derivatives of Dirac’s delta functions. As before, it is used that
the joint density p (x,y|q) can be decomposed to p (y|x, g) p(x|q), but now the
first factor, i.e. p(y;x,q), can be treated as a constant since it is independent
of A\. Therefore,

B [lnp (x1]q)]

M=

0
aL(y q) x

i=1

Il
i M:

o
.o /p(xily,q) Inp (z;|q) da; (2.236)

In order to apply the Leibniz’ rule for exchanging the order of the partial deriva-
tive and the integration, it is necessary for both the integrand and its derivative
to be continuous w.r.t. A. But since the prior density p (xl|q) is a mixture of
a Dirac delta component and a Gaussian component, this does not hold. But
in order to justify the application of the rule anyway, the Dirac delta function
can be approximated by the continuous function N (|0, €) for small positive e.
This effectively makes the integrand and its partial derivative continuous w.r.t.
A and hence, the Leibniz rule becomes applicable.

9 " d
oL wia) ;/p(wily,q)wlnp(wilq) (2.237)

To compute the partial derivative w.r.t A, it is necessary to use the same approx-
imation of the Dirac delta function, i.e. p(z;|q) = (1=AN (2|0, €)+AN (z|¢, ).
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This leads to:

0 10
o 0 (wila) dwi = s S 1= NN (210, ) + AN (], 0)]
_ N (@]0,6) + N (x[¢, ¥)
- P(@l9) (2:235)

By taking the limit e — 0, we have N (z|0,€) — §(x). Therefore:

P o (@) F N (@il Y)
_ z; . (2.239)
N (zi|¢,%)
=N+ A=y

By analyzing the equations above, it is seen that:

9 Inp (z:]q) = ¢ '~ (2.240)

Vila et al. now employs a neat trick to handle this situation. By introducing
the closed ball B. = [~¢;¢] and its complement, B, = R\ j,, the domain of
integration in eq. (2.237) can be splitted into B, and B.. Thus,

0 i 0 " 0
ok wia) oc;/}gp(my,q)mlnp(aﬁi!q) +;/Bp(xi|y,q)mlnp(wi|q)
(2.241)

Then using eq. (2.240), taking the limit ¢ — 0 and equating the resulting
expression to 0 yields:

0 1 O 1<
ti gy @)~ 3 [y a)dr+ 33 [ oty a)dn =0

1

1 n
_ l—m)+ <> m = 2.242
17)\ ( 7T7f)+)\i=1ﬂ-1 0 ( )

i=1

Finally, solving for A yields the intuitive update rule:
AT ! i (2.243)
= — T4 .
i

That is, the updated sparsity rate is simply equal to the mean of the posterior
activation probabilities.
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Learning the Mean

Next, the update rule for the mean ¢ of the Gaussian component of the prior is
derived. Starting from eq. (2.236) and applying the same approximation to the
Dirac delta function, we arrive at

0 "9
sl x5 / p(zily, @) np (z:|q) dz;

- 9
= Z/p($i|y7Q)6TChlp (zi|q) da; (2.244)
=1

Using a similar line of arguments as above, we reach:

0 1 0
ac Inp (zi]q) = p(zilq) ¢ [(1 = N)d(ws) + AN (2i]C, )]

1 6
1 i — ¢

" plwile) @

0 €Ty = 0
= (2.245)

wiw—C z#0

Plugging this results into eq. (2.24427 and again splitting the domain of inte-
gration into the two intervals B and B yields:
dxll

lim [Z/ (zily,q Od:cz+Z/ (@ily.a)”
th/ xip(xily, q) dz; — th/ (zily, q) dz; (2.246)
e—0

=13 [l
Equating to zero and solving for ¢ gives:
iy 21_1}5 Jzzip(zily, q) dz;
Z?:l elg% f@ p(zily, q) d;

_ Z?:l i
Z?:1 TG

dxZ

(=
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Now in the update rule for A was: A"V = % >, mi, and therefore we can write

Cnew _

> v (2.247)
1

)\newn .
i=

That is, ¢ is updated using the mean of the active coefficients since the product
An can be interpreted as the effective number of active weights.

Learning the Variance

We now derive an update equation for the last hyperparameter, i.e. the variance
of Gaussian component in the prior. Similar to eq. (2.248), the partial derivative
of L (y;q) w.r.t. ¥ becomes:

n

L) D3 [ oaity.a) g p (wila) d (2.218)
where
D tnp (wia) = ——— -2 (1= N)3(s) + AN (@l )]

, (2.249)

where the partial derivative of N/ (%‘C ,1/1) is obtained using the product rule.
Plugging this result into eq. (2.248) and splitting the domain of integration into
B and B yields:

8 = 1 (z=0)?
O(th/ (zily, q )2 [ 02

dz; —I—th/ (xily, q)0dz;

=1
N 1[@z-¢° 1
=31 a5 | |
i_lsgrg)/IBp(xlyQ)Q[ e 0| 4
1
waE 1m/ (zily,q) (z — ¢ dzy E 1131 p(zily, q) dz;

1 1 n

). iy q) (= - dz——— ;
TD3 timy | plaly.q) (o= 0" da Zw
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Expanding the parenthesis: (z — C)2 = 22 + (? — 22;¢ and carrying out the
integration for each term gives:

11 ¢ 11
%L(y;q) ox= Iﬁ; [ (i + i+ ¢% = 2¢m)] - 5@27” (2.250)

and finally, equating the resulting expression to zero and solving for v:
n

1
s O [ (v i € - 20)
=170 =

- ﬁ ) [m (C—m)"+ w] ; (2.251)
i=1

d)new _

which is the last update equation for the EM scheme.

Initialization of the Hyperparameters

Since the EM-algorithm is only guaranteed to converge to a stationary point,
the initialization of the hyperparameter often have a crucial effect on the per-
formance. In [ |, Vila et al. provide an initialization scheme, which are
claimed to provide good empirical results. They suggest that the initial sparsity
rate AC is set equal to the theoretical phase transition curve for £; minimization
(see Literature Review in sec. 1.2). That is,

A =6 pse(6) (2.252)

We have to multiply by § to convert from p-sparsity to A-sparsity. Furthermore,
if an initial estimate of the signal-to-noise ratio is available SNR?, the variances
of the noise and the variance of the "slap”-component should be initialized as:

2 2
llyll5 wo _ llyll; — mU(z]

(SNR? + 1)m || A% A0

If an estimate of the SNR is not available, they just put SNR? = 100 (not in dB).
Finally, the mean value of the “slap”™-component is simply initialized as ¢ = 0.
The entire EMBGAMP algorithm is summarized in Algorithm 5. Notice, the
complete EMBGAMP algorithm has two layers of nested iterations. The inner
layer is the GAMP-iterations and the outer layer is the EM-iterations.

op = (2.253)

Example: Toy Problem

The EMBGAMP procedure is now illustrated using an example similar to the
one used in the AMP example in section 2.2. Consider a noisy problem with
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Algorithm 5 EMBGAMP algorithm (EMBGAMP)

e Initialize the hyperparameters:

o2 = lyll3
(SNR® + 1)m
X =4 psu(d)
W0 = llyll; — mod
|| AJ[7 A0
=0

e repeat until stopping criteria:
Run BG-AMP and obtain the quantities: &, 7, 2, 7%, v,V
Test for convergence or for maximum number of iterations

If not converged, update hyperparameters:

n
)\new — l 2 :71'1'
n
i=1

n
Cnew_ 1 2 :7T' X
- )\newn ; i

=1

n

Z [7i (¢ — 7i)? + vi

i=1

1 m
O—ﬁew = E Z [(ya - 20.)2 + T;]
a=1

1
)\newn

wnew _
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n = 1000, m = 100, k = 8 and SNR= 20dB. Let the true solution x( be defined
as:

T
1130:[—4 -3 -2 -1 1 2 3 40 0..} eR" (2.254)

The measurements are generated using y = Axg + e, where A,; are L.I.D. as
Agi ~ N (0,1/m) and e, is L1D. as e, ~ N (0,0?), where o is scaled to yield
SNR= 20dB. Figure 2.12(a) shows the estimated coeflicients of & as a function
of the EM iterations, when the EMBGAMP algorithm is applied to the problem.
The dashed lines indicates the true coefficients. The estimated coeflicients are
initialized at 0. It is seen that they converge in approximately 4 EM iterations
to values close to the true values. Figure 2.12(b) shows the evolution of the
hyperparameter A\, which is also seen to converge to a value close to the true
value. The figures 2.12(c)-(e) show similar plots for the remaining hyperparame-
ter, where it is seen that all the estimated hyperparameters converge reasonable
values. Keep in mind that due to & = 8, the algorithm has only 8 samples to
estimate the prior statistics.
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Figure 2.12: Illustration of the EMBGAMP using a toy problem with dimen-
sions: n = 1000, 6 = 0.1, k = 8, SNR= 20dB. It is shown how
the estimated solution and hyperparameter evolve as a function
of EM iterations. The dashed lines indicates true values
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CHAPTER 3

Theory: The Multiple
Measurement Vector
Problem

The aim of this chapter is to extend the BG-AMP algorithm and the accom-
panying Expectation-Maximization scheme to the MMV formulation. In par-
ticular, two different algorithms will be derived: AMP-MMYV and AMP-DCS.
The AMP-MMYV algorithm (section 3.1) extends the BG-AMP algorithm to the
MMV problem using the common sparsity assumption, while the AMP-DCS
algorithm (section 3.2) is designed to handle problems, where the support is
assumed to change slowly over time.

3.1 AMP-MMYV: Assuming Static Support

The BG-AMP algorithm was derived by combining the GAMP algorithm with a
Bernoulli-Gaussian prior distribution. In this section, this algorithm is extended
to the multiple measurement vector problem (MMV) using the common sparsity

assumption (see literature review in chapter 1.2) based on the work of Ziniel et
al. in | ]. The extended algorithm is referred to as AMP-MMYV.
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Consider the consecutive sequence of linear inverse problems at time ¢t = 1,.., 7"
y'= Az + €' for t=1,.,T (3.1)

Assuming that the forward matrix A does not depend on the time index ¢, the
measurement vectors {yt}tT:1 can be concatenated into a measurement matrix
Y € R™*T | the true solution vectors {mt}thl can be concatenated into a so-

lution matrix X € R™ 7T and errors vector {et}z;l are stacked into an error
matrix E € R™*T . Using this notation the MMV problem can be reformulated
as:

Y =AX +E (3.2)

The common sparsity assumption implies that the support of the solutions
{:ct}thl is constant in time. Let s! be an indicator variable for the support
of z! and let 6! be the corresponding coefficient or amplitude. The common
sparsity assumption then implies that:

st=s; Yt € [T (3.3)

Therefore, the i’th entry of the signal ! at time ¢ can be decomposed as:

8 (zh) if s, =0

xi = 510;t <— p(xﬂs,,&f) = ) (34)
d(zt—0!) ifs; =1

where it is noted that the support variables s; do not depend on the time index
t.

It is also reasonable to assume that the coefficients of the estimated solution,
0%, contain some degree of correlation across time. Assuming independence
of correlated measurement vectors have been shown to degrade performance
[ |. Hence, it is of interest to model this temporal correlation structure
as well. However, the degree of correlation is usually not known in advance
and therefore have to be modelled as well. Ziniel et al. implements temporal
correlation using a stationary first-order Gauss-Markov process of the form

0! = (1 —a) (GE_I—C)—FO&U?—FC, (3.5)

where ¢ € R is the mean of the process, w! ~ N (0, p) is the driving process and
a € [0,1] governs the degree of temporal correlation of the process. It is seen
that when « takes the extreme value 1, the process is simply uncorrelated noise
and we have 6! ~ N (¢, p) and in the other extreme, i.e. a = 0, the process is
constant. The relation in eq. (3.5) implies that the conditional density of 6*
conditioned on #*~! is given by

p('10" ) = N ('] (1 =) (61 =) + ¢, a?p) (3.6)
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This shows that the process satisfies the Markov property [ |. The condi-
tional densities are Gaussian for all values of ¢t € [T] and this implies that the
process indeed is a Gaussian process | |. Hence, the name of the process.

Due to the construction of this particular signal model, there exists a non-zero
coefficient 6! for x! even when s; = 0. Consequently, the coefficient 6! should
be interpreted as being the coefficient of z! given s; = 1.

0.5¢ ] 0.5

Amplitude
o
Amplitude
o

-0.5¢ ] -0.5

time t time t

(a) a=10.01 (b) a=0.10

Amplitude

(¢) & =0.90

Figure 3.1: Realizations of the Gauss-Markov process, which models the tem-
poral correlation of the coefficients. Each plot shows 3 instances
generated from a Gauss-Markov process with parameters ( = 0
and p = 0.1. The values of « for the three different plots are

0.01,0.10,0.90, respectively.

Figure 3.1 shows realizations of the Gauss-Markov process for the different values
of a € {0.01,0.10,0.90}. Each of the three subplots shows three instances of the
process for the parameters ( = 0 and p = 0.1. In the left-most plot, o = 0.01
and it is seen that the process is almost constant. The realizations in the center
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plot is for a = 0.10 and a high degree of temporal correlation is observed. On
the contrary, the right-most plot shows 3 realizations for « = 0.9 and here it is
seen that the observed processes almost resembles independent noise.

Similar to the BG-AMP model, let A denote the marginal probability of a vari-
able being active, i.e. A = p(s; = 1). This leads to a marginal prior distribution
on z! given by:

pli) = (1= N)o(x) + IV (5]C, 02) , (3.7)

where o7 = 57=- is the steady-state variance of the coefficients, 0%. The noise is
still assumed to be independent and Gaussian distribution with noise parameter

o2

Let s be a binary vector indicating the locations of support, i.e. s = [31 S

and let @ € R™*T be a matrix containing the signal coefficients, i.e. 6, = 6.
Then the complete joint density is given by:

T
p(X,Y,5,0) = [[ p(y'[a")p(x'|s,0")p(s)p(6°|6" )

T m n n
=11 (H p(yilwt)Hp(l“?Si,9f)p(9ff9§1)) Hp(si)

a=1 i=1

where p(6}(09) = N (0¢[¢, 02) for all i.

Figure 3.2 shows the resulting factor graph for T = 3. But note that for the
sake of visual clarity, the dependencies between two consecutive time steps are
only included for variables s! and 6% for t = 1,2,3, but the remaining variables
do, of course, have similar connections. The factor graph consists of multiple
subgraphs corresponding to each time frame t (red boxes) and a set of nodes
implementing the temporal structure, i.e. the constant support and temporal
correlation of the coefficients.

Notice, the subgraphs inside the blue boxes correspond exactly to the factor
graph for the BG-AMP model from the previous section and the BG-AMP
algorithm expects a prior of the form given in eq. (3.7). The idea is therefore
to use conventional sum-product message passing to propagate messages across
time frames to update the "local priors”, i.e. the factor nodes p(;vﬂ&f, s;) inside
the blue boxes, and then use BG-AMP algorithm handle the message passing
within the blue boxes. This idea of using AMP as a component in a larger
algorithm has earlier been used by Philip Schniter in | |

Because the factor graph in figure 3.2 contains multiple loops, there are many
ways to schedule the messages. Ziniel et al. discusses two different scheduling
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Figure 3.2: Factor graph for MMV model. For the visual sake of clarity, the de-
pendencies between two consecutive time frames are only included
for the s; and 6! variables for z! for ¢ = 1,2,3. The messages
propagated within the blue boxes are handled using the GAMP
framework, while the remaining messages are handled explicitly.
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schemes, which are claimed to provide good empirical convergence properties
[ |. That is, the serial and the parallel scheduling schemes. For both
schemes, the message passing process is divided into the four phases, which are
common for both scheduling schemes. The two schemes then only differ in the
order of execution of those four phases. The phases are given the names: (into),
(within), (out) and (across).

The (into) phase is responsible for setting up the local prior. That is, the
current belief about the support and the coefficients is updated by propagating
the messages from variable nodes s; and 6! Vi into frame ¢. The (within) phase
simply corresponds to running the BG-AMP algorithm using the updated local
prior, i.e. in this phase the estimate of x! is refined using (s,0%,y"). In the
(out) phase, the current estimate of x! is used to update the belief about the
support and the coefficients by propagating messages from node z! to the node
s; and 6! for all i. In the last phase, (across), the current belief is propagated
betweein consecutive frames. That is, messages are sent from 67 to either 61!
or 927 .

In the serial scheduling scheme, the time frames (the big dashed boxes in figure
3.2) are processed in a sequential manner. First, the messages are propagated
into the first frame, i.e. ¢ = 1 by executing the (into)-phase, then the mea-
surements for this time frame are processed in the (within) phase, followed by
the execution of the (out)-phase and finally, the messages propagated to the
consecutive frame, i.e. frame ¢t = 2 in the (across) phase. This sequence is then
repeated until the final frame t = T is reached. This entire sequence is denoted
a forward pass. If the data are available offline, the messages can also be prop-
agated back again. That is, we propagate messages from time frame ¢ = T to
time frame ¢ = T — 1 in the same manner until we reach the first frame again,
ie. t = 1. When we reach frame t = 1 again, we have completed a complete
forward/backward pass. The process can be interpreted as a smoothing process
and it can be repeated until parameters converge or until a maximum number
of iterations is reached. The serial scheme also provide the potential for causal
filtering of MMV signals by only performing the forward pass. This is very
usable in online applications like real-time EEG.

In the parallel scheme, the (into)-phase is executed for all frames ¢t = 1,..,T
simultaneously, then the (within)-phases are executed for all the frames and fol-
lowed by the (out) phases for all the frames. Then the (across)-phases are
executed starting from frame ¢ = 1, and the propagating messages all the way
to frame ¢t = T. After reaching frame t = T, the (across)-phases are now exe-
cuted in the opposite order. That is, starting from frame ¢t = T and ending in
frame ¢ = 1. Once both the forward and backward pass have been completed,
a single iteration of parallel AMP-MMYV has been completed. In this thesis, we
will limit ourselves to consider the serial scheme, since this also enables causal
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filtering of the data.

The following subsections describes how the messages for the four phases are
derived using the sum-product algorithm. We will focus on a single variable !
at time 1 < ¢ < T in the forward direction, i.e. from time ¢ to time ¢ + 1.

The (into) Phase

p(0:T0%)

p(ot[6i™")
Vr £ t: p(x} |07, si) .ﬁ
™ N7t 7

Ber(si| ) N €L T
p(s4)
L g |
Ber(s,-‘)\) Ber(s,;|?§) p(t|0%, ;)

Figure 3.3: The factor sub graph for the (into) phase for the variable z! at
time ¢.

Figure 3.3 shows the corresponding subgraph for the (into)-phase as well as the
functional form and parametrization of the message associated to each edge of
the subgraph. Since messages are propagated along most edges in both direc-
tions, arrows indicate the current direction of a given message for the specific
phase.

Consider the message from variable node s; to factor node p(xf|9f7sz) As
we will see soon, this message corresponds to a Bernoulli density and can be
parametrized by 7, which denotes the probability of s; = 1 under this density.

Applying the standard sum-product rules gives rise to the following message:

/”le'%p(xﬂ@f,sl')(si) = Hp(s)—si (5:) I;Itup(xl' (5:)
=[1=X) A =s)+Asi] [T =F7) (1= 55) + T/ 1]
r

6;',51)4)81
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Note that all "cross terms”, i.e. terms including both s; and (1 — s;), will be
zero since s; € {0,1}. Therefore,

Hempator,on (3 = | (17 ) [Ta=%D | G=s)+ AL | s
r# r#t
x (1=7H(1 - s) + 7ls; (3.8)

Thus, this message is proportional to a Bernoulli density parametrized by ?f
given by:

‘ (1 - )‘) Hr#t( ) +)\Hr7$t ?T

Informally, this probability is updated by combining the belief from prior p(s;)
with the current beliefs from the other time frames. When processing the first
frame, i.e. = 1, we have no knowledge about the subsequent frames and
therefore the parameters are initialized by ¢ = 0.5 for all i € [n] and t € [T].
This implies that 71 = A for all 4.

(3.9)

Next, we consider the message from variable node 6! to factor node p(z |9
This message contains the combined belief about F)f from the previous and the
subsequent time frame:

'uef%p(xflefﬁz)(of) = ,up(ngl)ﬁo; (ef)ﬂp(0?+l)~>0? (95>
=N (G775 RN (05575 %)

< N (01451, (3.10)

- —
where the parameters, ¢! and 1!, are easily obtained using the Gaussian mul-
tiplication rule (see Appendix A.1):

. t t . 1
€= (g*'i‘i) Vs Zz%h% (3.11)

Analogous to support probabilities, when processing the first frame, i.e. t =1,
we have no knowledge of subsequent frames and therefore, we use the following
initialization to avoid any influence from the parameters for the subsequent
frames:

t=0 %l=0co Vien],vtel[T] (3.12)

K2

and for the first frame, i.e. ¢ = 1, we simply use the hyperparameters of the
marginal prior:
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This completes the (into) phase. That is, executing the (into) phase simply
corresponds updating the parameters using eq. (3.9), eq. (3.10), and eq. (3.11).
We will now move on to the (within) phase.

The (within) Phase

This phase simple correspond to running the BG-AMP algorithg (ggorithm 4)
using the hyperparameters obtained from the (into)-phase (7, €1, ¥1),Vi € [n]

and the noise variance 2. However, the BG-AMP algorithm was based on

GAMP1. Here we will utilize the GAMP2 algorithm rather than GAMP1 due
to the significantly increased complexity. Thus, from the BG-AMP algorithm,
we obtain 7! and the corresponding scalar variances 77 (t).

