Computing the Scattering Properties of Participating Media
Using Lorenz-Mie Theory

Jeppe Revall Frisvdd Niels Jgrgen Christensén Henrik Wann Jensén

Linformatics and Mathematical Modelling, Technical University of Denmark
2University of California, San Diego

Figure 1: Rendered images of the components in milk as well as mixed concentrations. The optical properties of the components and the milk have been
computed using the generalization of the Lorenz-Mie theory presented in this paper. From left to right the glasses contain: Water, water and vitamin B2, water
and protein, water and fat, skimmed milk, regular milk, and whole milk.

Abstract 1 Introduction

This paper introduces a theoretical model for computing the scatter- Participating media and scattering materials are all around us. Ex-
ing properties of participating media and translucent materials. The amples include the atmosphere, ocean water, clouds, and translu-
model takes as input a description of the components of a mediumcent materials such as milk, ice, and human skin. In order to ren-
and computes all the parameters necessary to render it. These pader these media, it is necessary to know the optical properties that
rameters are the extinction and scattering coefficients, the phasedescribe how light interacts with the media. These scattering prop-
function, and the index of refraction. Our theory is based on a ro- erties can be acquired by measurements, by manual adjustment to
bust generalization of the Lorenz-Mie theory. Previous models us- match the desired appearance, or by use of a theoretical model.
ing Lorenz-Mie theory have been limited to non-absorbing media  In this paper, we present a novel theoretical model capable
with spherical particles such as paints and clouds. Our generalizedof computing the scattering properties of a large class of natu-
theory is capable of handling both absorbing host media and non-ral media and materials. Our model is based on the Lorenz-
spherical particles, which significantly extends the classes of mediaMie theory [Lorenz 1890; Mie 1908], which is a complete so-
and materials that can be modeled. We use the theory to computdution to Maxwell's equation for scattering of electromagnetic
optical properties for different types of ice and ocean water, and we waves by a homogeneous, spherical particle embedded in a non-
derive a novel appearance model for milk parameterized by the fat absorbing medium. This theory was introduced to graphics by
and protein contents. Our results show that we are able to matchRushmeier [1995], and it has been used to compute the optical prop-
measured scattering properties in cases where the classical Lorenzerties of pigmented materials [Callet 1996], for example paints and
Mie theory breaks down, and we can compute properties for me- plastics in a transparent solvent, and for rendering of atmospheric
dia that cannot be measured using existing techniques in computephenomena [Jaekand Walter 1997; Riley et al. 2004].
graphics. The classical Lorenz-Mie theory is limited to spherical particles

) ) ) in a non-absorbing host medium. This is one of the reasons why
CR Categories: 1.3.3 [Computer Graphics]: Picture/lImage Gen- it has only been applied to pigmented materials and atmospheric
eration; 1.3.7 [Computer Graphics]: 3D Graphics and Realism phenomena such as clouds of round water droplets. For many other
media and materials the host is absorbing. The refractive index of
an absorbing host is a complex number. This complex index of re-
fraction cannot be used directly with the classical theory since the
standard evaluation techniques become unstable. We present a gen-
eralized version of the theory which includes robust evaluation for-
mulas for the case where the host medium is absorbing. We show
how the correct scattering properties are obtained when the refrac-
tive index of the host medium is complex. The computed scattering
properties are spectral values for the scattering and absorption co-
efficients, the phase functions, and the index of refraction. We also
present formulas for non-spherical particles. Our extensions are
based in part on new developments in related fields as well as new
©ACM, 2007. This is the author’s version of the work. It is posted contributions that make the theory useful in computer graphics.
here by permission of ACM for your personal use. Not for redistri- Our results include a novel appearance model for milk capable
bution. The definitive version will be published in ACM Transac- of predicting the scattering properties based on the concentration of
tions on Graphics (Proceedings of SIGGRAPH 2007). fat and protein in the milk (see Figure 1). This appearance model
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is in good agreement with previous measurements of milk. We also Their numeric evaluation can be found in standard references on
include examples of ice with non-spherical inclusions as well as Lorenz-Mie theory [Dave 1969; Bohren and Huffman 1983].
various types of ocean water. In both these cases the host absorp- The coefficientsa,, and b,, are complex numbers called the
tion is visually significant as it is the reason for the expected bluish Lorenz-Mie coefficients and computation of these is fairly involved.
appearance of the media. We believe the generalized Lorenz-MieUntil recently the calculation of.,, andb,, has been carried out
theory will provide a useful framework for computing the scatter- assuming that the host medium is non-absorbing [van de Hulst
ing properties of participating media and scattering materials. To 1957,1981; Bohren and Huffman 1983; Callet 1996]. This assump-
encourage use of the theory, the source code of our implementationtion simplifies the computation because the refractive index of the
is published as a supplement to this paper. host medium is then real-valued. This is due to the following funda-
mental relation between the absorption coefficiendf a substance
1.1 Related Work

