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Summary

This thesis presents a procedure for controlling an industrial process using Model
Predictive Control (MPC).

The first part of the thesis introduces the basic ideas of model predictive control
and the mathematical theory on which the procedure is based. In particular,
it is investigated how a linear model of the process to be controlled can be
identified from input-output data of the process. Furthermore, it is discussed
how a simulation model of the industrial process can be modeled.

Disturbance rejection and offset free control are important concepts in industrial
control. To achieve offset free control in the face of unknown disturbances
and/or plant-model mismatch, integrators are added to the identified linear
model. Three different approaches to adding these integrators are presented.

Based on the identified linear model extended with integrators an unconstrained
MPC is formulated and subsequently transformed into a convex quadratic opti-
mization problem. This optimization problem can be solved explicitly and the
resulting optimal control law is linear.

The linear controller is combined with the linear process model forming a closed-
loop state-space model. For the purpose of tuning the developed MPC, an
optimization based tuning approach was studied. To set up this optimization
problem different performance measures for the closed-loop control system have
been analyzed. One of the key elements of the optimization is the addition
of a non-linear constraint, which is used to ensure robustness of the resulting
controller.



In the second part of the thesis a case study has been conducted for a modified
4-tank process, this process has been used as a representative of an industrial
process. The process exhibits some of the typical behavior of an industrial
process such as strong interaction and non-minimum phase behavior.

The first part of the case study identifies a linear model of the modified 4-tank
system from input-output data. Since no real industrial process has been avail-
able for this project, the input-output data were obtained by simulation using
a first-principles non-linear model of the process. Secondly, tuning parameters
were obtained from the optimization based tuning approach.

Finally, closed-loop simulations have been carried out using the tuning param-
eters obtained by the optimization problem. In these simulations the first-
principles non-linear model for the modified 4-tank process was used as the
plant.

In general it was seen that the optimization approach produced some reasonably
good tuning parameters for the modified 4-tank process. Furthermore, in closed-
loop simulation it was illustrated that the closed-loop performance obtained was
satisfactory with respect to both tracking and disturbance rejection even under
a high level of noise in the system.
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CHAPTER 1

Introduction

This thesis considers the topic of industrial Model Predictive Control (MPC).
The term industrial model predictive control refers to the procedure of control-
ling an industrial process using MPC.

Model predictive control, also known as receding horizon control, refers to con-
trol strategies in which a model of the process to be controlled (the plant) is used
to predict the future dynamic behavior of the plant. Based on these predictions
an optimal control problem is set up, in order to optimize the future dynamic
output of the plant.

MPC is one of the most advanced control approaches and has had a substantial
impact during the past 30 years on the control industry, especially for processes
with constraints. One of the main reasons for this, is that the MPC strategy
allows for explicit inclusion of constraints in its formulation. This allows the
controlled output of the process to be moved closer to constraints and hereby
obtaining more desirable outputs and as a consequence, possibly higher profits

[ |-

The strategy was originally developed to be used in the control of power pro-
duction and in the petroleum industry | |. However, today it has emerged
to be successfully used and implemented in a wide range of other applications,
including processes in the automotive industry and medical applications such
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as an artificial pancreas.

The processes encountered in different industrial applications usually have very
different characteristics. The main characteristics are the time scales on which
processes take place and the dimension of the systems describing the processes.
The processes encountered in the petroleum industry are usually slow processes
with time constants ranging from minutes to hours | ]. However, the di-
mensions of these processes are typically large, i.e. a large number of both
manipulated and controlled variables. When a process is slow, it is only neces-
sary to sample the process infrequently to capture the dynamic behavior. This
implies that the time available to solve the optimal control problem is large with
respect to the numerical optimization solvers used today.

In the automotive industry the opposite situation is usually the case. The time
constants are very small, in the range of milliseconds | |. However, here
the dimensions of the processes are typically small.

In this thesis mainly the slower processes are in focus, and it is therefore assumed
that the time available to solve the optimal control problem is sufficient.

Another reason for the popularity of MPC is its intuitive way of addressing
the control problem and the resulting structure. The MPC is built up from a
number of building blocks. The main building blocks are

A model of the process.

An objective function describing the desired performance of the controller.
The typical objective function includes the reference tracking error and the
control action.

A set of constraints, which the controller needs to work within.

An optimization algorithm, used to compute the optimal control inputs
that minimize the objective function subject to the given constraints.

A state estimator, used for state feedback.

A disturbance model, to obtain offset free control.

The basic idea of MPC is to compute an optimal control sequence such that the
controlled outputs of the plant follow a predefined reference trajectory.

At each sampling time k, a measurement y; of the output of the plant is ob-
tained. From this measurement, the current state x; of the plant is estimated.
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Then a finite horizon optimal control problem is solved over a prediction hori-
zon N, using the current estimated state &, of the process as the initial state.
The solution of the optimal control problem yields a sequence of optimal con-
trol inputs {uy, k}jv: ! over the prediction horizon. The first control input in
the optimal control sequence is then applied to the plant at sample instant k.
At the next sample k + 1 the prediction horizon is shifted one sample and the
optimization procedure is repeated, with a new plant measurement. Figure 1.1
illustrates the basic principle of model predictive control.
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Figure 1.1: Basic principle of model predictive control.

1.1 Thesis Objectives

The aim of this thesis is to develop a procedure for control of industrial processes
using linear MPC. As outlined in the introduction, the MPC is built up from
a number of building blocks. The main objectives of the thesis is to analyze,
develop and implement these building blocks and furthermore to combine the
building blocks into a complete control methodology.

In order to achieve the main objectives of the thesis several topics in control
theory need to be studied and sub-objectives need to be accomplished.
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First of all a linear model of the industrial process to be controlled has to be
obtained, for this reason different system identification methods will be con-
sidered. Secondly, different disturbance models should be investigated in order
to obtain offset free control. Based on the identified linear model combined
with a disturbance model, a state estimator should be employed and the MPC
designed.

A closed-loop description for the unconstrained MPC should be derived and
its properties analyzed. For the purpose of tuning the designed MPC different
performance measures for the closed-loop will be investigated. Subsequently
these measures are used to formulate an optimization based tuning approach.

To verify, test and illustrate the developed procedure a case study will be con-
ducted. All the building blocks will be implemented in MATLAB.

1.2 Thesis Structure and Overview

This section gives an overview of the content of the thesis and presents its
structure. The thesis is organized as follows:

Chapter 2: Simulation Models and System Identification. This chap-
ter presents some approaches to formulating simulation models for industrial
processes and considers how to obtain linear models by system identification for
the use in linear MPC.

Chapter 3: Disturbance Modeling. Here different disturbance models to
ensure offset free control for the MPC are presented and analyzed.

Chapter 4: State Estimation. Introduces the concept of state estimation.
A stationary Kalman filter is presented, for the estimation of the state of the
linear model used by the MPC.

Chapter 5: Model Predictive Control. An MPC is set up based on the
Kalman filter model and the MPC regulation problem is transformed into a
convex quadratic optimization problem. For the unconstrained MPC the convex
quadratic optimization problem is solved explicitly and an optimal linear control
law is derived. For constrained MPC different cases are stated.
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Chapter 6: Closed-loop Analysis. In this chapter a state-space model for
the closed-loop is derived. Furthermore, the closed-loop is analyzed with respect
to stochastic and sensitivity properties.

Chapter 7: Tuning. This chapter presents different performance measures
for the closed-loop control system. The measures are divided into three cate-
gories and subsequently analyzed and discussed. In this chapter an optimization
based tuning approach is also formulated.

Chapter 8-11: Case Study. In these chapters a case study is presented.
The case study illustrates how the developed procedure can be used to control
an industrial process.

Chapter 12-13: Conclusion and Future Work. In these chapter the over-
all conclusions of the project are made and key findings are summarized. Lastly,
some considerations regrading future work are given.



Introduction




CHAPTER 2

Simulation Models and
System ldentification

The purpose of this chapter is to present how industrial processes can be mod-
eled mathematically in order to obtain accurate models for simulation of the
processes. Secondly, the chapter will consider how linear models of industrial
processes can be obtained by system identification, for the use in MPC.

The chapter is organized as follows. In the first section non-linear process models
are considered. The second section addresses how linear models can be obtained
by linearization of non-linear process models. Finally, it is considered how a
linear model can be identified from plant input-output data.

2.1 Introduction

Many industrial processes behave, in reality, in some complicated non-linear
fashion. This implies that the task of obtaining models for such processes can
be difficult, very time consuming and not economically feasible.

However, it is in general of interest to have accurate models for simulation
of industrial processes. The main reason for this, in connection with process
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control, is that accurate simulation models can be used as representatives of
real life industrial processes. Furthermore, the simulation models can be used
to test the performance of the designed model predictive controllers.

One of the main building blocks of a model predictive controller is a model
of the process to be controlled. According to | ], between 70 — 80% of
the time used when implementing an MPC system in the industry, is spent on
model development. This underlines the importance of the modeling aspect in
connection with MPC.

The purpose of controlling an industrial process is typically to keep the con-
trolled variables of the process within some desired operation range. Despite
the fact that the industrial process behaves non-linear in the entire range of the
process, the behavior within the desired operation range can often be accurately
described by a linear model. This is what the MPC takes advantage of.

2.2 Non-Linear Process Models (Simulation Mod-
els)

For some processes, a non-linear simulation model of the plant can be derived
by first-principles. This means that the equations governing the process are
obtained from the underlying physical laws of the process. However, for very
complicated processes this approach might be infeasible due to mathematical
difficulties but also economical considerations. The processes that can be mod-
eled in this way can often be described by implicit equations of the form | |

where x(t) is the state of the process, &(t) is the derivative of the state, that is
the time evolution of the state. u(t) and d(t) denote the control input and the
disturbance to the process, respectively. Here F(-) denotes some general implicit
functional relation. Furthermore, y(¢) and z(t) denote the measurement and
output of the process, respectively.

Some of these models allow for an explicit description. The resulting model can
often be described by a set of first-order non-linear differential equations as
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@(t) = f(a(t), u(t), d(t)) (2.4)
y(t) = g(=(t)) (2.5)
2(t) = h(z(t)) (2.6)

where f(-) is some non-linear (vector) function describing the evolution of the
process state and y(t) and z(¢) denote the measurement and output of the
process, respectively. Furthermore g(-) and h(-) are functions that relate the
process state to the measurement and the output. It is assumed that these
functions only depend on the process state.

Both the description in (2.1)-(2.3) and the model (2.4)-(2.6) are determinis-
tic systems. To represent more realistic models, also the situation where an
uncertain initial state, process noise, and measurement noise are present, can

be considered. In this case (2.4) is reformulated as a Stochastic Differential
Equation (SDE) by

de(t) = f(z(t), u(t), d(t))dt + o(z(t), u(t), d(t))dw(t) (2.7)

where the diffusion term is a standard Wiener process (Brownian motion)

dw(t) ~ Niia(0, Idt) (2.8)

The initial state is assumed to be normally distributed
z(to) ~ N (o, Po) (2.9)

where &g is the expected initial state and P is the associated initial covariance.
When the process is modeled as an SDE, both the state and output of the
system are sequences of random variables (stochastic processes). The output of
the system is, in the stochastic case, also expressed as a function relation of the
state

2(t) = h(z(t)) (2.10)

The measurement of the system is modeled as the output corrupted by mea-
surement noise
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y(tn) = z(tx) + v(tx) (2.11)

where the measurement noise is assumed to be Gaussian white noise v(t) ~
N;ia(0,R). Tt should be emphasized that the measurement is obtained in
discrete-time, indicated by t;. The sample instances are given by

te =to+kT,, k=0,1,2,... (2.12)

where T is the sample time.

The theory of stochastic differential equations is outside the scope of this thesis
and only the basic formulation will be considered. The reader is referred to
[ | for further details.

For this thesis, no real life industrial process is available. Therefore the real pro-
cesses will be represented by a modified version of (2.4)-(2.6). The modification
will be considered in the case study.

REMARK 1 [t should be emphasized that no matter how the real process is
modeled, the model will always only provide an approximation to the real process.

2.3 Linear Process Models (Controller Models)

In order to control an industrial process by linear MPC, a linear model of the pro-
cess is needed. This model can be obtained mainly by two general approaches.
The approaches are

e Linearization of a non-linear process model

e System identification from plant input-output data

It should be stressed that linearization of a non-linear process model requires
that the parameters of the model have been identified (in addition to the fact
that a non-linear process model has been derived). This is in general not a
trivial task to conduct and this is also one of the reasons why linearization is
rarely used in practice.
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2.3.1 Linearization of a non-linear process model

In the situation where a non-linear process model is available, a linear model can
be obtained by linearization of the non-linear model, around a steady state. This
approach can be applied to both (2.4)-(2.6) and (2.7)-(2.11). In the following,
the linearization approach will be illustrated for (2.4)-(2.6).

Given u(t) = us and d(t) = d;, the steady state x4 of (2.4) can be determined
by solving the equation

f(xs, us,ds) =0 (2.13)

From the steady state, the steady state measurement and output can be com-
puted as

Yy, = g(xs) (2.14)
Zs = h(ws) (215)

Next a first-order Taylor expansion is performed on f, around the point (z, us, ds)

af(msvusa ds)

Falt) u(0.d(0) ~ f(znund) + (0

)(m(t) Cw) (216)

X(t)=ax(t) — xs (2.17)
U(t) =u(t) — us (2.18)
D(t) = d(t) —d, (2.19)

and the Jacobian matrices by

Of (w5, us, ds)

A, = . (2.20)
_ 0f(zs,us, ds)

B. = 5u (2.21)

EC — af(ms, uS? dS) (2.22)

od
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the first-order Taylor expansion can be expressed as

flxe(t),u(t),d(t)) ~ A X(t) + B.U(t) + E.D(t) (2.23)

The time derivative of the deviation state X (t) is

X =Lxu = %(m(t) — 3= dflit) - d;ts - dflit) 0=t (2.24)

The same steps can be conducted for the measurement and the output. Denoting
the deviation variables by

Y(t)=y(t) -y, (2.25)
Z(t) = z(t) — 2, (2.26)

the measurement and the output can be expressed as

() = stalo) = g(e) + (252 ) @lt) - 2.

=y, +C.X(t) (2.27)

and

(1) = hla(o) ~ hia.) + (5 Y @lt) - @)

=2, + CLX (1) (2.28)

The continuous-time linearized model can finally be expressed as

X(t)=A.X(t)+BU(t)+ E.D(t) (2.29)
Y (t) = C.X(t) (2.30)
Z(t)=C..X(t) (2.31)

The non-linear model is linearized at a steady state. At the steady state the
linearized model is an approximation of the non-linear model in the neighbor-
hood of the steady state. The linearized model expresses this neighborhood in
terms of the deviation variables.



2.3 Linear Process Models (Controller Models) 15

2.3.2 System Identification from Plant Input-Output Data

In many applications a non-linear model of the process is not available and the
linearization approach can therefore not be used.

The second approach is concerned with system identification from observed data.
The general system identification procedure mainly consists of the following
building blocks | |

e Experimental design.

A set of input-output data.

A set of models, defining the model structure.
e A method for estimating the parameters of the model, based on the data.

Validation of the model.

In this approach, tests are conducted directly on the actual process. In these
tests, known input signals are used to excite the process and the resulting out-
puts of the process are measured and recorded. This results in a set of input-
output data of the true process. The idea is then that a linear model of the
process can be obtained using different techniques from the field of system iden-
tification, on the input-output data. There exist many different techniques and
there is extensive literature on the topic of system identification. The reader is
referred to | | for further details.

Some commonly used input signals [ I, [ | are

e Step signals of different magnitudes.
e Sine waves of different amplitudes and frequencies.

e Pseudo-Random or Pseudo-Random Binary Signals (PRBS).

In connection with MPC especially input-output model structures such as auto
regressive models with exogenous inputs (ARX) and auto regressive moving
average models with exogenous inputs (ARMAX) are of interest. One of the
reasons for this is that these input-output models may be realized as state-space
models in innovation form | ], which fit the framework of MPC well.
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The state-space model in innovation form is given by

Trr1 = Az, + Buy + Key (2.32)
yp = Czy + g (2.33)

where e, ~ N;;q(0, R.).

2.3.2.1 System Identification using Step Tests

An identification method commonly used to obtain a linear model of a process,
is the step test [ |. In this method, a step change is introduced in the
manipulated variable (MV) of the real process and the response of the controlled
variable (CV) is recorded and visualized.

For MIMO systems, a step change is introduced in one of the manipulated
variables while the rest are kept constant and the responses of all the controlled
variables are recorded. The procedure is conducted systematically for all the
manipulated variables. The reason for only changing one MV at that time is,
to ensure that the results are uncorrelated.

The step test should ideally be started from some steady state of the process, rep-
resenting the desired operation point (range) for the process. The step should
furthermore be applied for a sufficiently long time, until some clear step re-
sponses are seen and the process has reached a new steady state.

Since the behavior of the real process is generally non-linear, the size of the step
should be chosen carefully in order to both observe a clear response and not
violate any constraints of the process and/or not upset the process operation
excessively.

The input-output data obtained from the step tests are then fitted to an appro-
priate model structure. The standard model structures used are either first-order
plus dead time (FOPDT) models given by

Kij

—— _embiss 2.34
TijS + 16 ( )

Gij(s) =

or second-order plus dead time (SOPDT) models given by
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Ky
(s + 1)(rs +1)

)

Gij(s) = e s (2.35)

wherei=1,2,...,n,and j =1,2,...,n, denotes the number of MVs and CVs,
respectively. For both types of models Kj;; is the gain, 7;; is the time constant
and 6;; is the delay.

The resulting input-output model can then be expressed as

Y (s) =G(s)U(s) (2.36)

and

G11(s)  Giz(s) Gin, (5)
Gls) = G21:(3) G22:(5) G2n:u (s) (2.37)
Gnyl(s) GnyZ(S) G’ﬂynu (S)

The input-output model may subsequently be realized as a discrete-time deter-
ministic state-space model given by

Tpyr1 = Az + Buy (238)
Yy, = Czxy + Duy, (2.39)
This is in practice done using the MATLAB function mimoctf2dss | |, which

provides a minimal realization of (2.36). The realization is conducted by com-
puting the impulse response of the transfer function and doing a balanced real-
ization from the Hankel matrix of the impulse response matrices.

2.4 Summary

In this chapter different models for the simulation of industrial processes have
been presented. Both a purely deterministic and a stochastic formulation was
considered. The chapter has also illustrated how linear models of industrial
processes can be obtained by system identification for the use in MPC. In par-
ticular, it was presented how step tests can be conducted and used for system
identification of first and second-order input-output models.
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CHAPTER 3

Disturbance Modeling

The main purpose of this chapter is to describe different disturbance models in
order to achieve offset free control for model predictive controllers.

The situation where an unmeasured step disturbance is present in the plant, will
result in an offset when the process is controlled by an MPC which is based on
a model where the disturbances are not included | ]. Therefore the model
used by the controller is augmented with a disturbance model.

The chapter is organized as follows. In the first part of the chapter the set-
tings and assumptions for the disturbance modeling set up are introduced. The
following parts of the chapter describe the different disturbance models.



20 Disturbance Modeling

3.1 Introduction

It is assumed that the model of the plant used by the controller can be described
by the discrete-time linear stochastic state-space model given by

Try1 = Az + Buy, + Gwy, (3.1)
Yy, = Cxy + vg, (3.2)
Zk = szk (33)

where x;, € R"* is the state vector, u; € R™ is the control input, y, € R"v is
the measurement, z; € R"= is the output and w; € R™, v, € R™ are process
and measurement noise, respectively.

The dimensions of the corresponding matrices are A € R"=*"= B € R X"u,
G g R*=*"w C € R™*" and C, € R"=*"=. Here the pair (A, C) is assumed
to be detectable and the pair (A, B) assumed to be stabilizable.

The process noise and measurement noise are assumed to be identically inde-
pendently normally distributed (iid) as

o]~ va((o) & 7)) (3.4)

where @Q is the covariance matrix of wj; and R is the covariance matrix of vy.
Furthermore, S is the cross-covariance between the process noise wy and the
measurement noise vy.

It is assumed that the number of measured outputs n, is equal to the number
of controlled outputs n, and furthermore that the set of measured outputs are
the same as the controlled outputs (C = C,).

3.2 Deterministic-Stochastic Model

The modeling of an unmeasured disturbance using a deterministic-stochastic
model is done, by first setting up a deterministic model describing the dynamic
behavior of the system to be controlled. Secondly a stochastic model describing
the unmeasured disturbance is constructed and then these are combined.

The deterministic model is, in general, given by
:B(éJrl = Adwz + Bauy
Yyl = Cyxf (3.6)
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where Ay, By and Cg are assumed to be known matrices (obtained by lin-
earization of a non-linear plant, estimated using identification procedures or as
a realization of a transfer function). Here the d indicates deterministic.

In this setup each disturbance is modeled as a first-order ARMA-process

1—ag! .
:1_7q—16i’k7 1=1,2,...,ny (3.7)

Eik
where e; ;, ~ Nia(0,02). This corresponds to a combination of white and in-
tegrated white noise | |. Here n, refers to the number of controlled
measurements, for which offset free control is desired.

An ARMA-process can be realized as a discrete-time state-space, in observer
canonical form, as

xj =z} + Kep (3.8)
Yy =xj, + eg (3.9)
where
1— (65) 0 0

0 0 1-ay,

Here the s indicates stochastic. Now, since both the deterministic and the
stochastic models are linear, they can be combined into a single model as follows.
Let the state vector of the combined model be defined as

- m (3.11)
and the measurement of the combined model be
Y. =yl +yp (3.12)
The combined model can be expressed as

Tr41 = Az, + Buy + Key, (3.13)
vy, = Cxp, + eg (3.14)

where

A_[“(l)d 2] B_{B;d}, K_{O}, C=[Cqy I (3.15)
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and e, ~ N;;q4(0,Q,). It is noted that the combined state-space model in
(3.13)-(3.14) is in innovation form | |.

Using this model, the state and disturbance are then estimated from the plant
measurement y, by means of a steady-state Kalman filter, which takes a par-
ticularly simple form for a state-space model in innovation form [ |-

3.3 MISO ARX Model

A MIMO (multiple-input multiple-output) model can be represented as n,
(number of outputs) MISO (multiple-input single-output) models. Each MISO
system relates all the inputs of the MIMO model to a single output.

The idea is to first model each output as a MISO ARX model

zn

Ada Dyiw = Bijlg Duik +ein, i=1,2,...,m, (3.16)
j=1
where
Al =1+ ai,lq_l + ai,2q_2 +- 4 aing " (3.17)
Bij(g") = bij1q "t +bijag 2+ + bijng " (3.18)

are polynomials in the backshift operator of order n and ¢;; ~ Mid(O,ag).
Secondly, the noise model is extended such that offset free control is achieved,
in the case where an unmeasured step disturbance enters the system.

In this setup (like in the deterministic-stochastic model setup) the disturbance
is modeled as a first-order ARMA-process

1

1—ao;q™ .
Eik = ﬁei,k, 1=1,2,...,ny (3.19)
where «; is a tuning parameter of the disturbance model and is in the interval
a; € [0;1].

When «; =0, (3.19) becomes
177(]161"/% (320)
This corresponds to modeling the noise as integrated white noise. Furthermore

this case tries to approximate the disturbance in one step that is as fast as
possible.

Eik =
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When o; =1, (3.19) becomes

1—q¢7t

T—4 1 ik = Cik (3.21)
which corresponds to no extension of the disturbance model and results in the
original MISO ARX model. In this case it is not possible to achieve offset free

control, since this description cannot reject a non-zero constant | |

Eik =

The above cases constitute the limits of the disturbance model, which means
that either the disturbance is not rejected at all or it is rejected as fast as possible
at the expense of increased variance of the approximation.

The extended noise model (3.19) is then substituted into the MISO ARX de-
scription in (3.16)

Ny

Ailg " yin = Z Bij(q ik +€ix (3.22)
j=1
S -1 1— gt
= Z Bij(q )ui,k + ﬁ€i7k (323)
i=1 4

This model can be rewritten as

zn

Ai(g Nyin = ZBij(q_l)ui,k +Cilg Vein (3.24)
j=1

where the polynomials A;(¢ 1), B;;(¢g™!) and C;(¢™ ) are

Al =1 —-qg HAi(g) (3.25)
Bij(a") =1 -q¢ "HBiq ") (3.26)
Cilg™) =1 —aig™! (3.27)

and i =1,2,...,n,.

The model in (3.24) can be realized as the state-space model

Tpi1 = Az + Buyg + Keg, (3.28)
yr = Czp + ey (3.29)
in observer canonical form with
—a;1 1 0 ... 0
—a;2 o1 ... 0
A= : Do |, B=[BY BL ... BL] (3.30)
—Qjn—1 0 0 1
—a;n, 0 0 0
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, C=[1 0 ... 0] (3.31)
_ai,n
and ey ~ N;;a(0,02). Each output y;, will result in a state-space model

description (3.28)-(3.29). A state-space model describing all the outputs i =
1,2,...,ny, can be obtained by combining the individual models.

3.4 Unstructured Disturbance Model

In the unstructured disturbance model, the unmeasured disturbance is modeled
as integrated white noise, that is

dit1 =di+ & (3.32)

where dj, € R™ and &, ~ Nj;4(0, Q;).

The model of the disturbance is then combined with the original model (3.1)-
(3.3) with additional matrices, describing how the disturbance enters the state
and the measurement. Let By € R™»*"d denote the matrix describing how the
disturbance enters the state and Cy € R™**"4 through the measurement.

Combining the model in (3.1)-(3.2) and the disturbance description in (3.32),
an augmented model is obtained. The augmented model is given by | |

] NGB B ] e
y, = [C C4] B:] + vy, (3.34)

where the noise now can be described by

Wi 0 Q S 0
Vi |~ iid( o|.|S" R o ) (3.35)
& o] Lo o @
In order to ensure offset free control using the augmented model, the matrices

B, and C4 have to satisfy some conditions related to detectability, the condi-
tions are given in | ]. The number of disturbances ng has to be chosen as



3.5 Summary 25

ng = n, to ensure zero offset in all the controlled outputs | |.

In general the structure of the matrices By and Cy is unknown, since the dis-
turbance is unknown. However, a common choice is to assume some simple
structure of the disturbance | ]

Let
B;,=B, C;=0 (3.36)

then the disturbance is modeled as an input disturbance. While letting
B;=0 C;=1 (3.37)

models the disturbance as being an output disturbance. The matrices can also
be chosen such that the disturbance dj is modeled as a combination of input
and output disturbances.

Using the augmented model, the state and the disturbance are then estimated
from the plant measurements y, by means of a steady-state Kalman filter. The
steady-state Kalman filter is described in Chapter 4.

3.5 Summary

In this chapter the concept of disturbance modeling and rejection has been in-
troduced. To reject the disturbance and obtain offset free control, three classic
disturbance models have been presented. Each of the models have been de-
scribed and analyzed.
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CHAPTER 4

State Estimation

The purpose of this chapter is to introduce the concept of state estimation and
furthermore to develop the filter and predictor for the model used by the MPC.
State estimation is central to MPC, since the estimator incorporates feedback
into the model predictive controller.

The chapter is organized as follows. The first section introduces the subject
of state estimation. In the second and third sections the Kalman filter and the
stationary Kalman filter for stochastic LTI state-space models will be considered.

4.1 Introduction

For most industrial processes and their corresponding linear models, the process
state xy is unknown and cannot be measured directly. Therefore the process
state needs to be estimated, this is done from process measurements which are
somehow related to the state. It is important to have an estimate of the process
state as it is used in the MPC to predict the future dynamic behavior of the
system.

It is assumed that the model of the plant used by the controller can be described
by a discrete-time linear stochastic state-space model given by
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Ti+1 = Az + Buy, + Gy (4.1)
Yp = Cop + o (4.2)

where xj, is the state, uy is the control input and y;, is the measurement of the
system. Furthermore, wy is process noise and vy is measurement noise.

The process and measurement noise are assumed to be identically independently
normally distributed (iid) as

HIRECI(HRE ) (43)

where @ is the covariance matrix of wj; and R is the covariance matrix of vy.
Furthermore, S is the cross-covariance between the process noise wy and the
measurement noise vy.