The (out) Phase

N (1L )
@ Ber(8i|?$) p(zﬂﬂltﬂ) N(Iﬂﬁﬂj(t))

Figure 3.4: The factor sub graph for the (out) phase for the variable z! at
time ¢.

After completing the (within) phase, the updated beliefs must be propagated
out of the current time frame. The relevant subgraph is shown in figure 3.4. For
the messages from variable node z! to factor node p(;vﬂ&f, si), the results from
the BG-AMP algorithm is used. That is,

My (zf) = N (2f|71, 7" (y)) (3.13)

tp(at]0F0)

The message from factor node p(acﬂ@f, s;) to variable node s; can now be com-
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ot 0y s 51 = /p<xﬂ9§7Si)u@f—)p(m:’92,5@)(9;&)'U/x5—)p(m3 (}) dat do?
— [S(at = o) A (61 ) N (al]it, 7 (1)t

:/N(9§|?,$)N(sieg\f§,rr(t)) a6,

07,5:)

where the sift property of Dirac’s delta function is used in the last step. Before
the integration over 6! is carried out, the expression is divided into the two cases
s; = 0 and s; = 1, respectively, and then the Gaussian multiplication rule is
applied (see Appendix A.1). This leads to

(1) = N (O], 77 (6)) (1 = s0) + N (0]7 = €, 77 (1) + 01) s
oc (1= 0) (1= ) + Thsi, (3.14)

MP(QCZ ‘92781')—%1'

where T is given by
N (o]t = €t + )
(1) + N (0]t — €L (1) + 9

1=

(3.15)

where we note the similarity to the posterior activation probability derived in
eq. (2.216).

For the message from the factor node p(x |0 ) to variable 0!, the sum-product
rules yields:

(! ,)—>0t Z/é at — 5;0) N (2|7
— (L= N (O] 0) + TN 0

I

(1)) (3.16)

We now notice that the message is improper, i.e. it is not normalizable due to
the first term being constant w.r.t. 6f. As Ziniel et al. point out in | 1,
this is caused by the fact that for s; = 0, ! does not provide any information
about the coefficient 6!.

To avoid this issue Ziniel et al. consider the signal model s; € {0,1} as the
limiting case of the model s; € {¢, 1} for € — 0. Then according to | |, for

'In both papers [ s | in the definition of ~, there seem to be missing a factor,

%, inside the exponential.

(1) [(1=71) (1= s:) + Plsi] daf
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any fixed positive €, the normalized message become:

0 = (1- (7)) N (6ﬂ1f§, ;Tm:)) Q@) N (@

()

(3.17)

Mp(aci 0f,s;)—0!

where the function Q() is defined as:

(3.18)

0 0.2 0.4 0.6 0.8 1
T

Figure 3.5: Plot of Q. () for 3 different values of ¢ € {0.25,0.10,0.01}. It
is seen that as e approaches 0, the function Q.(7w) becomes an
indicator function, I [r = 1].

Figure 3.5 shows a plot of Q(7) for 3 different values of € € {0.25,0.10,0.01}. It
is seen that the function behaves intuitively pleasing, since Q(m) approach an
indicator function with argument = = 1 when € approach 0. That is, Q(7w) —
[[r = 1] for € — 0. Ziniel et al. advocates using a small value for ¢, like e = 10~7

[ |

This message is now normalizable and recognized as a Gaussian mixture with
two components. However, when a Gaussian mixture is propagated along a given
edge, it leads to an exponential growth in the number of mixture components
for subsequent edges, which is of course intractable.

To solve this issue, Ziniel et al. approximates this message using a single Gaus-
sian component?. This is justified by the fact that for e << 1, the function Q(m)

2This is sometimes referred to as a Gaussian sum approximation. | |
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behaves like an indicator function and therefore one of the Gaussian components
are likely to have negligible mass. The approximation is implemented by using
a second order Taylor approximation to message around the point 7 and the
details are described in Appendix C.1. The resulting message then becomes

—y
ﬂp(fﬂf f’f,si)ﬁeg(e’t') =N <9t’ 3 @Z’/t) ) (3.19)

— —
where the parameters, ¢! and 9!, are obtained from the second order approx-
imation.

The (across) Phase

N 9;5+1 §+1~?$+1
oty e T )

t|pt—
P e T '

p(a:ﬂé)f,si)
Figure 3.6: The sub graph for the (across) phase for the variable z! at time ¢.

The final phase, (across), is responsible to implementing the common sparsity
assumption and the temporal correlation of the coefficients. The relevant sub-
graph is shown in figure 3.6, where we only need to determine the message from
the factor node p(#:*" ’9;5) to variable node 0. The remaining messages have
already been computed during the previous phases. The sum-product gives the
message:

oot |on) o0+ (6:7) = /p(gfﬂ|95)“p<ef|9:—1>»05 G P
= [N =) (6 - Q)+ o) N G RO A (01T

where the conditional density p(9§+1|92) is given in eq. (3.6). The integration
is straightforward since all the involved quantities are Gaussian:

(0) = W (670, R ) (3:20

(67) a6;

“p(eg“ o) =0t
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with

i =(1- (g—t ) (gz > +ag (3.21)

Rift=(1-a) <§: >+ a’p (3.22)

This finishes the forward part of the algorithm. Due to the symmetry, the
update equations for a backward pass of the algorithm have exactly the form

%
as in the forward pass, except we update the variables (A W ) instead of

/\ 7, 7 and so on. Hence, we will not spent time derlvmg the backward
part of the algorithm.

Table 3.1 gives an overview over the messages, their parametrization and ini-
tialization, while the algorithm for computing a forward pass is summarized in
Algorithm 63.

Due to the use of the sum-product algorithm, it is possible to obtain estimates of
the support variables s; by computing the posterior distribution of the support
conditioned on the observation, i.e. p(s|Y). This is easily obtained using the
sum-product rules (see table 2.1 in section 2.1):

S

P(3i|Y) 0 (s s, (50) H

(s4)

f,Si)%Si

= Ber(s;|\) HBer(si|?§) (3.23)

Then a MAP estimate of the support s can be extracted from the above distri-
bution with a minimal amount of computation.

We now consider the computational complexity of the AMP-MMYV algorithm.
By analyzing the algorithm, it is immediately seen that for a fixed value of t = ¢,
the phases: (into), (out) and (across) do not scale with m, but they all scale
linearly w.r.t. n. Furthermore, the (within) phase has the same computational
complexity as BG-AMP, which is O(mn). The computational complexity per
time frame therefore becomes O(mn). To complete an entire forward pass, we
have to repeat the above T times. Therefore, the computational complexity
for an entire forward pass then scales as O(mnT) and performing multiple for-
ward /backward iterations do not change that. Although it does change the

3 A more compact description of the algorithm is available in [ |- Notice, the (within)
part is stated slightly different in the paper, due to the fact than their derivation is based on
[ | rather than | |-
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Table 3.1: Messages at time step ¢ including their initialization for all 4 phases.

Phase From To Functional form Initialization
i i B i A
(Into) (i) s er(s ’ )
p(xf]07,s:) s Ber(sﬂ?f) Tr=05
Si p(at|0f,s;)  Ber(si|77)
p(0;10;7Y) 6} N (0|78, )
w00 o N (01571, 51) 120,51 = o
o platlots) N (2l €401
(Within) | BG-AMP
g p(f|0f,s:) N («h|7f, 77 (1))
(Out) p(xt |9§, si) S Ber(s; |?f)
patfot,s) 6! N (o€t
(Across) | p(oF1let) 6 N (B, R
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Algorithm 6 The forward part AMP-MMYV algorithm (AMP-MMYV)
e For fixed values of hyperparameters \, 02, ¢, ¥, p and .

e For each t =1..T, do
(into)-phase. Vi € [n]:

?’? _ )‘Hr;ét ?:
- NL = F) A AL T

= (L D)3 -

wR
(within) phase.
Use hyperparameters: (72, et 1,02).
- Lt @y _ 100
Initialize BG-AMP as #; =0, 7°(t) Z
Obtain (7}, 7"(t)), Vi € [n] using BG-AMP (scalar variances)
(out) phase: For each i € [n]:
- —
N (o]t =€ (1) + 1)
= =
N (0]7E, 77 (1)) +N(0 - €L rr(t) + wf)

Sy
( ey f) = taylor approximation (?ﬁ, 1, ()

.

(across) phase: For each i € [n]

T = (1- <7t

?H»l _ —a i 5
i (1-a)? (ﬁ
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proportionality constant. Therefore, we conclude that the AMP-MMYV algo-
rithm scales linearly in all problem dimensions.

Learning the Hyperparameters using EM

In the AMP-MMYV algorithm described above, the hyperparameters are consid-
ered to be fixed and known in advance. But it is likely that all or some of the
hyperparameter requires tuning. Analogous to the EM-BG-AMP algorithm, we
will now describe a set of Expectation-Maximization (see section 2.4) update
equations for the hyperparameters of the model based on the work in [ .

We will update the same coordinatewise maximization scheme as used for the
BG-AMP model.

Because of the introduction of the hidden variable s! and 6!, we need the pos-
terior distributions p(sf|Y) and p(@ﬂY) to compute the E-steps for the hy-
perparameters for the prior. Fortunately, these are readily obtained using the
sum-product rules (see table 2.1 in section 2.1). The posterior distribution of
the support is given in eq. (3.23), while the posterior for the coefficients are
obtained as follows:

p(ﬁf‘Y) X (9¢|9¢—1)H9? (93) /j'p(gm-l’m)%m (93) K, (93’-’\95757:)%92 (92)
= N (O TLF N (O] RN (0] € ) (3.24)

Similarly, for estimating the correlation parameter a, we will need the joint
posterior p(6%, 0%~ 1{Y). But since the two involved variables share a common
factor node, this distribution is also easily obtained as the product of the factor
function and the incoming messages at the factor node (see table 2.1 in section

2.1):
p (0¥ o (BL1O) sy ooty B0 s ]y ()
—p (B0 N (B A RN (0 D) N (0] L R
(3.25)

where p (0%]6:7") is given by eq. (3.6). Note that all quantities involved in the
computations of the posteriors are already available, and therefore the E-step is
essentially "free” in the context. This really emphasizes the power and flexibility
of the message passing approach.

The derivation of the EM-based update equation follows the same approach
as described for the EM-BG-AMP model. The details are described in the
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Appendix C.2, but here we simply state resulting update equations:

T n
Tnew = % SN e — 2 + 7] (3.26)

t=1 i=1

!

: MIL, !
2 NI 1<1—<ft>+mT "

Aew —

(3.27)

:M—‘

(55 5) (S0 L) o

t2z1

_ t At 2 nt 2 (pt—1 Ht—1 2 2
p=- sz;zle (0)" = 2¢ad" + (1= 0)? (071 + 0171 ) + ¢a
+2¢a(l —a)fi "t —2(1 - a)E (6,6, |Y)] (3.29)
new b= /D2 +4AN(T — 1)c
a 2N(T — 1) (3.30)
where

ZZ( 0i0; ' |Y] - (éf —95_1) - (93‘1 +§§‘1)) (3.31)

t211

S A(CE )—2E oY)+ (0 4 0) 532
= (W 7k

Frte e w (3.33)

-1
0! = (% + é + ;f> (3.34)

where E [959?1 |Y] is obtained from pairwise Gaussian posterior distributions
in eq. (3.25).

For multimodal likelihood functions, the initialization of the hyperparameters
can have a crucial effect on the results obtained using the EM-algorithm. There-
fore, if prior knowledge about the hyperparameter are available, it should be
used. Otherwise, initial estimates can be obtained by extracting simple statistic
from the measurements Y as described in the EM-BG-AMP algorithm.

Ziniel et al. suggests that the correlation parameter o and the variance parame-
ter p are not updated in the same iteration. This is due to the fact that the two
parameter are tightly coupled, since the conditional variance of 6! given 9;5_1 is
given by:

V[610:] = o®p (3.35)



102 Theory: The Multiple Measurement Vector Problem

Therefore, if both « and p has been initialized with too small values, the
EM algorithm will overcompensate by producing too large values for both pa-
rameters and this can lead to oscillatory behaviour | |.  Furthermore,
Ziniel et al. recommend initializing the variance parameters of AMP using:

%
7o(t) =18 . 3" | 4!, which also adopt here.

When the AMP-MMYV algorithm is used in conjunction with the EM update
rules, the resulting algorithm will be denoted EM-AMP-MMYV. This algorithm
proceeds as follows. Based on the initial values of the hyperparameters, a for-
ward /backward pass is completed. After completing the first pass, the approxi-
mate posterior distributions of the random variables s; and 6 are now available.
Using these posterior distributions, the hyperparameters are updated using the
EM-scheme. The sequence of a forward /backward pass followed by the EM up-
dates will be referred to as EM or smoothing iterations. This process is then
repeated until a maximum number of EM iterations are used or until some
stopping criteria are satisfied. For the stopping criteria, we will use:

L S Tstop- (336)

where ||-|| is the Frobenius norm.

Example: Toy Problem

To illustrate how the EM-AMP-MMYV algorithm works, we will now use it to
solve a toy MMV problem of the Y = AX + E. In this example, the problem
size is n = 100, the undersamplingsratio is § = 0.15, the sparsity is p = 0.3 and
the number of measurement vectors is T' = 100. The forward matrix A is L.I.D.
Gaussian, where the columns have been scaled to have unit o-norm. The true
solution X has 5 non-zero rows, i.e. 5 non-zero sources. These 5 sources are
sinusoidal with slightly different frequency. The error matrix FE is also I.I.D.
Gaussian, where the variance has been scaled to yield a signal-to-noise ratio of
SNR= 20dB.

The true sources signal are shown in figure 3.7(a). The figure clearly shows
that the true sources have constant support over time. The forward matrix A
and the measurement matrix Y are then fed to the EM-AMP-MMYV algorithm.
The resulting estimate of the sources is shown in figure (b), where it is seen
that the algorithm correctly estimates the support. Figure (¢) shows how one
of the active sources evolves as a function iterations. The green curve is the
corresponding true source. It is seen that after the first EM iteration, the
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estimated signal is simply 0 for values of T'(black curve), but after 8 EM iteration
the estimated signal has taken the form of a sine wave and after 10 iterations
the estimated signal has converged to its final values.
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(c¢) Evolution of active source

Nlustration of the EM-AMP-MMYV algorithm. The algorithm is
applied to a toy problem with dimension n = 100, undersam-
plingsratio § = 0.15, sparsity p = 0.3, SNR = 20dB, and then
number of measurement vectors are T' = 100. The true solution
X has 5 non-zero sources, which are all sinusoidal with slightly
different frequency.
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3.2 AMP-DCS: Assuming Dynamic Support

The AMP-MMYV algorithm was designed to handle the MMV problem using
the common sparsity assumption. The purpose of this section is to relax this
assumption and extend the algorithm to handle MMV problems with slowly
changing support. We will incorporate the assumed dynamic structure of the
support into the prior of AMP-MMYV model similar to the work of Ziniel et
al. in | |. Ziniel et al. suggested this model for the purpose of dynamic
compressed sensing and therefore the model is referred to as AMP-DCS.

The common sparsity assumption in the AMP-MMYV implies that a given sup-
port variable s; is shared across time for all {xf}tT:l In contrast, we will now
introduce an individual support variable s! for each x! and then assume that
the support for each source signal, i.e. {sﬁ}thl evolve according to a 2-state

discrete Markov chain | |. Except for the assumptions on the support, the
underlying models for AMP-DCS and AMP-MMYV model are identical.

Consider the Markov prior on the support. The support for each row of the
solution is assumed to evolve according to an independent, but identical Markov
chain. A Markov chain is characterized by an initial probability distribution
p(s} = 1) = X and the transitional probabilities:

p— Poo  Po1 (3.37)

Pio P11

where, po1 = p(s! = 1!8?71 = 0) etc. Since P is a stochastic matrix, each
row must sum to 1. We will assume that the Markov chain is operating in
steady-state and therefore the Markov chain can be fully characterized by two
parameters, which we will denote A and p19. The parameter A is the marginal
probability of p(s = 1) = A and the latter is the probability of a transition from
s=1tos=0,ie pyp=p(stt =0|s' = 1). The steady state condition also
implies* po1 = Ap1o/(1 — A). The remaining two diagonal elements pgg and p1q
are determined by the fact that the rows of P sum to 1.

The parameter pig controls how the chain evolves over time. For sufficiently
small values of p1g, the chain exhibits near static support over time. But when
p1o increases, the chain will change state more often and thus support becomes
“more dynamic”. This is illustrated in figure 3.8, which shows two realizations of

1—X

A A

then obtained by solving the eigenvalue problem.

1—A
4The steady-state assumption implies: PT i| = |: :| . The expression for pig is
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Figure 3.8: Realizations of the Markov prior for the support with different
values of p1g = p(st = 0[si™" = 1) for n = 100, A = 0.06,T = 20

the Markov prior for A = 0.06 and for p;g = {0.2,0.02}. In the left-most figure,
it is seen that for the small value of pig, the support is nearly static, whereas
the right-most figure shows that the sources “turn on and off” as a result of the
larger value of pig. Note, that 1/pig is the expected length of a consecutive
sequence of ones.

As for the AMP-MMYV, the noise is assumed to be L.I.D. Gaussian and the
coefficients 6! are assumed to evolve according to the Gauss-Markov process
specified in eq. (3.5). Using these assumptions, the joint density for this model
is given by

T
p(X,Y,S,0) = I_Ip(yt|:1ct)p(act|s7 6" )p(s'|s'""Hp(6'|6"~ 1)
t=1
T m n
:H(H (yt|=") Hp(a:ﬂslef)p(sﬂsf1)p(9”9§1)> (3.38)
t=1 \a=1 i=1

where p(s}|s?) = p(s}) = A. It is seen that this decomposition is similarly to the
corresponding joint density for the AMP-MMYV. Hence, the incorporation of the
dynamic support does only imply small changes in the underlying factor graph,
which is shown in figure 3.9. As before, only the first three time frames are
shown, i.e. t = 1,2,3. Moreover, the dependencies across time for the support
and coefficients variables, i.e. s¢ and 6!, are only shown for the first variable x}
to improve visual clarity. But the remaining variables do, of course, have the
similar dependencies across time.

Due to the similarity of the underlying factor graphs for the AMP-MMYV model
and the AMP-DCS model, the majority of the resulting update equations are
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Figure 3.9: The factor graph for the MMV model with dynamic support. The
corresponding joint density is given in eq. (3.38). The dependen-
cies across time for the hidden variables, i.e. s{ and 6%, are only
shown for the first variable x1 to improve visual clarity. But the
remaining variables have the same dependencies.
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identical. Therefore, in this section we will only describe the update equations,
which are different from the AMP-MMYV algorithm. Completely analogous to
the AMP-MMYV case, the message passing scheme is divided into the four phases.
The phases (into), (out) and (across) have minor differences compared to the
AMP-MMYV case, while the phase (within) is exactly the same as in the AMP-
MMV and is therefore not described here. As before, we consider the case for
some intermediate ¢ and an arbitrary 4 in the forward direction.

The (into) Phase for AMP-DCS

1
p(8;716%)

t—1
p(9;10;7")

(sith]sh) |
' N @R

F
Ber(s!|A!)

p(stlsi™h)
|
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%
Ber(sﬂwﬁ) p(xt|0%, s;)

Figure 3.10: The sub graph for the (into) phase for the variable x! at time t.

Figure 3.10 shows the factor graph for the (into)-phase for the model with
dynamic support. It is seen that each of the support variables s! only are
connected to the time frame one step ahead, i.e. £+ 1 and one step behind, i.e.
t—1. Applying the sum—product rules, the message from variable node s! to

factor node p(x? ’01, s;) gives rise to the following update equation:

7l = A A (3.39)
VRIS NV '

Informally, the belief of s! belng active is simply the combined belief of the
neighbouri § frames. For t =1, A} Nt is initialized as the marginal probability of
s=1,1ie. X} =\ foralli.
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Figure 3.11: The sub graph for the (out) phase for the variable z} at time ¢.

The (out) Phase for AMP-DCS

Figure 3.11 shows the corresponding subgraph for the (out)-phase. It is seen that
the topology of the subgraph is exactly the same as for the AMP-MMYV case.
The only change is that s; changes to sf. Therefore, the message from factor
node p(zt]0!, st) to variable node s! is unchanged. For the message from factor
node p(zt|6%, st) to variable node 0! in the AMP-MMYV case, we introduced a
Taylor approximation due to normalization problems of the true message in eq.
(3.16). Based on empirical evidence Ziniel et al. argue that this approach does
only perform well for values of p1p < 0.025 | ]. To circumvent this, they
suggest a simple threshold approximation of the message in eq. (3.17). Thus,

for p1g > 0.025:

(50 gy | Grid), s (3.40)
(7L, 77 (1)), if 7> 7

and for p1p < 0.025, the second order approximation from AMP-MMYV case is
used.