and its complex index of refractiap[Born and Wolf 1999]:
In recent years a number of practical methods have been devel-
oped for measuring the scattering properties of translucent mate- o = 4nIm(n)/Xo , (6)
rials and participating media. Jensen et al. [2001] developed a . )
method based on diffusion theory and measured the absorptionWhereXo is the wavelength of lighin vacuumandIm takes the
and reduced scattering coefficients of translucent materials, Tongimaginary part of a complex number.
et aI._ [2005] presented a method for measuring t_he properties of 5 1 particles Embedded in an Absorbing Medium
quasi-homogeneous translucent materials, Hawkins et al. [2005] ) o ] )
developed a laser scanning system for estimating the albedo andlhe Lorenz-Mie coefficients,, andb, in Equations 2 and 3, are
phase function for time varying participating media such as smoke, Composed of the spherical Bessel functignéz) andyx (z) in the
and Narasimhan et al. [2006] presented a method based on dilutionfollowing way [Lorenz 1890]:
for measuring the scattering and absorption coefficients as well as

the phase function. Our theory provides a number of advantages in Un(2) = 2jn(2) @)

comparison to methods based on measurements as it can (a) com- Cn(2) = 2(jn(2) —tyn(2)) (8)

pute all properties at any desired wavelength, (b) predict the appear- C Dmea®l (@) 0n () — o (y) ¥, (2)

ance of a material based on a mix of components without actually an = (1) () = 7m ()l (2) 9)

having the material, and (c) compute properties for materials (such n“‘fd n\Y)Gn menly "

as ice) that cannot be measured using existing techniques. b = Mn()¥n(2) = meatn (y)vn (@) (10)
! 19 (Y)Cn () — Nmeathn (y)Ch ()

2 Scattering in Participating Media

The propagation of light in participating media is described by the
radiative transport equation [Chandrasekhar 1950]:

In these equations the priméslenote derivative angmeq andn
are the refractive indices of the host medium and the particle, re-
spectively. The size parametera&ndy are defined by:

(G-V)L(z,3) = —0L(x,d)+0s /p(ﬁ',@')L(a:,@")dw'. ) T = 2T Nmed/Xo 5, Y =2mrn/Ao (11)
47
wherer is the radius of the spherical particle considered.

whereL(z,d) is the radiance at in directiond, andoy, o, and When the host medium is non-absorbing, the argumertts(to)
0. = oy — o, are the extinction, scattering, and absorption coef- and its derivative are real, and this makes it easy to obtain robust
ficients. The phase functignspecifies the normalized distribution  recurrence formulas for their evaluation [Dave 1969; Bohren and
of the scattered light. The radiative transport equation provides a Huffman 1983]. In the case of an absorbing host medium, these
macroscopic view of scattering and absorption within a participat- formulas become unstable as they enter the exponential domain and
ing medium, and the only required parametersafers, andp. run out of bounds. To avoid this ill-conditioning, the Lorenz-Mie