The covariance matrices @, R, and the cross-covariance matrix S are positive
definite and symmetric.

In the case where the process noise and the measurement noise are uncorrelated,
the cross-covariance is § = 8T = 0. This is the most common situation,
however, there exist systems where this is not true. This is the case for state-
space models in innovation form, for these models there is a perfect correlation
between the process and measurement noise.

The initial state of the system is unknown, but it is assumed that its distribution
is known and given by

o NN(EO,PO) (44)

and is independent of process and measurement noise.

It is in this chapter assumed that the control inputs wi, k= 1,2,... are deter-
ministic and known.



4.2 Kalman Filtering 29

4.2 Kalman Filtering

In the discrete-time interval [0, N| the measurements y,, k = 0,1,..., N are
recorded. Let Yy denote the set of measurements from discrete-time k = 0 to
discrete-time k = N

yN:{y()vylv"'vyN} (45)

The state estimation problem is concerned with obtaining an estimate &y, of
the state xj, based on the set of measurement data ) available at time k.

To obtain the state estimate &y, the Kalman filter is used. The Kalman filter
is a recursive approach to state estimation due to R.E Kalman | ]. The
Kalman filter seeks to minimize the sum of squared errors between the true
state ), and estimated state &j,. The filter is said to be optimal under the
following assumptions: the estimation model is identical to the true system, the
process and measurement noise is white and the covariances of the noise sources
are known exactly.

The Kalman filter for the discrete-time stochastic state-space is given by two
sets of recursions, a time update (also referred to as the one-step prediction)
and a data update (the filter).

The prediction recursion corresponds to the computation of conditional expec-
tations of the state xx11 and associated covariances, given the data set Y

Zrp1e = E{Tr1| Vi) (4.6)

P = Var{ze 1|V} (4.7)

The filter recursion corresponds to the computation of conditional expectations
[ , | of the state ¢, and the process-noise wy, given the data set My

Ty = E{xe|Vr} (4.8)

Wk = E{wi|Vi} (4.9)
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and associated covariances of the state estimate

Py = Var{zy|Vr} (4.10)

4.3 The Discrete-Time Kalman Filter

The recursions of the Kalman filter for the discrete-time stochastic state-space
(4.1)-(4.2), are given by | ]

Filter
R.;=CPy; .C" +R (4.11)
Ky p = Prr1C R, (4.12)
Kui=SR,, (4.13)
er =Y, — Cyp (4.14)
Tk = Thp—1 + Kz ker (4.15)
Wy = K fw ek (4.16)
Py, = Prjr—1 — fo,kRe,k:K?z’k (4.17)
Qrr=Q— wa,kRe,kK?w,k (4.18)

One-Step Prediction (Time Update)

ik+1|k = Aﬁ:k‘k + Buy + G’ﬁik|k (4.19)
Py = AP AT + GQ,,G" — AK;, 1 S"G" — GSK7, AT (4.20)

The recursions are started at sample k& = 0, where the initial covariance and
state estimate are given by

Py, =Py (4.21)
530|,1 = jO (422)
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By substitution of the filtered state covariance (4.17) and filtered process noise
covariance (4.18) into (4.20), the recursion for the one-step predicted state co-
variance can be formulated as

Py =A|Prjp—1— Kfm,kRe,kK?z,k] A" +a [Q — Ko pRe i K}y, |GT

~ AK ;. :S"G" - GSK7, AT

4.4 The Stationary Kalman Filter

The stationary Kalman filter is obtained in the case where the covariance matrix
Py associated with the one-step state prediction becomes stationary. This
can mathematically be formulated as

P=Pyix=Prp-1, k—o0 (4.23)

The conditions under which the covariance matrix becomes stationary are given

in | ]
In this case the recursion for the covariance matrix becomes

P=APA" 1 GQG" — (APCT + GS)(CPC” + R)"1(APC” + GS)T
(4.24)

which is known as the Discrete Algebraic Riccati Equation (DARE). The equa-
tion can be solved using the built-in MATLAB function dare.

In the stationary case, the filter gains for the state and process-noise are given

by

R.=CPC" +R (4.25)
K;, = PC'R;! (4.26)
K, =SR;" (4.27)

with the associated filtered covariance matrices

P;=P-K;R.K7, (4.28)
Qf =Q - waReK?w (4.29)

Since the filter gains are stationary, they can be computed offline reducing the
computational complexity of estimating the current state xy.
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The filter and time update for the stationary Kalman filter are given by

€k =Yg — Cffck\kzq (4.30)
Tp|k = Tpjp—1 + Kro€p (4.31)
ﬁ)k|k' = waek (432)
and
iik+1|k = Aﬁ?k‘k + Buk + G’ll)k|k (433)

It should be noted that the stationary covariance matrix P obtained by solving
the Riccati equation in (4.24), depends on the true noise covariance matrices
Q, R and S. However, it is not always the case that these are actually known.

Furthermore, it should also be noted that the Kalman filter depends on the
matrices of the system in (4.1)-(4.2). However, since the system might need to be
augmented in order to achieve offset free control, the model matrices are allowed
to be different. The model matrices for this case are denoted (A, B,G, C’)

4.4.1 Predictions Using The Stationary Kalman Filter

In order to predict the future dynamic behavior of the controlled process, the
filtered state estimate &), is used as initial point for the future predictions.
The one-step prediction is given by (4.33), where the filtered process-noise is
included. To predict the state of the entire prediction horizon, it is first noticed
that the process-noise estimate wy,j, = 0 for j > 0. This is the case due to
the fact that wy and vy are only correlated for the current k. Consequently the
(j + 1)-step state prediction may be computed by

ik+1+j|k :A@k_‘_ﬂk-l-Buk_;'_j‘k, j = 1,2,... (434)

4.4.2 Work Flow of the Stationary Kalman Filter

The recursions of the stationary Kalman filter are started at sample k£ = 0,
where the initial state estimate and covariance are given by

To—1 = To (4.35)
P =P, (4.36)
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At each sample £ = 0,1,2,... a new measurement y, of the system becomes
available to the state estimator, from this the innovation e is computed. The
innovation is the error between the actual measurement y, and the, by the state
estimator, predicted measurement gy, _4

€k = Yg _Qk\kflv k:()v]-v (437)

The predicted measurement gy, ;,_,, is a prediction of the actual measurement
y,, at sample k, computed at sample k — 1 and based on the measurement data
set Vr_1. The predicted measurement is given by

yk|k—1 = C:Ack|k—1a k= Oa 17 s (438)

The predicted measurement ¥y, is based on the one-step state prediction
Zk—1- The one-step state prediction &)1, is a prediction of the (true) state
x). at sample k, computed at sample k — 1 and based on the measurement data
set Vi_1.

Using the innovation ej and one-step state prediction @y, the filtered state
estimate is computed by

Tpip = k-1 + Kro€p (4.39)
and the filtered process-noise estimate by
Wy = K pwer (4.40)

The Kalman filter is then prepared for the next process measurement by com-
puting one-step prediction of the state. The one-step state prediction is given
by

‘%k-&-l\k = Aﬁ)k|k + Buy + G’ﬁ)k‘k (4.41)

4.5 Summary

In this chapter the basic idea of state estimation has been presented. It has
been shown how an estimate of the process state can be obtained by use of the
stationary Kalman filter. Also the assumption on the formulation of the filter
with regard to optimality has been considered. Furthermore, it has been shown
how the state estimate can be used to predict the future states of the process.
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CHAPTER 5

Model Predictive Control

The main purpose of this chapter is to introduce the basic theory and formula-
tion of model predictive control.

The chapter is organized as follows. The first part of the chapter introduces
the state-space model that the MPC will be based on. The second part of the
chapter deals with the formulation of the unconstrained MPC based on the
state-space model, and illustrates how the MPC regulation problem can be for-
mulated as a quadratic optimization problem.

For the unconstrained MPC the associated quadratic optimization problem can
be solved explicitly. The third part derives a state-space model for the uncon-
strained controller.

The last part of the chapter considers the formulation of different constrained
model predictive controllers and the quadratic optimization problems resulting
from the constrained MPC regulation problems.
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5.1 Introduction

The model of the plant used to predict the future dynamic evolution of the
controlled system, is in this chapter assumed to be described by

ﬁ?k+1|k = A:i:k|k + Buk‘k + Gﬁ’k\k (5.1)
@k-+1|k = Cf&kﬂlk (5-2)
Tpi14jik = ABpgyje + Bugygp,  j=12,...,N—1 (5.3)
Ykrr4jk = CBii1tjn, j=12,...,N-1 (5.4)

which is the Kalman filter model for the system model in (4.1)-(4.2), along with
the corresponding (j + 1)-step predictor, of the states &j414;x and measure-
ments @k—‘y—l—‘y—jlk

In the following sections, the model in (5.1)-(5.4) is used to develop uncon-
strained and constrained receding horizon optimal controllers.

5.2 Unconstrained MPC for State-Space Models

In this section, the basic setup of the unconstrained MPC, based on the state-
space model (5.1)-(5.4) is treated.

First the MPC objective function is defined. This can be done in different ways
depending on the purpose of controlling the process. A common requirement in
the industrial process industry, is to have the controlled output of the process
track a reference specified by the control operator. This is described by the
tracking error, which is the difference between the predicted controlled output
Ykt144)k and the reference ry 114 ;). Furthermore, in order not to use excessive
control action a regularization term is also commonly added to the objective
function. This is also the objective considered in this thesis.

Many processes are MIMO systems which means that the predicted measure-
ment and control input usually are vectors, and therefore some norm is used
to quantify the tracking error and the control action. Using the squared norm
indicates that positive and negative deviation from the reference are equally un-
desirable and furthermore by weighting the norm, the individual elements can
be treated differently. The objective function is defined as

N-1

1
¢:§z;)

j=

2
Y14k — ?“k+1+j|kHQ + HAukH\kqu (5.5)
Y
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where the weighted norm is defined by
lz]g = =" Qa (5.6)

The objective function expresses the sum of the weighted squared norm of differ-
ence between the measurement prediction g, 4 +j|x and the corresponding set-
point 714, and the weighted squared norm of the rate movement Awuy, ;. for
j=0,1,..., N — 1. The objective function is subjected to the model dynamics
described by (5.1)-(5.4).

The MPC problem can be expressed as

N 2 2
Ye+1+4k — 7°k+1+j|ch + ||Auk+j|kHSu (5.7)
{wntjie}5=0 Qy

1Nl
min - ¢=3
j=0

st. Tk = AZyp + Bug), + Gy (5.8)
Ypy1jk = CTpqape (5.9)
Eririjih = A@pyiik + Bugpp,  j=12,...,N—1 (5.10)
Y14k = CTry14jk, j=12,...,N—-1 (511)

where N is the prediction horizon and Q,, S, are weight matrices associated
with the reference tracking and the input rate movement, respectively. These
matrices are user-specified and can be regarded as tuning parameters for the
MPC. How these weight matrices should be chosen is not obvious and different
choices lead to different closed-loop performances. The tuning of the MPC will
be considered in Chapter 7.

The structure of the weight matrices is of importance. From a theoretical point
of view, the MPC objective function constitutes a weighted least-squares prob-
lem. This can give some indications on how the structure of the weight matrices
should be chosen. In this thesis the weight matrices are assumed to be positive
definite diagonal matrices.

In general the sum of the two terms in the objective function could be different.
In this case the length of the reference tracking is referred to as the prediction
horizon and the one on the control as the control horizon. In this thesis, this
case is not considered and the two horizons are equal.

The MPC regulation problem can be transformed into a convex Quadratic Pro-
gram (QP) by performing state elimination in (5.8)-(5.11). The states can be
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expressed as

j
R i o o
Tpp1jie = A7 Zpp + E A’ Buy ), + A Gy,

=0

(5.12)

by successive substitution in (5.8) and (5.10). Under the assumption that the
predicted measurements Yy, ;| are computed by ¢ 14jp = CZry14jk, it
follows from (5.12) that g, 1, ;, can be written as

Ykt1+jlk = CTri14jik

J
= C(Aj+1ii¢k|k + Z AJ_’Bu;H“k + A]G’ﬁ)k|k

=0

J
=CA &y, + Y CA ' Buyiy + CA Gy,

=0

(5.13)

Using vector notation (5.13) can be expressed (for j =0,1,...,N —1) as

Yk41|k
Yk42|k

Yktslk | = @p&y, + oy + T

Y+ Nk

where ®,, ®,, I' are given by

CA CG
CA? CAG

"P:c = CAS 5 ¢w = CAQG 5 IT=
cAV cAN g

The elements H; of the matrix I" are given by

H,=CA"'B, i=1,2,...

Uk|k

Uk+1|k
Uk+2|k

Uk N1k

H,

Hpy_,

. N.

(5.14)

H,

(5.15)

These are known as the impulse response coefficients (Markov parameters) of

the system.
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Defining
Yetiik Tk+1|k Uk |k
Yk+2|k Tk42\k Up41|k
Y= |Y+3k |, Rp=|Tet3lk|, U= Up12|k (5.16)
'gk+N|k Tk+N|k Uk N1k
and
Aumk
Aupyqp
AU = | AUkialk (5.17)
Auk-‘,—N—l\k

the measurement predictions can be expressed as
Y.,=b.+TU; (518)
where by, is

b, = (I)mﬁlkm + <I>wfuk‘k (5.19)

The input movement rate can be expressed as

Auk|k Uk — Uk—1|k
Aug ik U1k — Uklk
AU, = | Bupior | = Upg 2k — Ukt 1k (5.20)
Aup N1k Upy N—1|k — Uk N—2|k

using that Auy jjx = Upyjjx—Uksj—1)k- The expression for the input movement
rate (5.20) can be reformulated as

AUk; = \I’Uk — Iouk,uk (521)
where W and I, are
I I
-1 I 0
- - I . I,=1|0 (5.22)
-1 I 0

In (5.21), wup_1 is the control input associated with sample k — 1 considered
at the current sample k. This corresponds to the control input determined at
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sample k—1 and is therefore known at the current sample k. In order to simplify
notation, this will be denoted by wg_1.

Let

o | s= ) (523)
Q, S

be the weight matrices associated with the prediction horizon N, corresponding
to the dimensions of (5.18) and (5.21), respectively.

The objective function (5.7) can be expressed as
6= 5 IV~ Rilly + 5 AU

1 g 1 2

=5 bk + TUy = Ryllg + 5 19U — Tour— s

= %[FUk + b, — R,V QTU, + by, — Ry
+ %[@Uk — Tou, 1 )" S[WU}, — Touy_1]

= %[UfFT +b — R{IQIU + by — Ry
+ %[U{@T —ul | IJ]S[®U}, — Iyuy_1]

= %UZHU;C + gt U + py, (5.24)

where H, g,,, p; are

H=T"0r +9¢'sw (5.25)

g, =T7Q(by — Ry,) — T STous_y (5.26)
1 1

P = 5 llbx — Ri|% + 3 [ Tows—1 % (5.27)

Consequently, by state elimination the MPC regulation problem can be ex-
pressed as the following unconstrained convex QP

1
min ¢ = §U£HUk +gtU + py, (5.28)
k
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Provided the weights matrices @, and S, in (5.7) are chosen such that H is
positive definite, the QP is convex and has a unique solution, which is given by

[ |
Up=-H"'g, = L& + LWy + LrRy + Lyu_ (5.29)
where
L,=-H'T70®,
w=-H'T'Q®,
r=H'T"Q
L,=H'¥'sI,

N~

The requirement on H ensures convexity of the QP and is guaranteed if the
weight matrices @, and S,, are positive definite.

In the receding horizon MPC approach, only the first control input wy; is
implemented on the plant in each sample. The first control input wy, can be
expressed as

up, = up, = I{ Uy, = Lydy)y, + LyWy, + LrRy + Loug_1 (5.34)

where
L,=IL,=-IH 'T"Q®, (5.35)
L,=I1L,=-I"H'T"Q0®%, (5.36)
Lp=I Lp=I'H'TTQ (5.37)
L,=IJL,=IH '¥"SI, (5.38)

In practice (L, Ly, Lg, L,,) are not computed explicitly by inversion of H, but
by a Cholesky factorization.

REMARK 2 [t should be noted that the state elimination approach used in this
section, is best suited for stable systems. That is, for systems where the eigen-
values of the system matriz A is strictly inside the unit disc, eig(A) < 1. This
is the case due to the structure of the matrices in (5.14), which can result in
very small and large elements and hereby cause numerical instability [ .

REMARK 3 For most industrial processes it is reasonable to assume that the
processes to be controlled are stable. For the case where the process is unstable,
it is assumed that the process has been stabilized by some appropriate controller
prior to the implementation of MPC. This could for example be done by design-
ing a stabilizing state-feedback (LQG) controller uy, = Ly, [ .
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5.2.1 Controller State-Space for the Unconstrained MPC

In this section the expressions for the optimal control input and the stationary
Kalman filter for the controller model, are combined and formulated in state-
space form resulting in a controller state-space.

The optimal control input for the unconstrained MPC is given by
Uk = Uk = inﬁk\k + Lwﬁlk|k + LrRy + Lyug_ 1 (5.39)

and the stationary Kalman filter for the controller model is given by

€r =Y — Ciik\k—l (5.40)
Tk = Tijk—1 + Kyoep (5.41)
’ﬁjk|k = Kyyep (5.42)
and
ék+1|k = Aﬁ:k‘k + Buk + é’ﬁ]Hk (5.43)

where the filter gains K¢, and K ¢,, are given in Chapter 4.

First the optimal control input (5.39) is substituted into the one-step prediction
of the Kalman filter (5.43)

:ik-«—l\k = ACiﬂMk + Buk + Gﬁ)k“f

= Ay, + B [Lg@k“@ + Ly, + LrRy + Luukl} +Gwy, (5.44)

Next the filtered state (5.41) and the filtered process-noise (5.42) are substituted
into the above expression, giving

T =A [@kk_l + Kfmek] +GK jpep,
+B {Lm [ﬁ:kk_l + Kfﬂek} +L,K juer + LrRy, + Luuk_l} (5.45)
Now the innovation (5.40) is inserted
Tpipp = A {ﬁ?ku@-q + K po(yr, — éﬁ?kw—ﬁ} (5.46)

+BL, {ﬁ:km—l + Kio(yy — éi‘mk—ﬁ]

+ BLwaw(yk — éﬁ:k“@fl) + BLRRk + BLu’u,k,1
+ éwa(yk - éi'k\kfl)
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By expanding terms in (5.46) the following is obtained
Epap =A@y + AK poy, — AK 5,Caypy + BLy@g o (5.47)
+BL,K,y, — BL,K;,Ci; , + BL,K ;,y,
~ BL,K;,Ciappy + BLrRy + BL,uy_1 + GK s,y

- GwaC'-’ik\k—1
Defining
A=L,K; +L,Kj, (5.48)
A=AK;, + GK, + BA (5.49)

the expression in (5.47) can be simplified and written as

&ry1s = [A+ BL, — AC BL,] {mjlkﬂ + Ay, +BLzR;,  (5.50)

The optimal control input for the unconstrained MPC, can also be written in
terms of the one-step prediction and the previous optimal control input. This is
done by conducting the equivalent substitutions as done above. The expression
for the optimal control input is given by

ur, = Ly Ty + Lywy + LrRy + Lyug 1
= L, [Zp—1 + Kyrer] + Ly K ppep + LrRRy, + Lyug o
= Ly [@gp1 + K o(y), — Crpp1)] + Lo K oy — Cﬁ}k\k—l)
+ LrRy + Lyui_1
= Lo@yp1 + [LoK o + LK 1) (y — Cppir) (5.51)
+ LrRy + L,up_1

Using equations (5.48) and (5.49) the expression for the optimal control input
in (5.51) can be written as

wp = [L, —AC L] {”Zvlfl} 4 Ay, + LR, (5.52)

k—1

Now (5.50) and (5.52) can be combined to one equation describing the evolution
of the one-step prediction and optimal control input. The combined equation is
given by
:%k+1‘k _ A + BLJL —AACY BLU ﬁ:k|k71 A BLR R
[Uk } [ L,- AC Lo | lwe | T|A] YT [ Lp | ™
(5.53)
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Define the controller state as

e | ®rjr-1
xy = {ukl } (5.54)

then the evolution of the controller model can be written in state-space form as

wi+1 = Acf’Ji + chyk + Bchk (555)
U = CC.’IJE + Dcyyk +D.. Ry (5'56)

where

A+ BL,—-AC BL, A BLy
AC - - ’ BC = ) Bcr = .
L.—AC L, ] v M [ Ln } (5.57)
and

C.=[L,-AC L,], D,y=A, D, =Lpg (5.58)

5.3 Unconstrained MPC for State-Space Models
in Innovation Form

The formulation of the unconstrained MPC controller and the controller state-
space considered in the previous section, can also be formulated for state-space
models in innovation form

Tpt1 = Axj, + Buy + Key, (559)
y, = Cxy, + & (5.60)

where € ~ N;qa(0, R.).

REMARK 4 The model in innovation form (5.59)-(5.60) is a special case of the
linear model (4.1)-(4.2). (5.59)-(5.60) may be expressed in the form (4.1)-(4.2)
with G = K, w, = vy =€y, [ .

The results for the model in innovation form, are derived in the same way as
done in the previous section. Furthermore, the results are very similar and are
therefore not derived. The results for the model in innovation form can be found
in | ].
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5.4 Constrained MPC

In many cases the system to be controlled is not unconstrained. It might be the
case that the control input of the system is limited to some interval and/or the
rate of which the control input can be changed is bounded. There exist different
constraints, they are usually classified as input, output and state constraints.
In this section some constrained MPC formulations are considered.

When constraints are present, the optimization problem becomes more compli-
cated and implies that there exists no closed form expression for the optimal
control input.

5.4.1 MPC with Bound Constraints

When control input constraints are present, the MPC regulation problem can
be formulated as

1Nl
min o= 3 Z
j=0

N-—1
{urtjinti=o

2
Y144k — Tk+1+j|kHQ + HAuk+j|kH25,“ (5.61)
v

st Xpyk = Ay, + Bug), + Gy (5.62)
@k+1|k = Cﬁ:k+1|k ( )
Erp1ie = ABpajik + Burje,  J=12,...,N—1 (5.64)
Y145k = CThri4jik j=12,...,N-1 (5.65)

(5.66)

uminﬁ“k—&-ﬂké“mama j:(),].,,N—l

This formulation is almost identical with the unconstrained case. Since there
are no modifications to the objective function and the equality constraints, the
MPC regulation problem can again be expressed as a convex QP. But due to
the control input constraints this cannot be solved explicitly.

The constraints on the control inputs

Umin Suk+j\k S Umazx, J 20717"'7N_1 (567)
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can be written as

Umin U |k Umazx
Umin uk+1|k Umazx
< . < (5.68)
Umin uk+N71\k Umax
and furthermore as
Umin S Uk: S Umaw (569)
The MPC regulation problem may be expressed as the convex QP
1
min ¢ = §U{HU;€ +gFUL + py (5.70)
k
s.t. Uml‘n S Uk S Umam (571)

In a quadratic program the constant p; has no influence on the minimum, so it
can be left out when solving the QP.

5.4.2 MPC with Bound and Input Rate Movement Con-
straints

In the MPC formulation also input rate movement bounds can be added. This
leads to the following formulation of the MPC regulation problem

N-1

. 1 . 2 2
ming . ¢=3 2 | = ’"k+1+ﬂkH + [ Awrginls, (5.72)
{“k+j\k}j:o =0 Qy

s.t. Cbk+1|k = Aik\k + Buk|k + G’ﬁ)“k (573)

Ypsrlk = CTpqape (5.74)

:i:k+1+j|k :Aﬁ:k+j|k+Buk+j‘k, j=12...,N—-1 (575)

Yt14j1k = CThir1jiks j=12,...,N—1 (5.76)

Umin < uk+j|k < Umazx, ] = 0, 1, ey N -1 (577)

Aumin < Auk:Jrj\k: < Aumawv j =0,1,..., N -1 (578)

The constraints on the input rate movement

Aumin S Auk+j\k S Au’maah ] = 07 1) L) N-1 (579)
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can be written as

Aumm Auk‘k Aumaw
Aumin Auk:Jrl\k Au’maw
< . < . (5.80)
Aumin Aulﬁ»Nf 1|k Aumaw
and furthermore
AUmz’n < AUk < AUmax
Inserting the expression for AU}, given in (5.21) gives
AUmzn S AUk S Alj’m.aas — (581)
AUmwz + IOuk—l S \I’Uk S AUmaT + Iouk—l (582)
Denote these bounds by
b = AU min + Tour—1, by = AU pae + Tour—1 (5.83)
The MPC regulation problem may now be expressed as the convex QP
: 1 .7 T
min p= §U,€HU;C + 9. Uk + ps (5.84)
k
st. Unmin KUk < Unpas (5.85)
b < VU < byy (5.86)

REMARK 5 [t should be noted that if all constraints remain inactive, the op-
timal solution Uy, for the constrained MPC will be equal to the optimal solution
for unconstrained MPC.

5.5 Summary

In this chapter the basic MPC formulation has been presented and the main
components, such as prediction horizon, control horizon and weight matrices,
of the setup have been discussed. Furthermore, the optimal control law for the
unconstrained MPC was derived explicitly and combined with the Kalman filter
to form a controller state-space.

It was also considered how to formulate MPC controllers with constraints on
the control input and on the input rate movement.
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CHAPTER 6

Closed-Loop Analysis

The purpose of this chapter is to derive a closed-loop description for the control
system, i.e. the process and the controller, for the unconstrained MPC derived in
Chapter 5. Subsequently the properties of the closed-loop system are analyzed.

The chapter is organized as follows. The first part of the chapter derives the
closed-loop system. In the second part of the chapter the covariance matrices
associated with the closed-loop are derived. The third part deals with the
transfer function describing the process model and the controller model. Finally
the general notion of sensitivity is introduced and the sensitivity functions of
the closed-loop MPC system are derived.

6.1 Closed-Loop State-Space Description

In this section the controller state-space derived in Section 5.2.1 is combined
with a linear process model of system to be controlled. For this purpose the
considered plant is assumed to be a stochastic linear time invariant state-space
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system given by

Tpt1 = Az + Buy, + Ed;, + Gwy, (61)
ZE = C:Bk (6 2
Yy, = Cxy + vy
Recall that the controller state-space is given by
xi 1 = Az + By, + B Ry, (6.4)
uy, = Ceoxf, + Doy, + D Ry, (6.5)

Since both the controller state-space and the process model are linear, they can
be combined and expressed as a closed-loop linear state-space. In the following
the closed-loop description will be derived.

The control input (6.5) is first substituted into the process state equation (6.1)
Tyl = Az, + Buy, + Ed;, + Gwy,

= Az, + B {chz + Dy, + DC,R,C} +Ed;, + Gw;, (6.6)
Insert the plant measurement (6.3) to obtain

Tyl = Az, + B |:CC:B(]; + Dcy(CiL'k + ’Uk) + Dc’r‘Rk}:| +FEd;, + Gwy

= (A + BDCyC)IL’k + Bccﬁcz + BDcy’Uk + BD_..R;, + Ed;, + Gwy,
6.7)

The process state equation is hereby described in terms of the controller states.
A similar expression can be obtained for the controller state, as follows. The
controller state is given by
wiJrl = A.x), + B,y + B Ry
= A.xi + B.,(Cz + vi) + B Ry,
= Acmz + chka + ch’l)k + B..Ry, (68)

Insert the plant measurement (6.3) into the expression for the control input
(6.5) results in
uy = Cexj, + Deoyy,, + Do Ry,
= chz + Dcy(Csck + ’Uk) + D .. R;
= CCEL‘Z + DcyC’:ck + Dcyvk + D, R (69)



6.2 Covariance 51

By defining the closed-loop state as

1 T
) = LBZ} (6.10)
a closed-loop state-space can now be formulated.

The resulting closed-loop state-space description for the combined system is
given by

le+1 - Aclwzl + chlwk + Bvclvk + Brcle + Bdcldk (611)
2k = Czclwz-l (612)
Y = Cyaxi + vy, (6.13)
up, = Cyaz + Doyvy, + Do Ry, (6.14)
where
A+ BD.C BC. G BD,
AC = Y © P ch = P Bvc = Y 6.15
S S I R
BD,, E
Brcl = |: B :| ) Bdcl = |:O:| (616)
and
Cycl = [C 0] ’ Czcl = [C O} ’ Cucl = [Dcyc Cc] (617)

6.2 Covariance

The closed-loop description of the unconstrained MPC, can be used to determine
the closed-loop covariance matrices for the input, measurement and the output.
To this end, first the closed-loop state covariance matrix needs to be computed.