The (acrosss) Phase for AMP-DCS

As before, this phase is response for implementing the dependencies across time,
which in this case is the Markov chain on the support variables and the Gauss-
Markov process on the coefficients. Figure 3.12 shows the subgraph for the
(across)-phase. The part of the subgraph related to the coefficients is unchanged
compared the to AMP-MMYV case and therefore the update rule for ! is identical
to those of AMP-MMYV. However, the update equation for the probability ?f
does changes, as we will see now. Applying the sum-product rules to the message
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Figure 3.12: The sub graph for the (across) phase for the variable z! at time
t.

from factor node p(si!|st) to variable node st™ yields:

1
Mp(sﬁl\sg)_)s;“(sﬁ ) = ZP(SEH|5§)Ms§_>p(sj+1\s§)(3§)
t

Si

The message from variable node s! to factor node p(s; t+1 |st) is simply the prod-

uct of the two incoming messages at node st and is therefore the product of two

Bernoulli distributions. Substituting this into the above expression results in:
%

ét+1 +1 Zp t+1‘8 [ —?E)(l— )\5)(1—8 )—I—?t)\tsf}

Pop(sttt|st)—st

(3.41)

Computing the sum over s! using the transitional probabilities P and rearrang-
ing gives:

— -
Hp(st+11styst 1 (5711) {Poo(l T = XD +poTiX ﬂ (15

+ {pn?ﬁﬁﬁ +por(1—TH(1 -~ Yf)} st

=(1- Yﬁ“)(l — s+ ?;*155 (3.42)
where
o —
T _ pll? A +p01(1 —TH - XD

%
poo(lfﬂ' )(17)\t)+p107r )\ +p ?tAt+p01(1*?t)(lf)\t)

3 ?
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Using that pgo + po1 = 1 and p1g + p11 = 1, the above reduces to:

— -
N+l por(1=THA = XY +pu Tl X!
’ (1= - X+ XL

This finishes the derivation of the update equations for AMP-DCS method. The
forward part of the algorithm is summarized in Algorithm 7. Due to symmetry,
the update rules for the backward pass have the same form as for the forward

pass, except that we have to update A; Nt instead of A; Nt etc.

Learning the Hyperparameters using EM

The EM algorithm described for the AMP-MMYV algorithm is also extended to
handle the AMP-DCS model. Due to the large similarity of the two models,
most of the update equations for the hyperparameters are identical. The only
difference is a new update expression for A and the update expression for the
transition probability p1g. Here we simply state the update equations, but the
details are given in Appendix C.3. The initialization and convergence consider-
ations etc. described for the AMP-MMYV model also apply to this model.

The new update equation for the sparsity rate A is given by:

n _>1%1 1
AT — l Z A ) ?1
=1

= = = =
(1= XHA-AHa=H+ XAl
and the update equation for the transition probability pio is given by:

neW:Z?:QZ?zlE[S } Zt 2 Die 1E[t lt] 3.44
b0 ZZ:QZi:lE[Si ] 7 340

where the moments in the latter equations are obtained from the posterior of s!
and 5?1 conditioned on Y:

(3.43)

3

p(s 27 Si ‘Y o p(s t|5 )'ng 1osp(st|st™ 1)(32_1)'Msfb;_>p(s§|s§*1)(3§) (3.45)

Example: Toy Problem

The AMP-DCS algorithm is now illustrated using a simple toy problem of the
form Y = AX + E. In this example, the problem size is n = 200, the under-
samplingratio is 6 = 0.1, the sparsity is p = 0.3 and the number of measurement



112 Theory: The Multiple Measurement Vector Problem

Algorithm 7 The forward part AMP-DCS algorithm (AMP-DCS)

e For fixed values of hyperparameters X, pio, 02, ¢, ¥, p, and a.
e For eacht=1..T, do

(into)-phase. Vi € [n]:

. X
(1- X9 - XD+ N X
-t 7: ?2 —t 7t _ 1
gz—(?z"’_ﬁ ww wz_ %4»%

(within) phase.
Use hyperparameters: (?ﬁ, ?f, —>§, 02).
=
Initialize BG-AMP as & =0, 7°(t) =100-» ¢}
i=1
Obtain (7}, 7"(t)), Vi € [n] using BG-AMP (scalar variances)
(out) phase: For each i € [n]:
- —
N (0]t = €Lt + Y
= =
) + N (07 = €L @) + B

—yp
({ Y Z) = taylor approximation (?f, 7L, 7" (t))

1

N (0

(out) phase: For each i € [n]:

N (ol = €8t + W)
N (0]t 7 (8) + A (0
if p1o < 0.025

1

—

_>
gL+ bY)

oy
( IR 2) = taylor approximation (?f, 7L, 7" (t))

else
(%;zg—{

(across) phase: For each i € [n]:

(%f}i, E%Tr(t)) , ifwRi< T
(fi,rr(t)) , if ?ﬁ > T

s <
: L\ [ R®E et
B (g iy £ : A
t Tt
R = (1- a)? (Lg) 4 a?p
it
YH’I _ por (1l — ?i)(l - Yf) +pu TN
1 (L= F)(1- X0+ FIXE
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vectors is T' = 50. The forward matrix A is [.I.D. Gaussian, where the columns
have been scaled to have unit ¢5-norm. The true solution X = S8 is generated
as follows. The support S is sampled from the Markov prior with the hyperpa-
rameters A = dp and p;p = 1/20. This implies that average number of active
sources is A -n = 6. The coefficients @ are sine waves. That is, each row of
corresponding sinusoidal signal with slightly frequency. The resulting solution
matrix X is shown in figure 3.13(a), where it is clearly that the common spar-
sity assumption is violated. The error matrix E is I.I.D. Gaussian, where the
variance has been scaled to yield a signal-to-noise ratio of SNR= 20dB. The
EM-AMP-DCS algorithm is then used to reconstruct X from A and Y.

The estimated solution X is shown in figure 3.13(b), where it is seen that the
AMP-DCS method is capable of estimating sources, which are only active in a
proportion of the signal. By comparing the figure (a) and (b), the estimated
support is very close to the true support. Figure (c) shows the evolution of 200th
source as a function of the number of EM iterations superimposed with the true
source. It is seen that the estimated sources is zero after the first iteration
(black curve), but then it gradually approaches to the true source and after 25
iterations the estimated source is pretty close to the true source. Although it
fails to detect the small negative peak at ¢t = 48.
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Figure 3.13: Illustration of the EM-AMP-DCS algorithm using a toy problem.
The problem is generated using n = 200, = 0.1,p = 0.3,\ =
0p, T =50, =0, =1,T =50,p10 = 1/20,@ = 0.9 and solved
using EM-DCS-AMP. (a) The true sources (b) Estimated sources
(c) Evolution of an arbitrary active source as a function of EM
iterations.



CHAPTER 4

Numerical Experiments

In order to analyze the performance and the properties of the algorithms de-
scribed in chapter 2 and chapter 3, a series of numerical experiments have been
designed and conducted.

This chapter is divided into six subsections. The first three subsections are de-
voted to investigate the algorithms for the single measurement problem (SMV).
Specifically, in section 4.1 a number of small experiments are set up to examine
the properties of the AMPO algorithm. Section 4.2 describes an experiment,
which is used to determine the empirical phase transition curves for AMPO and
EM-BG-AMP for noiseless problems. Section 4.3 considers noisy problems and
compares the EM-BG-AMP algorithm to other reconstruction algorithms.

The last three subsections addresses algorithms for the MMV formulation, where
sections 4.4 and 4.5 consider the AMP-MMYV and AMP-DCS algorithms, respec-
tively. Finally, section 4.6 describes a simulation, which is designed the mimic
the true properties of an EEG inverse problem.

Recall, that for a linear inverse problem of the form y = Az + e, the under-
samplingratio is defined as § = m/n and the sparsity is defined as p = k/m,
where k is the true number of non-zero elements in . We will make extensive
use of these definitions throughout this chapter. All experiments are based on
synthetic data and all simulations are performed in Matlab R2013a 64 bit.



116 Numerical Experiments

4.1 Analysis of the AMP Algorithm

This section is devoted to the explore the properties of the AMP-algorithm,
which was derived in section 2.2.

Performance vs. Problem Size

The AMP algorithm was derived using the large system limit, i.e. n,m — oo for
m/n — 0. It is therefore of particular interest to investigate the performance of
the algorithm as a function of the problem size n. If the method only is able to
recover the solution for extremely large systems, e.g. n > 107, the applicability
to practical problems will be limited. Although, the asymptotic properties are
still of theoretical interest.

The first experiment is therefore designed to investigate the significance of the
problem size n in a noiseless setting. That is, in this experiment the algorithm
AMPO is applied to a series of problems with different size n. To quantify the
performance of the algorithm, we will define the criteria of success in terms the
relative error:

[0 — @[,

||:130||2 < Tsuccesss (41)

where xg is the true solution, & is the estimated solution and Tgyccess 1S a thresh-
old parameter. That is, we say that the specific problem instance has been
successfully solved, if the relative error of estimate solution is smaller than the
threshold Tguccess- This criteria is meaningful, since the experiment is conducted
in a noiseless setting. For the threshold parameter we will use Tyuccess = 1072
as in | | to facilitate comparison.

Define the success variable S, € {0,1} as S, = 1 if and only if the 7’th run
is a success. The average of {S,,}f‘:1 can then be interpreted as the empirical
probability of success.

We will therefore measure the empirical probability of success as a function
of the problem size n. The experiment is conducted as follows. The degree
of sparsity is fixed to p = %. Then for a specific set of values for n and 4,
the forward matrix is generated by sampling the elements A,; from an L.I.D.
Gaussian distribution and then scaling the columns of A to unit 3-norm. The
number of non-zero components in the true solution xg is fixed to the nearest

integer to k = p - J - n and the coefficients of all non-zero elements are fixed



4.1 Analysis of the AMP Algorithm 117

to 1 for simplicity. The measurements for each problem instances y are then
generated using y = Axy.
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Figure 4.1: Performance vs. problem size for AMPO in a noiseless setting. The
problems are generated using Gaussian L.I.D. forward matrices,
where the columns have been scaled to unit £5-norm. The sparsity

is fixed to p = %, and thus the number of non-zero elements in xq

is fixed to nearest integer to k = pdn. The coefficients of all non-
zero elements are chosen to 1. The measurements for each problem
instance are then generated using y = Axg and recovered using

AMPO. The results are averaged over R = 100 runs.

For 4 different values of §, we then sweep over the problem size n in the interval
[100, 2000] with a step size of 100. For each value of n, the AMPO algorithm
is then applied to the resulting problem. The maximum number of allowed
iterations is fixed to 500 with the possibility of early stopping, if

&k —

!l <10°° (4.2)

where k is the iteration number. This process is repeated R = 100 times for
each value of n and 4.

Figure 4.1 shows the estimated probabilities of success as a function of n. As
expected a clear dependency on the problem size n as well as § is seen. For
the highest undersamplingsratio, i.e. & = 0.5, the problem size has to be at
least n = 500 for perfect recovery, while for the lowest undersamplingsratio, i.e.
6 = 0.2, the problem size n has to be larger than 1250. The dependencies on
both n and § are expected since derivation of AMPO is based on approximations,
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whose quality depends on both n and m. Despite this dependency, it is worth
noting that the AMPO algorithm provides perfect recovery at the computational
cost O(mn) for even small/medium scale systems as small as n = 500. This
makes the AMP-framework very applicable to medium and large scale problems
since the approximations are only expected to become better as the problem
size increases.

Performance of AMP vs. MP

Emperical probability of success

Problem size n

Figure 4.2: Performance vs. problem size for AMP0O and MP in a noiseless
setting. The problems are generated using Gaussian I.I.D. forward
matrices, where the columns have been scaled to unit £s5-norm.
The undersamplings rati is fixed to 0.5 and the sparsity is fixed to
p= %, and thus the number of non-zero elements in xq is fixed
to nearest integer to k = pdn. The coefficients of all non-zero
elements are fixed to 1. The measurements is then generated as
y = Az and recovered using AMP0O and MP. The results are
averaged over R = 20 runs.

In the derivation of the AMP-algorithm, a series of approximations were applied
to a set of message passing update equations. In order to gain further insight
into this algorithm, the next experiment is designed to examine the properties
of the last approximation, in which the number of messages was reduced from
2mn to m + n. The message passing (MP) algorithm with 2mn messages is
given in eq. (2.69) and eq. (2.70) and will be referred to as MP (in contrast to
AMP) in the following.

Since the AMP scheme is an approximation to the MP scheme, it is natural
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to expect better performance from the MP scheme, but at the cost of higher
computational complexity. First, we compare to the two schemes using an
experiment similar to the one conducted in the previous section. However, J is
fixed to § = 0.5 and the results are averaged over R = 20 runs.

The result is shown in figure 4.1. It is seen that the MP scheme seems to require
a much larger problem size than AMPO in order to achieve perfect recovery.
Although not conclusive, this result suggests that the approximation of the MP
scheme into the AMP scheme has a positive effect on the sensitivity to the
problem size n. This is perhaps due to the fact that the MP scheme has a much
higher number of parameters to estimated in each iteration compared to the
AMP scheme.
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Figure 4.3: Evolution of the AMP and MP messages sent from the first vari-
able x1 to the factor nodes. The data are generated from a noise-
less problem with parameters n = 2000,6 = 0.5 and p = 1/20.
The coeflicients of the non-zero weights are fixed to 1.

Recall that the messages from variable nodes to factor nodes in the AMP scheme
are independent of the index of the factor nodes, whereas the corresponding mes-
sages in the MP scheme are indeed dependent on the index of the factor nodes.
We will now examine how the messages of two algorithms evolve as a function
of iterations. In particular, we will compare the evolution of the messages sent
from the first variable node, i.e. x; in both AMP and MP. Since the messages
in the MP scheme depends on the factor node index, the average message will
be used. That is, we compare z{M" to = 3" | 2MP = The parameters of the
problem are chosen to § = 0.5, p = 0.05 for n = 2000 such that MP algorithm
actually converges, cf. figure 4.2.

The result is shown in figure 4.3(a)-(b). The values of both messages fluctuates
heavily during the first 25 iterations, after which they both converge to a value



Numerical Experiments

120
3 2
. S
2 &
[} —_
ko &
o =)
o
0 30 1% 10 20 30 40 50
Iteration Iteration
(a) (b)
Figure 4.4: Evolution of relative errors for the AMP and MP schemes. The
data are generated from a noiseless problem with parameters n =
2000,6 = 0.5 and p = 1/20. The coefficients of the non-zero
weights are fixed to 1.
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Figure 4.5: Evolution of threshold parameter ~ for the AMP and MP scheme.

The data are generated from a noiseless problem with parameters
n = 2000, = 0.5 and p = 1/20. The coefficients of the non-zero

weights are fixed to 1.
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close to the true value. Figure 4.3b zooms in on the region of interest for the
last 25 iterations. This figure also depicts the variation within the MP messages
by plotting +2 standard deviations of the messages (black dashed line). Note,
that the values of the AMP messages (blue curve) are actually closer to the true
value (green line) than the MP messages (red curve).

Figure 4.4(a) shows the relative error as a function of iterations for the two meth-
ods. The two curves have very similar shapes and both seem to converge after
approximate 30 iterations. However, figure 4.4(b) shows the logarithm of the
same curves and here it is seen that the MP method actually reaches a plateau,
while the AMP curve decreases steadily. A similar phenomena is observed on
figure 4.5(a)-(b), which shows the evolution of the threshold parameter for the
AMP and MP schemes. In the first 25 iterations, the two curves are almost
inseparable, but after approximately 30 iterations the threshold parameter for
MP reaches a plateau. These observations are consistent with the observations
from figure 4.3(b).

1

o
@

0
206
£
é 0.4t -+ AMP
-=MP
0.2

(o)
n
(=)

10 20 30 40 50 10 20 30 40 50
Iteration Iteration

(a) (b)

o

Figure 4.6: Run time for AMP and MP as a function of iterations. The
data are generated from a noiseless problem with parameters
n = 2000, = 0.5 and p = 1/20. The coefficients of the non-
zero weights are fixed to 1.

Finally, figure 4.6(a) shows the run time in seconds as a function of iterations for
both methods and figure 4.6(b) shows the ratio of the two run times. Of course,
the observed run times are heavily dependent on the specific implementation and
the specific hardware details. Therefore, we are not interested in the absolute
values of the run times, but only the relative values. The left-most figure shows
that the average run time for MP is approximately 80 times higher than the run
time of AMP.

Thus, this little experiment suggests that the approximation, in which the num-
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ber of messages is reduced from 2mn to m+n, does not degrade the performance
of the algorithm significantly. In fact, for this particular type of problem the
recovery performance is increased, while giving a significant reduction in run
time. However, for larger problems the recovery performance of MP is expected
to be equal to or better than AMP, but at the cost of significantly higher com-
putational complexity.

4.2 Phase Transition Curves

In general, the difficulty of a linear inverse problem increases when the number
of samples decrease or when the number of non-zero elements increase. Hence, it
is of great interest to develop methods, which have a good performance in terms
of the sparsity and under-sampling trade-off. As stated earlier (see Literature
review section 1.2), many methods for solving linear inverse problems exhibit
a sharp phase transition, which effectively partitions the (d, p)-plane into an
unsolvable and a solvable region. The boundary between these two regions,
i.e. the phase transition curve, then provides a principled way of comparing
performance in terms of the undersampling sparsity trade-off.

We will now estimate the empirical phase transition curve for AMPO and com-
pare it to EM-BG-AMP, Bayesian Variational Garrote (VG) | |, and FO-
CUSS | ] methods. The minimum ¢» norm estimated is used as the initial
estimate for the FOCUSS method. Although, the methods VG and EM-BG-
AMP are not designed for the noiseless setting, they are included in the com-
parison anyway since they do not require any parameter tuning'. In real life
applications, the measurements are often heavily contaminated with noise, but
it is still interesting to investigate the performance in the noiseless case since it
provides a bound on the achievable performance. That is, if a given problem is
unsolvable in the noiseless setting, we should not hope to be able to solve it in
the noisy setting.

The phase transition curve is estimated using the same approach as described
in [ | and the procedure is as follows. The problem size is fixed to n = 500,
while the sparsity p and the undersamplingsratio § are sampled equidistant in
the interval [0.05,0.95] in steps of 0.05. For each (4, p)-pair, R = 50 problems
are generated and then attempted solved using the method under examination.
Each problem instance is generated using an I.I.LD. Gaussian forward matrix
A of suitable size, where the columns have been scaled to unit /5-norm. The
number of non-zero elements in the true solution xq is set to the nearest integer

IThe original Variational Garrote [ | requires tuning of the sparsity controlling pa-
rameter, but the Bayesian extension used here learns the degree of sparsity from the data.
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to k=6 -p-n and the coefficients of non-zero entries are fixed to 1. Noiseless
measurements are then generated using y = Axg. If the estimated solution of
the r’th problem instance satisfies the criteria in eq. (4.1), we set S,.(,p) = 1.
Otherwise, we set S,.(6,p) = 0. For each (4, p)-pair, we can now define the
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Figure 4.7: Example of how to estimate the phase transition point for a spe-
cific value of 4. The blue points corresponds to the estimated
probabilities of success. A generalized linear model is then fitted
to these points (green curve) and the value of p, for which the
probability is equal to 0.5 is said to be the phase transition point

p*(6).

empirical probability of success as

R
1
r=1
For a specific value of § = ) , we can now consider S (5 ,p) as a function of p, and
then fit a generalized linear model | | of the form:
logit [8(5, p)} =a+bp (4.4)

Then the finite-n phase transition point p*(é) is defined as the value of p, for
which the probability of success is equal to 50%. Using the GLM model, this
point is easily computed as p* (5) = —a/b. Figure 4.7 shows an example of this
for a specific value of . The blue points correspond to the empirical probabilities
and the green curve is the fitted GLM model. The red cross then indicates
the point, p*(d) = 0.38, where the probability is equal to 50% according to
the model. This process is then repeated for all values of § and then p*(J)
corresponds to the empirical phase transition curve.



124 Numerical Experiments

Note, that the choice of problem size, i.e. n = 500, may cause trouble for
the AMPO method for low values of 4. But this is a necessary trade-off, since
these kinds of experiments are indeed computational demanding and very time
consuming?.

The maximum number of allowed iterations for AMP0, EM-BG-AMP, FOCUSS,
and VG Bayes are fixed to 500, 60, 60, 500, respectively, which are well above the
necessary number of iterations for all methods. All with the possibility of early
stopping, if the criteria in eq. (4.2) is satisfied. The actual number of iterations
used and CPU run time are also measured for each (4, p)-pair for each methods.
The results are shown in figures 4.8(a)-(1). The first column shows the estimated
probability of success for each (4, p)-pair superimposed with the estimated phase
transition (dashed black line) and the theoretical phase transition curve for ¢;
minimization (green).

By inspecting the left-most column, it is seen that all methods exhibit a sharp
phase transition. Clearly, the EM-BG-AMP provides the best phase transition
curve. A closer look on the figure (a), reveals that there is some "ripple” in the
“solvable” region for the AMPO method. This may be caused by the fact that
the problem size is only n = 500. In figure (b), it appears that the number of
iterations is approximately constant for sufficiently low values of p, but increases
when p approaches the phase transition point. In the unsolvable region above
the curve, it simply spends the maximum number of iterations. The same
pattern is reflected in figure (c), which shows the CPU run time in seconds. But
note the scale of figure (¢) compared to (f),(i), and (1). AMPO is magnitudes
faster than VG and FOCUSS. Furthermore, it is worth mentioning that even
if the EM-BG-AMP method is running the EM update scheme, it is still much
faster than both FOCUSS and VG. Notice also the remarkable small number of
iterations used for the FOCUSS methods as shown in figure (h).

The four estimated phase transition curves are all shown in figure 4.9 to facilitate
comparison. The estimated phase transition curve for AMPO is close to the
theoretical curve for the #; minimization approach as expected. However, for
6 < 0.1 the curve drops significantly compared to the theoretical curve. This
is a property of the thresholding policy used in the AMPO method. The same
phenomena is seen in | | and is confirmed in | |. Donoho et al.
have developed another thresholding policy, which does not suffer from this
issue | ]. Instead of using 7% or 7* as threshold parameter in the k’th
iteration, they use Ao as threshold parameter, where A is tuning parameter and
o) is an estimate of mean square error of the current estimate *. When X is
optimally tuned, this approach is referred to as Optimally tuned AMP | ].