Let R, ; denote the covariance matrix of the closed-loop state xz¢'. Now the

variance of the closed-loop state equation in (6.11) is computed.

R, i1 = Var{wil_H}
= Var{Aclle + chlwk + Bvclvk + Brcle + Bdcldk}
= Var{Aaz{ + Byawy, + Byavk} (6.18)
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Since the reference Ry, and the disturbance dj, are deterministic quantities, these
do not have influence on the variance and can be left out.

Var{Aazj! + Byawi + Byavr}
= Cov{A z{ + Byawi + Byoavi, Agzi + Byawy, + Byqvk}
= Cov{Ayx{, Az} + Cov{Ayxs!, Byaws} + Cov{Ayx{, Byavy}
+ Cov{Byawy, Aqx{} + Cov{ Byawy, Buawy} + Cov{Byaqwy, Byqvi}
+ Cov{Byqvi, Agzl'} + Cov{B,qvi, Byawsi} + Cov{B vy, Bygvi}
= AyCov{x{, x{'} AL + A, Cov{xs, wi} B, + AyCov{x{, v} BL,
+ By Cov{wy, }A + By Cov{wy, wk}chl + By Cov{wy, vk}B
+ B, Cov{vg, x, }A + B, Cov{vy, wk}chl + B, Cov{vy, 'vk}B

It is assumed that the closed- loop state IEZZ and the process-noise wy are un-
correlated and the same for mk and the measurement noise v;. Due to the
possible correlation of the process-noise w; and the measurement noise vy, no
assumptions are imposed on these.

The equation can now be expressed as

Ra:,kJrl = AclRw,kAZ; + chlQB o+ BvclRB ot chlSB (619)
+B,uS"B,,,

For the case where the process-noise wjy and the measurement noise vy are
uncorrelated, the equation simplifies to

R, 441 = AyR, AL + B,.QBL , + B,,RB!, (6.20)

Now provided that all eigenvalues of A.; are strictly inside the unit disk, the
closed-loop system is asymptotically stable. This implies that the covariance
matrix of the state R, ; becomes stationary as k — oo with limit R, | ].
The equation for the covariance of the closed-loop state is given by

R, = A,R. A% + B,.QBY_, + B,.RB?, (6.21)
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This equation is known as the discrete-time Lyapunov equation. Note that
when B, Bye, Q and R are known matrices, this is a matrix equation in the
closed-loop steady state covariance R,. The equation can be solved using the
built-in MATLAB function dlyap.

Next the closed-loop steady state covariance matrix of the measurement y,,, can
be computed as

R, = Var{y,}
=Var{Cyaz{ + vi,}
= Var{Cyazi'} + Var{vy} + Cov{C az{,vi} + Cov{vy, Cpax}
= C’yclVar{azil}ng + Var{vy} + CyaCov{xs vy} + Cov{vy, mil}Cch

=C,uR.C,,+ R (6.22)

The closed-loop steady state covariance matrix of the control input wy is

R, = Var{us} (6.23)
=Var{Cyux{ + D.yv), + D Ry}
= Var{Cuclwil + D.yvy}
= CuaVar{z}Cy + DeyVar{vi} DF, + Cov{Cuaf, Doy}
+ Cov{Cyax, Doyvi )"
= CyaR.C), + D.,RD], (6.24)

Last, the closed-loop steady state covariance matrix of the output zj is com-
puted. The covariance matrix of the output is

R. =Var{z;} = Var{C,qx{} (6.25)
=C.a4R,C? (6.26)

zcl

6.3 Transfer Functions

In this section the linear process model, the controller model and the closed-loop
system are described as input-output models in the z domain using discrete-time
transfer functions.
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This is done by transforming the equations using the (unilateral) Z-transform
defined by

F(z)=Z{f;}=> 2 "f4 (6.27)

k=0

where f, denotes the discrete-time domain function. The Z-transform is a
linear operator and has many interesting properties. The reader is referred to
[ | for more details.

6.3.1 Transfer function of the Process Model

The input-output function for the linear process model in (6.1)-(6.3), is com-
puted as follows. Let the Z-transform of the current state, control input, dis-
turbance and process-noise be given by

Z{xr} = X(2) (6.28)
Z{up} =U(z) (6.29)
Z{dy} = D(2) (6.30)
Z{wg} = W(z) (6.31)
and of the next state
Z{xpt1} = 2X(z) — zzg (6.32)
The state equation of the process model can now be written as
Z{:L‘k+1} = Z{A:Bk + Buy + Edj, + ka}
2X(z) —zxg = AX(2) + BU(z2) + ED(z2) + GW (2)
2X(z) — AX(z) = zxo+ BU(2) + ED(z) + GW (2)
(21 — A)X(z) = zxog+ BU(2) + ED(z) + GW (2) (6.33)
Isolating X (z) in (6.33) gives
X(2) = (21 — A) " '[zzo + BU(2) + ED(z) + GW (2)] (6.34)

Next the Z-transform of the measurement equation is given by

Y(2)=CX(z)+V(z) (6.35)
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Inserting the expression for X (z) gives

Y(2)=CX(z)+V(2)
=C(2I — A) Mzxo + BU(2) + ED(2) + GW (2)] + V(2)  (6.36)

Assuming that the initial state is g = 0, the input-output function for the
process model measurement can be written as

Y (2) = Gyu(2)U(2) + Gya(2) D(2) + Gyu(2)W (2) + V(2) (6.37)

with discrete-time transfer functions

Gyu(?)=C(zI-A)"'B (6.38)
G,i(?)=C(:I - A)'E (6.39)
Gyu(2)=C(zI - A)'G (6.40)

Last the Z-transform of the output equation is given by
Z(z)=CX(2) (6.41)
Inserting the expression for X (z) gives

Z(z) =CX(2) (6.42)
=C(2I — A) " 'zxo + BU(2) + ED(2) + GW (2)] (6.43)

Now the the input-output function for the process model output can be written
as

with discrete-time transfer functions

G..(2)=C(:I-A)'B (6.45)
G.i(2)=C(zI — A)'E (6.46)
G..(2)=C(zI - A)~'G (6.47)

6.3.2 Transfer Function of the Controller Model

The state-space description of the controller is given by
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mi’—&-l = Afmi' + chyk + Bchk (648)
uy = Coxf, + Deyy, + D Ry, (6.49)

The Z-transformation of the controller state equation (6.48) is
2Xc(2) — A X (2) = 225+ B Y (2) + B R(2)
(2I — A) X (2) = zax§ + B, Y (2) + B R(2)
X (z) = (21 — A)) 'zx§ + B, Y (2) + B, R(2)]  (6.50)

Transformation of the (6.49) and inserting X .(z) gives
U(z) =C.X.(2)+ DY (2) + D, R(z)
=C.(2I - A,) ' [B,Y(2) + B.,,R(2)] + D, Y (2) + D.. R(z)
=C.(2I - A) 'B.,Y(2)+C.(2I - A.) ' B, R(2) (6.51)
+ DY (2)+ D, R(z)

The controller can now (in the z domain) be described by

U(z) =Cuy(2)Y(2) + Cur(2)R(2) (6.52)

with discrete-time transfer functions

CUU(Z) = CC(ZI - Ac)_chy + Dcy (653)
CUT’(Z) = CC(ZI - Ac)ichr + Dcr (654)

6.3.3 Transfer Function of the Closed-Loop

The input-output function for the closed-loop system of the unconstrained MPC,
can in a similar manner be derived. Z-transforming the closed-loop state equa-
tion gives

Xcl(z) = (ZI — Acl)ilzicgl + (ZI — Acl)ilech(Z) + (ZI — Acl)ileclV(z)
+ (2 — Ay) ' B,y R(2) + (21 — Ay) ' By D(2) (6.55)
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Assuming that the closed-loop initial state is 5 = 0 and inserting X 4(2) in
the Z-transformed measurement equation

Y(Z) = CyClXCl(Z) + V(Z)
= Cycl(ZI — Acl)_lech(Z) + [Cycl(ZI — Acl)_lecl + I]V(Z)
+ Cycl(ZI — Acl)_lBrclR(Z) + Cycl(ZI — Acl)_lech(Z) (656)

The measured output of the closed-loop system can (in the z domain) be de-
scribed by

Y (2) = Gyu(2)W(2) + Gy (2)V(2) + Gyr(2) R(2) + Gya(2)D(2)  (6.57)

where

Gyu(z) = Cya(zl — Ay) "By (6.58)
Gyo(2) = Cya(zI — Ag) "' By + 1 (6.59)
Gyr(2) = Cya(2I — Ac) ' Bra (6.60)
Gya(z) = Cya(zI — Ae) ' Baa (6.61)

6.4 Sensitivity

In this section the sensitivity functions for the closed-loop unconstrained MPC
are derived. The sensitivity function and the complementary sensitivity func-
tion in general describe the influence of external inputs on the the closed-loop
behavior.

In order to introduce the concept of sensitivity, a classic one degree-of-freedom
feedback SISO control system is first considered | |. The system is illustrated
in figure 6.1.
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D(2)
R(:) + Bl oo U(2) Ge) +u+ ()
Y(;)
Fl +
V(z)

Figure 6.1: One degree-of-freedom feedback control system. The controller is
described by C(z) and the process by G(z).

Figure 6.1 shows that the output of the process is influenced by an output
disturbance D(z) and furthermore that the measured output Y'(z) is corrupted
by measurement noise V(z). The controlled output of the process is given by

Z(z) = G(2)U(2) + D(z)
= G(2)C(2)E(z) + D(2)
=G(2)C(2)[R(z) =Y (2)]+ D(z
=G(2)C(2)[R(z) — (Z(2) + V(2))] + D(2)
= G(2)C(2)R(z) — G(2)C(2)Z(z) — G(2)C(2)V (2) + D(z) (6.62)

_ G(2)0(z) - G(2)C(2) . 1 s
25 = iy amoE) P T Ty emom) P T iramer) P
=T(2)R(z) —T(2)V(2) + S(2)D(z) (6.63)

It is seen that the controlled output of the system can be written in terms of
the external inputs (the reference R(z), measurement noise V(z) and the output
disturbance D(z)) and the transfer functions

1
S(z) = Y BIE)] (6.64)
and
T(z) = —GRICE) (6.65)

T 1+ G()C()
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S(z) is referred to as the sensitivity function and is the closed-loop transfer func-
tion from the output disturbances to the controlled output. Furthermore, T'(z)
is referred to as the complimentary sensitivity function and is the closed-loop
transfer function from the reference (and measurement noise) to the controlled
output.

For the MIMO system case, the sensitivity functions generalize to
S(z)=[I+G(2)C(2)] ! (6.66)
and
T(z) = [T+ G(2)C(2)] 'G(2)C(z) (6.67)

where the S(z) and T'(z) are now matrices.

6.4.1 Sensitivity of the Unconstrained MPC

The above sensitivity functions are not valid for an MPC controller formula-
tion, since the MPC is a two degree-of-freedom controller. The MPC has an
unsymmetrical treatment of the reference signal R(z) and the measured output
Y (2).

Recall from Section 6.3.2, that the unconstrained MPC control law can by ex-
pressed as

U(z) = Cuy(2)Y (2) + Cur(2) R(2) (6.68)
with discrete-time transfer functions

A)"'B., + D, (6.69)

C zI —
Cu(2) =C.(2I — A.) 'B,, + D, (6.70)
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Process

Controller W(Z)—‘—> G.u(z) 5
~ U(z) A
R(zp——— Cur(2) U G.u(z) U Z(z)
Cuy(2) O<

Figure 6.2: Two degree-of-freedom feedback control system representing the
closed-loop unconstrained MPC.

Furthermore, the controlled output of the linear process model can be expressed
as

Z(2) = Gou DU (2) + Goa(2)D(2) + G ()W (2) (6.71)

Figure 6.2 illustrates the feedback loop for the unconstrained MPC control law
in closed-loop with the linear process model. The process is influenced by an
output disturbance D(z), which enters through the transfer function G.4(z).
Furthermore, the process is affected by process noise W (z), which is propagated
to the output by the transfer function G, (z). Finally, the measured output
Y (%) is corrupted by measurement noise V' (z).

Since the measured output Y (z) is used by the controller, it is of particular
interest to have the sensitivity functions that relate the external inputs to the
measured output. The measured output can be expressed from the controlled
output by

Y(2)=Z(z)+V(z)
= Gou()U(2) + Gza(2)D(2) + Gz ()W (2) + V(2) (6.72)
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Inserting the expression for the controller (6.68) into (6.72) gives
Y (2) = GLu(2)U(2) + G.4(2)D(2) + G (2 )W (2) + V(2)
= Gou(2)[Cuy ()Y (2) + Cur () R(2)] + G=a(2) D(2)
+Gou(2)W(2) +V(2)
=G, (2)Cuy(2)Y (2) + G0 (2)Cur(2) R(2) + GLa(2) D(2) (6.73)
£ Ga()W (=) + V(2)
Isolating Y (z) results in the following expression for the measured output
Y (2) = [I — G.u(2)Cuy(2)] ' [Gou(2)Cur(2)R(2) + G.a(2)D(2)  (6.74)
+Gau(2)W(2) + V()]

The sensitivity functions for the closed-loop unconstrained MPC can be identi-
fied as

S(2) = [[ = Gou(2)Cuy ()] (6.75)

and
T(z)=[I- qu(z)C’uy(z)]*leu(z)GW(z) (6.76)
= 85(2)G,u(2)Gyr(2) (6.77)

The measured output can be expressed in terms of the sensitivity functions T'(z)
and S(z) as
Y (2) =T(2)R(z) + S(2)G.a(2)D(2) + S(2)G.w(2)W (2) + S(2)V (2)
=T(2)R(2) + S(2)[G.a(2)D(2) + G,y (2)W (2) + V (2)] (6.78)
It is seen that the sensitivity function S(z) is the closed-loop transfer function

from both the output disturbances, the process noise and measurement noise to
the measured output.

The closed-loop MPC is expressed in terms of the associated state-space formu-
lation for the controller and the linear process model. It is of interest to also
express the sensitivity function in terms of the closed-loop state-space descrip-
tion. This can be done by comparing the expressions obtained above to the
expression obtained directly from the closed-loop description done in Section
6.3.3.

The sensitivity functions can be expressed as
8(2) = Cyar(2I — Au) 'Bya + 1 (6.79)
and

T(Z) = Cycl(z-[ - Acl)_lB’rcl (680)
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6.5 Summary

In this chapter a closed-loop description of the unconstrained MPC for the
linear process model has been derived. From the closed-loop description the
closed-loop steady-state covariance matrices for the state, control input, mea-
surement and controlled output were computed. For the linear process model,
the controller state-space and the closed-loop state-space model, z—transformed
expressions have been computed.

Finally, a sensitivity analysis of the closed-loop description has been conducted
and the sensitivity functions have been expressed in terms of the closed-loop
state-space matrices.



CHAPTER 7

Tuning

The purpose of this chapter is to investigate tuning of model predictive con-
trollers.

The chapter is organized as follows. The first part of the chapter considers
different measures for assessing performance of the closed-loop control system.
The performance measures are related to the deterministic, stochastic and sensi-
tivity properties of the control system. The second part of the chapter considers
the formulation of an optimization based tuning approach.

7.1 Introduction

One of the main purposes of controlling an industrial process is to make the
controlled output of the process follow some predefined reference trajectory.
In any industrial application this will always be done under the presence of
model uncertainty, different noise sources and disturbances, which complicate
the objective.

In order to obtain the best possible control of the process, the controller needs to
be tuned. This means to determine the most suitable set of tuning parameters
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for the control system. However, what the best possible control is, can depend
on what type of process is controlled and is therefore somewhat subjective.

A strategy to quantified the quality of a controller is to setup different perfor-
mance measures for the control system and subsequently evaluate these per-
formance measures for different scenarios according to the tasks of the control
system.

The general considerations to take into account when tuning a controller, are
listed below.

e Disturbance rejection
e Reference tracking

— Step change in reference
e Robust performance

— Sensitivity to disturbances
— Sensitivity to process and measurement noise

— Sensitivity to plant-model mismatch

7.2 Performance Measures

In this section different performance measures for the closed-loop system are
considered. The closed-loop performance measures are divided into three cate-
gories: Deterministic measures, stochastic measures and sensitivity /robustness
measures.

7.2.1 Deterministic Measures

Two classic ways to assess the performance of a controller are the controllers
ability to track changes in the reference and to reject disturbances on the con-
trolled outputs. There are different ways of quantifying the controllers ability
to do this.

One such measure is the settling time for the controlled output, which describes
the time from the disturbance (or the change in reference) enters the system,
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until the time when the controlled output is back at the reference level (or
has reached the new reference level). This measure does, however, not provide
any information about the deviation between the controlled output and the
reference.

Another class of measures is integrated error measures. In these measures the
error between the reference 7 and the controlled output y;, is computed in some
form. The most common measures are the integrated absolute error (IAE) and
the integrated squared error (ISE). These measures do on the other hand, not
include any information of the duration time of a reference step or a disturbance.

A measure that combines information of the error and duration time, is the time-
weighted integrated (absolute or squared) error. In this measure the individual
errors are weighted with the current time. In effect this penalizes deviations for
long time periods heavily and will, when the measure is minimized, result in
controllers that more rapidly eliminate disturbances.

In this project only the integrated error measures are considered.

The integrated absolute error (IAE) is given by

ny—1
Ji= Y Yk —rik (7.1)
k=0
where ¢ = 1,2,...,n, and ny is the number of samples in the simulation.

The IAE measure computes the absolute difference between measurement y; j
and the corresponding reference r; j, at samples £ = 0,1,...,n; under the pres-
ence of either a step disturbance or a step change in the reference. The TAE
corresponds to the numerical (Euler) integral of the error.

The integrated squared error (ISE) is given by

ny—1

Ji = Z (Yik — Tig)? (7.2)

k=0

In the ISE measure the error between measurement y; , and the corresponding
reference 7; j, is squared. For the point of view of minimization of the measure
this implies that large deviations are penalized more than smaller ones.

The measures are evaluated by simulation of the closed-loop system (6.11)-(6.14)

for specified reference and disturbance scenarios, {rj},” 81 and {dy} L 61. The
measures are only evaluated for the deterministic part of the closed-loop system,
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that is for the case where wj, = 0 and v, = 0. This is done to be able to asses the
performance of the controller only due to deterministic changes and such that
it does not depend on a specific realization of noise. Furthermore, the system
is started in steady state & = 0, such that only deviation due to disturbances
or reference changes are considered.

For MIMO systems, a step disturbance or a reference change on one controlled
output generally affects all the other controlled outputs of the system. This
does, however, depend to some extent on the specific system and the controller.
Based on this behavior it is therefore necessary to compute the desired measure
for all combinations of measurements y;, and step disturbances d;j and all
combinations of measurements y; j, and reference steps r; 5, individually. Hereby
obtaining the effect of a specific disturbance or reference step on all the con-
trolled outputs.

The components of the measure can subsequently be organized in a matrix or
all the individual terms can be summed.

7.2.2 Stochastic Measures

For the closed-loop unconstrained MPC description derived in Chapter 6, the
closed-loop covariance matrices can be regarded as stochastic measures. The
matrices quantify the steady-state variance and covariance of the measured out-
puts, controlled output and control input due to the exogenous stochastic noise
signals v and wy.

The closed-loop covariance matrices associated with the measured outputs, con-
trolled outputs and control inputs can be used to asses the controllers perfor-
mance under the presence of noise. For a specified set of tuning parameters an
associated set of closed-loop covariance matrices is obtained.

For a SISO system these are all scalar quantities and are easy to compare indi-
vidually and furthermore for different choices of tuning parameters. However,
for the MIMO system case, these are matrices and can therefore not directly
be compared. To be able to compare the covariance matrices, different scalar
measures of the size of a matrix are presented.

The measures used in this project comes from the field of optimal design of
experiments | |. The measures are referred to as the

e A-criterion
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e D-criterion

e E-criterion

and are described in the following.

The A-criterion is given by the average trace of the covariance matrix

1

—tr(R 7.3

“1r(R) (73)
where tr denotes the trace, defined by the sum of the diagonal elements of the
matrix and n is the dimension of the covariance matrix R. From an optimiza-
tion point of view, this criterion seeks to minimize the average variance of the
covariance matrix and does not take the covariance terms into consideration.

The D-criterion is given by the determinant of the covariance matrix
Det(R) (7.4)

where Det denotes the determinant. From an optimization point of view, the
D-criterion can be interpreted as the volume of the confidence ellipsoid.

The E-criterion is given by the maximum eigenvalue of the covariance matrix
Amaz (R) (7.5)

where A4 denotes the maximum eigenvalue. This criterion corresponds to
reducing the major axis of the confidence ellipsoid of the covariance matrix R
and hereby minimizing the largest variance of the system [ ]

In general, from a performance/tuning point of view, both the variance of the
control input and the outputs should be as low as possible. However, it is well
known from the classical Minimal variance controller | ] that reducing
the variance of the controlled output to the minimal, comes at the expense of
increased control input variance. Therefore the variance should be a compromise
between the two.

7.2.3 Sensitivity Measures

The term robustness in general refers to a controllers ability to uphold an ac-
ceptable performance under uncertainty. A controller is said to be robust if
the control performance does not change much if the controller is applied to a
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system which is different from the one used in the synthesis of the controller.
For most industrial application the model of the process used to design the con-
troller is different from the actual process. This is especially critical to MPC,
since the controller design relies heavily on the observer model.

In classical control theory, robustness of closed-loop control systems is ensured
by requiring sufficiently large gain and phase margins. This is in practice done

by visual inspection of open-loop Bode plots.

According to | | the maximum sensitivity Mg, which corresponds to the
maximum magnitude of the sensitivity function S(z) in the frequency domain

Mg = max |S(e/")

(7.6)

can be used to quantify robustness and performance for closed-loop SISO control
systems. Furthermore, the gain and phase margins are related to the maximum
peak of the sensitivity function S(z) by

Mg

M>—=_
G 7Ms—1’

1 1

This implies that the maximum sensitivity Mg can be used to ensure acceptable
gain and phase margins simultaneously.

For MIMO systems the sensitivity function S(z) is a matrix, describing the
sensitivity for each controlled (or measured) output due to disturbances and/or
measurement noise. For these systems the notion of system direction is im-
portant. That the system has a direction mainly describes the system’s gain
for different input directions. The system might have directions where it is
very sensitive to noise and others where it is insensitive. This complicates the
description of maximum sensitivity of MIMO systems.

The singular values of the frequency response matrix S(e/“7+) for the sensitiv-
ity function can be interpreted as gains of the system for different frequencies
w | |. Furthermore, the maximum gain, for any input direction, can be
expressed as the maximum singular value for a given frequency w.

According to | |, the maximum of the maximal singular values of the fre-
quency response for the sensitivity function is a good measure of the worst case
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sensitivity of a MIMO system. This is commonly denoted as the H,, norm of
the sensitivity function S(z) and is defined as

= [18(2)l|c = maxa(S(e™")) (7.8)

where 5(-) denotes the maximum singular value and T is the sample time. The
singular values of S(e/“”*) for each frequency w can be obtained by a singular
value decomposition (SVD).

7.3 The Tuning Problem

The tuning of a model predictive controller for a (n, xn,) MIMO system consists
of determining the n, diagonal elements of the reference weight matrix @, and
the n, diagonal elements of the control input weight matrix S, in the obJectlve
function:

. PN 9 )
min $=3 Z Hyk-+1+j|k - Tk+1+j\kHQ +{[Aupils,
=0 v

N-—-1
{ursjin};=0

Furthermore, the n, parameters of the disturbance model, should also be deter-
mined.

In general the prediction horizon N is also regarded as a tuning parameter.
However, it is assumed that the prediction horizon is chosen sufficiently long,
such that an infinite horizon controller is approximated and hereby eliminating
this parameter from the tuning problem.

7.3.1 Optimization based Tuning

In order to determine the tuning parameters a constrained optimization problem
is formulated. The objective function of the optimization problem is related to
the performance measures for the closed-loop control system presented in Section
7.2.

To ensure robustness of the resulting control system, an upper bound Mg 44
is defined for the maximum peak of the sensitivity function (7.8). Furthermore,
bounds are defined on the tuning parameters.
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The constrained optimization problem can be stated as

min J(x) (7.9)

@
s.t. Ms(:l?) S MS,maa: (710)
Tmin S €T S Lmaz (711)

where J () represents a specific performance measure and @ is a vector contain-

ing the tuning parameters. The tuning parameters are organized in the vector
_ T

aS T = (1, vy Qs 81,5 8nys Qs -5 Gy -

It should be noted that this optimization problem is non-linear, due to the
constraint (7.10). This type of constrained optimization problem is also referred
to as a Non-Linear Program (NLP).

Stating the tuning of the MPC as a constrained optimization problem has both
advantages and disadvantages. The main advantage is that all the tuning pa-
rameters can be determined simultaneously and that only solutions that result
in sufficiently robust controllers are obtained. The primary disadvantage is that
the optimization problem cannot in general be expected to be convex. This im-
plies that a global minimum of the optimization problem can’t be guaranteed.

7.3.2 Tuning Algorithm

The optimization problem is solved using the built-in MATLAB solver fmincon.
To use this solver two functions have to be provided: a function for the evalua-
tion of the objective function J(x) and a function which evaluates the constraint
Mg(x). Furthermore, the solver also requires a starting point xg.

The evaluation function of the objective function and the function computing
the maximum sensitivity are both computed based on simulation results of the
closed-loop state-space model.

The algorithm for the computation of the closed-loop state-space model is based
on the deterministic-stochastic model described in Section 3.2. The determinis-
tic part of the model is obtained from the system identification step and subse-
quently combined with the stochastic part.

Based on the deterministic-stochastic model an unconstrained MPC is designed
and the explicit control law is derived. The explicit control law is then combined
with the Kalman filter recursions for the controller model, into a controller state-
space. Finally, the controller state-space is combined with the process model to
form the closed-loop state-space model.
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Using the closed-loop state-space model, scenario simulation can be conducted
and the sensitivity function can be set up and evaluated. The evaluation func-
tions are implemented in the two function objfun and confun as seen in Algo-
rithm 1.

fmincon allows the user to specify the internal solver algorithm. For the MAT-
LAB version (R2009b Mac) used for this thesis the available algorithms are an
active set or an interior point algorithm. These are specified in the field options.
In options, different solver termination conditions can also be specified. These
includes the maximum number of iterations and function evaluations allowed,
minimum step size for the variable  and tolerance for the minimum change in
the objective function. All options have default values and can be changed if
necessary.

Algorithm 1 illustrates in pseudo code how fmincon is used to solve the opti-
mization problem .

Algorithm 1 Tuning Algorithm

Defining plant and model:

plant = (A,, B,,C))

model = (A, B,C,Ts, N)

sys = [plant; model]

Setting bounds on tuning parameters:

ub = Tmaz

Computing solution:

x = fmincon(@(x)objfun(sys, x), x0, lb, ub, @(x)confun(sys, x), options);

All MATLAB functions used in the tuning approach and in the thesis in general
are included in Appendix A.

7.4 Tuning based on Identified Models

In this thesis it is assumed that the transfer function from input to output
G(s) is available from system identification, while the transfer functions from
disturbance to output and from process noise to output are not available. This
assumption in principle implies that scenario simulation can be conducted for
reference scenarios only.
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It is furthermore assumed that the distributions of the process and measure-
ment noise are unknown. This implies that the closed-loop covariance matrices
cannot be computed and subsequently that the optimization problem can’t be
based on objective functions related to the stochastic properties of the closed-
loop system.

The objectives considered for the tuning procedure are the deterministic mea-
sures.

In the following two alternative approaches for the formulation of the closed-
loop system are considered. The approaches incorporate the assumptions stated
above.

7.4.1 Approach I

In this approach the identified model is used for the controller design and a
perturbation of this model is used for the plant and furthermore to formulate
the deterministic part of the closed-loop system.

To have offset free control for the resulting tuning, unknown disturbances are
emulated by plant-model mismatch. The plant-model mismatch is obtained
using the identified model and the perturbation of this model for the plant.

The perturbation is conducted by modifying the gains, time constants or delays
of the identified model. It is crucial to use a modified plant model in order
to ensure offset free controllers are generated from the optimization problem.
Using the correct model would result in a situation where the output predictions
match the plant model and hereby eliminate the need for integration | ]

The perturbed model representing the plant is realized as a discrete-time state-
space model

Tip+1 = Apx + Bpuy, (7.12)
Yy, = Cpxyp (7.13)

and subsequently used to formulate the closed-loop system.
Using this approach to conduct scenario simulation, it is necessary that the
controller is equipped with integrators to provide offset free control, since the

plant-model mismatch has been introduced.

Using this approach the objective function of the optimization problem is based
on the reference scenario simulation only. However, due to the plant-model
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mismatch offsets are now present and integrators will have to compensate for
these offsets, hereby incorporating disturbances in the simulation.

7.4.2 Approach II

In some situations the identified model might be very accurate despite the fact
that it has been identified under noisy conditions. In such a case it is of interest
to use the identified model both in the synthesis of the controller and as the
process model used in the closed-loop formulation.

To ensure offset free control for the resulting tuning using this approach, input
and output disturbances are added to the process model. This is done, as in
approach I, to create a plant-model mismatch. Due to the fact that the true
disturbance(s) are unknown, pure input and output disturbances are used. The
reason being that these only require knowledge of the identified part of the
process model, to be simulated.

These disturbances might not represent the true disturbances well, but they will
ensure that the output predictions do not match the process model and that
the optimization problem results in parameters which ensure offset free control.

The linear state-space model used to represent the plant is in this case given by
Tri1 = Azxy + B(uk + ﬁk) (714)
yp = Cer + 9, (7.15)

where (A, B,C) are the matrices of the identified model and uy, gy, are step
input and output disturbances, respectively.

In this approach, it is also necessary that the controller is equipped with inte-
grators to provide offset free control.

Using this approach the optimization can be based on both reference scenario
and disturbance scenario simulation.

7.5 Summary

In this chapter the importance of tuning was introduced. To quantify the per-
formance of a control system different performance measures have been pre-
sented and discussed. These have furthermore been used to formulate a tuning
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approach which is based on constrained optimization. In the optimization prob-
lem a bound on the maximum sensitivity was formulated to ensure robustness
of the resulting control system. Finally, two approaches to conduct the tuning
based on deterministic identified models were presented.



Part 11

Application






CHAPTER 8

Case Study - Introduction

The second part of the thesis presents a case study. In this case study a tank
process is considered and will be used to illustrate the theory studied in the first
part of the thesis.

The first chapter introduces the tank process and presents a first principle non-
linear model governing the process. Furthermore, the objective of regulating
the process is presented and the different variables of the process are classified.

In the second chapter a linear model of the tank process is obtained by system
identification using input-output data from the process. The identification is
conducted for two cases: a case without process- and measurement noise and a
case where noise is present.

The last chapter combines the identified linear model with a disturbance model
in order to obtain offset free control. Furthermore, this chapter designs the MPC
based on the combined model. The chapter also considers the tuning of the
designed MPC. Finally, the designed model predictive controller with specified
tuning parameters is tested in closed-loop simulations with the non-linear tank
process.
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Case Study - Introduction




CHAPTER 9

Case Study - The Modified
4-tank System

In this chapter, the modified 4-tank system is presented. The modified 4-tank
system is a modification of the 4-tank system considered in | I, [ 1,
[ | and [ ]. The main modification in comparison to the original
4-tank system is the addition of two unknown disturbances entering the top
tanks (tank 3 and tank 4 in Figure 9.1).

9.1 Process Description

The modified 4-tank system is an interconnected tank system consisting of 4
water tanks, 2 pumps and a reservoir. A process diagram of the system is
shown in Figure 9.1.
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F3

gl

Tank 1
Fy

Figure 9.1: Process diagram of the modified 4-tank process.

The flow rates F and Fy are associated to water stream 1 and 2. For stream 1
the fraction 7; of the flow goes into tank 1 while the remaining fraction 1 — ~;
flows into tank 3. Similarly, the fraction ~» of stream 2 flows into tank 2 while
the remaining fraction 1 — 7, flows into tank 3. The outflow from tank 3 goes
flows into tank 1, and the outflow from tank 4 flows into tank 2.

The modification is the addition of stream 3 and stream 4 with the respective
flow rates, F3 and Fj. In this thesis, these flow rates are disturbances that are
unknown to the controller.

9.2 Process Model

The equations governing the modified 4-tank system are given by a set of ordi-
nary differential equations (ODEs). The equations are obtained by performing
a mass balance on each tank and are given by [Jor12]
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) — gy in6) + pas(6) ~ (1) 0.1
2E) g in8) + pas(t) ~ pas(t) 0:2)
) — pF (1) + pas (1) — pas1) 9:3)
D) F8) + ptaan®) - pislt) (9.4

with initial conditions
mi(to) = m;,0, 1= 1, 2, 3, 4 (95)

and where

qrin(t) = mF1(t) (9.6)
2,in(t) = 12F2(t) (9.7)
g3,in(t) = (1 —72) Fa(t) (9-8)
a,in(t) = (1 =m)Fi(t) (9.9)

are the inflows into the individual tanks. Here 77 and 7, are flow distribution
constants for valves 1 and 2. Furthermore, Fj(¢) and F»(¢) are the input flow
rates (volume per time) coming from the two pumps.

The outflow from each tank is given by
qi(t) = a; Qth(t), 1= 1, 2, 3,4 (910)

where a; is the area of outlet pipe 4, ¢ is the gravitational force and h;(t) is the
water height (level) in tank i. The water height h;(¢) in each tank is described
by
hi(t) = —my(t), i=1,2,3.4 (0.11)
1 - pAZ ml ) 1= 9 ) ) :
where A; is the cross sectional area of tank ¢ and p is the density of water. The
mass of the water in each tank (as a function of time) is denoted by m;(t).

The terms F3(t) and Fy(t) are flow rates describing the flows entering tanks
3 and tank 4, these flows enter the system as disturbances. This means that
these are not controlled by the operator of the system. The disturbances can
be either deterministic or stochastic (or a combination).

It is noted that the modified 4-tank system is a non-linear process, due to the
non-linear relationship in (9.10).
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Equations (9.1)-(9.11) constitute the process model of the modified 4-tank sys-
tem. For this process the manipulated variables (MVs) are the two pump flow
rates F(t) and Fy(t) and the controlled variables (CVs) are for this case study
the levels in tank 1 and tank 2, that is hq(t) and ho(¢). Furthermore, the
disturbance variables (DVs) are the two additional flow rates F5(t) and Fy(t).

The model of the process can be expressed as a system of first-order ordinary
differential equations

o(t) = f(z(t), u(t), d(t)) (9.12)
y(t) = g(x(t)) (9.13)
z(t) = h(x(t)) (9.14)
with initial condition
and vectors defined by
ml(t)
z(t) = 2223 . ult) = [ggg] L d(t) = {?zgﬂ (9.16)
my (t)

hi(t) hi(t)
t) = , t) = 9.17
y(1) |:h2(t):| z(t) [hg(t) ( )
Equation (9.12) is referred to as the process equation, while equations (9.13)-

(9.14) are referred to as the measurement equation and the output equation,
respectively.

The parameters of the modified 4-tank system are listed in Table 9.1. These
parameters are the same as used in [ |

Table 9.1: Parameters for the modified 4-tank system.

Description Symbol Value Unit

Pipe cross sectional area a; 1.2272 cm?

Tank cross sectional area A; 380.1327 cm?

Acceleration of gravity g 981 cm /s?
Density of water P 1.00 g/cm?
Valve distribution constant Y1 0.45

Valve distribution constant Yo 0.40

The valve distribution constants could be varied, however, in this case study
these are assumed to be fixed.
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9.3 Simulation of the Modified 4-Tank Process

For the purpose of simulating the modified 4-tank process the continuous-time
process model is transformed into a discrete-time process model.

The state can at discrete times ¢ be expressed as

z(ty) = Tk

Assuming that the manipulated variables and the disturbance variables are con-
stant in each sample interval

u(t) =ug, b <t<tp41
d(t) =dg, tp <t<tpp

where the sample times are given by t; = tg + kTs and T is the sample time.
The state at the next discrete time @(tx41) = €r41 can be expressed as

LTr+1 = F(:c;ﬁuk, dk) (918)

where

tr41
F(a:k,,uk, dk) =X + / f(a:(t),uk, dk)dt (919)

ty

and measurement and output can be expressed as

Y = 9(zk) (9.20)
2 = h(zy) (9.21)

9.3.1 Stochastic Simulation Model

The model (9.18)-(9.21) is a deterministic system. For the purpose of repre-
senting the process more realistically, the process model is extended to include
process- and measurement noise.

In this project the disturbance is modeled as having a deterministic and a
stochastic component. The deterministic component, denoted by dget, repre-
sents the mean value of the flow rates F3(t) and Fy(t) for the flows entering tanks
3 and tank 4 and may change stepwise. The stochastic component represents
a random variation of the mean and is assumed to be Gaussian white-noise.
The stochastic component is considered the process-noise in this case study and
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is denoted by wy. Furthermore, it is assumed to be constant in each sample
interval.

The discrete-time disturbance used for simulation of the process is given by
di = di°* + wy, (9.22)

where

wy, ~ Niia(0, Q) (9-23)

Furthermore, the disturbance is modeled as only being able to enter the tanks,
that is the disturbance should not be able to remove water from the tanks. This
requirement implies that the process-noise wy should not make did negative

and can be ensured by choosing the covariance matrix accordingly.

The measurements of the water levels (heights) in tanks 1 and 2 are assumed
to be influenced by measurement noise. The measurement noise is assumed to
be Gaussian white-noise. The measurements are given by

Y = 9(xk) + vk (9.24)

where

v ~ Niia(0, R) (9.25)

The discrete-time simulation model for the modified 4-tank process may be
expressed as

LTp+1 = F(:l‘:k, ug, dk) (926)
Y = 2k + Uk (9.28)
where
trt1
F(iL’k, ug, dk) =, + / f(:l:(t), Uy, dk)dt (929)
tg
wi ~ Niia(0,Q) (9.30)
Vi N./\/'iid(O,R) (9.31)

9.4 Control Objective

The objective of controlling the modified 4-tank system is to regulate the water
heights h;(¢) in tank 1 and tank 2, to water height references r;(¢). For the
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situation where F5(t) and Fy(t) are unmeasured disturbances entering tanks 3
and 4.

In the discrete-time setting, this corresponds to regulating the measured output
y,, to the reference vector ry.
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Case Study - The Modified 4-tank System




CHAPTER 10

Case Study - System
ldentification

In this chapter a linear model for the modified 4-tank process is identified from
input-output data. In order to obtain the input-output data, step tests are
conducted on the modified 4-tank process.

10.1 Step Tests

For the purpose of generating the process data the non-linear modified 4-tank
process model (9.26)-(9.29) is used to represent the true process. It is assumed
that the process model is completely unknown (a black box model) for the
purpose of identification. The reason for this assumption is to make the identi-
fication procedure as real as possible to achieve what would be encountered in
real industrial applications.
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Figure 10.1: Black box model representation of the process.

Figure 10.1 illustrates the black box assumption. z represents the true output of
the process. However, this is not what is actually measured due to measurement
noise. y is the measured output of the process.

The input-output data are generated by conducting individual steps in the ma-
nipulated variables and subsequently recording the measured output y(tx) = y,,
of the process.

The manipulated variables are piecewise constant in each sample interval
u(t) =ug, tr <t<tgs

The sample instances are defined by ¢, = to + kT where ty is the start time
and T is the sample time.

10.1.1 Test 1 - No Process and Measurement Noise

The first set of step tests are conducted without the presences of process- and
measurement noise. This is mainly done to clearly illustrate the identification
procedure and to have an ideally identified model to compare to models obtained
under the presence of process- and measurement noise.

The process is simulated for 3000 seconds starting at t; = 0 and the output
of the process is measured with the sample-time Ty = 4 [s]. The resulting
number of sampled measurements is Ng;,, = 750. For the first 1000 seconds
both manipulated variables are kept constant at

uy = 300 [em? /s
uy = 300 [em?/s]
At time ¢ = 1000 seconds a step change of 45 [em?/s] is introduced in uy, while

uo remains constant. The response of the two measured variables y; and ys is
recorded and presented with the manipulated variables in Figure 10.2.
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Figure 10.2: Step test data for a step change in ;.

Figure 10.2 illustrates the response of the process. It is observed that when the
step change in u; occurs at ¢ = 1000, the measured outputs respond instanta-
neously. This illustrates that there is no time delay present between the input
uy and the outputs y; and ys. The figure furthermore shows that both outputs
clearly respond to the step change in u.

The procedure is then repeated for a step change in uy, while u; is kept constant.
At time ¢t = 1000 seconds, a step change of 45 [em3/s] is introduced in us.
The response of the two measured variables is recorded and presented with the
manipulated variables in Figure 10.3.
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Figure 10.3: Step test data for a step change in us.

Figure 10.3 illustrates the response of the process. It is observed that when the
step change in us occurs at ¢ = 1000, the measured outputs respond instanta-
neously. This illustrates that there is no time delay present between the input
ug and the outputs y; and ys. The figure furthermore shows that both outputs
also clearly respond to the step change in us.

Prior to the step change the outputs are steady at the level y; 5, 4 = 1,2, which
is the steady state output corresponding to the constant inputs. When the step
change is introduced at time ¢t = 1000 the output responds, and after a transient
period reaches a new steady state output level. The output data recorded from
t = 1000 constitute the step response data.

The input-output data obtained from the two step tests are next transformed
to unit step response data. This corresponds to the response of the process to
a unit step when the process is at steady state. This is done by subtracting the
initial steady-state output data from the output response data and dividing by
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the size of the step in the input

Yi — Yis
IS 10.1
T (10.1)

where ¢ = 1, 2 is the index of the output and j = 1, 2 is the index of the stepped
input. The unit step response data corresponding to the step tests conducted
above are reported in Figure 10.4.
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Figure 10.4: Unit step response data.

The unit step response data are then fitted to the analytical expression for the
unit step response of a first-order plus dead time system and for a second-order
plus dead time system. This is done using non-linear least-squares estimation.

The parameter estimates obtained from the least-squares estimation are pre-
sented in Table 10.1 and Table 10.2. Figure 10.5 illustrates the unit step re-
sponse data along with the estimated unit step response based on the FOPDT
and SOPDT models.
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Figure 10.5: Estimated unit step response based on the FOPDT and SOPDT
models.

Figure 10.5 shows as expected that the estimated unit step responses are very
similar to the data, since no process- and measurement noise is present. It is
seen that there is a perfect fit between the data and the estimates for éu(s)
and Ggo(s) and that this is the case for both the FOPDT and SOPDT models.
This illustrates that these are in fact first-order models. For Gy (s) and Gia(s)
estimated based on the FOPDT structure it is seen there is a small difference
from the data and furthermore that this is not the case for the SOPDT. This
illustrates that these are in fact second-order models.

Table 10.1: Estimated parameters for the first-order plus dead time models
based on the unit step response data.

Gi1(s) | 0.1203 102.9214 0
Gi2(s) | 0.1633 182.0347 0
Go1(s) | 0.1379  168.6652 0
Gaa(s) | 0.0985  94.7909 0
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Table 10.2: Estimated parameters for the second-order plus dead time models
based on the unit step response data.

K 7D +@ 0;;

7 ij ij 7,
G11(s) | 0.1203  4.4934e-05 101.7178 0
G12(s) | 0.1619 60.9551 112.0959 O
Ga1(s) 0
Gaa(s) 0

0.1368 57.1322 103.5558
0.0985 1.4511e-05 94.0700

10.1.2 Test 2 - Process and Measurement Noise

The second set of step tests are conducted in the presence of process- and mea-
surement noise. In the tests the covariance matrices for the process- and mea-
surement noise are given by

20> 0 052 0
Q_[o 202]’ R_[o 0.52}

There is not cross correlation between the process noise and the measurement
noise. Both the two process noise components and the two measurement noise
components are independent.

The information of the noise characteristics and the presence of the disturbance
is not used in the actual system identification.

The process is again simulated for 3000 seconds starting at {y = 0 and the
output of the process is measured with the sample-time Ty = 4 [s]. Similarly,
the resulting number of sampled measurements is Ng;,,, = 750. For the first
1000 seconds both manipulated variables are kept constant at

up = 300 [em?/s]
ug = 300 [em?/s]

At time t = 1000 seconds a step change of 45 [em?/s] is introduced in uy, while
uo remains constant. The response of the two measured variables y; and ys is
recorded and presented with the manipulated variables in Figure 10.6.
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Figure 10.6: Step test data for a step change in uy, in the presence of process-
and measurement noise.

Figure 10.6 illustrates the response of the process to a step change in u;, in the
presence of process- and measurement noise. It is observed that when the step
change in u; occurs at t = 1000, both the measured outputs still respond in a
relatively clear way. However, it is seen that before the step change occurs the
process is varying significantly and the presence of noise makes it much harder
to identify the steady state output levels.

Figure 10.7 illustrates the response of the process to a step change in wus, in the
presence of process- and measurement noise.
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Figure 10.7: Step test data for a step change in us, in the presence of process-
and measurement noise.

Figure 10.7 illustrates similar behavior to a step in u;. Since the two step tests
are conducted separately the noise contributions are different for the two cases.
In this step test y; behaves very nicely and a clear trend of the response is seen.
On the other hand, the response of y, is much affected by the presence of the
noise.

In both Figure 10.6 and Figure 10.7 there are no indications of delays being
present from the inputs to the outputs.

In order to get an estimate of the steady state output levels, the sample mean of
output data recorded from ¢y = 0 to ¢ = 1000 is computed. This is then used to
transform the input-output data obtained from the two step tests to unit step
response data, as done in the case without noise. The unit step response data
are reported in Figure 10.8.
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Figure 10.8: Unit step response data obtained in the presence of process- and
measurement noise.

The unit step response data are then fitted to the analytical expression for the
unit step response of a first-order plus dead time system and for a second-order
plus dead time system. This is again done using non-linear least-squares esti-
mation. The parameter estimates obtained from the least-squares estimation
are presented in Table 10.3 and Table 10.4.

Table 10.3: Estimated parameters for the first-order plus dead time models
based on the unit step response data.

Ky % by
Gi1(s) | 0.0822 140.2627 0
Gi2(s) | 0.1258 231.0847 0
Gi(s) | 0.1523  216.4180 0
Gaa(s) | 0.1110 137.5618 0
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Table 10.4: Estimated parameters for the second-order plus dead time models
based on the unit step response data.

K o i Oy
Gi1(s) | 0.0818  25.3224  108.7843 0
Gia(s) | 0.1238  104.5181  104.4942 0
Goi1(s) | 0.1520  7.6230  206.9884 0
Gao(s) | 0.1091  9.3216e-06  96.1746 0

Figure 10.9 illustrates the unit step response data along with the estimated unit
step response based on the FOPDT and SOPDT models.
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Figure 10.9: Estimated unit step response based on the FOPDT and SOPDT
models.

Figure 10.9 illustrates the unit step response data and the estimated unit step
responses of the FOPDT and SOPDT models. It is seen that the estimates of the
FOPDT and SOPDT models are almost indistinguishable from each other. This
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observation indicates that it is not possible, based on the estimated responses,
to conclude whether first or second order models are most suitable.

In this case study the correct model structures are known, however, this would
in general not be the case for industrial applications and this knowledge will
therefore not be utilized.

The identified linear input-output model for the modified 4-tank process is given
by

el = (e Gael ] 0o

where the transfer functions G (s), Gia(s), G21(s) and Gag(s) are given in
Table 10.3 for the case where all transfer functions are modeled as first order
systems and Table 10.4 for the case where all transfer functions are modeled as
second order systems.

It should be noted that this identified model is a purely deterministic model
and that no models of the noise and/or the disturbances have been identified.

10.2 Summary

In this chapter a linear model for the modified 4-tank system has been obtained
by system identification. The identification was based on step tests conducted
using the non-linear simulation model for the process. Both a first-order and
second-order input-output model were obtained.



CHAPTER 1 ].

Case Study - Numerical
Results

The main purpose of this chapter is to illustrate the optimization based tuning
approach on the identified models for the modified 4-tank system. Furthermore,
based on the obtained sets of tuning parameters to conduct closed-loop simula-
tion using the non-linear process model for the modified 4-tank system as the
plant model.

11.1 Tuning based on Optimization

In this section, the tuning of the MPC based on the identified models is consid-
ered. The tuning will be conducted mainly based on the first-order identified
model. However, for the purpose of comparison also some tuning tests will be
conducted for the second-order identified model.

For all tuning tests the prediction horizon for the MPC is selected to N = 500.
The choice provides a good approximation to an infinite horizon controller for
the entire range of tuning parameters. The designed controllers are all based on
the deterministic-stochastic model.
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For the modified 4-tank system the tuning parameters to be determined are the
diagonal elements q1, g2, s1 and sy of tuning weights Q, and S, along with
the disturbance model parameters of the deterministic-stochastic model a; and
. This means that the optimization problem contains 6 tuning variables to
be determined.

For the evaluation of Mg a vector of frequencies in the range 107% < w < /T
with a 1000 linearly spaced frequencies is used for all the test. This provides a
consistent estimate for the maximum sensitivity peak for all the cases considered.

The results are organized as follows. In the first part of the section tuning is
conducted based on the first-order identified model. The second part of the
section conducts the tuning based on the second-order identified model.

11.1.1 Tuning based on first-order identified model

This section considers the tuning based on the first-order identified model. The
tuning will be conducted for both the approaches described in Section 7.4.
The first part of this section conducts the tuning based on approach I.

Approach I In approach I the plant-model mismatch is conducted by mod-
ifying the identified model. This modification is done for the model gains Kij
and time constants 7;; separately and is obtained by multiplying all the gains
or time constants by the same deviation factor . The tuning can subsequently
be conducted for different levels of deviation.

In this approach only reference scenario simulations are conducted. The ref-
erence scenarios used are generated by introducing a step in the individual

references for the two outputs.

In the first tuning test the optimization problem is solved for different choices
of the maximum sensitivity bound Mg y,q.. In this way it is investigated what
sensitivity level gives reasonable tuning parameters for the controllers based on
the first-order identified model.

The test is conducted based on a gain deviation scenario, where all gains of the
plant model are 90 % of the nominal values of the identified first-order model.
That is 6 = 0.9.

The reference step used to conduct the reference scenario is 7, = [1 1]7 and
the objective of the optimization J is the sum of the IAE associated with the
individual reference scenarios.
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The result of the optimizations has been produced using one fixed starting point
for all values of the maximum sensitivity bound Mg ;4. The starting point used
is given by @y = [0.7 0.7 100 100 1 1]. The algorithm utilized by fmincon is
the interior-point algorithm. In this test the default options for the solver is
used.

The tuning parameters generated by solution of the optimization problem based
on the first-order identified model are listed in Table 11.1.

Msmaz | a1, @2 81, 82 q1, §2 o J
1.10 6.1-107% | 109.1 0.0616 | 0.9 | 1129.9
3.4-1078 | 116.8 0.0656
1.15 3.4-107° | 110.8 0.3495 | 0.9 | 664.9
2.0-107° | 102.8 0.3629
1.20 5.0-107° 37.9 1.3395 | 0.9 | 3774
3.9.107° | 166.8 1.3876
1.25 6.9-107° | 116.8 3612 | 0.9 | 285.1
1.2-107% | 2.4-10* | 382.6
1.30 6.5-1077 | 128.7 36.6 09| 130.6
0.9980 0.0011 90.5
1.50 5.5-107F 44.0 3.0-10° | 09| 79.1
1.2-107% | 3.1-10% | 3.1-10°

Table 11.1: Tuning parameters and associated objective function values ob-
tained by optimization based on gain deviation scenario with
0 = 0.9 for different values of the maximum sensitivity bound
MS,maw~

From Table 11.1 it is seen that the tuning parameters obtained for all cases
expect for one case have aj,as =~ 0, corresponding to full integration. In the
exception case, Mg mqr = 1.30, the first output y; has full integration ay ~ 0
while the second output y has almost no integration as =~ 1. However, the
integrator is not completely disabled so offset free control can be achieved for
this case.

It is observed that for Mg maz = 1.25, Mg maer = 1.30 and Mg ez = 1.50 the
ratio between the tuning parameters s; and s is very large. This will in practice
imply that one actuator is changing the control signal very aggressively while
the other is only changed very slowly. Combined with the fact that ¢; and g5 are
relatively large, these parameter sets will most likely result in controllers that
are useless in practice. The behavior will be investigated later in this chapter,
when closed-loop simulations are conducted.
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Tests have also been conducted for Mg e, > 1.50. In these tests similar be-
havior is observed. In some cases s; < sp and others sy < s; while ¢; and ¢;
are always the same order of magnitude and relatively large.

As expected the objective function J increases when the sensitivity bound
Ms maz is decreased. In particular it is seen that J increases very fast when the
value of the bound gets close to 1.

The solutions obtained for Mg ez < 1.25 seem to provide reasonable and in-
tuitive tuning parameters. That is relatively high values for the input rate
movement weights s; and so and lower values for the reference tracking weights
q1 and ga.

The results in Table 11.1 are obtained based on the TAE of the individual refer-
ence scenarios. Similar tuning parameters are obtained when using the ISE to
asses the scenarios.

In order to investigate the effect of the size of the deviation, next a tuning test
based on a gain deviation scenario where § = 0.5 is conducted. This test is done
only for three levels of the sensitivity bound Mg ;qz. The tuning parameters
generated by solution of the optimization problem for this case are listed in
Table 11.2.

Ms maz | a1, @2 81, 82 q1, 42 d J
1.10 5.1-10~7 129.1 0.6587 | 0.5 | 760.0
3.0-1077 121.3 0.6888
1.15 0.0040 4.2491 45824 | 0.5 | 443.0
0.0031 204.0406 | 4.6849
1.20 45-1077 [ 3.8-107% ] 21.6650 | 0.5 | 295.7
3.8-1077 177.9 22.4084

Table 11.2: Tuning parameters and associated objective function values ob-
tained by optimization based on gain deviation scenario with
0 = 0.5 for different values of the maximum sensitivity bound
MS,maz-

From Table 11.2 it is seen that the solution obtained for Mg e, = 1.20 is very
different compared to the solution found in Table 11.1. This solution shares
the same characteristics as the solutions obtained for higher values of Mg 1qz-
When Mg q. is lowered it is again seen that much more reasonable tuning
parameters are obtained. This behavior suggests that the higher the deviation
is chosen the more sensitive the closed-loop becomes. As a consequence a lower
bound Mg ;4. is needed to obtain acceptable tuning parameters.
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It is also seen that the objective function J for all cases is smaller when compared
to the respective cases in Table 11.1. This can be contributed to the deviation
level.

Last, a test is conducted based on a time constant deviation scenario, where
all the time constants of the plant model are 90 % of the nominal values of the
identified first-order model. The tuning parameters generated by solution of the
optimization problem for this case are listed in Table 11.3.

MS’,ma:L’ ayp, a2 51, 52 q1, 42 0 J
1.10 9.6-1079 | 102.1 | 0.0573 | 0.9 | 1120.5
5.5-107° | 107.4 | 0.0573
1.20 49-107° | 54.8 | 1.3047 | 0.9 | 3574
3.7-107° | 149.5 | 1.3523
1.30 2.2-107° | 83.0 | 18.7335 | 0.9 | 96.0
1.0000 | 0.002 | 48.4741

Table 11.3: Tuning parameters and associated objective function values ob-
tained by optimization based on time constant deviation scenario
with § = 0.9 for different values of the maximum sensitivity bound
M S,max-

From Table 11.3 it is seen that the solutions obtained for Mg ;4. = 1.10 and
Mg maz = 1.20 are very similar compared to the solution found in Table 11.1.
This indicates that the time constant deviation and the gain deviation have
similar effect on the optimization problem. It is furthermore seen that Mg e =
1.30 results in a situation where one of the integrators is turned off. The inactive
integrator makes this tuning unable to suppress disturbances and ensure offset
free control. This case also suffers from the behavior seen previously related to
the input weights.