2For R = 50 and the specific resolution of § and p, we have to solve 19 - 19 - 50 = 18050
inverse problems to estimate the phase transition curve for one of the methods.
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Figure 4.8: Comparison of the methods AMP0O, EM-BG-AMP, FOCUSS and
VG. Data are generated using n = 500, Gaussian [.I.D forward
matrix, and the coefficients of all non-zero weights are fixed to 1.
The values of § and p are both sampled equidistant in the interval
[0.05;0.95]. The results are averaged over R = 50 runs. Left
column: Estimated probability of success. Mid column: Number
of iterations. Right column: Run time in seconds.
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Figure 4.9 also clearly shows that the curve for EM-BG-AMP is well above all
the other curves for all values of ¢ except for the point § = 0.05. Furthermore,
for 6 > 0.7, the EM-BG-AMP method provides perfect reconstruction for all
values of p € [0.05,0.95]. This is quite impressive, but perhaps not so useful in
practice since many problems of interest are located in the opposite corner of
the diagram, i.e. the lower left corner.

.
-8~ AMPO
-6-FOCUSS

0.8 EMBGAMP
e -5-VG BAYES
2 0.6/ |- GAMP2
Theoretical L1

Sparsity p
o
=

0 0.2 0.4 0.6 0.8 1
Undersamplingsratio 8 = m/n

(a)

Figure 4.9: Estimated phase transition curves for the methods AMPO, EM-
BG-AMP, VG Bayes, FOCUSS and GAMP2. The data are gen-
erated using n = 500, Gaussian L.I.LD forward matrix, and the
coeflicients of all non-zero weights are fixed to 1. The values of
0 and p are both sampled equidistant in the interval [0.05;0.95].
The results are averaged over R = 50 runs.

We now consider the run times of the 4 different algorithms. The dominating
operation in the AMP algorithm is forming the matrix-vector products involving
A and AT so AMP scales linearly w.r.t. both m and n, i.e. O(mn). In each
iteration of both VG and FOCUSS, it is necessary to solve a linear system of
equations, which scale as O(mn?). It is therefore expected that AMPO and EM-
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Figure 4.10: The logarithm of the run time for AMPO, EM-BG-AMP, VG
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ure 4.9.
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BG-AMP are faster than the two other methods. This is confirmed by the figure
4.10, which shows the natural logarithm of the CPU run time as function of both
¢ and p for the four methods. The natural logarithm is used because of the large
difference in magnitudes. For almost all values of § and p, the figure shows the
following ordering: AMP0 < EMBGAMP < FOCUSS < VG. Again, CPU run
time is heavily affected by the specific implementation and hardware details and
therefore one should be cautious to draw conclusions. Here we simply note that
the observed run times are consistent with the expected results.

Before we move on to the analyzing the performance of the methods in a noisy
setting, we briefly discuss the GAMP algorithm. Two variants of the GAMP
algorithm, GAMP1 and GAMP2, have been introduced, where GAMP2 is a
simplified version of GAMP1. It was argued that AMPO can be seen as a
special case of GAMP2 with specific choices of the scalar functions gi, and
Jous- Figure 4.9 also shows the estimated phase transition curve for GAMP2,
where the scalar functions have been chosen to match the AMPO algorithm (see
Appendix B.2). As seen on the figure, the phase transition curves for GAMP2
(black curve) and AMPO (red curve) agree nicely for all values of 0.

1r
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-5 GAMP2
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=k/m
o
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o
»

0.2

0 012 014 016 018 1‘
Undersamplingsratio & = m/n
Figure 4.11: Estimated phase transition curves for GAMP1 and GAMP2,
where the scalar function have been chosen as described in Ap-

pendix B.2. The data are generated the same way as described
in 4.9.

Moreover, figure 4.11(a) compares GAMP1 (red curve) and GAMP2 (blue curve)
using these particular scalar functions. The data are generated in the same way
as for the other phase transition curves described above. It is seen that the
two curves are almost identical, but a careful look at the figure reveals that
the red curve is slightly higher than the blue for most values of §. This is also
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formally confirmed using a paired t-test, which yields a p-value of p = 4.27107%.
Therefore, using a significance level of 1%, we reject the null hypothesis that
the difference of the two curves has zero mean. However, as Rangan points out
in [ |, this difference is expected to become insignificant when the problem
size n increases.

Regarding the computational complexity, the dominating operation in both
GAMP1 and GAMP?2 is the matrix-vector products involving A. GAMP1 re-
quires forming four of such products, while GAMP2 only requires two of such
products. Figure 4.12(a) shows the number of iterations used in GAMP1 and
GAMP?2 and figure 4.12(b) shows the CPU run time for the two methods. The
data are generated the same way as described above, except that sparsity is fixed
at p = 0.1. It is seen that the two methods require roughly the same number
of iterations to converge. The peak around § = 0.15 is due to the transition
between the unsolvable and solvable region. For small values of §, the run times
for the two methods are similar, but as § increases the difference in run time
between the two methods become large. Finally, figure (¢) shows the run time
per iteration for the two methods and here it is clearly seen that the proportion-
ality constant for GAMP1 is approximately twice the size of the proportionality
constant of GAMP2. The same tendency is exptected for the problem size n.
This suggests that for problems with relative large §, one should use GAMP2
rather than GAMP1 as expected.

Using the numerical experiments in this section, it has been shown that the
AMP-based methods, AMP0O and EMBGAMP, outperform FOCUSS and VG
both in terms of the phase transition curve and run time.

4.3 Noisy Problems

The purpose of this section is to examine the performance of the AMP meth-
ods, when the measurements are contaminated with noise. Both the AMPA
algorithm and EM-BG-AMP algorithm are designed to handle noisy problems.
However, the AMPA algorithm requires manually tuning of the regularization
parameter A\, while the EMBG-AMP method automatically tunes the hyperpa-
rameter using an Expectation-Maximization scheme. In addition, the experi-
ments in the noiseless case showed that the phase transition curve for EM-BG-
AMP is superior to that of AMPO. Therefore, we will focus on the EM-BG-AMP
method in this section.

Vila et al. have published a Matlab toolbox implementing the algorithm EM-
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BG-AMP?, which is based on the GAMP Matlab toolbox by Sundeep Rangan®.
This implementation is used for all simulations involving the EM-BG-AMP
methods.

In the noisy case, exact recovery is unlikely and therefore we cannot expect the
coefficients of the estimated solution to converge to the true solution. Instead of
labelling each run as successful or unsuccessfull as in the previous experiments,
we will quantify the performance of an algorithm in terms of the Normalized
Mean Square Error (NMSE) and the so-called F-measure from Information Re-

trieval [ |. The NMSE measure is given by
"
Nuse = 1z = 2l (4.5)
[|zoll5

The F-measure, also known as the Fj-score, corresponds to the harmonic mean
of the precision and recall:
precision - recall

Fr=2 4.
precision + recall’ (4.6)

where precision is the fraction of true non-zero elements detected by the algo-
rithm and recall is the fraction of true zero-elements detected by the algorithm.
The F-measure will be used to quantify a given algorithms ability to estimate the
correct location of the non-zero entries, i.e. the support of the solution. Note,
F =1 if and only if the support of the entire solution is correctly detected.

For the EM-BG-AMP method, we can estimate the support using the posterior
probabilities of the support variables. That is, we will use the following MAP
estimate:

Vi€ [n]: § =arg maxp(sl-|Y) (4.7

Sensitivity of Hyperparameters of BG-AMP

The BG-AMP method has four hyperparameters, where three of them governs
the prior distribution on the entries in the solution @ and the fourth is the
noise variance. This aim of this experiment is to investigate how the specific
value of a given hyperparameter influence the performance of the algorithm.
That is, how sensitive is the algorithm to the specific values of the individual
hyperparameters. It should be stressed that the EM update scheme is not used
in this experiment.

3 http://www2.ece.ohio-state.edu/"vilaj/EMGMAMP/EMGMAMP . html
4http://gampmatlab.wikia.com/wiki/Generalized_Approximate_Message_Passing
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In the BG-AMP algorithm, the prior distribution on each of the elements x; is
assumed to have the form:

plailg) = (1— X)6(x;) + AN (z;

o) (4.8)

For this experiment the problem size is fixed to n = 500, undersamplingsratio
0 = i and the sparsity is fixed to %. Then R = 100 problem instances are
generated as y = Axy + e. The true solutions x( are sampled from the prior
in eq. (4.8) with parameters A = dp = 1—16, ¢ =0 and vp = 1. The forward
matrices A are I.I.D. Gaussian, where the columns have been scaled to unit £-
norm. The noise vectors e are generated from an multivariate isotropic Gaussian

distribution N (0,107%L,,).

We will now investigate the influence of the sparsity parameter A\. To do this,
we fix the other hyperparameter, i.e. ¢, and o2, to the their respective true
values and then sweep over X in the range 10710 to 1. Figure 4.13(a)-(b) show
the NMSE and F-measure as a function of A\. The green vertical line indicates
the true value of the hyperparameter. The thin dashed blue line show the result
for one problem instance, while the solid blue line shows the result averaged
over all R = 100 problem instances. Figures (c)-(d) show the same plots for the
noise variance o2. Figure 4.14(a)-(b) show the same plots for the mean of the
"slap” component ¢ and finally figure 4.14(c)-(d) show the same plots for the
variance of the “slap” component 1. Note the different type of axis for each of
the hyperparameter.

From the figures, it is clear that the optimal performance, both in terms of
NMSE and F-measure, is obtained when the values of the hyperparameters are
equal to their true values as expected. For the three hyperparameters related to
the prior, i.e. A\, and 1, there is a relative large range of values, which results
in optimal or near optimal performance. For instance, the BG-AMP method
yields an F-measure close to 1, as long as A is in the range [10_77 0.5]. At this
point, it is important to emphasize that the other hyperparameters are fixed to
their true values. But these plots still suggest that the algorithm is not that
sensitive to the values of the hyperparameters of the prior. However, this is not
as clear for the noise variance. The figures (¢) and (d) show that the algorithm
is a bit more sensitive to the value of the noise variance 02 than the remaining
hyperparameters.

Figure 4.14(a) and (b) show that the performance of the algorithm is heavy
fluctuating when ( is far away from the true value. This is likely to be caused
by numerical issues since the value of a Gaussian probability density function
is extremely small when evaluated more than 5 standard deviations away from
its mean. Figure 4.14(c) and (d) suggest that the exact value of the variance
of the "slap” component is not important as long as the "slap” density is broad
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Figure 4.13: Sensitivity of A and ¢2. The data is generated using n = 500,
§=1,p=1.A=5,(=0,9%=1and 0? =107%. (a)-(b) show
NMSE and F as a function of A, while the remaining parameters
are fixed at the true values. The solid blue line is the average
value over 100 runs, whereas the dashed line correspond to one
instance and the dashed green line indicates the true value. (c)-
(d) show similar plots for 2.
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Figure 4.14: Sensitivity of ¢ and . The data is generated using n = 500,
6= %, p= %, A= %, (=0,9=1and 0? =1073. (a)-(b) show
NMSE and F as a function of ¢, while the remaining parameters
are fixed at the true values. The solid blue line is the average
value over 100 runs, whereas the dashed line correspond to one
instance and the dashed green line indicates the true value. (c)-
(d) show similar plots for 1.
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enough to cover the range of coefficients. Furthermore, it is also expected that
as the value of 9 increases, the sensitivity to ¢ decreases.
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Learning the Hyperparameters using EM

We will now consider the process of learning the hyperparameters using the EM
update scheme. In particular, since the EM algorithm is only guaranteed to
converge to a local maxima (or saddle point), we will investigate the algorithms
sensitivity to the initial values. In order to do this, an experiment is set up
with the same parameters as above, but now some of the hyperparameters are
initialized to "wrong” values and then updated using the EM updates rules using
the EM-BG-AMP algorithm.
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Figure 4.15:
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(b) (c)
Learning of the sparsity rate A and the noise variance 2. The
data set is generated from a model with the following parameters:
n=2000,0=1%p=% A=15,(=0,9=1and o =103
Except for A and o2, the algorithm is provided with perfect prior
knowledge. (a) shows the true values and the 4 initial points
(b) shows the trajectories of A\¥ for each of the initial points (c)

shows a similar figure for o2(k).
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The mean and variance of the ”slap” component are initialized to the true val-
ues, while we consider different initializations for the pair (A,02). The four
different points initializations (P1-P4) along with the true values (green cross)
are shown in figure 4.15(a). The trajectory of the sparsity parameter A is shown
as a function of EM iterations in figure (b) and figure (c) show a similar plot
for the noise variance o2. Each color corresponds to a different point of initial-
ization and the green lines mark the true values. Observe that only the two
initializations starting from point P3 and point P4 do actually converge.

Consider first the initialization at point P1 (red), where both the sparsity pa-
rameter and the noise variance are too high. The EM-algorithm converges to
a solution where A has a relatively large value and the noise variance has a
very small value as shown in figure (b). This can be interpreted as a case of
overfitting, since most of the resulting coefficients are active, i.e. &; # 0.

The opposite situation happens when the algorithm is initialized at point P2
(blue). Here the sparsity parameter is too low and the noise variance is too
high. As seen on figure (b) the sparsity parameter drops quickly during the first
iterations and never "returns”, while the noise variance converges at a relatively
large value. This configuration correspond to a local maxima, where all coeffi-
cients are inactive, i.e. #; = 0, Vi € [n], and the noise variance explains all the
variation in the data.

Finally, we see that when the algorithm is initialized at point P3 and P4, the
estimated values of the hyperparameters converges to the true values. It is
remarkable that the trajectories for the noise variance are identical for most of
the iterations even if the initial values are very different.

Figure 4.15(b)-(c) show the trajectories of the two hyperparameters A\ and o?
vs. number of EM iterations for the 4 different initial points shown in figure
4.15a. It is seen that the blue curve and the red curve seem to converge to
poor local maximas. The initial point for the blue curve corresponds to very
low sparsity rate and large noise variance and it converges to a solution, where
all the variation in the data is explained by the noise. Next, we see that the
red curve converges to a solution with a high sparsity rate and very low noise
variance, which suggests overfitting. But the trajectories for the black and
purple curves converge nicely to the true solution.

The fact that different initializations converge to the exact same point suggests
that there is bassin of attraction in the (), 02)-space, in which the solutions con-
verge to the same points. In order to investigate this further, a new experiment
is set up. The space (), 0?) is sampled on a regular grid with 15 points along
each dimension. For every grid point R = 10 problems are generated and solved
using EM-BG-AMP, where A and o2 is initialized according to the current grid
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Figure 4.16: Euclidean distance in R? between the estimated parameters \, 62
and corresponding true values. Same conditions as above, but
averaged over R = 10 runs. (a) (,v are fixed at true (b) Initial
values for ¢° = 0.5,4° = 10 and updated using EM

point. The mean and variance of the "slap” component is still initialized to the
true values. As a measure of performance, we will use the euclidean distance
between the estimated hyperparameters (5\,02) and the true hyperparameters
(X, 02). The result is shown in figure 4.16(a). The entire experiment is repeated
one more time, except now we initialize ({,%) as ¢ = 0.5 and ¢ = 10, both of
which are ”incorrect” values.

As expected, both figure (a) and (b) show a large bassin of attraction, where
the estimated hyperparameters are close to the true values. Additionally, figure
(b) verifies that initialization of ({,) is not crucial for the result. At least not
when the initial value of v is large.

Performance of EM-BG-AMP vs. LASSO vs. VG

This subsection describes an experiment, whose purpose is to compare the per-
formance of EM-BG-AMP to other methods. In particular, we will compare
EM-BG-AMP to the LASSO | | and the Variational Garrote | ]. The
LASSO is widely known and used as reference for many experiments and is
therefore relevant in a comparison. The Variational Garrote is a new promising
method, which have been shown to outperform the LASSO on multiple occasions

, |. For the LASSO, we will use the Least Angle Regression-variant
(LARS) | |, which is implemented by Karl Sjostrans in the Matlab tool-
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box | |. The LARS algorithm computes the entire regularization path of
LASSO in an efficient manner. For the Variational Garrote (VG), we will use
the implementation in the FieldTrip Matlab toolbox | |. In order to
tune the regularization parameter v for VG, 15% of the samples are used for
hold-out cross validation® | ]. For EM-BG-AMP, the maximum number
of EM iterations is fixed to 60, while the maximum number of AMP iterations
is fixed to 25.

The experiment is conducted as follows. The data are generated from a model
of the form y = Axy + e. The problem size is again fixed to n = 500 and the
forward matrix is I.I.LD Gaussian, where the columns have been scaled to unit
lo-norm. The true solutions xg are generated such that they have k = p-m (or
closest integer) non-zero entries®, and the coefficients of the non-zero entries are
sampled from a zero-mean Gaussian distribution with unit variance. The noise is
sampled from an isotropic multivariate Gaussian distribution, e ~ N (O7 O'QIm).
The noise variance o2 is scaled to fit a desired signal-to-noise ratio (SNR) using:

A\ [Awo]

SNRdB =10 10g10 W

(4.9)

The undersamplingsratio 0 is sampled 30 times with equal spacing in the inter-
val [0.025, 0.5], the sparsity p is chosen to be p € {0.10,0.15,0.20} and the SNR
is chosen to SNR € {10dB, 15dB,20dB}. For each combination of (4, p, SNR),
we generate R = 100 problem instances and solve them using EM-BG-AMP,
LASSO and VG. The hyperparameters of EM-BG-AMP are initialized as de-
scribed in Algorithm 5.

The results are shown in figure 4.17(a)-(f). The red curves correspond to EM-
BG-AMP, the green curves are VG and the blue curves are LASSO. The markers
on each line indicate the current sparsity, i.e. a cross is p = 0.10, a circle is p =
0.15 and a square is p = 0.20. In each of the six figures and for all three methods,
it is seen that the performance improves when the sparsity parameter p decreases
and when the signal-to-noise ratio increases as expected. Furthermore, we also
see that in all six figures EM-BG-AMP outperforms VG and VG outperforms
the LASSO. Inspecting figure (b), it is seen that for § > 0.2, the F-measure for
both VG and EM-BG-AMP are approximate 0.9 for all three degrees of sparsity.
This implies that both methods recovers most of the correct non-zero entries
in &y. But by inspecting the range where § < 0.2, it is seen that the degree
of sparsity has huge impact on the performance of VG, while it has much less

5Here we tune the regularization parameter v using cross validation rather than learning
it from the data, since personal experience has shown that the cross validation is more robust
to noise.

6Ideally, the number of non-zero components should be sampled from a Binomial prior
distribution with parameter A = pd, but for small values of § this approach results in many
realization of g, where all entries are inactive.



140 Numerical Experiments

— EMGMAMP
—VG
—LASSO

NMSE dB
F-measure

-30

005 01 015 02 025 03 035 04 045 “005 01 045 02 025 03 035 04 045
Undersamplingsratio & Undersamplingsratio &

(a) NMSE for SNR = 20dB (b) F-measure for SNR = 20dB

NMSE dB
F-measure

-25 0.1

005 01 045 02 025 03 035 04 045 005 01 015 02 025 03 035 04 045
Undersamplingsratio Undersamplingsratio &

(¢) NMSE for SNR = 15dB (d) F-measure for SNR = 15dB

NMSE dB
F-measure

18005 04 015 02 025 03 035 04 045 0 015 02 025 03 035 04 045
Undersamplingsratio & Undersamplingsratio &

(e) NMSE for SNR = 10dB (f) F-measure for SNR = 10dB

Figure 4.17: Comparison of EM-BG-AMP, LASSO and VG for different un-
dersamplingsratios, sparsity levels and signal to noise ratios.
Data are generated using a [.I.D. Gaussian forward matrix A,
the solutions x( are generated such that they have k =p-9-n
non-zero entries and the coefficients of the non-zero elements are
samples from a N (0,1) distribution. The results are averaged
over R = 100 runs.
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Figure 4.18: Comparison of run times for the EM-BG-AMP, LASSO and VG.
The details of the experiment are the same as for figure 4.17

effect on the performance of EM-BG-AMP. The is an important detail, since
the performance on problem with a very high degree over undersampling, i.e.
very small §, is crucial for applications like EEG imaging.

The CPU run times for this experiment is shown in figures 4.18(a)-(b) for SNR=
10dB and SNR= 20dB. The plot shows the logarithm of the run times measured
in seconds. It is seen that for small values of §, the LARS-algorithm is by far
the fastest method, although it performance poorly in terms of NMSE and F-
measure. It also appears that for small values of §, the EM-BG-AMP method
is the slowest of three methods, but it clearly has the best scaling in terms of 4.
For § > 0.2 EM-BG-AMP outperfroms VG in terms of run time. Also note that
the degree of sparsity p has greater influence on the run time for EM-BG-AMP
than for the two other algorithm.

The prior distribution on @ in VG and EM-BG-AMP are very similar. Recall,
that each entry of the solution z; can be decomposed into a support variable
s; € {0,1} and a coefficient variable 6; € R, where x; = s; - ;. The VG model
assumes a Bernoulli prior distribution on each s; and an improper constant dis-
tribution on each coefficient 8;. The Bernoulli distribution is parametrized using
a common regularization parameter ~, which is tuned using hold-out cross val-
idation. The posterior distribution p(x|y) is then obtained using a mean-field
variational approximation. The EM-BG-AMP model also imposes a Bernoulli
distribution on each s;, while a Gaussian distribution is imposed on the coef-
ficients 6;. But here the desired posterior p(zx|y) is obtained using the GAMP
approximation and the hyperparameters are estimated from the data using EM
scheme. Given the similarities of the two models, it is interesting to speculate
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what actual causes the difference in performance.