The tests conducted based on Approach I illustrate that the obtained tuning
parameters to a large extend depend on the level of deviation and that it is not
obvious exactly how this level should be chosen. However, it is seen for all the
cases studied that it is possible to obtain reasonable tuning parameters. The
tests suggest that the system based on the first-order identified model is very
sensitive and consequently Mg mq, should be chosen very low.

The next part of this section tests the tuning procedure based on approach II.
Mainly the same tuning tests as conducted above will be carried out. This is
done such that the two approaches can be compared.
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Approach IT In approach II the optimization is based on a combination of
an input disturbance scenario, an output disturbance scenario and a reference
scenario. Each of these scenarios is conducted by introducing a step with a
specified magnitude in the associated input to the closed-loop system.

The objective J of the optimization is the sum of the IAE associated with the
individual scenarios. These are denoted by J,, J, and J,.

In the first tuning test the optimization problem is solved for different choices
of the maximum sensitivity bound Mg ,qe. In this test the step for the input
disturbance is @y, = [1 1]7, the step in the output disturbance is g, = [0.1 0.1]7
and the reference step is 7 = [0.1 0.1]7. In terms of scaling this choice seems to
provide a good balance between the three components of the objective function.
That is each component has the same order of magnitude.

The result of the optimizations has also been produced using one fixed starting
point for all values of the maximum sensitivity bound Mg ... The starting
point used is also in this test given by &y = [0.7 0.7 100 100 1 1]. Also for this
test the default option values are used.

The tuning parameters generated by solution of the optimization problem based
on the first-order identified model are listed in Table 11.4.

MS,max aq, Q2 S1, 52 q1, 42 Ju Jy Jr J
1.10 3.7-1078 102.1 0.0428 217.2 | 351.2 | 336.3 | 904.7
2.3-1078 99.7 0.0432
1.15 2.0-10°% 107.3 0.2181 111.2 | 166.5 | 127.5 | 405.1
1.3-107% 99.0 0.2221
1.20 6.9-107° 62.1 0.9891 53.7 69.2 41.7 | 164.6

47-107° 143.7 1.0073
1.25 59.-107°5 | 6.9811 2.0463 33.5 | 50.9 | 304 | 114.8
3.4-1075 | 198.7575 | 1.9726
1.50 4.0-107% ] 0.0001 47.145 9.0 21.2 9.9 40.1
4.0-107* | 170.333 52.223
1.70 0.9013 | 1.0-107% | 381.7822 | 4.0 6.0 0.2 10.2
2.1-107° | 1.0-107% | 341.9258

Table 11.4: Tuning parameters and associated objective function values ob-
tained by optimization for different values of the maximum sensi-
tivity bound Mg maz-

Table 11.4 presents the tuning parameters obtained by optimization for Mg ;02 =
{1.10,1.15,1.20,1.25,1.50,1.70}. The table shows that for this approach the
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tunings for all cases, except Mg ymae = 1.7, have ag,as ~ 0 corresponding to
full integration. This behavior is what was also observed for Approach I.

It is observed that when the maximum sensitivity Mg e is chosen larger than
Mg ymaz > 1.25, the tuning parameter s; is determined to be very small in com-
parison to sy or both parameters are very small. This again corresponds to a
situation where the first control input can vary rapidly while the second con-
trol input can only change very slowly as previously observed. This behavior
indicates that the closed-loop system based on the first-order identified model
is very sensitive and a small bound is necessary to obtain useful tuning pa-
rameters. A possible explanation for this behavior could be that the first-order
model is too simple and cannot in an appropriate fashion minimize the objective
when the sensitivity bound is allowed to be relatively high. The tuning parame-
ters obtained for Mg pq, = {1.10,1.15,1.20, (1.25)} all appear to be reasonable
choices. The objective function J clearly illustrates the tradeoff between these
sets of tuning parameter with both respect to reference tracking and disturbance
rejection.

Overall it is seen that the two considered approaches behave in a similar fashion
when applied for the first-order identified model.

The results in Table 11.4 are obtained based on the IAE of the individual sce-
narios. Similar tuning parameters are obtained when using the ISE.

To investigate the effect of the scaling of the terms in the objective function
additional tests have been conducted. In these tests the ratios between the size
of input and output disturbance steps and the reference step have been varied.
The main conclusion of these tests is that the scaling only has little effect on the
obtained tuning parameters and that similar behavior to the previous results is
observed.

Based on the fact that almost all the sets of tuning parameters obtained by the
optimization result in full integration, it was tested which tuning parameters
are obtained if the disturbance model parameters a; and «g are fixed in the
optimization problem. This appeared to cause problems for the solver and often
resulted in no feasible solution when oy and s was fixed between 0.6 — 0.999.
For lower values the resulting tunings were similar to the ones seen so far.

11.1.1.1 Summary

This section have illustrated the optimization based tuning approach on the first-
order identified model. The tuning parameters obtained for Mg ;4 > 1.3 show
large differences for the two input rate weights s; and sy allowing one actuator
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to use excessive control action. For these cases ¢; and g9 attain relative high
values and consequently result in controllers that are too aggressive and most
likely are useless in practice. The tuning parameters obtained for Mg ;q. < 1.3
appear to result in reasonable controllers.

11.1.2 Tuning based on second-order identified model

This section considers the tuning based on the second-order identified model.
The tuning will be conducted based on both Approach I and Approach II.

In the tests the optimization problem is solved for different choices of the max-
imum sensitivity bound Mg ,,q.. In this way it is investigated what sensitivity
level gives reasonable tuning parameters for the controllers based on the second-
order identified model. These tests will be the basis for the comparison to the
results obtained based on the first-order identified model.

Approach I The tuning parameters generated by solution of the optimization
problem based on tuning Approach I are listed in Table 11.5.

Msmaz | a1, a2 51, 82 q1, g2 o J
1.10 [ 6.1-1078 | 109.1 0.0616 | 0.9 | 1129.9
3.4-107% | 116.8 0.0656
1.15 [34-107%] 1108 0.3495 | 0.9 | 664.9
2.0-107% | 102.8 0.3629
1.20 5.0-10~° 37.9 1.3395 | 0.9 | 3774
3.9-107° | 166.8 1.3876
1.25 [6.9-107° | 116.8 361.2 | 0.9 ] 285.1
1.2-107% | 2.4-10* | 3826
1.30 [ 6.5-1077 | 128.7 36.6 0.9 | 130.6
0.9980 0.0011 90.5
1.50 5.5-107F 44.0 3.0-10° | 09 | 79.1
1.2-1075 | 3.1-10° | 3.1-10°

Table 11.5: Tuning parameters and associated objective function values ob-
tained by optimization based on gain deviation scenario with
6 = 0.9 for different values of the maximum sensitivity bound
MS,maz-
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Approach II

The tuning parameters generated by solution of the optimiza-

tion problem based on the second-order identified model are listed in Table

11.6.
MS'A,ma:r arp, 0 51, S2 qi1, 42 Ju Jy Jr J
1.10 4.0-107% | 105.2840 0.0431 218.4 | 356.0 | 341.3 | 915.7
2.8-107% | 108.2985 0.0449
1.15 22.1078 95.0781 0.1553 128.7 | 201.4 | 163.1 | 493.3
1.6-107% | 104.5402 | 0.1656
1.20 3.8-107% | 90.9645 0.5512 69.2 | 93.0 | 57.2 | 219.3
2.5-1076 | 109.8823 0.6247
1.25 0.0001 26.4586 1.0393 49.7 | 67.5 38.6 | 155.8
0.0001 169.8823 1.0852
1.30 0.0001 8.1340 1.7094 38.0 | 55.5 30.8 | 124.3
0.0001 191.5077 1.7438
1.40 0.0002 0.2895 3.8313 23.4 | 41.5 21.7 | 86.5
0.0001 197.1328 4.4009
1.50 0.0003 0.0025 8.1583 17.1 33.7 15.3 | 66.1
0.0002 184.1745 9.3094
1.70 0.0074 248.5293 | 81.6342 10.3 19.5 8.4 38.2
0.0041 9.8-107° | 101.7485
2.00 0.0638 1.0-107% | 251.7017 | 8.6 15.4 0.2 24.2
0.0201 1.0-107% | 309.3501
Table 11.6: Tuning parameters and associated objective function values ob-

tained by optimization for different values of the maximum sensi-

tivity bound Mg max-

From Table 11.5 and Table 11.6 it is seen that the solutions obtained based
on the second-order model for both tuning approaches have much the same

characteristics as the solutions obtained based on the first-order model.

This

indicates that the behavior experienced in the previous test does not stem from
the fact that the optimization is based on the first-order model but rather is a
general feature of the process.

11.1.2.1 Summary

This section has illustrated the optimization based tuning approach on the
second-order identified model. The tuning parameters obtained for Mg e <
1.4 appear to result in reasonable controllers.
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11.2 Closed-Loop Simulations

In this section closed-loop simulations for the modified 4-tank process are con-
ducted.

The closed-loop simulations are conducted using the tuning parameters obtained
by the optimization procedure in the previous section. The simulations are
done in order to illustrate the importance of proper tuning of industrial control
systems.

In the simulations the non-linear modified 4-tank process model (9.26)-(9.29)
is used to represent the plant. The covariance matrices for the process- and
measurement noise used in the simulation are given by

202 0 052 0
Q_{O 202}’ R_{O 0.52]
The process is sampled using a sample time Ty = 4 [s]. The prediction hori-
zon used in the simulations is N = 500, corresponding to a prediction of the
future dynamic behavior of the process for 2000 [s]. It has been chosen to be

long to approximate an infinite horizon controller, hereby reducing the effect of
differences between open-loop and closed-loop solutions.

In the simulations the nominal value for the deterministic part of the disturbance
is di°* = [70 70]”. It should be noted that these are the same conditions which
the identified models were obtained under. This corresponds to what would be
considered normal operation conditions in the case study.

In the simulations a simulation profile where the process is in a steady state is
used. The initial water level (height) in Tank 1 is 50.2 cm and the water level
in Tank 2 is 42.7 cm.

11.2.1 Simulations based on first-order identified model

As already mentioned, it is not evident that all the tuning parameters obtained
in the previous section result in satisfactory behavior of the control system. To
investigate what level of sensitivity results in acceptable behavior, simulations
are conducted for different values of Mg -

The first simulation is conducted based on the results in Table 11.1. A simulation
based on the tuning parameters obtained for Mg 4, = 1.25 and Mg ez = 1.30
is presented in Figure 11.1.
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In the simulation the reference for the water level in Tank 1 is at ¢ = 170 [min]|
increased to 58 cm, while the reference for Tank 2 is unchanged. Furthermore,
at t = 35 [min| a step change in the deterministic part of the disturbance into
Tank 2 is introduced with a relative change of +40 [em3/s].

y, lem]

100 200 300 400 500 0 100 200 300 400 500
Time [min] Time [min]

0 100 200 300 400 500 0 100 200 300 400 500
Time [min] Time [min]

Figure 11.1: Closed-loop simulation based on first-order identified model with

tuning parameters obtained using Mg mqe = 1.25 and Mg ez =

1.30.

The simulation in Figure 11.1 shows that these tunings provide good reference
tracking for both outputs, despite the disturbance and the high level of process
and measurement noise. It is seen that the disturbance rejection for ys is most
efficient for Mg ;mqr = 1.25, but at the same time that y; reacts quite strongly
as well.

Furthermore, it is clearly seen that the variance of the control signal us for
Mg maz = 1.30 is very high and that this set of tuning parameters is not ac-
ceptable and useless in practice. The parameters obtained for Mg s = 1.25
seem to provide an acceptable performance.
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Next it is investigated what performance is obtained when the sensitivity bound
is reduced. To illustrate this, a test is conducted for Mg mer = 1.20 and
Ms maz = 1.15 using the same simulation scenario as used above. The sim-
ulation is presented in Figure 11.2.

y, fem]

100 200 300 400 500 o 100 200 300 400 500
Time [min] Time [min]

o 100 200 300 400 500 o 100 200 300 400 500
Time [min] Time [min]

Figure 11.2: Closed-loop simulation based on first-order identified model with

tuning parameters obtained using Mg pqe = 1.15 and Mg e =

1.20.

From the simulation in Figure 11.2 it is seen that these sets of tuning parame-
ters provide a marginally better and smooth overall reference tracking for both
outputs compared to the previous simulation. However, it is seen that these
tunings both react more slowly to the reference step. A nice feature related to
these tunings is that both outputs are relatively insensitive to the high level of
process noise.

The disturbance rejection is similar for both sets of tuning parameters, but
Mg maez = 1.20 provides a slightly faster rejection without causing any side
effects.
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A very important fact about these tunings is that the variances on the control
inputs are very small. In particular it is seen that the variance of the control sig-
nal us is reduced substantially for both tunings in comparison to the case where
Mg maz = 1.30. This nicely illustrates the benefits of lowering the sensitivity
bound.

It will now be investigated if the performance can be increased even more
by further reducing the sensitivity bound. This simulation is conducted for
Mg mar = 1.20 and the lowest sensitivity bound Mg e, = 1.15. The simula-
tion for these sets of tuning parameters is presented in Figure 11.3.

y, lem]

200 400 600 800 1000 0 200 400 600 800 1000
Time [min] Time [min]

0 200 400 _ 600 800 1000 o 200 400 _ 600 800 1000
Time [min] Time [min]
Figure 11.3: Closed-loop simulation based on first-order identified model with

tuning parameters obtained using Mg mqe = 1.10 and Mg ez =
1.20.

The simulation in Figure 11.3 very clearly illustrates the trade-off between dis-
turbance rejection and sensitivity of the system. It is seen that the disturbance
introduced in yo at t = 35 [min] is rejected very slowly for Mg e, = 1.10 and
that this has a substantial impact in the simulation.
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When compared to the tuning obtained for Mg y,qe = 1.20 it is seen that this
tuning is in a sense too robust and probably not that useful in practice due to
its overall performance.

From this simulation it can be concluded that there is no practical benefit in
selecting Mg mqr = 1.10 as this heavily increases the disturbance rejection time
and does not offer a better tracking for the system. Based on the simulations
conducted so far the best trade-off between low input variance and disturbance
rejections seems to be obtained for a tuning using Mg ymee = 1.20 or Mg maz =
1.15.

The simulations conducted so far are all based on the tuning parameters in Table
11.1 obtained using tuning Approach I. Since the tuning parameters obtained
for other deviation scenarios are very similar, simulations will not be illustrated
for the tuning parameters in Table 11.2 and Table 11.3. It should however be
noted that similar performance and behavior are observed for such simulations.

Next simulation based on the results in Table 11.4 is considered. That is the
tuning parameters obtained using tuning Approach II.

As already stated, the tuning parameters obtained based on Approach II are
very similar to that of Approach I. Based on simulation studies it was seen that
the tuning parameters resulted in similar closed-loop performance. Therefore
only one simulation is presented for this approach. The simulation is conducted
for Mg maz = 1.25 and Mg e = 1.50 and is reported in Figure 11.4.
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—C, (Ms,max =1.50)
_CZ (MS.max =1.25)
--.0
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Figure 11.4: Closed-loop simulation based on first-order identified model with
tuning parameters obtained using Mg ;e = 1.25 and Mg maez =
1.50.

The simulation in Figure 11.4 shows that the tuning for Mg 14, = 1.25 pro-
vides good reference tracking for both outputs, despite the disturbance and the
high level of process and measurement noise. For Mg 4, = 1.50 this is not
the case. It is seen that especially y; is heavily affected by the high level of
process and measurement noise and as a result oscillates around the reference.
The disturbance rejection for ys is surprisingly very efficiently rejected for both
tunings.

Furthermore, it is clearly seen that the variance of the control signal w; for
Mg maz = 1.50 is very high and that this set of tuning parameters is not ac-
ceptable and useless in practice. It is noted that this is the opposite situation
of what was seen in Figure 11.1. The parameters obtained for Mg 4, = 1.25
seem to provide an overall acceptable performance.
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11.2.2 Simulations based on second-order identified model

In this section simulations based on the second-order identified model will be
conducted. Based on the tuning parameters obtained in Section 11.1.2 it is
expected that the closed-loop performance based on the second-order identified
model to a large extend will be similar to what was observed for the first-order
model. The simulation will be conducted based on the results in Table 11.6
obtained using tuning Approach II.

The first simulation is conducted based on the tuning parameters obtained for
Ms maz = 1.30 and Mg pqe = 1.40 and is presented in Figure 11.5.

y, [em]

100 200 300 400 500 0 100 200 300 400 500
Time [min] Time [min]
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— 150

u, [cma/s]
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Time [min] Time [min]

Figure 11.5: Closed-loop simulation based on second-order identified model
with tuning parameters obtained using Mg e, = 1.30 and
Mg maz = 1.40.

The simulation in Figure 11.5 shows that for the second-order model reasonable
tuning parameters are obtained for both Mg ;er = 1.30 and Mg ymee = 1.40,
as opposed to the first-order model where this level of sensitivity resulted in
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useless controllers. This indicates that the closed-loop system based on the
second-order identified model is less sensitive. It is seen that both the reference
tracking and the disturbance rejection for these tunings are slightly better than
what was seen for the first-order model for even lower levels of Mg ;44

In Figure 11.6 a simulation using the tuning parameters obtained for Mg 0z =
1.10 and Mg pmae = 1.25 is shown.

—C,M™
02 ™M

7.25)
1.10)

S,max ~

S,max
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0 100 200 _ 300 400 500 o 100 200 _ 300 400 500
Time [min] Time [min]
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0 100 200 300 400 500 0 100 200 300 400 500
Time [min] Time [min]
Figure 11.6: Closed-loop simulation based on second-order identified model

with tuning parameters obtained using Mg mqz = 1.10 and
Mg maz = 1.25.

The simulation in Figure 11.6 clearly illustrates the trade-off between distur-
bance rejection and sensitivity of the system for the second-order model. It is
seen that the disturbance introduced in y2 at ¢ = 35 [min] is rejected even more
slowly than was seen in the case for the first-order model and that this has a
very strong influence in the simulation. The level of robustness is simply too
low and the performance obtained is not acceptable and completely useless in
practice.
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Based on the simulations conducted for the second-order model, the best trade-
off between low input variance and disturbance rejections seems to be obtained
for a tuning using Mg mar = 1.25 or Mg mee = 1.30.

11.2.3 Comparison

In this section the closed-loop performance obtained using the first-order and
the second-order identified models are compared. The comparison is based on
the tuning parameters obtained using Approach II for both models. In this way
the performance can be compared strictly based on Mg pqz.

The comparison is based on the first-order model controller with Mg 4. = 1.25
and the second-order model controller with Mg ;. = 1.40. The simulation is
shown in Figure 11.7.

65 60 :
—C, (MS,max =1.25)
—GC, (Ms,max =1.40)
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Time [min] Time [min]

o 100 200 300 400 500 o 100 200 300 400 500
Time [min] Time [min]

Figure 11.7: Closed-loop simulation based on first-order model controller (C1)

with Mg maes = 1.25 and second-order model controller (Cy) with

Mg maz = 1.40.
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The simulation in Figure 11.7 shows that despite the fact that the controller
based on the second-order model is less robust, almost the same closed-loop
performance is obtained. This is interesting and indicates that the controller
based on the second-order model is more flexible and less sensitive.

A direct comparison for the two model with the same Mg .4, value is probably
a more suitable test to determine if there is any real advantage in using a second-
order over a first-order model in the controller design.

This comparison is based on the first-order model and the second-order model
controller both with Mg e, = 1.25. The simulation is shown in Figure 11.8.
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Figure 11.8: Closed-loop simulation based on first-order model controller (C)
with Mg . = 1.25 and second-order model controller (Cy) with
Mg maz = 1.25.

The simulation in Figure 11.8 shows the closed-loop performance for the two
controllers are almost the same for Mg mqr = 1.25. This illustrates there is
no real advantage in using a second-order over a first-order model if the ob-
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tained performances is considered acceptable. In this case the performance is
acceptable especially from the point of view of the high level of noise in the
system.
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CHAPTER 12

Conclusion

An industrial MPC approach has been considered in this thesis. The approach
included the identification of a linear model for the process to be used in the
MPC and the setup of the MPC based on the identified model extended with
a disturbance model, such that offset free control is ensured. In addition, an
optimization based tuning procedure for the MPC has been developed.

In the first part of the thesis the theoretical background was developed and
analyzed. This part constitutes a large part of the thesis and many different
topics have been studied.

A central part has been to set up the MPC. It has been shown here that
the unconstrained MPC regulation problem can be transformed into a convex
quadratic program (QP). Based on the QP an explicit expression for the optimal
control has been derived. Since the expressions for the optimal control and the
state estimator for the controller model are linear it was possible to express the
controller as a linear state-space model.

The key concept for the tuning of the MPC has been to formulate a closed-loop
state-space description for the process and the controller state-space model. In
the formulation of the closed-loop system two different plant models were used
in order to base the tuning problem only on the deterministic linear model
obtained by system identification.
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Furthermore, for the closed-loop state-space system sensitivity functions have
been derived. The sensitivity function was used as a measure of robustness and
in the formulation of the optimization problem to obtain the tuning parameters
of the MPC.

The optimization problem is based on an objective function related to scenario
simulation results obtained using the closed-loop system. The scenarios used are
deterministic reference and disturbance scenarios. The tuning parameters are
obtained by minimization of the absolute integrated error (IAE) or integrated
squared error (ISE) for the individual scenarios.

The designed controllers used in the tuning approach were all based on the
deterministic-stochastic model.

To illustrate the developed MPC approach, a case study for the modified 4-tank
process was conducted. The process has been used as a representative of real life
industrial processes, since it shares some of the general features encountered in
industry. In the case study system identification based on step tests was carried
out and a linear model for the process obtained. From the identification, it can
be concluded that models capturing the general behavior of the process can be
determined, even in cases where a high level of noise is present. In particular a
first-order and second-order continuous-time transfer model was identified.

The optimization problem has been used to tune the MPC based on both the
first-order and the second-order identified models. From the numerical tests it
can overall be concluded that the optimization based tuning approach has and
can produce some reasonably good tuning parameters for the modified 4-tank
process, even under a high level of noise in the system.

The optimization algorithm has mainly been tested using the interior point
algorithm with default options for one fixed starting point in all conducted tests.
All tests have resulted in feasible solutions. A key element to this behavior was
the use of a fixed number of frequencies in the evaluation of Mg(x).

For high values of the sensitivity bound Mg 4z it can be concluded that useless
tuning parameters were in general found. The tunings resulted in too much
stress on the actuators and only modest reference tracking. For Mg a0, < 1.25
acceptable tuning parameters were determined for the first-order models, while
Mg maz < 1.40 in general provided acceptable tunings for the second-order
model.

It can be concluded that there is no real advantage in using a second-order over
a first-order model in the controller design for this process and that it mainly
comes down to the tuning parameters. This conclusion is based on the fact that
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the second-order model has more parameters to be identified but does not offer
significantly better performance.

In general the two tuning approaches have produced similar results and it is
hard to conclude if one is better. The tests conducted based on Approach I
have illustrated that the obtained tuning parameters to a large extend depend
on the level of deviation and that it is not obvious exactly how this level should
be chosen. Approach II has shown that the obtained tuning parameters depend
little on the size of the step disturbances used in the simulation scenarios. It
is suggested by the obtained results that the size of the step disturbances in
general can be chosen as unit steps. However, whether both input and output
disturbance scenarios should be included in the objective is hard to conclude.

From the tests it can also be concluded that it does not have any significant
influence on the obtained tuning parameters whether the IAE or the ISE is used
to asses the simulation scenarios in the objective function.

Almost all the tuning tests resulted in full integration (a;, @z & 0). An explana-
tion for this behavior, has not be found despite the fact that a number of tests
have been conducted to investigate this.
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CHAPTER 13

Discussion and Future Work

The optimization based tuning approach has shown potential, however, there
are a number of aspects which should be studied in further detail. It should
be investigated further why the tuning procedure for most cases result in full
integration. This could be due to the deterministic-stochastic model used in the
controller design or related to the structure of the process.

The optimization problem based on Approach II is very appealing since it uses
only the identified model and user defined disturbances for the optimization.
This makes it very useful in industrial application where very little is known
about the true disturbances. This approach should be the main focus of future
research.

To investigate the optimality of the optimization problem it would be interest-
ing to develop an efficient (if possible) parameter sweep approach for MIMO
systems for comparison. This would allow us to determine, which of the studied
optimization approaches have the best overall performance.

Another interesting future study would be to conduct a comparison study be-
tween a tuning approach based on deterministic-stochastic model and the MISO
ARX model. This study would help to illustrate to pros and cons of the two
approaches to offset free control.
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A natural extension of the work conducted in the thesis, would be to investigate
how the tuning approach will perform on systems with more inputs and outputs.
Furthermore, so would it be to test the entire MPC procedure on a real small
scale industrial process.
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APPENDIX A

Matlab code

In this appendix all the MATLAB code implemented in thesis is included. The
code is organized as follows.

e Setup and simulation files for the non-linear modified 4-tank system
e MPC setup files

— Unconstrained

— Constrained
e Tuning files

— Approach I
— Approach II

e System identification files
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A.1 Setup and Simulation Files for the Modified
4-Tank System

function xdot = ModifiedFourTankSystem(t,x,u,d,p)
MODIFIEDFOURTANKSYSTEM Model dx/dt = f(t,x,u,d,p) for modified
4—tank System

o

de oo

This function implements a differential equation model for the
modified 4—tank system.

o

© 0 N U R W N e
o\

m = x; % Mass of liquid in each tank [g]
10 F = uj; % Flow rates in pumps [cm3/s]
11 D = d; % Disturbance flow rates [cm3/s]
12 a = p(l:4,1); % Pipe cross sectional areas [cm2]
13 A = p(5:8,1); % Tank cross sectional areas [cm2]
14 gamma = p(9:10,1); % Valve positions [—]
15 g = p(l1,1); % Acceleration of gravity [cm/s2]
16 rho = p(l2,1); % Density of water [g/cm3]

[
3

o

% Inflows

-
3

19 gin = zeros(4,1);

20 gin(l,1) = gamma(1l)«*F(1); % Inflow from valve 1 to tank 1 [cm3/s]
21 gin(2,1) = gamma (2)*F(2); % Inflow from valve 2 to tank 2 [cm3/s]
22 gin(3,1) = (l—gamma (2))*F(2);% Inflow from valve 2 to tank 3 [cm3/s]
23 gin(4,1) = (l—gamma(l))*F(1l);% Inflow from valve 1 to tank 4 [cm3/s]

V)
I

% Outflows
h = m./ (rhoxA);

NN
-

Liquid level in each tank [cm]

oo oe

27 gout = a.*sqrt (2xgxh); Outflow from each tank [cm3/s]

28

29 % Differential equations

30 xdot = zeros(4,1);

31 xdot (1,1) = rhox*(gin(l,1)+gout(3,1)—qgout(l,1));% Mass balance Tank 1
32 xdot (2,1) = rhox(gin(2,1)+qgout (4,1)—qgout(2,1));% Mass balance Tank 2
33 xdot (3,1) = rho*(D(1l)+gin(3,1)—qgout(3,1)); % Mass balance Tank 3
34 xdot (4,1) = rhox(D(2)+gin(4,1)—qgout (4,1)); % Mass balance Tank 4
1 function y = ModifiedFourTankSystemSensor (x,p)

2

3 % measurement of tank 1 and tank 2 only !

4 rho = p(12,1);

5 A =p(5:6,1);

6

7 y = x(1:2)./(rho=*A);

1 function xdot ModifiedFourTankSystemWrap (x,u,d, p)
2 xdot = ModifiedFourTankSystem(0,x,u,d,p);
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1 function xknew = nonlinearstate (xk,uk,dk,wk,Ts,p)
2 % Computes new state of the non—linear modified 4—tank system
3 %
4 % Inputs:
5 % xk — Current non—linear state
6 % uk — Current control input
7 % dk — Disturbance
8 % wk — Process noise
9 % Ts — Sample—time
10 % p — Parameter vector for the modified 4—tank system
11 %
12 % Output:
13 % xknew — Next non—linear state
14
15 [Tk,Xk] = odelSs(@ModifiedFourTankSystem, [0 Ts],xk, [],uk, (dk+wk),p);
16 xknew = Xk (end, :)"';
1 function yk = nonlinearmeasurement (xk, vk, p)
2 % Computes measurement of the non—linear modified
3 % 4—tank system with measurement noise
4 3
5 % Inputs:
6 % xk — Current non—linear state
7 % vk — Measurement noise
8 % p — Parameter vector for the modified 4—tank system
9 %
10 % Output:
11 % vk — Measurement of the modified 4—tank system
12
13
14 yk = ModifiedFourTankSystemSensor (xk,p) + vk;
1 function [A B E C xs ys p] = getlinearizedModified4TankSystem...
2 (us,ds, gammal, gamma2, xs0)
3 % linearizes the non—linear model of modified 4—tank system
4 % around a steady state
5 %
6 % Inputs:
7 % us — Steady control input vector
8 % ds — Steady disturbance input vector
9 % gammal — Flow distribution constant valve 1
10 % gammaz2 — Flow distribution constant valve 2
11 % xs0 — initial guess for steady state
12 %
13 % Outputs:
14 % A — Continuous—time state matrix
15 % B — Continuous—time input matrix
16 % B — Continuous—time disturbance matrix
17 % C — Continuous—time measurement matrix
18 % XS — steady state vector

-
©

ys — steady measurement vector
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20 % p — parameter vector

21

22

23 %

24 % Parameters for the modified 4—tank system

25 %

26

27 al = 1.2272; %[cm2] Area of outlet pipe 1

28 a2 = 1.2272; %[cm2] Area of outlet pipe 2

20 a3 = 1.2272; %[cm2] Area of outlet pipe 3

30 a4 = 1.2272; %[cm2] Area of outlet pipe 4

31 ap [al; a2; a3; ad4]l; %[cm2] Pipe cross sectional areas
32

33 Al = 380.1327; %[cm2] Cross sectional area of tank 1

3¢ A2 = 380.1327; %[cm2] Cross sectional area of tank 2

35 A3 = 380.1327; %[cm2] Cross sectional area of tank 3

36 A4 = 380.1327; %[cm2] Cross sectional area of tank 4

37 At = [Al; A2; A3; A4]; %[cm2] Tank cross sectional areas
38

39 g = 981; %$[cm/s2] The acceleration of gravity

40 rho = 1.00; %[g/cm3] Density of water
41
42 1if nargout > 5

43 p = [ap; At; gammal; gamma2; g; rhol;
44 end

45

6 %

47 % Steady State and measurement

48 %

49

50 1if nargin < 4

51 xsO0 = [5000; 5000; 5000; 5000]1; % [g] Initial guess on xs
52 end

53

54 xs = fsolve (@ModifiedFourTankSystemWrap,xs0,[],us,ds,p);
55 ys = ModifiedFourTankSystemSensor (xs,p);

56
57
58

Continuous—time linearized model

oo oo oo

59
60
61 hs = xs./(rhoxAt);

62 T = (At./ap).*sqgrt(2+hs/g);

63
64 A = [—1/T(1) 0 1/T(3) 0;

65 0 —1/T(2) 0 1/T(4);

66 00 —1/T(3) 0;

67 000 —=1/T(4)]1;

68

69 B = [rhoxgammal 0;0 rhoxgamma2; 0 rhox(l—gammaz2); rhox*(l—gammal) O0];
70 E = [0 0; 0 0; rho 0; 0 rho]l;

71

72 Ctemp = diag(l./(rhoxAt));
73 C = Ctemp(l:2,:);
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function p = getnonlinearsystemparameters (gammal, gammaZ2)

al = 1.2272;
a2 = 1.2272;

[cm2] Area of outlet pipe
[cm2] Area of outlet pipe
a3z = 1.2272; [cm2] Area of outlet pipe
ad = 1.2272; [cm2] Area of outlet pipe
ap = [al; a2; a3; a4d]; %[cm2] Pipe cross sectional areas

o o° o oe
BSw N =

© 0N O s W N e

[cm2] Cross sectional area of tank
A2 = 380.1327; [cm2] Cross sectional area of tank
[
[

Al = 380.1327; 1
2
A3 = 380.1327; cm2] Cross sectional area of tank 3
4
a

==
= O

o° o o oP

-
)

A4 = 380.1327; cm2] Cross sectional area of tank
At = [Al; A2; A3; A4]; %[cm2] Tank cross sectional

= e
oA w

g = 981; %[cm/s2] The acceleration of gravity
$[g/cm3] Density of water

e e
® N o
H
=g
[¢]
Il
[
o
o
~

p = [ap; At; gammal; gamma2; g; rho]l;

function [u y z] = ClosedloopSimulationUnconstrainedNonlinear3

(Nsim, Systemnonlinear,Controller,x0,d,v,w,r)
Computes the closed—loop control inputs, measurements and
controlled outputs for the unconstrained MPC problem with
non—linear plant, given an initial plant state x0 and
simulation scenario (d,v,w,r)

Inputs:

Nsim — Number of simulation steps
System — Struct holding plant/system
Controller — Struct holding controller model
x0 — Initial state for plant

d — Disturbance scenario

v — Measurement noise scenario

w — Process noise scenario

r — Reference scenario

© 0N O s W N e

==
=}

e e~
(£ R ]

Outputs:

u — closed—loop control inputs

y — closed—loop measurements

z — closed—loop controlled outputs

IS —
o © N
o 0% O o° o0 o AP A O° O A A A OO O° o o° O o

NN
[CI

V)
w

Non—linear plant parameters

NN
[N
o° oo oe

= Systemnonlinear.p;
s = Systemnonlinear.Ts;

ICEECENN]
© w0
el

I

w
=]

Controller model

w W w
[ R
o° o° o
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34 % control model

35 Ad = Controller.Abar;
36 Bd Controller.Bbar;
37 Cd Controller.Cbar;
38 Kd = Controller.Kbar;
39

40 % controller gains

41 Lx = Controller.Lx;
42 Le = Controller.Le;
43 LR Controller.LR;
44 Lu = Controller.Lu;

45
46 %

47 N = Controller.N;
48

49 % size of controller model

50 ny = size(Cd,1);

51 nu = size(Bd,2);

52

53

54 %

55 % Initialization

56 %

57

58 % initial state for the plant

59 xk = x0;

60

61 % initial control input u_{0|—-1}
62 %ukml = zeros(nu,1l);

63

64 % steady initial control input
65 ukml = 300+ones (nu,1l);

66

67 % initial state estimate xhat_{0|—1}
68 %xhatkkml = zeros(nx,1);

69

o

70 % steady initial state
71 xhatkkml = 1.0e+03x[—1.4085 —0.0691 —0.0770 0.1981 ...
72 —0.0122 —0.0363]1";

73
74 % preallocation

75 y = zeros (ny,Nsim);

76 Z zeros (ny,Nsim) ;

77 U = zeros (nu,Nsim);

78

79 %

80 % Closed—loop simulation

81 %

82

83 for k = 1:Nsim

84

85 5555555555555 5555555555555 55%55%555%%%
86 $5555%5%5%%% PLANT $555555%5%5%%%
87 R R R R R R R R R Lt

88
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NON—LINEAR PLANT

o
S

89
90
91

plant measurement in physical variables

o
S

k),p)i

.r

nonlinearmeasurement (xk, v (

vk

92

93

plant output in physical variables

>3
S

94
95

k),p);

o

nonlinearmeasurement (xk, 0*v (

zk =

96
97
98
99
100
101
102

= vk;

k)

.7

v (

CONTROLLER

103

104

select the set—points for the current MPC horizon

o
S

105

(k+N)—1) ;

k

= r(:,
Rtemp (:)

Rtemp
Rk

106

’

107

108

compute optimal control input in physical variables

3
S

109

MPCcomputeUnconstrainedInnovation

(xhatkkml,ukml, vk, Rk, Lx, Le, LR, Lu, Ad, Bd, Cd, Kd) ;

[uhatkk xhatkplk]

110
111

112
113

= uhatkk;

u(:,k)

114
115

Updating

3
S

116
117
118

update state estimate

xhatkkml

<
S

’

xhatkplk

119
120

update control input

ukml

o
S

121

uhatkk;

122

123

124

125

PLANT

126
127

128
129
130
131
132

NON—LINEAR PLANT

o
g

state update in physical variables

>3
g

k)W, k), Ts,p);

nonlinearstate (xk,u(:,k),d(

xk =

133

134
135

end

136

measurements and

ClosedloopSimulationUnconstrainedNonlinear4
(Nsim, Systemnonlinear,Controller,x0,d,v,w,r)

Computes the closed—loop control inputs,

[uy z]
controlled outputs for the unconstrained MPC problem with

function
o
%
o
>

1
2
3
4
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5 % non—linear plant, given an initial plant state x0 and
6 % simulation scenario (d,v,w,r)

7%

8 % Inputs:

9 % Nsim — Number of simulation steps

10 % System — Struct holding plant/system

11 % Controller — Struct holding controller model
12 % x0 — Initial state for plant/system
13 % d — Disturbance scenario

14 % v — Measurement noise scenario

15 % w — Process noise scenario

16 % T — Reference scenario

7 %

18 % Outputs:

19 % U — closed—loop control inputs

20 % Yy — closed—loop measurements

21 % z — closed—loop controlled outputs
22

23 %

24 % Plant non—linear

25 %

26

27 P Systemnonlinear.p;

28 Ts = Systemnonlinear.Ts;

29

30 %

31 % Controller model

32 %

33

34 % control model

35 Ad = Controller.Abar;
Controller.Bbar;
Controller.Cbar;
38 Kd = Controller.Kbar;

w W
3 e
Q w
[oXyeN
i

40 % controller gains
41 Lx = Controller.Lx;

42 Le = Controller.Le;
43 LR = Controller.LR;
44 Lu = Controller.Lu;
45

46 %

47 N = Controller.N;

49 % size of controller model

50 ny = size(Cd,1);
51 nu = size(Bd,2);
52 nx = size(Ad,1);
53

54

55

56 %

57 % Initialization
58 %
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o

60 % initial state for the plant
61 xk = x0;

62
63 % initial control input u_{0|—1}

64 %Sukml = zeros(nu,1l);

65

66 % steady initial control input

67 ukml = 300xones (nu,l);

68

69 % initial state estimate xhat_{0|—1}
70 %$xhatkkml = zeros(nx,1);

71

o

72 % steady initial state
73 xhatkkml = 1.0e+03 % [ —1.3488 0.0228 —0.1901 —0.0879

74 —0.0458 0.0284 0.0027 —0.0115 —0.0357]1";

75

76

77 % preallocation

78 y = zeros (ny,Nsim);

79 z = zeros(ny,Nsim);

80 u = zeros(nu,Nsim);

81

82 %

83 % Closed—loop simulation

84 %

85

86 for k = 1:Nsim

87

88 st 855%555%55%%5%5%%%
89 $E55%5%%5%%%% PLANT $55%5%5%%5%%%
90 sS85 55555%5%%
91

92 % NON—LINEAR PLANT

93

94 % plant measurement in physical variables

95 vk = nonlinearmeasurement (xk,v(:,k),p);

96

97 % plant output in physical variables

98 zk = nonlinearmeasurement (xk, 0*xv(:,k),p);

99

100

101 v(:, k) = vk;

102 z(:,k) = zk;

103

104 5855555505585 %555%555%55%%5%%
105 $E55%5%%5%%%% CONTROLLER $555%%%%%
106 s 85555555555%5%5%%
107

108 % select the set—points for the current MPC horizon
109 Rtemp = r(:,k: (k+N)—1);

110 Rk = Rtemp(:);

111

112 % compute optimal control input in physical variables
113 [uhatkk xhatkplk] = MPCcomputeUnconstrainedInnovation

114 (xhatkkml,ukml, vk, Rk, Lx, Le, LR, Lu, Ad, Bd, Cd, Kd) ;
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115
116

uhatkk;

1, k)

u (

117
118
119
120
121

Updating

3
S

update state estimate

xhatkkml

3
S

’

xhatkplk

122

123

update control input

ukml

3
e

124

uhatkk;

125

126
127
128
129
130

PLANT

131

NON—LINEAR PLANT

3
S

132

133
134
135
136
137
138
139

state update in physical variables

3
S

k),Ts,p);

.

k),d(:, k), w(

.7

nonlinearstate (xk,u(

xk =

end

clear all
close all
clc

1

2

Closed—loop simulation of modified 4—tank system

based on first order identified model —

addpath ('Realization')

3
S

o BENT-R R

Unconstrained case

d° e

Non—linear modified 4—tank system

Controller model

Plant model

3
S

10
11

Deterministic—Stochastic model

3
S

12

13

o
S

14
15
16
17
18
19
20
21

parameters

o
g
o
S

[s]

sample—time

Ts = 4;

3
S

time of simulation in minutes

Tf = 500;

o
S

22

23

Prediction horizon

3
S

N

24

’

500

25
26

27
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28

29 %

30 % steady state for simulation

31

32 gammal = 0.45; % Flow distribution constant. Valve 1
33 gamma2 = 0.40; % Flow distribution constant. Valve 2
34

35 us = [300;300];

36 ds = [70;70];

37

38 [Axx Bxx Exx Cxx xs ys] =

39 getlinearizedModified4TankSystem(us,ds,gammal, gammaZ2) ;
40

41 %

42
43
44

o°

set tuning parameters

45

46 % MSmax = 1.20;

47 x1 = [6.9023e—05 4.7833e—05 62.1234 143.7291 0.9891 1.00737;
48

49 % MSmax = 1.15;

50 X2 = [2.0499e—08 1.2682e—08 107.3115 98.9778 0.2181 0.2221];
51

52 %
53 % Simulation details
54 %

55
56 % disturbance

57 dl = 0;
58 d2 = 40 ;
59

60

o

61 % sample of disturbance start
62 dltime = 76;

63 d2time = 551;

64

65

66 % sample—time [min]

67 Tstep = Ts/60;

68

69 % time interval

70 T = 0:Tstep:Tf;

71

72 % number of simulation steps
73 Nsim = length(T);

74
75
76

o° oP

77 Noise

78

o

79
80 % noise variance

81 sigma2w = (20)"2;
82 sigma2v = (0.5)"2;
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o

84 % covariance matrices
85 Qw = sigmalwxeye (2,2);
86 Rv = sigmalvxeye(2,2);

87
88 Swv = zeros(2,2);

89

90 % combined covariance matrix
91 Z = [Qw Swv; Swv Rv];

92

93 LZ = chol(Z, "lower");

94 wv = LZxrandn (4,Nsim+N) ;

96 w = wv(l:2,:); % process noise
= wv(3:4,:); % measurement noise

©
3
<

|

o

101 % tuning 1
102 alphal = x1(1);
103 alpha2 = x1(2);

105 sl = x1(3);
106 s2 = x1(4);

108 gl = x1(5);
109 g2 = x1(6);

111 % tuning2
112 alphall = x2(1);
113 alpha2l ;

1
x
N
~

115 sll = x2(3);
116 s21 = x2(4);

118 gll = x2(5);
119 g2l = x2(6);

120
121 %

122 % Non—linear modified 4—tank plant

123 %

124

125 p = getnonlinearsystemparameters (gammal, gamma2) ;
126

127 SystemNonlinear.p = p;

128 SystemNonlinear.Ts = Ts;

129

130 %

131 % Controller

132 %

133

134 % first—order identified model

135 % (identified under process and measurement noise)
136 % Continuous—time transfer functions
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185

$ Gl1
numll = 0.0822;
denll = [140.2627 1.0000];

% Gl2
numl2 = 0.1258;
denl2 = [231.0847 1.0000];

$ G21
num2l = 0.1523;
den2l1 = [216.4180 1.00007;

$ G22
num22 = 0.1110;
den22 = [137.5618 1.00007;

o

% set up state—space realization of identified model

num = cell(2,2); den = cell(2,2); tau = zeros(2,2);
num{1l,1} = numll; num{l,2} = numl2;
num{2,1} = num2l; num{2,2} = num22;

den{l,1} = denll; den{l,2} = denl2;
den{2,1} den2l; den{2,2} = den22;

Nmax = 100;
tol = le—8§;

[A,B,C,D,sH] = mimoctf2dss (num,den,tau,Ts,Nmax,tol);
% Controller model — deterministic—stochastic model

o

% size of system state
nxmodel = size(A,1);

)

% disturbance model

As = eye(2,2);

Ks = [(l—alphal) 0; 0 (l—alpha2)];
Cs = eye(2,2);

% combined model

Abar = [A zeros (nxmodel,?2); =zeros(2,nxmodel) As];
Bbar = [B; zeros(2,2)];

Kbar [zeros (nxmodel, 2); Ks];

Cbar = [C Cs];
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193 % controller struct

194 Controller.Abar = Abar;
195 Controller.Bbar = Bbar;
196 Controller.Cbar = Cbar;
197 Controller.Kbar = Kbar;

200 % size of controller model
201 ny = size(Cbar,1);

202 nu = size (Bbar,2);

203

204

205 %

206 % Controller model 1 — deterministic—stochastic model
207 %

208

209 % disturbance model

210 Asl = eye(2,2);

211 Ksl = [(l—alphall) 0; 0 (l—alpha2l)];

212 Csl = eye(2,2);

213

214 % combined model

215 Abarl = [A zeros (nxmodel, 2); zeros (2,nxmodel) Asl];
216 Bbarl = [B; zeros(2,2)];

217 Kbarl = [zeros (nxmodel, 2); Ksl];

218 Cbarl = [C Csl];

219

o

220 % controller struct

221 Controllerl.Abar = Abarl;
222 Controllerl.Bbar = Bbarl;
223 Controllerl.Cbar = Cbarl;
224 Controllerl.Kbar = Kbarl;

225
226

227 %

228 % Reference

229 %

230

231 % reference height in tank 1
232 refhl = ys(1l);

233

234 % reference height in tank 2
235 refh2 = ys(2);

236

o

237 % reference vector
238 ref = [refhl;refh2];

240 r = repmat (ref,1, (Nsim+N));

o

242 % step in reference
243 r(1,2551:end) = ys(l) + (58 — ys(1));

o
S
o
g

Disturbance
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265

d3 = ds (1) *ones (1,Nsim+N);
d4 = ds(2)«ones (1,Nsim+N) ;

o

% step in tank 3
d3(dltime:end) = ds (1) + dil;

% step in tank 4
d4 (d2time:end) = ds(2) + d2;

d = [d3;d4];

Weights for controller

o o o

% weight matrix Q (reference)
Q = eye(ny,ny);

Q(1,1) = gql;

Q(2,2) = g2;

% weight matrix S (control input)
S = eye(nu,nu);

S(1,1) = s1;

S(2,2) = s2;

Controller gains — deterministic—stochastic model

o o° o

% design matrices
[phix phie gammau H varphi I0 Qcal Scal] =
MPCDesign (N, Abar,Bbar,Cbar,Kbar,Q,S) ;

% gain matrices for explicit MPC solution
[Lx Le LR Lu] = MPCDesignUnconstrained
(H, phix, phie, gammau, varphi, I0,Qcal, Scal);

o

% controller gains
Controller.Lx = Lx;
Controller.Le = Le;
Controller.LR = LR;
Controller.Lu = Lu;

Controller.N = N;

Weights of controller 1

o° o o

o

weight matrix Q (reference)
Q1 = eye(ny,ny);
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303 Q1(1,1) = glil;

304 Q1(2,2) g21;

305

306 % weight matrix S (control input)

307 S1 = eye(nu,nu);

308 S1(1,1) = sl1;

309 S1(2,2) = s21;

310

311 %

312 % Controller gains 1 — deterministic—stochastic model
313 %

314

315 % design matrices

316 [phixl phiel gammaul H1 varphil I01 Qcall Scall] =
317 MPCDesign (N, Abarl,Bbarl,Cbarl,Kbarl,Ql,S1);
318

319 % gain matrices for explicit MPC solution
[

320 Lxl Lel LR1 Lul] = MPCDesignUnconstrained
321 (H1,phix1l,phiel, gammaul, varphil, I01,Qcall, Scall);
322

o

323 % controller gains
324 Controllerl.Lx = Lx1;
325 Controllerl.Le = Lel;
326 Controllerl.LR = LR1;
327 Controllerl.Lu = Lul;
328

329 Controllerl.N = N;

331
332
333
334
335
336 x0 = xs;

Closed—loop simulations

o° oo oo

o\

initial state

338
339 % closed—loop simulation with nonlinear plant

340

341 % for tuning 1

342 [uk yk zk] = ClosedloopSimulationUnconstrainedNonlinear3

343 (Nsim, SystemNonlinear,Controller,x0,d,v,w,r);
345 % for tuning 2

346 [ukl ykl zkl] = ClosedloopSimulationUnconstrainedNonlinear3

347 (Nsim, SystemNonlinear,Controllerl,x0,d,v,w,r);
348
349
350

Closed—loop plots

o° oo o

352
353 figure

354 plot(T,yk(l,:),T,ykl1(1l,:),T,r(l,1:Nsim), '—k', 'LineWidth', 3)
355 ylim([40 651])

356 xlabel ('Time [min]', "FontSize',20);

357 ylabel('y_1 [cm]','FontSize',20);
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358
359 set (gca, 'FontSize',20);

360 legend('C_1 (M_{S,max} = 1.50)"','C_2 (M_{S,max} = 1.25)"','r_1"',4);

361
362 figure

363 stairs (T, [uk(1l,:)" ukl(l,:)"'], 'Linewidth', 3)

364 xlabel ('Time [min]', 'FontSize',20);

365 ylabel ('u_1 [cm”3/s]','FontSize',20);

366 set (gca, 'FontSize',20);

367 ylim ([0 35017)

368

360 figure

370 plot(T,yk(2,:),T,yk1(2,:),T,r(2,1:Nsim), '—k', 'LineWidth', 3)
371 ylim([30 6017)

372 xlabel ('Time [min]', 'FontSize',20);

373 ylabel('y_2 [cm]','FontSize',20);

374 set (gca, 'FontSize',20);

375 legend('C_1 (M_{S,max} = 1.50)"','C_2 (M_{S,max} = 1.25)"','r_2",1);

376

377 figure
378 stairs(
379 xlabel (
380 ylabel(
381 set (gca

T, [uk(2,:)" ukl(2,:)"'], 'Linewidth', 3)
'Time [min]', '"FontSize',20);

'u_2 [cm”3/s]','FontSize',20);

, 'FontSize',20);

1 clear all

2 close all

3 clc

4

5 addpath('Realization')

6

7 % Closed—loop simulation of modified 4—tank system
8 % based on second order identified model — Unconstrained case
9

10 % Plant model: Non—linear modified 4—tank system
11 % Controller model: Deterministic—Stochastic model
12

13

14 %

15 % parameters

16 %

17

18 % sample—time [s]

19 Ts = 4;

20

21 % time of simulation in minutes

22 Tf = 500;

23

24 % Prediction horizon

25 N = 500;

26

27 %

28 % steady state for simulation
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29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
T2
73
T4
75
76
T
78
79
80
81
82

us = [300;3007];

ds = [70;701]1;

gammal = 0.45; % Flow distribution constant. Valve 1
gamma2 = 0.40; $ Flow distribution constant. Valve 2
[Axx Bxx Exx Cxx xs ys] = getlinearizedModified4TankSystem

(us,ds, gammal, gammaZ2) ;

o

%$MSmax = 1.25;
x1 = [0.0001 0.0001 26.4586 169.6454 1.0393 1.0852];

$MSmax = 1.10;
x2 = [4.0062e—08 2.7689e—08 105.2840 108.2985 0.0431 0.0449];

o

o

Simulation details

o

% disturbance
dl = 0;
d2 = 40;

o

% sample of disturbance start
dltime = 551;

d2time = 551;

% sample—time [min]

Tstep = Ts/60;

% time interval
T = 0:Tstep:Tf;

Nsim = length(T);

o

Noise

de oo

o

% noise variance
sigma2w = (20)"2;
sigma2v = (0.5)"2;

% covariance matrices
Qw = sigmalwxeye (2,2);
Rv = sigmal2vxeye (2,2);

Swv = zeros(2,2);

o

% combined covariance matrix
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84 Z = [Qw Swv; Swv Rv];

85

86 LZ = chol(Z, 'lower'");

87 wv = LZxrandn (4,Nsim+N) ;

88

89 w = wv(l:2,:); % process noise

90 v = wv(3:4,:); % measurement noise
91

92

93

o

94 % tuning 1
95 alphal = x1(1);
96 alpha2 = x1(2);

97
98 sl = x1(3);
99 s2 = x1(4);
100

101 gl = x1(5);

102 g2 = x1(6);

103

104

105 % tuning2

106 alphall = x2(1);
107 alpha2l = x2(2);
108

109 sll = x2(3);

110 s21 = x2(4);

111

112 gll = x2(5);

113 g2l = x2(6);

114

115

116

117

118 Non—linear modified 4—tank plant

o° o° o

119

121 p = getnonlinearsystemparameters (gammal, gamma?2) ;

123 SystemNonlinear.p = p;

124 SystemNonlinear.Ts = Ts;

125

126

127 %

128 % Controller

120 %

130

131 % second—order identified model

132 % (under process and measurement noise)
133 % Continuous—time transfer functions
134

135 % G11

136 numll 0.0818;
137 denll = conv([25.3224 1],[108.7843 11);
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139 % Gl2

140 numl2 = 0.1238;

141 denl2 = conv([104.5181 1],[104.4942 11);

142

143 % G21

144 num2l = 0.1520;

145 den2l = conv([7.6230 1],[206.9884 17]);

146

147 % G22

148 num22 = 0.1091;

140 den22 = conv([9.3216e—6 1],[96.1746 11);

150

151

152 % set up state—space realization of identified model
153

154 num=cell (2,2); den=cell(2,2); tau = zeros(2,2);
155

156 num{l,l}=numll; num{l,2}=numl2;

157 num{2, 1}=num2l; num{2,2}=num22;

158

159 den{l,1l}=denll; den{l,2}=denl2;

160 den{2,1l}=den2l; den{2,2}=den22;

161

162

163 Nmax = 100;

164 tol = le—8;

165

166 [A,B,C,D,sH] = mimoctf2dss (num,den,tau, Ts,Nmax,tol);
167

168

169 %

170 % Controller model — deterministic—stochastic model
171 %

172

173 nxmodel = size(A,1);

174

175 % disturbance model

176 As = eye(2,2);

177 Ks = [(l—alphal) 0; 0 (l—alpha2)];

178 Cs = eye(2,2);

179

180 % combined model

181 Abar = [A zeros(nxmodel,2); zeros (2,nxmodel) As];
182 Bbar = [B; zeros(2,2)];

183 Kbar = [zeros (nxmodel,?2); Ks];

184 Cbar = [C Cs];

185

186 % controller struct

187 Controller.Abar = Abar;

188 Controller.Bbar = Bbar;

189 Controller.Cbar = Cbar;

190 Controller.Kbar = Kbar;

191

192 % size of controller model

193 ny = size(Cbar,1);
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195

211

nu = size (Bbar,2);

Controller model 1 — deterministic—stochastic model

o o oe

% disturbance model

Asl = eye(2,2);

Ksl = [(l—alphall) 0; 0 (l—alpha2l)];

Csl = eye(2,2);

% combined model

Abarl = [A zeros (nxmodel,2); zeros(2,nxmodel) Asl];

Bbarl = [B; zeros(2,2)];
Kbarl = [zeros (nxmodel,2); Ksl];
Cbarl = [C Csl];

o

% controller struct

Controllerl.Abar = Abarl;
Controllerl.Bbar = Bbarl;
Controllerl.Cbar = Cbarl;
Controllerl.Kbar = Kbarl;

Reference

o o° o

% reference height in tank 1
refhl = ys(1l);

% reference height in tank 2
refh2 = ys(2);

% reference vector
ref = [refhl;refh2];

r = repmat (ref, 1, (Nsim+N));

% reference step
r(l,2551:end) = ys(1l) + (58 — ys(1));

Disturbance

o° o o

d3 = ds (1) *ones (1,Nsim+N) ;
d4 = ds(2)«ones (1,Nsim+N) ;
% step in tank 3
d3(dltime:end) = ds (1) + dil;
% step in tank 4
d4 (d2time:end) = ds(2) + d2;




150 Matlab code

240 d = [d3;d4];