First, the effective number of measurements available for VG is m = 0.85m,
since 15% of the samples are used for cross validation. This implies that

Fom _08m G ess (4.10)
n n
k k 1

p= = —— _pr117p (4.11)

m  0.8om  0.85

We can interpret this as the effective undersamplingsratio is decreased, while the
effective sparsity parameter is increased and thus making the underlying inverse
problem more difficult to solve (see the estimated phase transition curves in
section 4.2). Second, the VG model assumes an uninformative (improper) con-
stant distribution on the coefficients, while the EM-BG-AMP models assumes
a Gaussian distribution on the coefficients. From a philosophical and theoreti-
cal point of view, the uninformative constant distribution is appealing since no
prior information on the coefficients is available, but perhaps the Gaussian dis-
tribution in the EM-BG-AMP model also has a regularization effect as in Ridge
regression | ]. Third, two different types of approximations are used in
order to obtain the desired posterior distribution. It might be that the AMP ap-
proximation has better inherent properties than the mean-field approximation
used in the VG method for this particular type of problem.

4.4 Multiple Measurement Vector Problems with
Static Support

The goal of this section is to examine the properties of the AMP-MMYV al-
gorithm. Justin ziniel et al. | | have implemented the EM-AMP-MMV

model in a Matlab toolbox”, which we will utilize for all experiments involving
the AMP-MMYV model.

Three different experiments are carried out using the EM-AMP-MMYV model.
The first experiment simply illustrates the effect of having multiple measurement
vectors available, while the second experiment investigates the influence of the
number of EM iterations for EM-AMP-MMYV. Finally, in the third experiment
the performance of EM-AMP-MMYV is compared to TM-SBL | |, M-SBL
[ ] and M-FOCUSS | | in a systematic fashion.

All three methods (TM-SBL, M-SBL, M-FOCUSS) are available in the Matlab

"http://www2.ece.ohio-state.edu/ zinielj/mmv/
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toolbox implemented by Zhilin Zhang®. To facilitate comparison, the TM-SBL,
M-SBL and M-FOCUSS are configured the same way as in | |. For the
TM-SBL methods, the noise parameter is configured according to the current
SNR:

small if 22dB < SNR
noise = mild if 6dB < SNR < 22dB
large if SNR < 6dB

For the M-SBL method, the regularization parameter is estimated from the data
and the initial choice of the regularization parameter is fixed to A = 1073. The
pruning threshold is set to 1072, the convergence tolerance is set to 10~% and the
maximum allowed number of iterations is 2000. For the M-FOCUSS method,
we simplify fix the regularization parameter to the true noise variance, which is
an optimal or near optimal value. This configuration is identical to the config-
uration used in | ] and is used throughout all the following experiments.

For the AMP-MMYV method, we can use the posterior probabilities of s; = 1,
to make a MAP estimate of the support, i.e.

Vi € [n] : § = argmaxp(s;|Y) (4.12)
Si

But such posterior quantities are not available for the other three methods.
Instead, we will use a rather optimistic estimate of the support. Let k& denote
the number of non-zero rows in the true solution matrix X. We will then
compute the fo-norm of each row of the estimated solution matrix X and use
the location of k rows with the largest ¢5-norms as the support estimate. In
practice, the true value of k is unknown, so this estimate is indeed optimistic.
However, this type of estimate is used in | ) | and therefore it is also
adopted here to facilitate comparison.

In the following experiments, we consider the noisy MMV problem of the form:

Y =AX +E (4.13)

where X = [ml 2 ... mT} is the true solution. To quantify the perfor-

mance of the algorithms, the NMSE measure is extended to the Time Normal-
ized Mean Square Error (TNMSE), which is given by:

1 - [t — &[5
TNMSE = fzi

2 (4.14)
= =l

8http://dsp.ucsd.edu/"zhilin/TMSBL.html
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where x! are the true solutions and #* are the estimated solutions. To quantify
the support recovery capabilities of the algorithms, the F-measure will still be
used, but now the precision and recall are computed for the entire matrix X

instead of the vectors &?.

The Effect of Multiple Measurement Vectors

The first experiment is designed to illustrate the benefit of having multiple
measurement vectors available. The experiment is conducted as follows. The
problem size is fixed to n = 1000 and the sparsity is fixed to p = 0.3. The
undersamplingsratio ¢ is then sampled 10 times in the interval [0.01,0.15] with
equal spacing. Then using an I.I.D. Gaussian forward matrix A, where the
columns have been scaled to unit />-norm, we generate measurements using

y'= Az’ + €' (4.15)
where the true solutions x! are sampled from the prior of AMP-MMYV model
with the following hyperparameters

(=0 , =1, a=09, A=p§ o2=1 (4.16)

c

Recall that the prior model of AMP-MMYV is:

p(si=1)=A
p(0;) =N (0]¢, 07)
with the temporal evolution of the coefficients
0'=(1—a) (0" =) +aw' +¢

where the variance of the driving noise wt ~ N (0, p) is determined by relation
= 5-2-. The noise variance o2 is scaled such that the signal to noise ratio for
each time frame is SNR = 20dB. Then for each value of T in T € {1,2,4,8},
we generate R = 100 problems . When 7' = 1, the BG-AMP method is used

and for T > 1, the AMP-MMYV method is used.

Both methods are given perfect prior information. The number of AMP iter-
ations is fixed to 25 and the number of EM iterations is fixed to 15 for both
methods. Figure 4.19 shows a plot of TNMSE and F-measure as a function
of undersamplingsratio ¢ and figure 4.20 shows the same, but as a function of
the signal-to-noise ratio. In the latter case the undersamplingsratio is fixed to
0=0.2.

Inspecting the figures clearly reveals that for a fixed value of § or SNR, the re-
covery performance increases when more measurement vectors are available. For
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Figure 4.19: Performance measures, TMNSE and F-measure, as a function
of undersamplingsratio ¢ for data sampled from the model:
n = 1000, p = 0.3 and o2 is scaled s.t. the SNR for each times-
lice is approximately 20dB. The true parameters for the prior
model is ( = 0,9 =1 and @« = 0.9. or T' = 1, the EM-BG-AMP
routine is used and for 7' > 1 the AMP-MMYV routine is used.
Both methods have perfect prior information. For both meth-
ods, a maximum of 15 EM iterations and 25 AMP iterations are
allowed. The results are averaged over R = 100 runs.
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Figure 4.20: Performance measures, TMNSE and F-measure, as a function of
SNR for data sampled from the model: n = 1000, p = 0.3 and
6 = 0.2. The true parameters for the prior model is { = 0,1 =1
and « = 0.9. or T = 1, the EM-BG-AMP routine is used and
for T > 1 the AMP-MMYV routine is used. Both methods have
perfect prior information. For both methods, a maximum of 15
EM iterations and 25 AMP iterations are allowed. The results
are averaged over R = 100 runs.

instance, figure 4.19(b) shows that for 6 = 0.06, the F-measure is approximately
0.5 for T' =1, but for T" = 8 the F-measure is almost 1. A similar phenomena
is observed for the TNMSE on figure (a). Consider now figure 4.20(a). Here it
is seen that for T = 1, we need a signal-to-noise ratio of approximately 20dB
to obtain an F-measure of approximately 0.8, while for 7' = 8, we can settle for
SNR~ 3dB to achieve the same F-measure.

This simple experiment illustrates that problems, that are impossible to solve
in the case T' = 1 due to a high degree of undersampling, become solvable as
T increases. Informally, as T grows we can use more and more information to
estimate the support of the solution and thus the problems become easier to
solve.

Number of Smoothing Iterations

The next experiment is set up to investigate the effect of the number of EM iter-
ations in the EM-AMP-MMYV model. In this experiment the data are generated
using the same procedure as described for the previous experiment. The param-
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eters of the experiment are also the same except, here ¢ is in range [0.02,0.4]
and the number of measurement vectors is fixed to T' = 4. For each value of
6, we generate R = 100 problems and solve them using EM-AMP-MMYV with
a different number of EM iterations. The hyperparameters are initialized as
follows:

A=psp(0)-6, (=0, o>=1502=05a=0.5, (4.17)

where psg(0) is the theoretical phase transition curve for ¢; minimization (see
literature review 1.2). In order to have a frame of reference, the result for the
M-SBL method is also included in the graph. The results are shown in figure
4.21.
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Figure 4.21: The effect of the number of smoothing iterations with MSBL as
reference. The data are generated using the following parameters:
n = 1000, p = 0.3, SNR = 20dB, zeta =0, ¢y =1, « = 0.9. The
results are averaged over R = 100 runs.
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It is clearly seen that 4 EM iterations is far from sufficient for the estimated
hyperparameters to converge to reasonable values. On the other hand, no im-
provement is achieved when the number of EM iterations is increased from 16 to
24. Therefore, in the following experiments, we will set the maximum number
of allowed EM iteration to at least 15.

Performance vs. Other Algorithms

In this experiment, the EM-AMP-MMYV algorithm is compared to the MSBL,
TM-SBL and M-FOCUSS algorithms in a systematic fashion. The performance
will be measured using TNMSE and F-measure as a function of undersam-
plingsratio §, sparsity p, signal-to-noise ratio SNR and number of measurement
vectors 1.

In all simulations, the data are generated using an I.I.D. Gaussian forward
matrix, where the columns have been scaled to unit ¢s-norm and n = 1000,
T =4,6 =0.2, and p = 0.3. This is the base set up for all the experiments
is this subsection. If not specified otherwise, these parameters are used in all
the simulations. For each ¢t = 1,..,T, the noise variance is scaled to provide
a fixed SNR of 20dB. The true solutions X are sampled from the prior of the
AMP-MMYV model with the following hyperparameters:

A=ps, (=0 o>=1 a=01 (4.18)

The EM-AMP-MMYV algorithm is configured to use 25 AMP-iterations, 15
EM /smoothing iterations and with the following initialization of the param-
eters:

M0) = pse(8) -6, ¢(0)=0, ¢%(0)=15 02(0)=05 «a0)=0.9 (4.19)

The reasoning behind this particular choice of initial values are as follows. The
initial estimate should be reasonable such that the EM-scheme has a change to
converge to a decent maxima, but the initial estimates should not be too close to
the true values, since that would give the EM-AMP-MMYV algorithm an unfair
“edge” compared to the other algorithms. All results are averaged over R = 100
runs.

The figures 4.22(a)-(c) show the TNMSE, F-measure and CPU run times for
the four methods as a function of the undersamplingsratio ¢, respectively. As
expected, the performance of all four methods degrade as the problem becomes
more and more undersampled. Figure (a) and (b) show that the M-FOCUSS
method has the highest error and lowest F-measure for most values of 6.



4.4 Multiple Measurement Vector Problems with Static Support 149

_5(
1
\ — EM-AMP-MMV|
~10 TMSBL 0.9
— —MSBL
@ Los
hoA MFOCUSS 7]
& 5
% E|0.7
w
= 0.6}
0.5
25— 04—
0.05 0.1 0.15 0.2 025 0.3 0.35 0.05 0.1 0.15 0.2 025 0.3 0.35
Undersamplingsratio & Undersamplingsratio &
(a) (b)
257
201
© 15
£
5
D’:107\\".--"—‘.-’___/,._/J
5,

07005 01 015 02 025 03 035
Undersamplingsratio &

(c)

Figure 4.22: Performance vs. undersamplingsratio. The data are generated
using an L.I.D. Gaussian forward matrix and the following pa-
rameters: n = 1000, p = 0.3, T =4, SNR = 20dB, ( =0, ¢ =1,
a = 0.1. The resuls are averaged over R = 100 runs.



150 Numerical Experiments

Moreover, the figures show that for problems with a high degree of undersam-
pling, i.e. 6 < 0.1, the TM-SBL method outperforms the other methods both
in terms of TNMSE and F-measure. But for § > 0.1, the M-SBL outperform
the other methods. This suggests that the TM-SBL has a model bias, which
improves the solutions for small amounts of data, but restricts the model as
more data become available. For both TNMSE and F-measure, the difference
in performance between M-SBL and EM-AMP-MMYV is rather small.

Figure (c) reveals the problem with many SBL-based methods. In terms of run
time, the EM-AMP-MMYV clearly outperforms the other methods. The com-
putational complexity for each iteration of the EM-AMP-MMV method scales
linearly in all problem dimensions, i.e. O(mnT) . In the underdetermined set-
ting, i.e. m < n, the computational complexity of M-FOCUSS and M-SBL
are both O(nm?) for each iteration | |, while TM-SBL has the extra com-
putational load of estimating the correlation structure of the sources | |
The ordering of the analytical computational complexities of the methods are
therefore consistent with the observed run times in figure (c).

Figures 4.23(a)-(c) show the TNMSE, F-measure and CPU run times for the
4 methods as a function of the sparsity p. As a sanity check, we see that
the performance of all the methods decrease as p increases. Figure (a) shows
that for p < 0.1, the TNMSE error of the four methods are very similar. But
for 0.1 < p < 0.3, the M-SBL and EM-AMP-MMYV outperform the two other
methods. For 0.3 < p the two SBL-based methods achieves the lowest errors.

By inspecting figure (b), it is seen that for sufficiently sparse problems, i.e.
small p, all four methods are able to recover the true support of the solution.
But as the sparsity parameter p becomes greater than 0.2, the performance of
all methods degrade significantly. Note, that for p > 0.3.5, the F-measure of
EM-AMP-MMYV drops rapidly compared to the other methods. This is likely
to explained to the optimistic estimate of the support for the other methods.
Figure 4.23(c) basically tells the same story as in figure 4.22(c).

Figures 4.24(a)-(c) show the TNMSE, F-measure and CPU run times for the
four methods as a function of the number of measurement vectors T. For the
MMYV problem, there are different ways of obtaining more data. One can either
increase the number of measurement per measurement vector, i.e. increase m,
or one can increase the number of measurement vectors, i.e. increase T. With
this comment in mind, we now compare the results in figure 4.24 to the results in
figure 4.22. We see that increasing T essentially has the same effect as increasing
m, which is of course one of the main benefits of the MMV formulation.

Consider this in the context of EEG imaging (see appendix D for more details).
There are multiple reasons for keeping the number of electrodes m as low as
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Figure 4.23: Performance vs. sparsity. The data are generated using an
LID. Gaussian forward matrix and the following parameters:
n = 1000, § = 0.2, T =4, SNR = 20dB, ( =0,¢¥ =1, a = 0.1.
The results are averaged over R = 100 runs.
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Figure 4.24: Performance vs. T. The data are generated using an I.I.D. Gaus-
sian forward matrix and the following parameters: n = 1000,
6 =02 p=203,SNR =20dB, ( =0, v =1, « = 0.1. The
results are averaged over R = 100 runs.
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possible, e.g. the surface area of the human scalp is rather small, it is time
consuming to attach the electrodes properly etc. But once the electrodes are at-
tached, multiple measurement vectors can easily be obtained without extra cost.
However, the underlying dynamic nature of the brain enforces a relatively low
bound on T. That is, if T" becomes too large, the common sparsity assumption
is no longer valid. But as seen in the figure, increasing 1" by two has tremendous
effect on the recovery performance for all of the methods.

From figure 4.24(c) we also note that the M-FOCUSS methods actually becomes
faster than EM-AMP-MMYV for sufficiently large 7. But keep in mind that in
this experiment, we simply use the optimal regularization parameter for M-
FOCUSS. That is, if the regularization parameter was to be tuned using cross-
validation or similar, it would increase the run time significantly. Notice also
the discontinuity in the curve for the TM-SBL method.

Figures 4.25(a)-(c) show the TNMSE, F-measure and CPU run times for the
four methods as a function of the signal-to-noise ratio. At first glance figure (a)
seems to suggest that EM-AMP-MMYV is much better than the other methods
in terms of TNMSE. But this is not the case since TNMSE= 0dB amounts
a relative error of 1. Thus, the EM-AMP-MMYV simply returns z! = 0 for
all ¢ and ¢, which is indeed desired compared to returning a useless non-zero
solution. The evolution of the TNMSE and F-measure for all four methods are
comparable and for this particular problem configuration, all four methods are
virtually useless when the signal-to-noise ratio are below approximately 10dB.

Finally, figures 4.26(a)-(c) show the TNMSE, F-measure and CPU run times
for the four methods as a function of the inverse correlation parameter o. It
is seen that when == 1, i.e. no correlation, all four methods are capable of
reconstruction the underlying solution. But as « decrease, i.e. the temporal
correlation increase, the performance of all four methods degrade, both in terms
of TNMSE and F-measure. However, we note that EM-AMP-MMYV algorithm
is performing significantly better than the remaining three models for oz < 1072.

We will now summarize on the results in figures 4.22, 4.23, 4.24, 4.25 and 4.26. In
the big picture, the performance in terms of TNMSE and F-measure for M-SBL,
TM-SBL and EM-AMP-MMYV are roughly the same, but the EM-AMP-MMV
method are much faster than the other three methods. TM-SBL or M-SBL are
able to achieve a slightly better TNMSE error, but it is at the cost of a huge
increase in run time. We also note that the results are consistent with the results
obtained in | |.
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Figure 4.25: Performance vs. signal-to-noise ratio. The data are generated
using an L.I.D. Gaussian forward matrix and the following pa-
rameters: n = 1000, § = 0.2, p =03, T =4, =0,9 =1,
a = 0.1. The results are averaged over R = 100 runs.
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Figure 4.26: Performance vs. inverse correlation parameter . The data are

generated using an [.I.D. Gaussian forward matrix and the fol-
lowing parameters: n = 1000, § = 0.2, p = 0.3, T =4, ( = 0,
1 = 1, SNR= 20dB. The results are averaged over R = 100

runs.



156 Numerical Experiments

4.5 Multiple Measurement Vector Problems with
Dynamic Support

The aim of this section is to investigate the performance of the EM-AMP-DCS
method. Justin ziniel et al. | | have implemented the EM-AMP-DCS
model in a Matlab toolbox”, which we will utilize for all experiments involving
EM-AMP-DCS model.

We will again utilize TNMSE and F-measure to quantify the performance. For
the EM-AMP-DCS model, we will estimate the support as follows:

Vi € [n],Vt € [T]: 8! = arg mztxxp(sﬂY) (4.20)

i

Performance of EM-AMP-DCS vs. EM-BG-AMP

In this experiment, the EM-AMP-DCS method is compared to the EM-BG-
AMP method on problem with slowly changing support. Ideally, the perfor-
mance of the EM-AMP-DCS model should be compared to other models, which
also mode the evolution of the support. But the existence of such models is

very limited and therefore we have to settle for the comparison with the EM-
BG-AMP model.

We will now describe a series of numerical experiments similar to those, which
were carried out for the AMP-MMYV model in the last section. The only major
difference is that the support of the true solutions X is no longer constant, but
now it evolves according to a 2-state discrete Markov chain governed by the
sparsity parameter A and the transitional probability p1o = p(s! = ()|sff1 =1).

We will investigate how the TNMSE and F-measure of the EM-AMP-DCS be-
haves as a function of the undersamplingsratio ¢, the degree of sparsity p, the
signal-to-noise ratio SNR and the transitional probability pio.

In all simulations, the data are generated using an I.I.D. Gaussian forward ma-
trix, where the columns have been scaled to unit /5-norm with the configuration
n = 1000, T = 20, § = 0.1, and p = 0.3. This is the base set up for all the
experiments in this subsection. If not specified otherwise, these parameters are
used in all the simulations. For each ¢t = 1,..,T, the noise variance is scaled to
provide a fixed SNR of 20dB. The true solutions X are sampled from the prior

Mmttp://www2.ece.ohio-state.edu/ zinielj/dcs/index.html
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of the AMP-DCS model with the following hyperparameters:

(=0 ,v=1, a=01 AX=pd o>=1, pip=0.05 (4.21)

(&

Suppose the i’th source is active a time t and let L denote the number of
consecutive frames, where the i’th source remain active. Since the activity of
the sources evolve according to a 2-state Markov chain, it implies that L follows a
geometrical distribution, where the corresponding mean and variance are given
by E[L] = -1 V[L] = &2 respectively | |. For the current choice of

P10 — (p10)*’
p1o = 0.05, we have

E[L]
V(L]

20=T
380

Using the geometric distribution, we easily obtain the probabilities p(L < 5) =
0.186, p(L < 10) = 0.370, p(L < 15) = 0.512. Therefore, given the high number
of sources, i.e. m = 1000, the common sparsity assumption is likely not to be
fulfilled even when the expected length is equal to the number of measurement
vectors.

For a proper comparison, the hyperparameters shared by the two models are
initialized to the same values:

(=0 ,=15A=p.(d)- 0, o2=05 (4.22)

The hyperparameters specific to the EM-AMP-DCS models are initialized as
follows:

a=05, po=01 oc>=15 (4.23)

These values are used in all simulations in the rest of this subsection. The
EM-AMP-DCS was configured to perform at least 25 EM iterations, since it
is hypothesized that it needs more iterations than the EM-AMP-MMYV model
due to the increased flexibility. The maximum number of EM iterations for
both EM-AMP-DCS and EM-BG-AMP is fixed to 100. The number of AMP
iterations for both methods is fixed to 25.