250

251 %

252 % Weights

253 %

254

255 % weight matrix Q (reference)
256 Q = eye(ny,ny);

257 Q(1l,1) = gl;

258 Q(2,2) = g2;

259

260 % weight matrix S (control input)
261 S = eye(nu,nu);

262 S(1,1) = sl;

263 S(2,2) = s2;

264

265

266 %

267 % Controller gains — deterministic—stochastic model
268 %

269

270 % design matrices
[

271 phix phie gammau H varphi IO Qcal Scal] =

272 MPCDesign (N, Abar,Bbar, Cbar,Kbar,Q, S) ;
273

274 % gain matrices for explicit MPC solution

275 [Lx Le LR Lu] = MPCDesignUnconstrained

276 (H, phix, phie, gammau, varphi, I0,Qcal, Scal);
277

278 % controller gains
279 Controller.Lx = Lx;
280 Controller.Le = Le;
281 Controller.LR = LR;
282 Controller.Lu = Lu;

283
284 Controller.N = N;

285

286

287 %

288 % Weights of controller 1

289 %

290

291 % weight matrix Q (reference)

202 Q1 = eye(ny,ny);

203 Q1(1,1) = gll;

204 Q1(2,2) = g21;

295

296 % weight matrix S (control input)

207 S1 = eye(nu,nu);

208 S1(1,1) = sl1;

209 S1(2,2) = s21;

300

301 %

302 % Controller gains — deterministic—stochastic model

303
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305 % design matrices
[

306 phixl phiel gammaul H1 varphil I01 Qcall Scall] =

307 MPCDesign (N, Abarl,Bbarl,Cbarl,Kbarl,Ql,S1);
308

309 % gain matrices for explicit MPC solution

310 [Lxl Lel LR1 Lul] = MPCDesignUnconstrained

311 (H1,phix1l,phiel, gammaul, varphil, I01,Qcall, Scall);
312

°

313 % controller gains
314 Controllerl.Lx = Lx1;
315 Controllerl.Le = Lel;
316 Controllerl.LR = LRI1;
317 Controllerl.Lu = Lul;
318

319 Controllerl.N = N;
320
321
322
323

Closed—loop simulations

o o° oe

325
326 initial state

327 x0 = xs;

328

320 % closed—loop simulation with nonlinear plant

330

331 % for tuning 1

332 [uk yk zk] = ClosedloopSimulationUnconstrainedNonlinear4

333 (Nsim, SystemNonlinear,Controller,x0,d,v,w,r);

334

335 % for tuning 2

336 [ukl ykl zkl] = ClosedloopSimulationUnconstrainedNonlinear4

337 (Nsim, SystemNonlinear,Controllerl,x0,d,v,w,r);

o\

339
340
341
342
343 figure

344 plot(T,yk(1l,:),T,yk1(1,:),T,r(l,1:Nsim), '—k', 'LineWidth', 3)

345 ylim([40 65])

346 xlabel ('Time [min]', 'FontSize',20);

347 ylabel('y_1 [cm]','FontSize',20);

348 set (gca, 'FontSize',20);

349 legend('C_1 (M_{S,max} = 1.25)"','C_2 (M_{S,max} = 1.10)"',"'r_1"',4);
350

351 figure

352 stairs (T, [uk(l,:)" ukl(l,:)"'], ' 'Linewidth', 3)

353 xlabel ('Time [min]', 'FontSize',20);

354 ylabel('u_1 [cm”3/s]','FontSize',20);

355 set (gca, 'FontSize',20);

356 ylim ([0 35017)

357

358 figure

Closed—loop plots

o° o o




152 Matlab code

359 plot(T,yk(2,:),T,ykl1(2,:),T,r(2,1:Nsim), '—k', 'LineWidth', 3)

360 ylim([30 601)

361 xlabel ('Time [min]', "FontSize',20);

362 ylabel('y_2 [cm]','FontSize',20);

363 set (gca, 'FontSize',20);

364 legend('C_1 (M_{S,max} = 1.25)"','C_2 (M_{S,max} = 1.10)"','r_2",1);

366 figure

367 stairs(T, [uk(2,:)" ukl(2,:)"'], 'Linewidth', 3)
368 xlabel ('Time [min]', '"FontSize',20);

369 ylabel('u_2 [cm”3/s]','FontSize',20);

370 set (gca, 'FontSize',20);

A.2 MPC Setup Files

1 function [phix gammau] = phigammampc (A,B,C,N)

2 % setup matrices phix and gammau for the function
3 % MPCDesign

4

5 % INPUTS:

6 % A — discrete—time system matrix

7 $ B — discrete—time control input matrix
8 % C — discrete—time measurement matrix
9 % N — prediction horizon

10

11 % Outputs:

12 % phix — MPC design matrix — dimension (Nxny) x (nx)
13 % gammau — MPC design matrix — dimension (Nxny) x (Nxnu)
14

15

16 % dimensions

17 nx = size(A,1);

18 nu = size(B,2);

19 ny = size(C,1);

20

21 % preallocation

22 phix = zeros (Nxny,nx);

23 gammau = zeros (Nxny,N=*nu) ;

24

25 % counters

26 kl = 1;

27 k2 = ny;

28

29 % temporary

30 T = C;

31

32 % assemble phix and first block column of gammau
33 for i = 1:N

34 gammau (kl:k2,1:nu) = TxB;
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35

36 T = TxA;

37

38 phix(kl:k2,1:nx) = T;
39

40 k1 = k1 + ny;
41 k2 = k2 + ny;
42  end

43

44 % counters

45 cl = nu+l;

46 C2 = 2xnu;

a7

48 rl = ny+l;

49 r2 = ny;

50

°

51 % assemble remaining block columns of gammau
52 for j = 1:N-—-1

53 gammau (rl:end,cl:c2) = gammau(l:end—r2,1:nu);

54

55 cl = cl + nu;

56 c2 = c2 + nu;

57

58 rl = rl + ny;

59 r2 = r2 + ny;

60 end

1 function [phix phie gammau H varphi IO Qcal Scal] =
2 MPCDesign (N,A,B,C,K,Q,S)

3 % Design MPC Design the matrices for the MPC setup
4

5 % INPUTS:

6 % A — discrete—time system matrix

7 $ B — discrete—time control input matrix

8 % C — discrete—time measurement matrix

9 % K — discrete—time innovation matrix

10

11 N — prediction horizon

.
)
o° o o

Q — weight matrix on reference tracking
S — weight matrix on control input rate movement

!
o ook W

% dimension of control input u_k and controlled output y_k
nu = size(B,2);
ny size(C,1);

H
3
I

=
© w

°

% weight matrix on reference tracking
Qcal = kron(eye(N,N),Q);

NN
N o= O

o

23 % weight matrix on input rate movement
24 Scal = kron(eye(N,N),S);

25

26 % setup phix and gammau
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27 [phix gammau] = phigammampc (A,B,C,N);
28

29 % setup phie

30 temp = [C;phix];

31 temp = temp (l:N*ny,l:end);
32 phie = temp=K;

33

34 % setup varphi

35 varphistencil = diag(—l%ones (N—1,1),—1) + eye(N);
36 varphi = kron(varphistencil,eye(nu));

37

38 % setup IO

39 I0 = eye (N%nu,nu);

40
41 % setup H

42 H = (gammau'=xQcalxgammau + varphi'xScalxvarphi);
1 function [Lx Le LR Lu] = MPCDesignUnconstrained
2 (H, phix, phie, gammau, varphi, I0,Qcal, Scal)
3 % MPCDesignUnconstrained

4 % Computes the gain matrices for the unconstrained MPC
5 % with controller model in innovation form

6

7 % Inputs:

8 % H — Hessian matrix for unconstrained MPC QP
9 % phix — MPC design matrix

10 % phie — MPC design matrix

11 % gammau — MPC design matrix

12 % varphi — MPC design matrix

13 % 10 — MPC design matrix

14 % Qcal — Weight matrix on reference

15 % Scal — Weight matrix on control input

16

17 % Outputs:

18 % Lx — Gain matrix for state estimate

19 % Le — Gain matrix for innovation

20 % LR — Gain matrix for reference

21 % Lu — Gain matrix for on previous control input
22

23

24 % Cholesky factorization of H matrix

25 [R,p] = chol(H);

26

27 if p > 0

28 error('H is not positive definite')

29 end

30

31 I0t = I0';

32

33 % temporary variables

34 temp = gammau'=*Qcal;

35

36 Lx0 = temp*phix;
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37 LeO = tempx*phie;

38 LRO = —temp;

39 LuO0 = —varphi'xScalxIO0;

40

41 % solve linear systems to obtain gains for the

42 Soptimal control input Uk for the whole MPC horizon

43 Lxl = —(R\(R'\Lx0));

44 Lel = —(R\ (R'\Le0));

45 LR1 = —(R\(R'\LRO));

46 Lul = —(R\(R'"\LuO));

47

48 % gains for the optimal control input uk

49 Lx = I0txLx1l;

50 Le = I0txLel;

51 LR = IOt+LR1;

52 Lu = IO0t=*Lul;

1 function [uhatkk xhatkplk] = MPCcomputeUnconstrainedInnovation
2 (xhatkkml,ukml, vk, Rk, Lx, Le, LR, Lu,A,B,C,K)
3 % MPCcomputeunconstrained

4 % Compute optimal control input uk for the unconstrained MPC problem
5 % with controller model in innovation form

6 %

7 % Inputs:

8 % xhatkkml — One—step state prediction

9 % ukml — previous control input

10 % yk — Plant measurement

11 % Rk — Reference of the current MPC horizon
12 % Lx, Le, LR, Lu — Gain matrices

13 $ A, B, C, K — Controller model matrices

14 %

15 % Outputs:

16 % uhatkk — Optimal control input

17 % xhatkplk — Updated one—step state prediction
18

19

20 % innovation

21 ek = yk — Cxxhatkkml;

22

23 % optimal control input

24 uhatkk = Lxxxhatkkml + Lexek + LR*Rk + Lu=xukml;

25

26 % one—step state prediction

27 xhatkplk = Axxhatkkml + Bxuhatkk + Kxek;

1 function [Umin Umax dUmin dUmax] = MPCDesignConstraints
2 (N, umin, umax, dumin, dumax)
3 % Setup hard constraints on control inputs and control
4 % input rate movement for the constrained MPC problem

5

6 % Inputs:
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7 % umin — lower bound on control input

8 % umax — upper bound on control input

9 % dumin — lower bound on control input rate movement
10 % dumax — upper bound on control input rate movement
11 % N — prediction horizon

12

13 % Outputs:

14 % Umin — lower bound on control input

15 % for MPC horizon — N

16 %

17 % Umax — upper bound on control input

18 % for MPC horizon — N

19 3%

20 % dUmin — lower bound on control input rate movement
21 % for MPC horizon — N

22 %

23 % dUmax — upper bound on control input rate movement
24 % for MPC horizon — N

25

26 % dimensions of outputs (Nxnu) x 1

27

28

29 % hard constraints on control inputs

30 Umin = repmat (umin,N,1);

31 Umax = repmat (umax,N,1);

32

33 % hard constraints on control input rate movement

34 dUmin = repmat (dumin,N, 1) ;

35 dUmax = repmat (dumax,N,1);

function [uhatkk xhatkplk info U] = MPCcomputeConstrainedInnovation. .|.

© 0 N e U A W N e

D I T T S e S St
@R = O © ® NG R W N H O

(xhatkkml, ukml, vk,Rk,A,B,C,K,phix, phie, varphi, ...
Umin, Umax,dUmin, dUmax, I0,H,Uinit, 21, 22)

MPCcomputeConstrainedInnovation
Computes optimal control input uk for the constrained
MPC problem with controller model in innovation form

o0 00 d° d° A A A0 AP 0 O o0 O d° A A A° A° o° o o

Inputs:
vk
xhatkkml
A

B

C

K

Rk
phix
phie
varphi
Umin
Umax
dUmin
dUmax
I0

Plant measurement
One—step state prediction
— Measurement matrix
— Measurement matrix
— Measurement matrix
— Measurement matrix
Reference vector for current MPC horizon
MPC design matrix
MPC design matrix
MPC design matrix
— lower bound on
— upper bound on
— lower bound on
— upper bound on
MPC design matrix

control
control
control
control

inputs
inputs
input rate movement
input rate movement
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— MPC design matrix
— MPC design matrix
— MPC design matrix

zZ1
zZ2

25
26
27
28
29
30
31

o°

— initial guess on U for QP solver

Uinit

>
]

Outputs:
uhatkk

o
]

— Optimal control input

o
S

— Updated one—step state prediction

— QP convergence information

xhatkplk

o
S

(e}
4
a
-

)

— Optimal control inputs over the

MPC prediction horizon

o° d° o

32

0
2]

s
2}

0
o

innovation

o
]

©
2}

’

yk — Cxxhatkkml

ek =

37
38
39
40

g in the objective function is updated

<
S

phixxxhatkkml + phiexek;

bk

41

’

g = Zlx(bk — Rk) — Z2xukml

42

43
44

constraints for the control input rate movement are updated

>
e

dUmin + IO*ukml;
bu = dUmax + IO0*ukml;

bl

46
47

48

QPsolver

50
51

gpsolver (H,g,Umin, Umax, varphi,bl, bu,Uinit) ;

[U,info]

52

53

56
57
58
59
60
61

size of control input

>
]

’

size (ukml)

sizeu

optimal control input

>
S

’

= U(l:sizeu(1),1)

uhatkk

62

one—step state prediction

o
e

63
64

Axxhatkkml + Bxuhatkk + Kx*ek;

xhatkplk

gpsolver(H,g,1,u,A,bl,bu,xinit)

[x,fval,exitflag, output, lambda]

<
|
<
o =
o
- I
e
0 Y
q I
ja} Q
W <

1
2
3
4

quadprog (H, g,Abar,bbar, [1,[],1,u,xinit,options);

optimset ('Algorithm', "interior—point', '"MaxIter',500);

[bu;—Dbl];
[x,fval,exitflag, output, lambda]

bbar
options

n O N~ W o O
—
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A.

3 Tuning Files

L I N O

cUoot R R A R A R R R R R W W W W W W W W W NNNNNNNNNNR R e e e R e e e
mF O © ® N O Uk W N R O O ® IO A ® LR O O ® IO AAE ®NR O O ® N O KA WN R O

clear all
close all
clc

addpath ('Realization')

% TUNING APPROACH 1

oo oo

o

model

o

sample—time [s]
Ts = 4;

% Prediction horizon
= 500;

=

o

Test file for tuning procedure of modified 4—tank system
based on tuning approach 1 for first—order identified

Linear plant model: identified model + deviation

de oo

o

% deviation
dev = 0.90;

% Gl1
numllp = 0.0822xdev;
denllp = [140.2627 1.0000];

% Gl2
numl2p = 0.1258«dev;
denl2p [231.0847 1.0000];

% G21
num2lp = 0.1523«dev;
den2lp = [216.4180 1.0000];

% G22
num22p = 0.1110xdev;
den22p = [137.5618 1.00007];

o

% set up state—space realization of plant model

nump = cell(2,2); denp = cell(2,2); taup = zeros(2,2);

nump{1l,1l}=numllp; nump{l,2}=numl2p;
nump {2, l}=num2lp; nump{2,2}=num22p;
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52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99

101
102
103
104
105

denp{l,1l}=denllp;
denp{2,1}=den2lp;

Nmax = 100; tol =

[Ap, Bp, Cp, Dp, sHp]

denp{l,2}=denl2p;
denp{2,2}=den22p;

le—8;

mimoctf2dss (nump, denp, taup, Ts,Nmax,tol) ;

o° o

o\

Controller model:

identified first—order model

o

o°

% Gl11
numll = 0.0822;
denll = [140.2627

$ Gl2
numl2 = 0.1258;
denl2 = [231.0847

% G21
num2l = 0.1523;
den2l1 = [216.4180

s G22
num22 = 0.1110;
den22 = [137.5618

1

1

1

1

first—order identified model
(identified under process and measurement noise)

.00007];

.0000];

.00001;

.00001;

% set up state—space realization of controller model

num=cell (2,2); den=cell(2,2); tau = zeros(2,2);

num{1l,1}=numll; num{l,2}=numl?2;
num{2, 1}=num2l; num{2,2}=num22;

den{l,1}=denll; den{l,2}=denl2;
den{2,1}=den2l; den{2,2}=den22;

[A,B,C,D,sH] = mimoctf2dss (num,den,tau,Ts,Nmax,tol);

o° oP

o

Solver and solver parameters
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107
108 % sensitivity bound
109 MSmax = 1.10;
110
111 % solver settings
112 options = optimset ('Algorithm', "interior—point', 'display’
113 , '"iter', '"MaxFunEvals',2200);
114
115 % bounds on tuning parameters
116 1lb = [0O*ones(2,1); Oxones(2,1); O*ones(2,1)];
117 ub = [lxones(2,1); le6xones(2,1); le6xones(2,1)];
118
119 % start point
120 x0 = [0.7%ones(2,1); 100%*ones(2,1); l*ones(2,1)1]1;
121
122
123 % compute solution
124 x = fmincon (@ (x)ObjectiveFunl (x,Ap,Bp,Cp,A,B,C,N,Ts),x0,[1,[1,01,1[1, .| -
125 1b,ub, @ (x) ConFunl (x, Ap,Bp,Cp,A,B,C,N,MSmax, Ts) ,options);
1 function J = ObjectiveFunl (x,Ap,Bp,Cp,A,B,C,N,Ts)
2 % ObjectiveFunl
3 % Evaluates objective function for tuning optimization problem
4 % for tuning approach 1
5
6
7 % number of measurements
8 ny =size(C,1);
9
10 % number of control inputs
11 nu =size(B,2);
12
13 % disturbance model parameters
14 alpha = x(l:ny);
15
16 % weight matrix Su
17 S = diag(x(ny+l:ny+nu));
18
19 % weight matrix Qy
20 Q = diag(x(ny+nu+l:end));
21
22
23 %
24 % Parameters
25 %
26
27 % time of simulation in minutes
28 Tf = 80;
29
30 % sample—time [min]
31 Tstep = Ts/60;
32 T = 0:Tstep:Tf;
33 Nsim = length(T);
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34
35 rstep = 1;

36 rtime = 601;

37

38

39 %

40 % Controller model — deterministic—stochastic model
a1 %

42

43 % size of identified model state

44 nx = size(A,1);

45

46 % disturbance model

47 As = eye(ny,ny);

48 Ks = diag(ones(ny,1l)—alpha);

49 Cs = eye(ny,ny);

50

51 % combined model

52 Abar = [A zeros(nx,ny); zeros(ny,nx) As];

53 Bbar = [B; zeros(ny,nu)];

54 Kbar = [zeros(nx,ny); Ks];

55 Cbar = [C Cs];

56

57

58 %

59 % Controller gains — deterministic—stochastic model
60 %

61

62 % design matrices for controller

63 [phix phie gammau H varphi I0 Qcal Scal] =

64 MPCDesign (N, Abar,Bbar, Cbar, Kbar,Q, S) ;
65

66 % gain matrices for explicit MPC solution

67 [Lx Le LR Lu] = MPCDesignUnconstrained

68 (H, phix, phie, gammau, varphi, I0,Qcal, Scal) ;
69

70 %

71 % Controller state—space

72 %

73

74 Ac = [ ((Abar — KbarxCbar) + Bbarx (Lx — Le=*Cbar)) Bbar=*Lu;
75 Lx — LexCbar Lul;
76

77 Bcy = [Kbar + BbarxLe; Lel;

78 Bcr = [BbarxLR; LR];

79

8o Cc = [Lx—Lex*Cbar Lu];

81

82 Dcy = Le;

83 Dcr = LR;

84

85

86 % state size of controller state—space

87 nxc = size(Ac,1);

88
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141
142

% Closed—loop systen

Acl = [Ap + BpxDcy*Cp Bp*Cc; Bcyx*Cp Acl;
%$Bdcl = [Ep; zeros(8,2)];

$Bwcl = [Gp; zeros(8,2)];

%$Bvcl = [BpxDcy;Bcyl];

Brcl = [Bp*Dcr;Bcr];

Ccl = [Cp zeros(2,nxc)];

%Cucl = [Dcy*Cp Cc]l;

%Dvcl = Dcy;

%$Drcl = Dcr;

Integrated Absolute Error

o° oo e

o

reference
= zeros (2,Nsim+N) ;

-

IAE for reference scenario 1

rl = r;
rl(l,rtime:end) = rstep;

o

% initial state
xkclrl = zeros(size(Acl,1),1);

for j = 1:Nsim
Rtemprl = rl(:,J: (J+N)—1);
Rkrl = Rtemprl(:);

xkclrlnext = Aclxxkclrl + Brcl=*Rkrl;
yrl(:,j) = Cclsxkclrl;

xkclrl = xkclrlnext;

end

% tank 1, step in reference 1
ellr = yrl(l,:) — rl(1l,1:Nsim);
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145
146
147
148
149

151
152
153
154
155
156

158
159
160
161
162
163

165
166
167
168
169
170

172
173
174
175
176
177

179
180
181
182
183
184

186
187
188

o

% tank 2, step in reference 1
e2lr = yrl(2,:) — rl(2,1:Nsim);

% IAE
Jrll = sum(abs(ellr));
Jr21 = sum(abs(e2lr));

IAE for reference scenario 2

o° oP

r2 = r;
r2(2,rtime:end) = rstep;

°

% initial state
xkclr2 = zeros(size(Acl,1),1);

for j = 1:Nsim
Rtempr2 = r2(:,Jj: (jJ+N)—=1);
Rkr2 = Rtempr2(:);

xkclr2next = Aclxxkclr2 + BrclxRkr2;
yr2(:,3j) = Cclsxkclr2;
xkclr2 = xkclr2next;
end
% tank 1, step in reference 2
2r = yr2(l,:) — r2(1,1:Nsim);

% tank 2, step in reference 2
e22r = yr2(2,:) — r2(2,1:Nsim);

Jrl2 = sum(abs(el2r));
Jr22 = sum(abs(e22r));

% Objective function
J = Jrll + Jr21 + Jrl2 + Jr22;

N o R W N e

function [c,ceq] = ConFunl (x,Ap,Bp,Cp,A,B,C,N,MSmax, Ts)

ConFunl

o° o o

for tuning approach 1

o

number of measurements

Evaluates constraint for tuning optimization problem
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8 ny =size(C,1);

10 % number of control inputs

11 nu =size(B,2);

12

13 % disturbance model parameters
14 alpha = x(l:ny);

15

o

16 weight matrix Su

= diag(x(ny+l:ny+nu));

n

17
18

o\

19 weight matrix Qy

20 Q = diag(x(ny+nu+l:end));

21

22

23 %

24 % Controller model — deterministic—stochastic model
25 %

26

27 % size of identified model state

28 nx = size(A,1);

29

30 % disturbance model
31 As = eye(ny,ny);

32 Ks = diag(ones(ny,1l)—alpha);

33 Cs = eye(ny,ny);

34

35 % combined model

36 Abar = [A zeros (nx,ny); zeros(ny,nx) As];
37 Bbar = [B; zeros(ny,nu)l;

38 Kbar = [zeros(nx,ny); Ks];

39 Cbar = [C Cs];

40

a1 %

42 % Controller gains — deterministic—stochastic model
43 %

44
45 % design matrices

46 phix phie gammau H varphi IO Qcal Scal] =

a7 MPCDesign (N, Abar,Bbar, Cbar,Kbar,Q, S) ;
48

49 % gain matrices for explicit MPC solution

50 [Lx Le LR Lu] = MPCDesignUnconstrained

51 (H, phix, phie, gammau, varphi, I0,Qcal, Scal);
52

53

54 %

55 % Controller in state—space form

56 %

57

58

59 Ac = [((Abar — Kbarx*Cbar) + Bbar=*(Lx — LexCbar)) BbarxLu;

60 Lx — LexCbar Lul;

61
62 Bcy = [Kbar + BbarxLe; Le];
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63 Bcr = [BbarxLR; LR];
64
65 Cc = [Lx—LexCbar Lu];
66
67 Dcy = Le;
68 Dcr = LR;
69
70
71 nxc = size(Ac,1l);
72
73 %
74 % Closed—loop state—space: Controller + Linear plant
%
76
77
78
79 Acl = [Ap + Bp*Dcy*Cp BpxCc; Bcy*Cp Ac];
80
81 %$Bwcl = [Gp; zeros(8,2)]; % unknown
82 %$Bdcl = [Ep; zeros(8,2)]; % unknown
83
84 Bvcl = [Bpx*Dcy;Bcyl;
85 %$Brcl = [BpxDcr;Bcr];
86
87 Ccl = [Cp zeros(2,nxc)];
88 %Cucl = [Dcy=*Cp Cc];
89
90 %Dvcl = Dcy;
91 %Drcl = Dcr;
92
93
94 %
95 % Sensitivity
96 %
97
98 w = 0:0.0001: (pi/Ts);
99 sv = sigma (ss(Acl,Bvcl,Ccl,eye(ny),Ts),w);
100
101 MS = max (max(sv))
102
103 % constraints
104 C = MS — MSmax;
105 ceq = [];
1 clear all
2 close all
3 clc
4
5 addpath('Realization')
6
7 % TUNING APPROACH 2
8
9 % Test file for tuning procedure of modified 4—tank system
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10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
a7
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64

% based

on tuning approach 2 for first—order or second—order

% identified model

o

sample—time [s]
= 4;

Ts

% Prediction horizon

N = 500;

% Identified model

% 1)

% first—order identified model
% (identified under process and measurement noise)
% Gl11

numll = 0.0822;

denll = [140.2627 1.00007;

% Gl2

numl2 = 0.1258;

denl2 = [231.0847 1.0000];

% G21

num2l = 0.1523;

den21 = [216.4180 1.00007;

% G22

num22 = 0.1110;

den22 = [137.5618 1.00007;

o

2)

o

o

o

% Gl1
numll
denll

o oo oo

o

% Gl2
numl2
denl2

oo e

o

% G21
num2 1
den2l

oo oo oo oe

o
i\

s G22
num22
den22

o

o

second—order identified model
(identified under process and measurement noise)

= 0.0818;
= conv([25.3224 1],[108.7843 11]);

= 0.1238;
= conv([104.5181 1],[104.4942 11);

= 0.1520;
= conv ([7.6230 1],([206.9884 11]);

= 0.1091;
= conv([9.3216e—06 1], [96.1746 11);
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65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105

107
108
109

o
S

set up state—space realization of identified model

num = cell(2,2); den = cell(2,2); tau = zeros(2,2);

num{1l,1}=numll; num{l,2}=numl?2;
num{2, 1}=num2l; num{2,2}=num22;

den{l,1}=denll; den{l,2}=denl2;
den{2,1}=den2l; den{2,2}=den22;

Nmax=100; tol=le—38;

[A,B,C,D,sH] = mimoctf2dss (num,den,tau,Ts,Nmax,tol);

o o° o

o
S

Solver and solver parameters

sensitivity bound

MSmax = 1.20;

o
S

solver settings

options = optimset ('Algorithm','interior—point','display’

o
S

1b =
ub

>
S

x0

o
s

X

,'iter', '"MaxFunEvals',2200);

bounds on tuning parameters
[zeros(2,1); Oxones(2,1); O%ones(2,1)1];
= [ ones(2,1); le6xones(2,1); leb6*ones(2,1)];

start point
= [0.7+ones(2,1); 100xones(2,1); l*ones(2,1)];

compute solution
= fmincon (@ (x)ObjectiveFun2 (x,A,B,C,N),x0, [1,[1,[]1,1[]
,1b,ub, @ (x) ConFun2 (x,A,B,C,N,MSmax, Ts) ,options);

N o R W N e

function J = ObjectiveFun2 (x,A,B,C,N)

o° o o

o

ObjectiveFun2
Evaluates objective function for tuning optimization problem
for tuning approach 2

number of measurements
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8 ny =size(C,1);

10 % number of control inputs

11 nu =size(B,2);

12

13 % disturbance model parameters
14 alpha = x(l:ny);

15
16 % weight matrix Su

17 S = diag(x(ny+l:ny+nu));

18

19 % weight matrix Qy

20 Q = diag(x(ny+nu+l:end));

21

22

23 %

24 % Parameters

25 %

26

27 % time of simulation in minutes
28 Tf = 200;