In the first experiment, the undersamplingsratio ¢ is sampled in the interval
from 0.02 to 0.3 and the results are shown in figure 4.27. The advantage of
using the EM-AMP-DCS compared to EM-BG-AMP is clearly seen from these
figures. For all values of §, the EM-AMP-DCS algorithm outperforms the SMV
approach both in terms of TNMSE and F-measure. It is seen that, the EM-
AMP-DCS method needs the undersamplingsratio 6 to be larger than 0.1 to
recover the true support, while the EM-BG-AMP peaks at F' =~ 0.8 for even
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Figure 4.27: Performance vs. undersamplingsratio. The data are generated
using an I.I.D. Gaussian forward matrix and using the parameters
n = 1000, p = 0.3, SNR= 20dB, T' = 20. Underlying true signal:
(=0, =1,a=0.9,p9 = 0.05. The results are averaged over
R =100 runs.
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Figure 4.28: The first 250 rows of the true support and the estimated sup-
port for EM-AMP-DCS for 6 = 0.025, n = 1000,p = 0.3,
SNR= 20dB, T = 20. Underlying true signal: ( =0,¢ =1,a =
0.9, p10 = 0.05.
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higher values of §. The errors bars in the figure indicate a bit more variation in
these results compared to the corresponding plots for the AMP-MMYV model.
This is probably due the high variance of L.

In order to understand the type of errors made by the EM-AMP-DCS algo-
rithm, we will investigate one of the problem instances generated in the above
experiment. Figures 4.28(a)-(b) show the first 250 rows of true support and
the estimated support, respectively, for one problem instance, where § = 0.025.
In this region, the average F-measure for EM-AMP-DCS is approximately 0.5.
Based on these plots, it is seen that the algorithm tends to produce false nega-
tives, when it is not able to recover the support perfectly.
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Figure 4.29: Performance vs. sparsity p: The data are generated using an
LID. Gaussian forward matrix and using the parameters n =
1000,6 = 0.1, SNR = 20dB, T = 20. Underlying true signal:
(=0,% =1, = 0.9,p1g = 0.05. The results are averaged over
R =100 runs.

In the next experiment, the sparsity p is sampled in the interval from 0.1 to 0.5
and the results are shown in figures 4.29(a)-(b). It is seen that for all values
of p, the TNMSE error is lower for EM-AMP-DCS than for EM-BG-AMP.
Moreover, for small values of p, i.e. a small number of non-zero elements in
X, both algorithms are able to achieve an F-measure of 0.9 or higher. But as
the p increases, the F-measure for EM-BG-AMP drops, while the F-measure for
EM-AMP-DCS is much more stable.

Figure 4.30 shows the first 250 rows of the true support and the estimated
support for EM-AMP-DCS for one problem instance, where p = 0.5. Again, it
is seen that the EM-AMP-DCS algorithm produces false negatives, when it is
not able to recover the support perfectly.
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Figure 4.30: The first 250 rows of the true support and the estimated support
for EM-AMP-DCS for p = 0.5. n = 1000,6 = 0.1, SNR= 20dB,
T = 20. Underlying true signal: ( = 0,9 = 1,a = 0.9,p19 =

0.05.
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Figure 4.31: Performance vs. SNR: The problem data generated using an
LLD. Gaussian forward matrix and using the parameters n =
1000,6 = 0.1,p = 0.3, T = 20. Underlying true signal: ¢ =
0, = 1, = 0.9,p19 = 0.05. The results are averaged over
R =100 runs.
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Figures 4.31(a)-(b) show TNMSE and the F-measure as a function of the signal-
to-noise ratio is sampled in the interval —5dB to 25dB. Again, it is seen that
the EM-AMP-DCS outperforms the EM-BG-AMP method on both TNMSE
and F-measure for all values of the signal-to-noise ratio. But figure (b) also
shows that even with 7" = 20, we need at least a signal-to-noise ratio of 10-15
dB to produce decent results.
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Figure 4.32: Performance vs. pjg. The data are generated using an I.I.D.
Gaussian forward matrix and using the parameters n = 1000, =
0.1,p = 0.3, SNR= 20dB, T' = 20. Underlying true signal: { =
0,9 =1,a =0.9. The results are averaged over R = 100 runs.

In the last experiment in this subsection, the transition probability pig is sam-
pled in the interval from 1072 to 0.8 and the results are shown in figures 4.32(a)-
(b). As expected for small values of p1g, the EM-AMP-DCS model clearly out-
performs the EM-BG-AMP model, but interestingly, for approximate p1o > 0.35
the EM-BG-AMP method actually outperforms the EM-AMP-DCS method.
The performance of the EM-AMP-DCS method was expected to be worst at
approximate p1g = 0.5, where the uncertainty of the Markov model is highest.
Furthermore, the performance curves were expected to be approximately sym-
metric around the point p1p = 0.5. But this is clearly not the case. However,
the observed curves might be caused by the EM algorithm getting stuck in a
poor local maxima due to the fact that the hyperparameter pig is initialized as
Py = 0.1 independent of the true value of pig.

Thus, we conclude that when the support is changing sufficiently slow, the EM-
AMP-DCS model outperforms the EM-BG-AMP in all aspects. But on the
other hand, if the support is changing too fast, the EM-BG-AMP model and
the SMV approach should be preferred.
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Figure 4.33: The first 250 rows of the true support and the estimated support
for EM-AMP-DCS for p = 0.3. n = 1000,6 = 0.1, SNR= 20dB,
T = 20. Underlying true signal: ( =0,v% =1,a =0.9,p19 = 0.7.

4.6 EEG Source Localization

The purpose of this very last experiment is to simulate an EEG source localiza-
tion problem (see appendix D for more details). In particular, an experiment is
set up to mimic the configuration of a real EEG inverse problem with n = 8196
sources, m = 128 measurements, and T = 100 measurement vectors. We will
simulate a source signals X with an average of 20 active sources, generate the
measurements Y, and then try to recover the true sources using EM-AMP-DCS
and EM-BG-AMP.

The forward matrices in all simulations so far in this thesis have been Gaussian
LID. matrices. Gaussian matrices with independent elements are almost surely
orthogonal and well-behaved, but this is not the case with real forward matrices.
In fact, EEG forward matrices derived from head models are often heavily ill-
conditioned. We will therefore perform the entire experiment twice. First,
the experiment is performed with an I.I.D. Gaussian forward matrix and then
the entire experiment is repeated using a real EEG forward matrix obtained
from a head model. This comparison is intended to illustrate and quantify the
significance of the forward matrix. The specific real EEG matrix is obtained
from OpenMEEG | ]. The exact same source signals X and noise E
will be used for both experiments.

The true source signals X are generated as follows. First the support of the so-
lution S is generated using the 2-state Markov Chain from the prior distribution
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of AMP-DCS with the following parameters:

_ 20 _ 1
TR196° PO T g

Thus, this particular value of A correspond to an average of 20 active sources at
any given time t. The coeflicients of these sources are then generated using sine
waves with frequencies sampled uniformly in the interval 5Hz to 30Hz using a
sampling frequency of 250Hz. The amplitude of the sine waves are fixed to 1.
The measurements are then generated as:

y'= Azl +e  Vte [T

The noise is zero-mean, isotropic Gaussian noise, where the variance has been
scaled to provide an fixed signal-to-noise ratio of SNR= 12dB.

The undersamplingratio § and sparsity level of this particular configuration
corresponds to:

5= % = 0.0156, p =61\ =0.1562 (4.24)

By comparing these values to the phase transition curve in figure 4.9, it is
seen that this particular problem is difficult to solve, especially using the SMV
approach.

Due to the dimension of the source matrix (X € R¥196x100) it is practically
impossible to visualize the entire matrix X. Therefore, we only show rows
of X, which have active coeflicients for at least one value of t. Moreover, for
visualization purposes the rows of X are sorted according to the degree of source
activity such that the first row corresponds to the source with most active time
frames. That is, the rows are sorted according to 23:1 s! in descending order.
Note, that this does not affect the performance of the algorithms. Figure 4.34(a)
shows the true active sources X.

For a proper comparison, the hyperparameters shared by the two models are
initialized to the same values:

(=0 =1, A=ps(d)-6, o0>=01 (4.25)

The hyperparameters specific to the EM-AMP-DCS models are initialized as
follows:

a=01, po=0102=1 (4.26)

These values are used in all simulations in the rest of this subsection. The
EM-AMP-DCS was configured to perform at least 25 EM iterations, since it is
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hypothesis that it needs more iterations than the EM-AMP-MMYV model due to
the increased flexibility. The maximum number of EM iterations for both EM-
AMP-DCS and EM-BG-AMP is fixed to 100. The number of AMP iterations
is fixed to 25 for both methods.
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Figure 4.34: Visualization of the active sources, i.e. sources which are ac-
tive for at least one value of t. Fpcgs = 0.996, Fgpry = 0.284,
TNMSEpcs = —44.954dB, TNMSFEgs)v = —20.941dB

We now consider the task of reconstructing the sources based on the measure-
ments generated using the I.I.D. Gaussian forward matrix A, where the columns
have been scaled to unit ¢o-norm. Figures 4.34(b) and (c) show the signals re-
covered using EM-AMP-DCS and EM-BG-AMP, respectively. By comparing
figure (a), (b), and (c), it is not difficult to see that the reconstruction using
EM-AMP-DCS is more accurate than the reconstruction using EM-BG-AMP.

We now take a closer look on three of the reconstructed active sources, see
figure 4.35. The figures show three randomly selected active sources and their
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Figure 4.35: Example of the reconstruction of three active sources
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corresponding reconstructions. Here it is seen how EM-AMP-DCS is capable
of turning sources on and off as needed, while EM-BG-AMP only succeed to
recover a small portion of the true signal.
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Figure 4.36: F-measure as a function of time for the EEG example

Figure 4.36 shows the F-measure for both methods as a function of time ¢.
Consistent with figure 4.35, it is seen that EM-AMP-DCS provides a decent
reconstruction for most values of ¢, while the F-measure for EM-BG-AMP fluc-
tuates heavily around F' = 0.5.

Using a 3D model of the brain, we will now visualize how the reconstructed
sources look at the time steps indicated by the red circles on figure 4.36. These
visualizations are shown in figure 4.37, which contain four rows and three
columns. The first row corresponds to the time t; = 11, the second row corre-
spond to the time to = 25, the third row correspond to the time t3 = 46 and
the fourth row correspond to the time ¢4 = 71. The left-most column shows the
true source for the given value of ¢, while the center column shows the sources
estimated by EM-AMP-DCS and the right-most column shows the sources es-
timated by EM-BG-AMP. The green circles indicate the areas, which should
contain the true active sources and the red arrows indicate false positives. It is
seen that the EM-AMP-DCS algorithm nicely reconstructs the location of the
true sources, while the EM-BG-AMP algorithm only succeed to reconstruct the
true sources in one of the four time steps.

The entire experiment is now repeated with the forward matrix obtained from
OpenMEEG. The forward matrix has been scaled such that the columns have
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(j) True sources (k) EM-DCS-AMP (1) EM-BG-AMP

(m) Colorbar

Figure 4.37: Visualization of the sources obtained using the Gaussian matrix.
The four rows correspond to different values of t = 11,25, 46, 71.
The left column correspond to the true sources, the mid column
correspond to the sources obtained using EM-AMP-DCS and the
right column correspond to the sources obtained using EM-BG-
AMP.
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Figure 4.38: Visualization of the active sources, i.e. sources which are active
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Figure 4.39: Real EEG forward matrix: Example of the reconstruction of
three active sources
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unit ¢o-norm, before the measurements were generated. Figures 4.38 and 4.39
show the reconstructed sources using both EM-AMP-DCS and EM-BG-AMP.
It is seen that the two estimated solutions are very different from the solutions
obtained from the Gaussian forward matrix. Here, the EM-AMP-DCS simply
fails to due numerical overflow. After the first EM iteration, most of the esti-
mated values in X are of order 10%3. Thus, despite both algorithms have shown
excellent recovery capabilities, they are both virtually useless when applied to
a real forward matrix. Table 4.1 compared the results for the two experiments.

The coherence and the condition number for the two forward matrices are:

Cond(A;cal) = 3.8060 - 10'° Coherence( A ca) = 0.9998
Cond(Agauss) = 1.2727 Coherence(Agauss) = 0.4779

The coherence is computed as: max |(a;,a;)|, where the (-,-) is the Euclidean
0.

inner product and a; are the i’th column of A. The condition number shows
that the real EEG forward matrix is indeed severely ill-conditioned and the
coherence measure imply that there are at least two columns in the real EEG
forward matrix, that are almost parallel.

Method TNMSE [dB] F TNMSE [dB] F
Gaussian A Real EEG A
AMP-DCS -44.954 0.996 - -
EM-BG-AMP -20.941 0.284 0.0149 0.091

Table 4.1: Comparison of the results from the experiment with a real EEG
forward matrix vs. the experiment with a I.I.D Gaussian forward
matrix.

This experiment emphasizes the importance of the forward matrix. It is clearly
seen that the properties of the forward matrix can have a crucial effect of the
recovery performance. Moreover, this experiment suggests that we should not
have too high hopes for solving the EEG source localization problem using this
particular configuration. However, there are several ways to reduce the difficulty
of the problem. The signal to noise ratio of raw EEG signals are often very low,
i.e. 0-12dB. But the effective SNR can be significantly increased by a series
of preprocessing steps including simple band-pass filtering [ ], artefacts re-
moval | ] and independent component analysis [ |. Furthermore,
using a basis function approach can effectively reduce the dimension of the prob-
lem, since the number of basis functions is usually smaller than the number of
sources. In the context of source localization, both spatial and temporal basis
functions are used | ) |
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This ends the chapter on numerical experiments conducted in this thesis.



CHAPTER 5

Conclusion

This thesis has examined message passing-based methods for the purpose of
solving underdetermined linear inverse problems. More specifically, problems
where the number of measurements m is much smaller than the number of
equations n. The approximate message passing algorithm (AMP) has been
derived by applying a series of approximations to the sum-product algorithm.
Central to these approximations is the assumption of the large system limit, i.e
m,n — oo for m/n — 0. Despite this assumption, it has been shown empirically
that the AMP algorithm is capable of solving linear systems as small as n = 500
for an undersamplingsratio of m/n = 0.5.

The generalized approximate message passing algorithm (GAMP), which is a
Bayesian generalization of the AMP algorithm, has also been derived. The
GAMP algorithm allows the use of a broad class of prior and noise distribu-
tions for both MMSE and MAP estimation. It has been shown analytically and
verified experimentally that the AMP algorithm indeed is as a special case of
GAMP algorithm. In fact, the GAMP algorithm correspond to the AMP algo-
rithm, if the prior distribution is chosen to be a Laplace distribution and the
noise distribution is chosen to be Gaussian.

The EM-BG-AMP algorithm is derived for solving the linear inverse problem
in the SMV formulation by combining the GAMP algorithm with a Gaussian
noise distribution and a Bernoulli-Gaussian prior distribution. This algorithm



172 Conclusion

is complemented by an Expectation-Maximization (EM) scheme for automatic
tuning of the hyperparameters. Moreover, the EM-BG-AMP algorithm provides
both MMSE estimates of the desired solution as well as MAP estimates of the
underlying support.

The performance of AMP and EM-BG-AMP have been quantified in terms of
the sparsity undersampling trade-off using empirical phase transition curves for
noiseless problems with Gaussian forward matrices. These curves show that the
EM-BG-AMP method outperforms both AMP, Bayesian VG and FOCUSS in
terms of the sparsity undersampling trade-off. The estimated curve for AMP
largely agrees with the theoretical asymptotic curve for ¢; minimization as pre-
dicted by the state evolution formalism, except for undersamplingratios smaller
than approximately 0.1.

The CPU run times for these four methods were also measured and the following
order was observed: AMP < EM-BG-AMP < FOCUSS < Bayesian VG, where
AMP is the fastest method. The analytical computational complexities of these
methods agree with the observed order.

Additionally, using normalized mean square error and F-measure as performance
measures, it is demonstrated that the EM-BG-AMP algorithm outperforms the
Variational Garrote and LASSO methods in terms of undersamplingsratio, spar-
sity level and signal-to-noise ratio. Therefore, it can be concluded that the
EM-BG-AMP algorithm provides superior recovery performance in both the
noiseless and noisy setting.

The EM-AMP-MMYV algorithm is derived by extending the EM-BG-AMP algo-
rithm and the accompanying EM algorithm to the multiple measurement vector
(MMYV) formulation using the common sparsity assumption. This algorithm
also models the temporal correlation of the coefficients of the solution using a
first order stationary Gauss-Markov process. The benefits of the MMV formu-
lation compared to the SMV formulation is demonstrated through a numerical
experiment using synthetic data. Problems, which were unsolvable in the SMV
formulation, became solvable in the MMV formulation, when the number of
measurement vectors was increased.

The EM-AMP-MMYV method is compared to M-FOCUSS and the state-of-the-
art Bayesian methods, M-SBL and TM-SBL, in a systematic manner. The
four methods are compared in terms of undersamplingsratio, sparsity, signal-to-
noise-ratio, number of measurement vectors and run time. The main conclusion
from these experiments is that the recovery performance of EM-AMP-MMYV is
comparable to the recovery performance of the state-of-the-art methods, but
the computational complexity of EM-AMP-MMYV is much lower than the other
methods. In fact, the EM-AMP-MMYV algorithm scales linearly in all prob-
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lem dimensions. The linear complexity allows the EM-AMP-MMYV algorithm
to be applied to large-scale problems, where methods like TM-SBL and M-
SBL are simply infeasible. However, for problems with small sample sizes, the
recovery performance of TM-SBL and M-SBL were slightly better than EM-
AMP-MMYV, but at the cost of a considerably increase in run time. Therefore,
we conclude that for most MMV problems the EM-AMP-MMYV algorithm is
preferable. Especially, for problems where recovery performance and speed are
equally important.

The last model considered in this thesis is the EM-AMP-DCS model. This model
extends the EM-AMP-MMYV model by relaxing the assumption of a constant
sparsity pattern to a slowly changing sparsity pattern. The EM-AMP-DCS al-
gorithm models the slowly changing support of the underlying solution using
binary Markov chains. The hyperparameters of this model, including the tran-
sitional probabilities for the Markov chain, are estimated from the data using
an EM update scheme. Using numerical simulations, it was shown that the
EM-AMP-DCS model is superior to the EM-BG-AMP model in terms of under-
samplingsratio, sparsity and signal to noise ratio given the support is changing
sufficient slow. However, the SMV approach, i.e. EM-BG-AMP, was found to
be superior, if the support of the underlying solution is changing too fast.

The EM-BG-AMP and EM-AMP-DCS algorithms were applied to a severly un-
derdetermined EEG source localization problem with synthetic sources. Using a
configuration with 8196 sources, 128 measurements, 100 measurement vectors,
20 active harmonic sources and a Gaussian forward matrix, it was shown that
the EM-AMP-DCS algorithm was able to reconstruct the underlying sources al-
most perfectly, while the EM-BG-AMP method was only able to recover a small
portion of the true sources. The entire experiment was repeated using severely
ill-conditioned EEG forward matrix extracted from a head model, and it was
shown that neither of the algorithms were able to recover the true sources.

Overall, approximate message passing-based methods for both the SMV and
MMYV formulation have been shown to yield high performance in terms of the
undersampling sparsity trade-off, while maintaining linear computational com-
plexity.

5.1 Future work

This thesis is concluded with a list of interesting topics to examine in the future:

e The EM-AMP-DCS algorithm was not able to solve the simulated EEG
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source localization problem, probably due to a combination of a strongly
illconditioned forward matrix and a highly underdetermined system. It
would therefore be interesting to combine the AMP algorithms with a
basis function approach to reduce the effective dimension of the problem.

The phase transition curves for single measurement vector problems con-
stitute a systematic way of comparing the performance of different re-
construction algorithms. To the author’s best knowledge, there exist no
systematic way of comparing recovery performance for MMV problems.
But it would indeed be fruitful to have a principled way of comparing per-
formance for MMV algorithm, like "phase diagrams for MMV problems”.

The AMP-MMV and AMP-DCS models offer the possibility of causal
filtering of MMV signals. The recovery performance for such an approach
is expected to be suboptimal compared to the smoothing approach, but
the reduced computational complexity has large potential in real-time and
online applications.
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A.1 Gaussian Multiplication Rule

This appendix proofs the Gaussian multiplication rule, i.e. the multiplication of the probability
density function of two independent univariate Gaussian distributions over the same variable x:
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By expanding the argument to the exponential function and reducing, we get:
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Now tedious, but straightforward manipulations of the two last terms lead to:
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We can now plug the above result in eq. (A.3) back into eq. (A.2):
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Now consider the argument of the exponent of a third Gaussian distribution over z with mean p
and variance o

Then by comparing coefficients for z2, we get
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Therefore, we get

N2 2
N (z|a, A)N (z|b, B) = ! ! exp <7¥> exp <7%%)

Then the normalization terms are rewritten:

1 1 1
\/27I'A \/27TB - (27{')2 AB
_ 1
(2m)? AB4E2
_ 1
(2m)*(A+ B) 5%
_ 1
(2m)? (A+ B) 12+
ats
1 1 (A.5)
= 5
27 (A + B) V2mo?
Therefore:
N (z|a, A)N (z |b, B) =
1 (xz — p)? 1 1 (0 — (a —b))?
exp | — exp | = —————
V2mo2 202 V2r (A+ B) 2 A+ B
a 4 b
=N x|;*+7?,A N (O|a—b,A+ B), (A.6)
ats

which is the desired result.
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A.2 Application of the Berry-Esseen Theorem

The Berry-Esseen theorem is variant of the central limit therem and it is stated
and proved in appendix A in | |. Tt implies the following for Z and h,, (2)
as defined in eq. (2.45):

B (b (2] - Blha (W < W1l g = Py (A

To use this result, consider:

t B (2)] E [ha, (W)]
i) = Elhe, (W)]] = ‘IE[thZ)] dzi  JEhe,(W)] dz:

We can now rewrite the right hand side as follows. First the terms are put on
a common denominator:
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We can now add and subtract the term E [hy, (W)] [ E [hy, (W)] dz; in the nom-
inator and rearrange to get:
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Since the two normalization integrals integrate to the same, the second term is
equal to 0 and we get

‘ (2] E[h, (W)
JEhe (2)] dz; ~ TE [y, (W)] d;

< ‘]E [he,(Z)] = E [ha,(W)] ’

J B[z (Z)] da;



A.2 Application of the Berry-Esseen Theorem 179

Finally, taking the supremum and applying the Berry-Esseen theorem yields

s 1) = E e, (W)]| < sup | Z 02 U

< Tt (A.8)
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B.1 Solving the Least Squares Problem for GAMP

The purpose of this appendix is to describe the steps in the solution of the
optimization problem given by:

2 .
J = mmz 277 J ]_,a) subject to  z4, = Agiz; + ZAajxj, (B.1)
J#i J#i

where x; and z, are fixed. This is recognized as a least squares problem with an
equality constraint and can thus be solved by introducing Lagrange multipliers

and forming the Lagrangian function | |:
1 R 2
f((l), )\) = Z 2T7£ (lﬂj — x?_m) + A Za — Am'l'i — Z Aajlﬂj (BQ)
i i#i

Computing partial derivative w.r.t. xj equating to zero yields:

0 1 1
il A, =
axk (SC )\) Tff T — T,ka_m A ak — 0
= xp =28, AT Ak (B.3)
And the same for \:
J#i

Substituting eq. (B.3) into the sum in eq. (B.4) and expanding:

=2, — Agix; — Z Aaj ("i“?ﬁa + )‘Tj'lAaj) =0

oA J#i
= Za — mxz ZAajxj*)a )\Z A2 T =0 <B5)
JFi VE:D)

Solving for A yields:

Zg — AqiTi — ZA(UJU]_W )\ZAEJT] =0

J#i J#i
—  zq— AuiTi — ZAajxj_m—)\ZAaj i
J#i J#i

Ak
Za_Aaixi_Z];élA ]_m

“— A= 5
E#iAajj

(B.6)
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Now we substitute eq. (B.3) into (B.1):

z 2
J= Z 27T 7—>a+)‘7— Aa] J—>a)
i 4T

and substituting the expression for A in eq. (B.6) into this expression and
rearranging

2
Za — Aqii — > s Agjdh o
J ZQ T < J%a—i_TmAaJ - mi ];ﬂ & e _xéﬂa
J# aJ ]

i T
A Agsit\?
— Z L (T?EAGJ- Za = Aaii = X4 J—>a>
J 2
G#i 27—; Z]'#i Aaj Jz
. 2
B RN e S B
- Z 27T (Tj ) aj Z
G T J#i a] J
2
1 v 42 1
R Fm— — W o W
VE (Z Aa]T]> Ve

Changing summation index for two of the sums on the r.h.s to avoid mixing the
indices:

1 9 1
J = 3 ZAajTj s | Za — AwiTi — ZA‘“ Ty e
VE) (ngﬂ A(”,Tf) r#£i

Now we recognize that the three terms in the parenthesis does not depend on
index j and can therefore be moved outside the sum:

2

2
1 Z .. A2 T
J =5 | 70— Auai - S Agit,, | =2l
r#i (Zr;ﬁz Angﬁ)
Cancelling the sums of Aiﬂf and rearranging yields:
2
1 1
J== Za — mxz Aarm ~ A9 _
2 rz# e Zr#z AZTT;L
2

1 1
2 Z A2 e Za — mxz Z Aar-rr*)a )
r#i

ar'r T’#’L

which is the solution to the least squares problem in eq. (B.1).
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B.2 AMP as a Special Case of GAMP

The purpose of this section is to show the relation between the AMP algorithm
and the GAMP2 algorithm with specific choice of distributions. The update
equations from AMPO is:

$t+1 =7 (Ath -‘rwt;Tt)
2l=y— Azt + %z“l (n (AT2"" 12177 )
Lt— % <77/ (ATthl +$t;7t71)>

We will now argue that the GAMP2 algorithm with scalar variances and for
specific choices of the input and output distribution is closely related to the
AMPO algorithm.

We assume that the columns of A have unit {5 norm. Furthermore, we assume

the prior distribution is a Laplace distribution with parameter S and the output

noise is zero-mean Gaussian noise with variance o2 = % Therefore, we have

fin (2,9) = Inp(x|q) = InLaplace(z; 8) = In 5 Bz

1 1
four (z,y) =np(ylz) = mN (y;2,0%) = =5 In (2m0%) = o (v - 2)?

We can now compute the output threshold scalar function gg:

1 1
Jout (B,y, ) = — (arg max {fout (zy) =55 (2 - 13)2} - ﬁ)

1 1 2 1 2 1 2 .
™ (argmzax{—an (2m0?) — 252 (y—2)" — 5 (z=p)"p—p
_ 1 1 2 1 ~ 2 N
= — | argmax f@(yfz) —ﬁ(zfp) —p
We now take the derivative of the inner part, setting it equal to 0 and solve for
z:

0 1 1 .
gzﬁ(y—z)—g(fz_?)zo
11 1 L.
R -z §+ﬁ +72y+7_7ppf
1 1) 1 1,
< z ;4'7_7 —;y Tfpp
1 1 2 A
Ly+ = P
o L_zytmh Tdo%
==+ = TP + 0o
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By substituting back, we get:

Gout (}aavap) = <

and

0 1
- H P\ —
aﬁgout (p7 Yy, T ) - P + 02

Next, we consider the variance parameters 77, 7", 7% and 7°. To keep the nota-
tion uncluttered, we omit the iteration index k. For 77, we have

1 2 (@) 1 ® 1
P=—||AlZ 7Y —nrt 2§t B.7
= —flAlf @ e U5t (B.7)

where it is used for (a) that || A| |2F = n when the columns of A has unit ¢s-norm
and for (b) it is used that § = . For 7°:

19 1. 1 1 1
s — — . - . Py — — =
’ mgaﬁgout (Biry:,7") mZ;Tp—i—ﬁ TP 402§l 402

=

Using the result for 7%, we get for 7"

1 1 L 1
7= AleT =0 = o

—= 1T=7mPto?=61"40"

That is, using these assumptions we can express all the variance parameters in
terms of 7.

Based on f;,, we can determine the input scalar function g;,:

o 1
Gin (T7Qa7 ) = argmg?x{fin(x7Q) - o7 (T - ‘T)Q}

= argmﬁx{lng — Bz — ! (f—x)Q}

277

= argmgéax{—ﬁm _ (f—x)z}

27T

In the above, we would like to the large 8 — oo limit as done in the AMP
derivation. But in order to do that we need to rewrite the above such that 3 is
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a factor on each of the two terms. Hence, we need to show that X o 8. We

pr
have

1 1 1 (a) 1 B

™ TP 402 lrr 4o 6*17'“”—1—% B %—964-1

where it is used for (a) that 0% = % Therefore, we need 7% oc 1. Using the
expression for the variances parameter from above, we can rewrite the expression
for 77 as follows:

Jj=1
St S 0 . 02 0
= n ZlaAgzn (T'],T )+;;%gln(7‘p7—)
571N 9 2 <N 9 R
= 7 1—7 %91’71(7”777') :;Z{?Agm(rjﬂ—)
j=1 j=1
o? n o)

n Zj:l ngn (fja TT)

L- % Z;'L:l %gm (F5,77)

Finally, we reduce and again use the fact that o2 = %:

e o g g9 (FT) 1 0 g (7,77
E A R I P PO I R Iy
n—73 Zj:l 57 Jin (F4,77) n—73 Zj:l 97 Jin (75,77)
1
= 77x =
B

as desired. Thus, for the specific choice of prior, the input g;,(-) becomes the
soft thresholding function in the large 8 limit.
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Consider now the expression for 773§;:

- : . Yi — Di .
778 = 7" gout (i, yi, TP) =TT E—" = y; — Py

TT
=Y~ E Aijzj — 778
J

R
=Y; _ZAijxj — 57‘&81‘
J

n <
j=1

1,1 o o
:yi_ZAijxj_gT Si*2§gin(7ﬂja7)
J
A 1 ra 9 N r
=y —ZAijxj — 578 <(%gm (75,7 )>
J

Hence, we have that the quantity 7”s is equivalent to z in Donoho’s AMP0. We
now consider the expression for 7;:

m m
Tr = Tk +TTZA“€§¢ = Iy +2Aik7’r§i
i=1 i=1
Inserting this result into the expression for &; yields:
Ly = gin (Fj, 7")
m
= Yin (ff?k + > AT 8 Tr)
i=1

Thus, this update equation has the same functional form as in Donoho’s AMPO
given g;, is the soft thresholding function. Finally, we consider the expression
for the threshold 7"

+
G

_l_

D= @I @
=

Therefore, in the limit 5 — oo, 7" has the same role as the threshold in AMPO.
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C.1 Taylor Approximation for AMP-MMV

This appendix describes the Taylor approximation to one of the messages in
the AMP-MMYV algorithm. The objective here is to do a second order Taylor
expansion of the f(6) w.r.t  around ¢, where

— _ _ S t
f(a) - lng(a) - 1nﬂp(m$|9£,si)~>0£ (62)
1 t

— (- @A (Bl 5 )+ (R A ()0,

Thus,
of( 10
fr—t(6) - L0 00~ : 5;2 \Me o)
1a2f 82 f( af
== T (0T - B ) 0 ()

A second Taylor approximation of the logarithm of a function can be interpreted
a Gaussian approximation to the function. Denote this Gaussian by N (9|§ , 1/1):

— —
. — 6> 29
ln]\/(ﬂ’f,w) k- £ _& 08 (C.2)
20 2¢ W
By comparing the two expression, we make the following identifications:
1 82 f 0 f

So task is really to determine the first and second order partial derivatives. The
first partial derivative of f is obtained as:

9 _4'(0)
and the second
9? _g"(0)g(8) — g'()?
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C.2 EM Update Equations for the AMP-MMV
model

The purpose of this appendix is to describe the derivation of the EM update
rules for the MMV-AMP model described in section 3.1.

Learning the Noise Variance

The approach is the same as for the noise variance for the BG-AMP model
described in section 2.4. Therefore, similar to eq. (2.234), we get

0

0
507 5,2 [Inp(X, Y q)]

L(Y|q) = 507

Inserting the joint density:

ai (Ylq) = aa (H [Hp yhlah) H (21167, s (%I@U]HM&))
t=1 La=1 i=1
802 > <1Hp(yt|fct) +Zlnp(x§|9§,si) +Zlnp(9f|9§_1)> +1n Hp(si)]
t=1 =1 =1 =1
(C6)

The only term depending on the noise variance o2 is In p(yt|wt) and therefore:
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Exchanging the order of the partial derivative and integration:
) T n
LY |q) = Zz/p ! |yh) oy T p(yt |t d2!
t=1 i=1
T n 2
1| (o — 2a) 1 t
= p(za|ya) ( l“; 2| ) d
S [ atethio 5|t e ) oo
The integration is now straightforward and yields
T n T n
0 1 1 " N2 . 11
553 LYa) =5 (02)° ZZ {(ya —2) + Ta} ~ 552 ZZ 1=0 (C7)
t=1 i=1 t=1 i=1
Solving for 02 now give the update rule:
1 T n
new ~ Tm Z Z [(y(tz - 22)2 + th] (08)

t=1 i=1

Learning the Sparsity A

For the E-step, we first obtain the posterior distribution over s; given the current
model. The is readily obtained by computing the product of the incoming

messages at node s; in the factor graph shown in figure 3.2:

T
P(si]Y) = pipsys, (50) [ | Hoat (si)
t=1 i

0F,5:)—>s;

!

= Ber(s;|\) HBer(sJ?ﬁ)

=[<1—>
1

t
=(1=8)(1—s)+Bls;

",:]ﬂ

(1_?2%)] (1-s1)

)\H?t] i

where

_ AT, 7
- NTT, =+ AT,

(C.9)

(C.10)
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Taking the partial derivative of the bound function w.r.t. A:
T
= —~E lan(yt|wt)p(wt|q)1
t=1
9 T n n
32 1)+ St + Stasttt
i=1

=1

8)\£(

+1n Hp(sl)]
i=1

The p(s;)-terms are the only terms depending on A, therefore

Y10 =2 B gl

el )

== A - 5) + ] (s

=1 Si

The partial derivative evaluates to

0 1
— = B (C.11)
+ ifs=1

Inserting this into eq. (C.11) and plugging in the expression for the posterior
distribution yields:

n

éch Z{ —6t_—+ﬁ } (C.12)

1=1

Solving for A yields the update equation:
1 n
AT =~ > B (C.13)
i=1

and substituting in the expression for j:

new 1 S )\IIthl ‘(115
A — E
n =1 (1 )‘) Ht:l (1 m i) )‘Ht:1 0 i

(C.14)
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Learning the Mean (

Formally, we need the pair-wise joint p (Gt o1 ‘Y), but later when we have to

177
compute the M-step, 6f and 9571 appear only in linear combinations, so the can
settle for the marginals p (GHY) Therefore, for the E-step:

pOi]Y) = Hpot|or= 0! (09 Hpor]on—or (0F) 1 p(x16¢,5:)—0! (6:)
_N(9t| ¢ <—t) (0”715 ﬁt) ( |<_t gt)
x N (919:,95) (C.15)

where 6! and 6! are obtained by 2 applications of the Gaussian multiplication
rule, respectively:

N iR - o1 1)

0t = ?+¢Z+W 0t = ?ijffrﬁ (C.16)
For the M-step:

0

d
aclle) = 8<1E[p(X7Y!q)]
T n n
:a%]E [mH [p(yt|wt)]_[ w07, s:)p(0;]6;~ 1)1 Hp(si)l
t=1 =1 i=1
- 0 g1
:czza—CE [Inp(6f]6:~")]
t=1 i=1
T n
*CZZ/ (01,007 aclnp o|0:~1) do! (C.17)
t=1i=1

where p(@f‘ﬁffl) is given by eq. (3.6) and eq. (3.7) for t > 1 and ¢t = 1,
respectively. Computing the partial derivatives yields:

1
ol = €3 [0 o U2<dagd9;—1

c

+CZZ/ (01, 0.7 [ef—(l—a) (0071 —¢) —¢] dotdoi !

t=1 i=1

:Cé { ] +CZZ [ a)éf_l—ad

€ =1 t=2 i=1
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Equating the above equation to zero and solving for ¢ then yields the update
equation:

e = (H :) (;ZB iy > [ot- —a)é;‘l})

P c
(C.18)

(o}

Learning the Variance p

To derive the update rule for the variance parameter p, we do need the pairwise
posterior p (9:, 0~ ! ‘Y), which is readily obtained:

PO =T o) ) g o) )

= p(O07) - N (B RN (0 € R v (L R

(C.19)
Similar to eq. (C.17), we get the M-step:
8
—L C / (07, 6: 7" Inp(0t|6: 1) dgtei !
(yla) = ;1;1 i ¥ 5, mp(O]6) doie;
The partial derivative w.r.t p for t > 1 is
2

Y Ly (O —a) (7 =) —¢) —a?p

—Inp(6toi1) = = : 2

5 mp(6l]6i ) iz (C.20)
and for t = 1:

9 t—1

since the conditional density p(6! |6f_1) is independent of p. Inserting the partial
derivatives, equating to zero, and solving for p yields:

1= e S B[00 ] - 2ced - (B0 ¥]) +

+2Ca(l — )8 —2(1 - a)E (0,6, 7']Y)] (C.22)
which is equivalent to:
T n
t At 2 Nt 2 (pt—1 ht—1 2 2
p= 71N;;9 (Z) 2¢ab" + (1 — o) (91 +0; )+Coz

+2Ca(l — )0 = 2(1 - a)E (0,0, '|Y)] (C.23)



196 MMV

Learning the Correlation Parameter a

Similar to eq. (C.17), we get

Lyl -3 Y [ v vy S et a0t

t=1 =1

For t > 1, the partial derivative is:

0 _ 1 _ 1\ 2 _ 2
%mp(eﬂef 1)=—an(a2p—a9§9§ Pt act +a (0071 —acol™ — (6))

— 200071~ (0171)°) (C.24)

and for ¢ = 1, the partial derivative is 0. Plugging the derivative back in,
equating to zero and solving for « yields the update equation:

b— /b2 +4N(T —1)c

= ON(T — 1) (C.25)
with
T n
b= 233 (B0 Y] - ¢ (E[0l]Y] - E [0 ¥]) - B [0 [¥])
t=2 1=1
(C.26)
and

n

ZTj ([ } 2]E[6§9§*1]Y]+IE[(9§*1)2]YD (C.27)

‘b\»—*
-
||
(V]
.
Il
_
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C.3 EM Update Equation for AMP-DCS

The purpose of this appendix is to describe to EM update rule specific to the
AMP-DCS model. For more details of the general approach, cf. section 2.4 and
appendix C.2.

Learning the Sparsity

It is seen from figure 3.10, that the posterior of s! given the measurements Y is
given by:

(Si[Y) = b sttty st (55) sttt gt)msst (55) - Hp(at ot st)—st (55)
Inserting the three messages and reducing leads to a posterior of the form:
(1) o [(1 = XD =X - FH] (1= sh+ [XINIF] oL (C29)
Taking the partial derivative of the bound function w.r.t. A:

0

s

T
= —~E lan(yt|wt)p(wt|q)]
1
P T
=—F lenpy |:c +Zlnp ‘01,3 —|—Zlnp 0t|0t b —|—Zlnp (st]st™ 1)H
=1 =1

1=1

The only terms depending on A is the prior on the support variables for ¢ = 1,
therefore we get

0
ﬁﬁ Y

—E Zlnp(s%ls?)]
=1

where p(s}|s?) = p(s;) = Ber()\). Following the approach the same approach
for the AMP-MMYV model (see appendix C.2), we get the update equation:

NN
R (C.29)
(1-XHA-AHA-FH+ X!

3

n
ATew — l Z
i=1
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Learning the transitional probability

The relevant posterior distribution is obtained from the sum-product algorithm:
E-step:

p(sissi | Y) =p(silsi ) - iyt (8071 - p(atst=) (50)

= p(sﬂsf‘l)Ber (sﬁ_l |Yf‘1) Ber (s’;_l ’?2_1) Ber (sf|Yf) Ber (sﬂ?f)

(C.30)
Taking the partial derivative of the bound function w.r.t. pio:
T n
9] 0
L(Y;q)= E Inp(st|si™?
oL (Yia) =5 L_2 ; p(silsi™)
T n o
=E In p(st sﬁ_l C.31
IHIE-ATCE (C.31)

where it is used that the only terms, which depend on pig is lnp(sﬂsf_l) for
t > 1. In order to compute the derivative, we utilize that p(sf|si™!) can be
written as:

Pt ™) = (1= 821 = s8) - poo + (1= st 1)st - pon + 5711 s8) - pro 5L st

Using the expression above and the fact that pig + p11 = 1, the derivative is
easily evaluated as:

1 0
Inp(stsi™) = —————p(s|st™?
(15t = ey sl ™)
_si (s —si s

p(si]si )
From the numerator, it is seen that the term s!~'(1 — s!) is only non-zero if

i
st=1 = 1 and s! = 0 and the term s/~ 's! is only non-zero if both variable are

equal to 1. Therefore, we can write:

dp10

t—1 t t—1 _t

=11 _ gt t—1 gt
Inp(st]si 1) = = U=s) s s (C.32)
Op1o P10 1—pio

Plugging this back into eq. C.31 and rearranging:

8 T - 1 t—1 t 1 t—1 _t
8p10£ (Y;q) = Z; (IEJ [si (1- sz)] — E [si sl])

P10 1—pio

T n
=33 (GeB[ ) - o [ - B )
i=1

D10 P10 1—pio



C.3 EM Update Equation for AMP-DCS 199

Finally, putting the expression equal to zero and solving for p1¢ yields the update
equation:

new ZtT:Q E:‘L:l E [52_1} - EZ:Q ZZL:I E [35_155]
P = n Z
10 S, S E s

where the moments are obtained from the distribution in eq. C.30.

: (C.33)
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The purpose of this appendix is motivate the study of the linear inverse prob-
lems by giving a brief introduction to source localization based on electroen-
cephalography (EEG). Furthermore, we will argue that the underlying problem
indeed is linear. This introduction is by no means intended to be a thorough
introduction to field of EEG, but instead the interested reader are referred to
[ , , ] for details and references.

A scalp EEG recording is a multivariate time series consisting of measurements
of electromagnetic fields generated by the human brain. The electric potentials
are measured between pairs of electrodes attached directly to the skin on the
scalp of a human | |. EEG recordings are non-invasive, cheap and portable,
which makes EEG an attractive tool and compared to other non-invasive meth-
ods, like functional magnetic resonance imagery (fMRI) and positron emission
tomography (PET) | |. Moreover, EEG has significantly higher temporal
resolution, but lower spatial resolution than fMRI and PET | |

For many years, EEG has served as an important clinical tool for neurological
diseases, e.g. epilepsies | |. A more recent application of EEG is the problem
of source localization. The goal is here to locate and identify the brain regions
whose neural activations generated the electric potentials measured at the scalp.
Thus, in this application the electric scalp potentials are not of direct interest
themselves, but rather the sources that generated them. For this reason, this
is known as the source localization problem. Locating and identifying the EEG
sources are important for both clinical applications | | and for increasing
the basic understanding of how the human brain works. In the framework
of inverse problems, the underlying sources constitute the hidden state and
the scalp potentials constitute the measurements. Thus, given knowledge of
the sources, the forward problem amounts to compute the resulting electric
potentials, while the inverse problem amounts to estimating the sources based
on the measured potentials. This is illustrated in figure D.1.