29

30 % sample—time [s]
31 Ts = 4;

32

33 % sample—time [min]
34 Tstep = Ts/60;

35 T = 0:Tstep:Tf;
36 Nsim = length(T);
37

38

39

40

41 rstep = 0.1;

42 rtime = 601;

43

44 ubartime = 601;
45 ubarstep = 1;
46

47 ybartime = 601;
48 ybarstep = 0.1;
49
50
51
52
53

54 Controller model — deterministic—stochastic model

oo oo oo

55
56
57 size of identified model state
58 nx = size(A,1l);

59

60 % disturbance model

61 As = eye(ny,ny);

62 Ks = diag(ones(ny,1l)—alpha);

o
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63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103

105
106
107
108
109
110
111
112
113
114
115
116
117

Cs = eye(ny,ny);

°

% combined model

Abar = [A zeros(nx,ny); zeros(ny,nx) As];

Bbar = [B; zeros(ny,nu)];

Kbar = [zeros(nx,ny); Ksl;

Cbar = [C Cs];

% Controller gains — deterministic—stochastic model

% design matrices for controller
[phix phie gammau H varphi IO Qcal Scal] =
MPCDesign (N, Abar, Bbar,Cbar,Kbar,Q, S) ;

% gain matrices for explicit MPC solution
[Lx Le LR Lu] = MPCDesignUnconstrained
(H, phix, phie, gammau, varphi, I0,Qcal, Scal) ;

Controller state—space

o° o oe

Ac = [((Abar — Kbar=*Cbar) + Bbar=*(Lx — LexCbar)) Bbar*Lu;
Lx — LexCbar Lul;

Bcy = [Kbar + BbarxLe; Lel;
Bcr = [BbarxLR; LR];

Cc = [Lx—LexCbar Lul;

Dcy = Le;

Dcr = LR;

Closed—loop systen

o° o oe

Acl = [A + B*Dcy*C BxCc; Bcy*C Acl;

sizeAcl = size(Acl,2);

sizeC = size(C,2);
sizediff = sizeAcl — sizeC;
$Bdcl = [Ep; zeros(8,2)];

%$Bwcl = [Gp; zeros(8,2)];
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118
119
120
121

141

151

%Bvcl = [BxDcy;Bcyl;

Brcl = [B*Dcr;Bcr];

Ccl = [C zeros(2,sizediff)];

%Cucl = [Dcy*C Ccl;

%Dvcl = Dcy;

%$Drcl = Dcr;

$5%5%5%5%5%%%% TEST $5%5555555%555555%55555%%55%5%5%%%5%5%5%5%5%%%5%%%

o

% closed—loop input disturbance matrix
Bubarcl = [B; zeros(sizediff,2)];

o

% closed—loop output disturbance matrix
Bybarcl = [BxDcy;Bcyl;

Integrated Absolute Error

o° oo o

o

reference

r = zeros (2,Nsim+N) ;

IAE for input disturbance scenario 1

oo e

o\

ubar
ubar = zeros (2,Nsim+N) ;
ubarl = ubar;

ubarl (1,ubartime:end) = ubarstep;

o

% initial state

xkclubarl = zeros(size(Acl,1),1);
for j = 1:Nsim

Rtemp = r(:,J: (J+N)—1);

Rk = Rtemp (:);

xkclubarlnext = Aclxxkclubarl + BrclxRk + Bubarclxubarl(:, j);

yubarl (:, J) = Ccl*xkclubarl;

xkclubarl = xkclubarlnext;

end




A.3 Tuning Files

171

173
174 % tank 1, step in reference 1

175 ellu = yubarl(l,:) — r(l,1:Nsim);
176

177 % tank 2, step in reference 1
178 e2lu = yubarl(2,:) — r(2,1:Nsim);

179
180

181 % IAE

182 Jull = sum(abs(ellu));

183 Ju2l = sum(abs(e2lu));

184

185

186 % IAE for input disturbance scenario 2
187 %

188

189 ubar2 = ubar;

190 ubar2 (2,ubartime:end) = ubarstep;

191

192

193 % initial state

194 xkclubar2 = zeros(size(Acl,1l),1);

195

196 for j = 1:Nsim

197 Rtemp = r(:,J: (J+N)—1);

198 Rk = Rtemp(:);

199

200 xkclubar2next = Aclxxkclubar2 + BrclxRk + Bubarclxubar2(:, j);
201 yubar2 (:,7) = Cclxxkclubar2;

202

203 xkclubar2 = xkclubar2next;

204 end

205

206

207 % tank 1, step in reference 1
2u = yubar2(l,:) — r(l,1:Nsim);

210 % tank 2, step in reference 1
211 e22u = yubar2(2,:) — r(2,1:Nsim);

212
213 % IAE

214 Jul2 = sum(abs(el2u));

215 Ju22 = sum(abs(e22u));

216

217

218 Ju = Jull + Ju2l + Jul2 + Ju22;

219

220

221 % IAE for output disturbance scenario 1
222 %

223

224 % ybar

225 ybar = zeros(2,Nsim+N);

226
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229 ybarl = ybar;
230 ybarl(l,ybartime:end) = ybarstep;

231
232

233 % initial state

234 xkclybarl = zeros(size(Acl,1),1);

235

236 for j = 1:Nsim

237 Rtemp = r(:,j: (j+N)—1);

238 Rk = Rtemp (:);

239

240 xkclybarlnext = Aclsxkclybarl + BrclxRk + Bybarclxybarl(:,Jj);
241 yybarl(:,3) = Cclxxkclybarl + ybarl (:, 3);
242

243 xkclybarl = xkclybarlnext;

244 end

245

246

247 % tank 1, step in reference 1

248 elly = yybarl(l,:) — r(l,1:Nsim);

249

250 % tank 2, step in reference 1

251 e2ly = yybarl(2,:) — r(2,1:Nsim);

252

253 % IAE

254 Jyll = sum(abs(elly));
255 Jy21 = sum(abs(e2ly));
256
257

258 IAE for output disturbance scenario 2

o° o

259
260
261
262 ybar2 = ybar;

263 ybar2(2,ybartime:end) = ybarstep;

264
265

266 % initial state

267 xkclybar2 = zeros(size(Acl,1),1);

268

260 for j = 1:Nsim

270 Rtemp = r(:,j: (j+N)—1);

271 Rk = Rtemp (:);

272

273 xkclybar2next = Aclxxkclybar2 + BrclxRk + Bybarclxybar2(:,Jj);
274 yybar2(:,3) = Cclxxkclybar2 + ybar2(:,J);
275

276 xkclybar2 = xkclybar2next;

277 end

278

279

280 % tank 1, step in reference 1

t
281 el2y = yybar2(l,:) — r(l,1:Nsim);
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o

283 % tank 2, step in reference 1
284 €22y = yybar2(2,:) — r(2,1:Nsim);
285

286 % LAE

287 Jyl2 = sum(abs(el2y));
288 Jy22 = sum(abs(e22y));
289

290

201 Jy = Jyll + Jy21 + Jyl2 + Jy22;
292
293

294 IAE for reference scenario 1

o° o

295

297

208 rl = r;

209 rl(l,rtime:end) = rstep;

300

301

302 % initial state

303 xkclrl = zeros(size(Acl,1),1);

304

305 for j = 1:Nsim

306 Rtemprl = rl(:,Jj: (J+N)—1);

307 Rkrl = Rtemprl(:);

308

309 xkclrlnext = Aclxxkclrl + BrclxRkrl;

310 yrl(:,j) = Cclxxkclrl;

311

312 xkclrl = xkclrlnext;

313 end

314

315

316 % tank 1, step in reference 1
lr = yrl(l,:) — rl(l,1:Nsim);

318

319 % tank 2, step in reference 1

320 e2lr = yrl(2,:) — rl(2,1:Nsim);

321

322 % IAE

323 Jrll = sum(abs(ellr));

324 Jr2l = sum(abs(e2lr));

325

326

327 % IAE for reference scenario 2
328 %

329

330 r2 = r;

331 r2(2,rtime:end) = rstep;

332

333

334 % 1initial state

335 xkclr2 = zeros(size(Acl,1),1);
336

337 for j = 1:Nsim
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338 Rtempr2 = r2(:,3j: (j+N)—-1);
339 Rkr2 = Rtempr2(:);

340

341 xkclr2next = Aclxxkclr2 + Brcl«Rkr2;
342 yr2(:,j) = Cclxxkclr2;

343

344 xkclr2 = xkclr2next;

345 end

346

347

348 % tank 1, step in reference 2
349 el2r = yr2(1l,:) — r2(1,1:Nsim);
350

351 % tank 2, step in reference 2
352 e22r = yr2(2,:) — r2(2,1:Nsim);
353

354 % IAE

355 Jrl2 = sum(abs(el2r));

356 Jr22 = sum(abs (e22r));

357

358 Jr = Jrll + Jr2l1 + Jrl2 + Jr22;
359

360

361 % Objective function
362 J = Ju + Jy + Jr;

function [c¢,ceq] = ConFun2(x,A,B,C,N,MSmax,Ts)

ConFun2

Evaluates constraint for tuning optimization problem
for tuning approach 2

oo oo oo

o

% number of measurements
ny =size(C,1);

© 0 N O e W N e

[
S}

% number of control inputs
nu =size (B, 2);

=
o=

o

% disturbance model parameters
alpha = x(l:ny);

e
[ N )
o\

weight matrix Su
= diag(x (ny+1l:ny+nu));

Hooe e
© w
o 0

weight matrix Qy
= diag(x (ny+nu+l:end));

NN NN
@ v o= O
| @]

Controller model — deterministic—stochastic model

N
IN
o oo o

N
o

V)
=Y

size of identified model state

N
J
o\
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28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44

46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82

nx = size(A,1);

% disturbance model

As = eye(ny,ny);

Ks diag(ones (ny,1l)—alpha);
Cs = eye(ny,ny);

% combined model

Abar = [A zeros(nx,ny); zeros(ny,nx) As];

Bbar = [B; zeros(ny,nu)l;

Kbar = [zeros(nx,ny); Ks];

Cbar = [C Cs];

% Controller gains — deterministic—stochastic model

% design matrices
[phix phie gammau H varphi IO Qcal Scal] =
MPCDesign (N, Abar, Bbar,Cbar,Kbar,Q, S) ;

% gain matrices for explicit MPC solution
[Lx Le LR Lu] = MPCDesignUnconstrained
(H, phix, phie, gammau, varphi, I0,Qcal, Scal);

Controller in state—space form

o o oe

Ac = [((Abar — Kbar=*Cbar) + Bbarx*(Lx — LexCbar)) BbarxLu;
Lx — LexCbar Lul;

Bcy = [Kbar + BbarxLe; Lel;
Bcr = [Bbar*LR; LR];

Cc = [Lx—LexCbar Lul;

Dcy = Le;

Dcr = LR;

Closed—loop state—space: Controller + Linear plant

o° o oe

Closed—loop systen

o° o oe

Acl = [A + B*Dcy*C BxCc; Bcy*C Acl;
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83 sizeAcl = size(Acl,2);

84 sizeC = size(C,2);

85

86 sizediff = sizeAcl — sizeC;

87

88

89 %$Bdcl = [Ep; zeros(8,2)];

90 %Bwcl = [Gp; zeros(8,2)];

91

92 Bvcl = [BxDcy;Bcyl;

93 %Brcl = [BxDcr;Bcr];

94

95 Ccl = [C zeros(2,sizediff)];

96 %Cucl = [DcyxC Cc];

97

98 %$Dvcl = Dcy;

99 %Drcl = Dcr;

100

101 $%%%5%%%5%%% TEST 3855555555555 %85555%%55%555%%555%5%5%%5%5%%5%%%
102

103

104 % closed—loop input disturbance matrix
105 %Bubarcl = [B; zeros(sizediff,2)];

106

107

108 % closed—loop output disturbance matrix
109 %Bybarcl = [BxDcy;Bcy];

110

111

112 5355585555555 55%555555%85555%%5555%5%55555%%5%5%5%5%5%%5%5%5%5%%%
113

114

115 %

116 % Sensitivity

117 %

118

1179 w = 0:0.0001: (pi/Ts);
120 sv = sigma(ss(Acl,Bvcl,Ccl,eye(ny),Ts),w);

121

122 MS = max (max(sv))
123

124 % constraints

125 C = MS — MSmax;
126 ceq = [];

A.4 System Identification

1 close all
2 clear all




A.4 System ldentification

177

© 0 N0 o W

10

12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53

55
56

clc

addpath ('Realizati

on')

% System identification Script for modified 4—tank system

% Setup non—linear model

% Parameters

al = 1.2272; %[cm2] Area of outlet pipe 1

a2 = 1.2272; %[cm2] Area of outlet pipe 2

a3 = 1.2272; %[cm2] Area of outlet pipe 3

ad = 1.2272; %[cm2] Area of outlet pipe 4

Al = 380.1327; %$[cm2] Cross sectional area of tank 1
A2 = 380.1327; %$[cm2] Cross sectional area of tank 2
A3 = 380.1327; %[cm2] Cross sectional area of tank 3
A4 = 380.1327; %$[cm2] Cross sectional area of tank 4
gammal = 0.45; % Flow distribution constant. Valve 1
gamma2 = 0.40; % Flow distribution constant. Valve 2
g = 981; %[cm/s2] The acceleration of gravity
rho = 1.00; %$[g/cm3] Density of water

p = [al; a2; a3; a4; Al; A2; A3; A4; gammal; gamma2; g; rho]l;
% Simulation Setup

t0 = 0.0; % [s] Initial time

tf = 50%60; $ [s] Final time

Ts = 4; % [s] Sample Time

t = (t0:Ts:tf)"'; % [s] Sample instants

N = length(t);

F1 = 300; % [cm3/s] Flow rate from pump 1
F2 = 300; % [cm3/s] Flow rate from pump 2

% steady state

us = [300;300]; % [cm3/s] Flow rates

ds = [70;70]1; % [cm3/s] Flow rates

[Axx Bxx Exx Cxx xs ys] =
getlinearizedModified4TankSystem(us,ds, gammal, gamma2) ;

o

$ initial state




178

Matlab code

x0 = xs;
stepindexul = 251;
ul = Flxones(1,N);

ul (stepindexul:end)
%ul (stepindexul:end)

u2 = F2xones(1,N);
u = [ul;u2];

% Disturbance

d = 70xones (2,N);

o

Process Noise
(2072) xeye (2) ;
chol (Q, 'lower'");
Lg*xrandn (2,N) ;

s O

3
S

Measurement Noise

R = 0.5xeye(2);

Lr = chol (R, 'lower');
v = Lr*randn(2,N);

% simulate data

y = nonlinearmodified

% Plot simulated proc
figure

subplot (221)
plot(t,y(l,:),"'.c")
ylabel('$Sy_1 \enskip

grid on

subplot (223)
stairs(t,ul, '-b', 'Lin
ylim([280 3601])
xlabel ('$time \enskip
ylabel('$u_1 \enskip
grid on

subplot (222)
plot(t,y(2,:),"'.x")
ylabel ('$Sy_2 \enskip
grid on

subplot (224)
stairs(t,u2, '-b', 'Lin
ylim([280 360]

xlabel ('Stime \enskip
ylabel ('Su_2 \enskip
grid on

1.15+F1;
0.85%F1;

4tanksystemSIM(x0,u,d,v,w,t,N,p);

ess data (non—linear process)

[cm]$', 'interpreter', 'latex', 'fonts"', 14)

eWidth', 2)

[s]$', '"interpreter', 'latex', 'fonts"',14)
[cm"3/s]$"', "interpreter', 'latex', 'fonts',14)

[cm]$', "interpreter', 'latex', 'fonts', 14)

eWidth',2)

[s]$', "interpreter', 'latex', 'fonts"',14)
[cm"3/s]$", "interpreter', 'latex', 'fonts',14)
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113
114
115
116
117
118
119

153

166

$%%%% step data for step in ul

tdata = t(stepindexul:end);

uldata = ul (stepindexul:end)';
yldata = y(1l,stepindexul:end)';
y2data = y(2,stepindexul:end)';

$%%%%%% treated data

tsamples = length(tdata)*Ts — Ts;

tnew = 0:Ts:tsamples;

Aul = uldata(l) — ul(250);

% data yl

ylss = y (1, stepindexul—-5);

yldatanew = (yldata — ylss*ones(size(yldata)))./aul;
% data y2

y2ss = y(2,stepindexul—5);
y2datanew = (y2data — y2ssxones (size(y2data)))./aul;

figure
plot (tnew,yldatanew, '.r', 'LineWidth', 2)

xlabel ('$Stime \enskip [s]$', 'interpreter', 'latex', 'fonts',14)

ylabel ('s\frac{y_1 — y_{sl}}{\Delta u_1}S$",...
'interpreter', 'latex', 'fonts', 14)
grid on

figure
plot (tnew,y2datanew, '.r', 'LineWidth', 2)

xlabel ('$Stime \enskip [s]$', 'interpreter', 'latex', 'fonts',14)

ylabel ('s\frac{y_2 — y_{s2}}{\Delta u_1}$"',...
'interpreter', 'latex', 'fonts', 14)
grid on

%$%%%%% PARAMATER ESTIMATION

options = optimset ('TolFun',le—10, 'MaxFunEvals',1000);

% first—order estimate
[ylul, resnorml] = lsgcurvefit (@myfun, [1;1],tnew
,vldatanew', [],[],options);

[x2, resnorm2] = lsgcurvefit (Q@myfun, [1;1],tnew
,y2datanew', []1, [],0options);

% second—order estimate
[model_ylul, resnormylul] = lsqgcurvefit

(@secondordermodel, [1;30;40], tnew,yldatanew', [1, []1,0ptions);
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[model_y2ul, resnormy2ul] = lsgcurvefit
(@secondordermodel, [1;30;40], tnew,y2datanew', []1, [],0ptions);

ylfit = myfun(ylul, tnew);
y2fit = myfun(x2,tnew);

ylulfitSO = secondordermodel (model_ylul, tnew) ;
y2ulfitSO = secondordermodel (model_y2ul, tnew) ;

o

% plot estimates

figure
plot (tnew,yldatanew, '.r',tnew,ylfit, '—', tnew
,ylulfitso, '—', 'LineWidth', 2)

xlabel ('$time \enskip [s]$', 'interpreter', 'latex', 'fonts', 14)
title('$G_{11}(s)$', "interpreter', "latex', 'fonts',14)

grid on

hl = legend('data', 'fopdt', "sopdt');

set (hl, "interpreter', 'latex', 'fontsize',12);

figure
plot (tnew,y2datanew, '.r',tnew,y2fit, '—"',tnew
,v2ulfitsSo, '—', 'LinewWidth', 2)

xlabel ('Stime \enskip [s]$', 'interpreter', 'latex', 'fonts',14)
title('$\hat G_{21}(s)$"', 'interpreter', 'latex"', 'fonts"', 14)
grid on

h2 = legend('data', 'fopdt', 'sopdt'");

set (h2, '"interpreter', 'latex', "fontsize',12);

ul2 = Fl*ones(1l,N);
u22 = F2*ones (1,N);

u22 (stepindexu2:end) = 1.15%F2;

u2 [ul2;u22];
y2 = nonlinearmodified4tanksystemSIM(x0,u2,d,v,w,t,N,p);

o

% Plot simulated process data (non—linear process)
figure
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subplot (221)

plot(t,y2(1,:),"'.r", 'LineWidth', 2)

ylabel ('Sy_1 \enskip [cm]$', 'interpreter', 'latex', 'fonts',14)
grid on

subplot (223)

stairs(t,ul2, '=b', 'LineWidth"', 2)

ylim([280 3601])

xlabel ('S$Stime \enskip [s]$', 'interpreter', 'latex', 'fonts',14)
ylabel ('Su_1 \enskip [cm"3/s]$','interpreter','latex', 'fonts',14)
grid on

subplot (222)

plot(t,y2(2,:),'.r", 'LineWidth', 2)

ylabel ('Sy_2 \enskip [cm]$', 'interpreter', 'latex', 'fonts', 14)
grid on

subplot (224)

stairs(t,u22, '-b', 'LineWidth', 2)

y1lim([280 3601])

xlabel ('Stime \enskip [s]$', 'interpreter', 'latex', 'fonts',14)
ylabel ('Su_2 \enskip [cm"3/s]$','interpreter','latex', 'fonts',14)
grid on

tdata = t(stepindexu2:end);
u2data = u22 (stepindexu2:end)';
yl2data = y2(1,stepindexu2:end)';
y22data = y2(2,stepindexu2:end)';

%$%%%%%% treated data
tsamples2 = length(tdata)*Ts — Ts;
2 = 0:Ts:tsamples2;

Au2 = u2data(l) — u2(stepindexu2—-1);

ylss2 = y2(1,stepindexu2—-5);
yldatanew2 = (yl2data — ylss2*ones(size(yl2data)))./au2;

y2ss2 = y2(2,stepindexu2—-5);
y2datanew2 = (y22data — y2ss2+*ones (size(y22data)))./au2;

% PARAMATER ESTIMATION

options = optimset ('TolFun',le—10, 'MaxFunEvals',1000);
% first—order estimates
[x12, resnorml2] = lsgcurvefit (@myfun, [1;1]

,tnew2,yldatanew2', [], [],0ptions);

[x22, resnorm22] = lsgcurvefit (@myfun, [1;1]...
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279
280
281
282
283

285
286
287
288
289
290

292
293
294
295
296
297

299
300
301
302
303
304

306
307
308
309
310
311

313
314
315
316
317
318

320
321
322
323
324
325

327
328
329
330
331
332

,tnew2,y2datanew2', [1, [],0ptions);

% second—order estimates

model_ylu2,resnormylu2] = lsqgcurvefit (@secondordermodel
,[1;30;40],tnew2,yldatanew2"', [], [],0options);
[model_y2u2, resnormy2u2] = lsqcurvefit (@secondordermodel

,[1;30;40],tnew2, y2datanew2"', [], [],0options);

yl1fit2 = myfun(xl2,tnew2);
y2fit2 = myfun(x22,tnew2);

ylu2f£itS02 secondordermodel (model_ylu2, tnew?2) ;
y2u2fitS02 = secondordermodel (model_y2u2, tnew2) ;

figure
plot (tnew2,yldatanew2, '.r',tnew2,ylfit2, '—"', tnew2
,ylu2fitso2, '—', 'LinewWidth', 2)

xlabel ('S$Stime \enskip [s]$', 'interpreter', 'latex', 'fonts',14)
title('$G_{12} (s)$"', '"interpreter', 'latex', 'fonts"', 14)

grid on

hl = legend('data', 'fopdt', "sopdt');

set (hl, "interpreter', 'latex', 'fontsize',12);

figure
plot (tnew2,y2datanew2, '.r',tnew2,y2fit2, '—"', tnew2
,y2u2fitso2, '—', 'LineWidth', 2)

xlabel ('S$Stime \enskip [s]$', 'interpreter', 'latex', 'fonts',14)
title('$G_{22}(s)$', "interpreter', 'latex’', 'fonts"', 14)

grid on

h2 = legend('data', 'fopdt', "sopdt');

set (h2, "interpreter', 'latex', 'fontsize',12);

o

Continuos Time transfer functions

numll = model_ylul(1l); $ B11
denll = conv([model_ylul(2) 1], [model_ylul(3) 11); % All
taull = 0;
numl2 = model_ylu2(1l); % B12
denl2 = conv([model_ylu2(2) 1], [model_ylu2(3) 11); $ Al2
taul2 = 0;
num2l = model_y2ul(1); % B21
den2l = conv([model_y2ul(2) 1], [model_y2ul(3) 11); $ A21
tau2l = 0;
num22 = model_y2u2(1); $ B22
den22 = conv([model_y2u2(2) 1], [model_y2u2(3) 11); % A22
tau22 = 0;

num=cell (2,2); den=cell(2,2); tau=zeros(2,2);
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334
335
336
337
338

340
341
342
343
344
345

347
348
349
350
351
352

354
355
356
357
358
359

361
362
363
364
365
366

368
369
370
371
372
373

375
376
377
378
379
380

382
383
384
385
386
387

num{1l,1}=numll; num{l,2}=numl?2;
num{2, 1}=num2l; num{2,2}=num22;

den{l,1}=denll; den{l,2}=denl2;

den{2,1}=den2l; den{2,2}=den22;

Nmax=100; tol=le—38;
[Adl,Bd1,Cdl,Ddl,sH]=mimoctf2dss (num, den, tau, Ts,Nmax,tol) ;
figure

subplot (221)

hold on

plot (tnew,yldatanew, '.r') % , 'MarkerSize',10)

plot (tnew,ylfit, '—',tnew,ylulfitso, '—"', 'LineWidth', 2)
hold off

grid on

title('$\hat G_{11}(s)$"', "interpreter', 'latex', 'fonts"',14)
hl = legend('data', 'fopdt', 'sopdt', "fontsize',10);

$set (hl, '"interpreter', 'latex', 'fontsize',10);

box on

subplot (223)

plot (tnew,y2datanew, '.r',tnew,y2fit, '—"', tnew
,v2ulfitso, '—"', 'LineWidth', 2)
grid on

title('$\hat G_{12} (s)$"', "interpreter', 'latex', 'fonts"',14)
xlabel ('$Stime \enskip [s]$', 'interpreter', 'latex', 'fonts',14)

subplot (222)

plot (tnew2,yldatanew2, '.r',tnew2,yl1fit2, '—"', tnew2
,vy1lu2fitso2, '—', 'LineWidth', 2)
grid on

title('$\hat G_{21} (s)$"', "interpreter', 'latex', 'fonts"',14)

subplot (224)

plot (tnew2,y2datanew2, '.r',tnew2,y2fit2, '—"', tnew2
,y2u2fitso2, '—', 'LineWidth', 2)
grid on

title('$\hat G_{22} (s)$"', "interpreter', 'latex"', 'fonts"',14)
xlabel ('$Stime \enskip [s]$', 'interpreter', 'latex', 'fonts',14)

figure

subplot (221)
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388 plot (tnew,yldatanew,'.r")
389 ylabel('$\frac{y_1 — y_{1ls}}{\Delta u_1}s$',...
390 'interpreter', 'latex’', 'fonts',14)
391
392 grid on
393
394 subplot (223)
395 plot (tnew,y2datanew,'.r")
396 xlabel ('Stime \enskip [s]$', 'interpreter', 'latex', 'fonts',14)
397 ylabel ('$\frac{y_1 — y_{1s}}{\Delta u_2}$"
398 , "interpreter', 'latex', 'fonts', 14)
399
400 grid on
401
402 subplot (222)
403 plot (tnew2,yldatanew2,'.r")
404 ylabel ('$\frac{y_2 — y_{2s}}{\Delta u_1}$",
405 'interpreter', 'latex', '"fonts',14)
406
407 grid on
408
409 subplot (224)
410 plot (tnew2,y2datanew2,'.r")
411 xlabel ('S$time \enskip [s]$', 'interpreter', 'latex', 'fonts', 14)
412 ylabel ('$\frac{y_2 — yv_{2s}}{\Delta u_2}$",
413 'interpreter', 'latex', 'fonts',14)
414
415 grid on
1 function y = nonlinearmodified4tanksystemSIM(x0,u,d,v,w,t,N,p)
2 % nonlinearmodified4tanksystemSIM
3 % Simulates the non—linear 4—tank system for generation of
4 % input—output for use in system identification
5
6 nx = 4; nu = 2; ny = 2; nz = 2;
7
8 x = zeros(nx,N);
9 y = zeros(ny,N);
10 z = zeros(nz,N);
11
12 X = zeros (0,nx);
13 T = zeros(0,1);
14
15 x(:,1) = x0;
16
17 for k = 1:N—1
18 y(:,k) = ModifiedFourTankSystemSensor (x(:,k),p)+v(:,k);
19 if any(d(:,k)+w(:,k)) < O
20 'negative’
21 end
22 [Tk,Xk] = odel5s(@ModifiedFourTankSystem ...
23 S E(k) t(k+D) ], x(:, k), [T,ul:, k), (Ad(:,k)+w(:,k)),p);
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25 x(:,k+1) = Xk(end, :)"';
26 T = [T; Tk];

27 X = [X; Xk];

28 end

29

30 k = N;

31 y(:,k) = ModifiedFourTankSystemSensor (x(:,k),p)+v(:,k);
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