In order to solve the source localization problem, it is necessary to model the
relationship between the measured potentials and the underlying sources of in-
terest. To achieve this, the desired current distribution of the brain can be ap-
proximated using the equivalent current dipole model, which assumes that the
current distribution can be represented using a discrete set of current dipoles,
i.e. a current source and a current sink | |. These point sources give rise
to electromagnetic fields since the head (brain tissue, skull, scalp etc.) behaves
a volume conductor. Using an appropriate model for the head, Maxwell’s equa-
tions governs the relationship between the orientations and magnitudes of the
dipoles and the measured potentials at the surface of the scalp. In most studies
the frequency content of interest is below 100Hz and consequently, the governing
equations can be significantly simplified using the quasi-static approximation of
Maxwell’s equations [ |
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Forward problem

Inverse problem

Dipole sources Electric potentials

Figure D.1: Illustration of the forward-inverse relationship for EEG source
localization. Inspired from [Sta08]

The task of computing the resulting scalp potentials given knowledge of point
sources is the EEG forward problem. Solving the forward problem includes ob-
taining a suitable head model, which describes the geometry and conductivity
of the human head. Head models vary from simple nested concentric spher-
ical shells with homogeneous conductivity to realistic head models extracted
from magnetic resonance or computer tomography imagery [[1VG07]. For suf-
ficiently simple models, analytically solutions exist to the forward problem, but
for more complex head models numerical methods are required [MLI1.99].

Due to the quasi-static approximation, the relationship between the magnitude
of a dipole source x and a scalp potential y is given by

y(r) = a(r,p,0) (D.1)

where 7 is the measurement position, p is the dipole position, 8 is the dipole

orientation, x is the dipole magnitude and a(r, p, #) is obtained from the solution

of Maxwell’s equations [BMLO1]. Note that y(r) is only linear w.r.t. the dipole

magnitude z. Using linear superposition, the relationship between multiple
n . . m

sources {z;}, ; and multiple scalp potentials {y,},_, can be expressed as:

y(r1) 1
a(rlaplael) a(rhpn,en)
y(r2) . . _ T2
a(rnuplyel) <. a(rmapnaen)
y(rm) Ln
N—_—— A N——
Yy x

Thus, the underlying problem is indeed linear and therefore the source localiza-
tion problem belongs to the class of linear inverse problems.



204 EEG Source Localization

The number of electrodes can be as low 1 and as many as 256, while the number
of sources be as high 300000 | |, but typically the number of measure-
ments is in order of tens and the number of sources is in the order of thousands
[ |. Furthermore, adjacent electrodes often fail to provide independent infor-
mation due to strong correlations | ]. Therefore, the source localization
problem is ill-posed by nature.

Imposing sparsity on the estimated sources is convenient from a mathemati-
cal point of view because of the ill-posed nature of the problem. But recent
evidence suggests that sparsity in fact is a reasonable assumption | I,
e.g. in | | it is argued that during a given cognitive task only a few re-
gion a activated simultaneously. However, in | |, it is stated that even if
the true underlying source are not sparse, it would be natural to aim to re-
trieve the most active sources. Thus, the EEG source localization problem is
well suited for the sparsity framework. Furthermore, the dynamic nature of the
EEG sources | , | makes the problem suitable for MMV models with
dynamic support
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ABSTRACT

The Variational Garrote is a promising new approach for
sparse solutions of ill-posed linear inverse problems (Kappen
and Gomez, 2012). We reformulate the prior of the Varia-
tional Garrote to follow a simple Binomial law and assign a
Beta hyper-prior on the parameter. With the new prior the
Variational Garrote, we show, has a wide range of parameter
values for which it at the same time provides low test error
and high retrieval of the true feature locations. Furthermore,
the new form of the prior and associated hyper-prior leads
to a simple update rule in a Bayesian variational inference
scheme for its hyperparameter. As a second contribution
we provide evidence that the new procedure can improve on
cross-validation of the parameters and we find that the new
formulation of the prior outperforms the original formulation
when both are cross-validated to determine hyperparameters.

Index Terms— lll-posed inverse problem, linear regres-
sion, Variational Garrote

1. INTRODUCTION

Finding robust and accurate solutions to ill-posed linear in-
verse problems is of both theoretical and practical impor-
tance. A great variety of methods have been proposed. A
large and useful class of methods is based on sparse repre-
sentations assuming that only a small subset of the under-
determined variables are non-zero or alternatively that a
small number of linear combinations of these variables are
non-zero. Finding such subsets leads to hard combinatorial
optimization in general, therefore a number of approxima-
tions have been proposed, e.g., convex relaxations such as
the widely used LASSO [1]. Convex relaxations, however,
suffer from well-known issues with consistency and lack of
precision [2]. Automatic Relevance Determination (ARD)
is a popular alternative, aiming directly at the combinatorial
problem [3]. The basic idea is to use adaptive regularization
so that weak features experience large regularization, hence

This work is funded in part by the Danish Lundbeckfonden through the
Center for Integrated Molecular Brain Imaging (www.cimbi.dk).

978-1-4799-1180-6/13/$31.00 (©)2013 IEEE

are pruned, see e.g. [4]. The so-called Variational Garrote
stands out by providing a simple yet, principled approach for
direct subset feature selection based on a variational approxi-
mation to the posterior distribution over subsets [5], see also
the related work in [6]. In the original formulation the Varia-
tional Garrote is based on two hyperparameters representing
a prior belief in sparsity and the noise level, respectively, and
it was proposed to cross-validate the former while the second
was inferred [5].

Here we make two contributions to improve our under-
standing of the Variational Garrote and hopefully make it even
more useful in practical applications. The first contribution is
a simple reformulation of the sparsity promoting prior, the
proposed form involves a hyperparameter which can be di-
rectly interpreted as the prior sparsity rate, and furthermore
leads to very a simple update equation if we attempt to make
inference for hyperparameter. The second contribution is an
evaluation of the Variational Garrote with inferred and cross-
validated hyperparameters. In particular, we compare with
the convex relaxation approach LASSO and with the ARD
approach for direct solution of the combinational problem.
We find empirical evidence that there is a significant range of
hyperparameters for which ARD and the Variational Garotte
can find near-optimal solutions, both in terms of mean square
test error, and in terms of location of the non-zero variables.

2. THE VARIATIONAL GARROTE

We study a general linear regression setting. Let D =
{x*, y*|p = 1...p} be a data set, where x* is an n-dimensional
feature vector and y* is a scalar response variable to be mod-
eled. The Variational Garrote generative model as introduced
in [5] is then given by

n
yH = Z w;sixy + &F (1)
i=1

where w; is the i’th weight and £* for © = 1..p are assumed
to be independent and normal distributed with zero mean and
variance 02 = 71, ie. E ~ N (07 B‘l). The variables s; €
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Fig. 1. Variational Garrote: Mean square error and F-measure
as a function of a. Inference is based on p = 50 sam-
ples from the linear model y = w’x + £, where x is an
N = 100 dimensional feature vector sampled from a Nor-
mal distribution (x ~ A7go (0,1I)). The true weights w are
givenbyw=1[1 1 1 1 1 0 O}T € R and
& ~ N (0,0.1). The test set comprised pyes; = 400 samples.

{0,1} are latent binary selector variables, which determine
the set of features used in the model. That is, the ¢’th weight is
removed from the model when s; = 0. The prior distribution
over the latent variable s proposed by [5] is

n

p(slv):Hp(sm) with p(sm):%

-
In this representation v < 0 implies that the prior belief in
s; = 1is below 0.5 and therefore the model is biased towards
a sparse solution.

The joint posterior distribution of s, w and /3 conditioned
on the data set D is then,

P (Dls,w, ) P(w, ) P(s|7)

P(s,w,|D,v) = P (D|y)

3

where P (w, () is the prior distribution over the weights and
the precision parameter and is for simplicity assumed to be
an improper uniform distribution, i.e., P (w,3) « 1. Fur-
thermore, we note that the denominator of the right hand side,
P (D|v), does not depend on the parameters,

P(s,w,B|D,7) < P(Dls,w, ) P (s|) @)

Since the posterior distribution of w and /3 conditioned on the
data is our main interest, we follow the Bayesian paradigm
and marginalize out the s variable

P(w,8D,7) < Y P (Dls,w,B)P(sly). (5
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Fig. 2. LASSO: Mean square error and F-measure as a func-
tion of A. Estimation is based on p = 50 samples from the
linear model y = w’x + &, where x is an N = 100 di-
mensional feature vector sampled from a Normal distribution
(x ~ Nioo (0,I)). The true weights w are given by w =
111110 0]" € R™ and ¢ ~ N (0,0.1).
The test set comprised pest = 400 samples. We used the
toolbox implemented by Sjostrand to estimate the LASSO [7]

Exact inference is infeasible due to the discrete nature of s
(involves averaging over 2" binary configurations) and there-
fore we resort to an approximation.

In particular, we apply a variational approximation intro-
ducing a fully factorized variational distribution over s. That
is,

n
q(s) =[] a(s) ©®)
i=1
where ¢; (s;) = mys; + (1 —m;) (1 —s;). By Jensen’s in-
equality [8], we obtain

In (P (Dls, w, 8) P (s|7))

q(s)
> g <P(DIS7W76)P(SI7)>
=-F (q,w,,@)7

where F' (¢, w, () is the variational free energy. Minimiz-
ing the variational free energy (hence, maximizing the lower
bound on the marginal likelihood) yields the following update
equations [5]:

-1

w=(x)"b,  Xji=mxg+ 1 —m)x;0; (D
mi =0 (”/ + %waﬁ (®)
1

5= on— meb ©)



where x is the second moment matrix of the input features,
o() is the sigmoid function, and b is the input-output covari-
ance.

2.1. Re-parametrization of the prior

The prior distribution on s in (2) is simply a product of in-
dependent Bernoulli distributions, where the corresponding
probability of s; = 1 is parameterized by ~:

exp (7)
p(si=1y) = 1+exp(y)

Due to the functional relationship, the interpretation of + is
less transparent and inference can lead to complex non-linear
equations for the parameter. Therefore we propose a more
simple parametrization of the prior distribution given by,

(10)

p(sila) =asi+(1—a)(1—s;), a€l0,1], (1D

see also the different but related formulation in [6]. Hence,
p(si = 1la) = a. Thus, p (s|a) becomes a Binomial distri-
bution. As there is a close correspondence between the two

priors
e
=In{——],
= (122).

the new parametrization only implies minor changes in the
variational approximation, e.g., the update equation for the
variational means becomes

fe!
m; =0 <ln (*1 — a) + %XM@)

2.2. Learning o

12)

(13)

Since « is a probability, we naturally assign a Beta-distribution
as the prior distribution over o
T'(a+0b)

O()b71
T (a)T (b)

P (ala,b) = a® (11— (14)

where a and b are hyper-hyperparameters.
With this assignment the posterior becomes

P(w,a,8D) Y P (Dls,w,B) P(s|la) P(a) (I5)

and the variational free energy becomes

B q(s)
F(g,w,a,0) = Esjq@ In (F(p\s,w,m P(S\a)P(a)>
(16

Minimizing the variational free energy w.r.t. « yields an intu-
itive update rule,
Srimi+a—1

=& 17
@ n+a+b—2 an

As >°7m; is the expected number of non-zero weights the
two hyper-hyperparameters a — 1 and b — 1 can be interpreted
as pseudo-observations (beta-binomial model), such that a —1
and b — 1 are pseudo-counts of non-zero and zero weights,
respectively.

F Measure

Fig. 3. ARD: Mean square error and F-measure as a func-
tion of 3. Inference is based on p = 50 samples from the
linear model y = w’x + &, where x is an N = 100 di-
mensional feature vector sampled from a Normal distribution
(x ~ Nioo (0,I)). The true weights w are given by w =
111110 0]" € R™ and ¢ ~ N (0,0.1).
The test set comprised pies: = 400 samples. For details of
the ARD inference procedure see [8]

3. NUMERICAL EXPERIMENTS

To illustrate the role of the reformulated prior we carry out
three experiments: the first comparing the Variational Gar-
rote with two widely used standard methods as in the origi-
nal work [5] and in the second we investigate the feasibility
of learning the hyperparameter o and compare it with cross-
validation over « and -y respectively. Finally, in a third experi-
ment we make a more complete exploration of the connection
between number of samples, sparsity of the true” weight vec-
tor used to generate data, and performance.

3.1. Experiment 1

In the first experiment, we compare the Variational Garrote to
the LASSO [1] and to a sparse linear regression model using
an ARD prior [3, 9, 4]. Both of these methods have a sin-
gle hyperparameter (the penalty control A for LASSO and the

2Figure 4 is slightly different from the corresponding figure in the pub-
lished version. This is due to an minor scaling error resulting in worse per-
formance of the two CV-based methods.
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Fig. 4. Normalized mean square error as a function of num-
ber of non-zero features. The features x ~ Moo (0,I) and
the noise £ ~ N (0, a%) are both normal. Here we vary the
number of non-zero coefficients in the true model’s weights
w. The magnitudes of all non-zero coefficients are fixed to
value 1, while the true noise variance o7 is scaled to provide
a fixed signal-to-noise ratio as we increase the number of true
non-zero parameters. We compare three models, namely the
Variational Garrote with the conventional parametrization
and the new a both estimated by hold-out cross-validation
and the Variational Garrote with « inferred from data with
a Beta(1,99) hyper-prior. All results are averaged over 100
runs, n = 100 p = 50, prest = 400. 2

noise precision /5 for ARD) and we can compare the perfor-
mance as we vary these parameter with the results of varying
the prior parameter « for VG, The three methods are com-
pared by means of test set Mean Square Error (MSE) and the
F-measure of the feature selection process given as [10],

P 2 prfzgision - recall as)
precision + recall
where precision (positive predictive value) is the fraction of
non-zero weights found by the algorithm that are also non-
zero in the true model, while recall (sensitivity) is the fraction
of non-zeros in the true model that have been identified by the
algorithm.

We generate p = 50 samples from the model y =
wlx + £, where x is an N = 100 dimensional feature
vector sampled from an isotropic multivariate Normal distri-
bution, i.e. x ~ Njgp (0, 1), the weights w are given by w =
111110 0] € R and ¢ ~ A (0,0.1).
Furthermore, we generate an additional p;.s; = 400 samples
from the same model, which is used as an independent test
set. For each method and for each value of their hyperparam-
eters, the mean square test error and F-measure are computed.
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Fig. 5. F-measure as a function of number of non-zero fea-
tures. The features x ~ Aijgo(0,I) and the noise & ~
N (0, 03) are both normal. Here we vary the number of non-
zero coefficients in the true model’s weights w. The magni-
tudes of all non-zero coefficients are fixed to value 1, while
the true noise variance o3 is scaled to provide a fixed signal-
to-noise ratio as we increase the number of true non-zero pa-
rameters. We compare three models, namely the Variational
Garrote with the conventional parametrization v and the new
« both estimated by hold-out cross-validation and the Vari-
ational Garrote with « inferred from data with a Beta(1,99)
hyper-prior. All results are averaged over 100 runs, n = 100,
and p = 50.

Figures 1, 2 and 3 show the resulting plots for VG, LASSO
and ARD, respectively. Inspecting Figure 2 we see that both
the Mean Square Error and the F-measure are critically de-
pendent on the strength of the regularizer A, indeed there
is a narrow interval around A = 10 where both the Mean
Square Error is low and the F-measure is high, but no value
for which they both are optimal. On the other hand we learn
from Figure 3 that in the ARD there are about two decades of
values of the noise precision for which the F-measure reaches
its optimal value (F=1) and for a significant part of this range
the Mean Square Error on the test data is simultaneously
minimized. Similarly for the Variational Garrote we see in
Figure 1 that there there is an even wider range of almost four
decades of the hyperparameter for which the correct model is
identified, hence F=1 and the test Mean Square Error is low.
This result is promising, and lead us to hypothesize that it
may be possible to infer the hyperparameter o from data.

3.2. Experiment 2

The second experiment is designed precisely to investigate
the possibility of learning hyperparameter « directly from the
data. We assign a Beta-distribution as given in (14) with pa-
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Fig. 6. Number of estimated components as a function of
non-zero features. The features x ~ MNjgo (0,1) and the
noise §& ~ N (0,08) are both normal. Here we vary the
number of non-zero coefficients in the true model’s weights
w. The magnitudes of all non-zero coefficients are fixed to
value 1, while the true noise variance o3 is scaled to provide
a fixed signal-to-noise ratio as we increase the number of true
non-zero parameters. We compare three models, namely the
Variational Garrote with the conventional parametrization ~y
and the new « both estimated by hold-out cross-validation
and the Variational Garrote with « inferred from data with
a Beta(1,99) hyper-prior. All results are averaged over 100
runs, n = 100, and p = 50.

rameters ¢ = 1 and b = 99, i.e., invoking a (hyper-)prior
assuming strong sparsity. We generate a fixed number p = 50
samples from the model y = w’x + £ The features x ~
Nioo (0,1) and the noise £ ~ N (0, 08) are both normal as
in experiment 1, but now we vary the number of non-zero
coefficients in the model weights w. The magnitudes of all
non-zero coefficients are again fixed to value 1, while the true
noise variance o3 is scaled to provide a fixed signal-to-noise
as we increase the number of true non-zero parameters. We
compare three models, namely the Variational Garrote with
the conventional parametrization v and the new « both esti-
mated by hold-out cross-validation and the Variational Gar-
rote with « inferred from data. All results are average over
100 runs.

The test Mean Square Error normalized by the noise vari-
ance is presented as a function of non-zero weights in figure 4
for the three models, for further reference we also plot the er-
ror of the true solution. The Bayesian model outperforms both
cross-validated models as hypothesized since the hyper-prior
conforms with the sparse data generating true model [4, 11].
In addition we see that the new prior formulation seems to

0.2+~
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Fig. 7. « inferred from the data as a function of number of
non-zero features and no. of samples. Samples are generated
from the model y = w”x + &. The features x ~ Nigg (0,I)
and the noise £ ~ N (0,0(2,)‘ But now we vary both the
number of non-zero coefficients in the model and the no. of
samples n used to estimate the model. The magnitudes of all
non-zero coefficients are still fixed to value 1, while the true
noise variance o2 is scaled to provide a fixed signal-to-noise
as we increase the number of true non-zero parameters.

provide the best performance of the two cross-validated mod-
els when more than five of the hundred parameters in the true
model are non-zero.

In Figure 5 we show the F-measure for the three models
as the true model becomes denser. Here we find that all three
models have close to optimal retrieval of the true locations up
till around seven of the hundred weights are non-zero. The
cross-validated v model seems to be bit more stable. How-
ever, as the true models become denser only the Bayesian
inference model can maintain high F, while in the range 7-
14 non-zero weights the cross-validated o model outperforms
the v model significantly.

The results of the Figures 4 and 5 can in part be un-
derstood when we plot in Figure 6 the number of estimated
weights as a function of number of non-zero features. Here
we learn that the cross-validated models focusing on MSE be-
come too conservative and thereby under-estimate the number
of non-zero weights.

3.3. Experiment 3

The aim of the third experiment is to investigate further the
properties of the Bayesian model. We generate n samples
from the model y = w”x + €. The features x ~ Nyqo (0,T)
and the noise £ ~ A (0, 03). But now we vary both the num-
ber of non-zero coefficients in the model and the number of
samples n to explore learnability more generally. The mag-
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Fig. 8. F-measure as a function of number of non-zero fea-
tures and no. of samples. Samples are generated from the
model y = wTx + & The features x ~ MNjgo (0,I) and
the noise £ ~ A (0,02). But now we vary both the number
of non-zero coefficients in the model and the no. of samples
n used to estimate the model. The magnitudes of all non-
zero coefficients are still fixed to value 1, while the true noise
variance o3 is scaled to provide a fixed signal-to-noise as we
increase the number of true non-zero parameters.

nitudes of all non-zero coefficients are still fixed to value 1,
while the true noise variance o2 is scaled to provide a fixed
signal-to-noise as we increase the number of true non-zero
parameters.

Figure 7 shows the value of « inferred from the data as
a function of the number of non-zero coefficients and sam-
ple size, while in Figure 8 we show the corresponding F-
measures, which reveals that very accurate feature locations
are found for a sample size abaout three times the number of
true non-zero parameters, while still much smaller than the
number of features p < n.

4. CONCLUSION

We reformulated the prior of the Variational Garrote to follow
a simple Binomial law and assigned a Beta hyper-prior on the
parameter. With the new prior the Variational Garrote has a
wide range of parameter values for which it at the same time
provides for low test error and high retrieval of the true fea-
ture locations. Furthermore, the new prior formulation leads
to a simple update rule in Bayesian variational inference for
the hyperparameter. In a second simulation study we pro-
vided evidence that the new procedure can improve on cross-
validation of the parameters. We also found that the new
formulation of the prior outperforms the original formulation
when both are cross-validated to determine their respective
hyperparameters. Finally, we found that the Bayesian scheme
produces very accurate feature locations when the number of

true non-zeros is small, allowing for good performance even

when the system formally is ill-posed p < n.
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