Participating media are often composed of tiny particles that coefficients can be rewritten in a form involving only ratios between
scatter and absorb light. It is the combined effect of these parti- the variations),, and¢,, of the spherical Bessel functions [Kattawar
cles that provides the participating media with its overall scattering and Plass 1967]
properties. Lorenz-Mie theory makes it possible to compute the

scattering properties of a single homogeneous, spherical particle o = Y () Mmed An (y) — NAn(x) (12)

embedded in a homogeneous medium. The scattering properties " () MmeaAn(y) — nBn(x)

are computed using the scattering amplitude functignand Ss, b (%) 1AR(y) — An(x)

which describe the scattering of an electromagnetic wave from a by = L) NAnlY) T lmedn (13)
Cn(2) nAR(Y) — Nmea Bn ()

spherical particle [Lorenz 1890; Mie 1908]:
HereA, (z) and B, (z) denote the logarithmic derivatives ¢f, ()

— 2n+41 i
S10) = Dy (@n(cos0) +burn(cos0)) () Anden(z) respectively
. Yn(2) ¢n(2)
> An(2) = » Ba(2) = : (14)
2n+1
S26) = D oy (bemn(cosd) + anma(cos0)) - ) Yal2) ()
n=1 The ratio A,, is only numerically stable with downward recur-

rence. Therefore the following formula is employed for its eval-

The functionsr,, and,, are related to the Legendre polynomials uation [Kattawar and Plass 1967]

P, as follows:

+1 n+1 -1
dp, An(z) = 202 ( + A, ) . @15
mn(p) = d/su) 4 (2) o +1(2) (15)
dmp, (1) This formula is also valid for the rati®,,, but unfortunately it is

m(p) = pma(p) —(1- MQ)T : ®) unstable for both upward and downward recurrence [Cachorro and



Salcedo 1991]. Instead, we use a different formulaBarwhich These are all well defined quantities for particles in a non-absorhing
has been developed by Mackowski et al. [1990] in the field of mul- medium. In an absorbing medium, there is, however, no unambigu-
tilayered particles embedded in a non-absorbing medium. Mack- ous way to determine the part of the extinction which is due to scat-
owski et al. developed the formula to compute scattering within a teringby the particle because the medium is part of the extinction

multilayered particle, but it can also be applied in our case, and it is process [Bohren and Gilra 1979; Videen and Sun 2003]. Often the
numerically stable with upward recurrence for any complex argu- resulting formulas depend on the size of an arbitrary sphere used

ment [Mackowski et al. 1990]: only as a mathematical tool for integration. Such expressions are
) not physically meaningful and will not be considered here. Both

Bu(2) = An(2)+ 4 (16) near-field and far-field effects are discussed in the literature. We
Un(2)Cn(2) will only consider far-field approximations as they correspond to

Vn(2)Cn(2) = Yn1(2)Cn1(2) a distant observer. Near-field effects are not generally relevant in

n n graphics as we mostly want to estimate the bulk optical properties
x (f - An_l(z)> (f - Bn_l(z)) . (17)  ofa participating medium.
z Due to the problems discussed above, the extinction cross sec-
It remains to give a recurrence relation for the rafig(z) /¢, (2) tiqn, Cy, is the_only well defin_ed observ_able guantity _[Bohren and
in Equations 12 and 13. Recent developments in the context of Gilra 1979]. Itis computed using an optical theorem first presented
multilayered particles, provide a recurrence relation that works well PY van de Hulst [1949; 1957,1981]. The original theorem by van

for smallIm(z) [Wu and Wang 1991; Yang 2003]: de Hulst is valid for particles of arbitrary shape and size, but it only
' ' applies to a non-absorbing host medium. To account for an absorb-
_ ing host, we use a slightly modified equation presented by Bohren
Unlz) _ $noa(2) Bule) £n/z (18) and Gilra [1979]:
C(2)  Cn-1(2) An(2) +n/2
The restriction to smallm(z) is not a problem, as a largéin(z) C, = 47 Re 5(0) (21)
means that the host medium is highly absorbing, and in this case k2 ’

we would not be able to make out the effect of particle scattering.

The amplitude functions (2,3) are defined by an infinite sum, and where S(0) = S1(0) = S2(0) is the amplitude in the forward
in order to get a decent approximation, we must find an appropriate direction of the scattered wavke,= 277med /o is the wave num-
number of termsV/ to sum. This is also necessary for initialization  ber, andRe takes the real part of a complex number. Inserting the

of the downward recurrence (15) computidg (x) and A, (y). A expression folS(0) in this optical theorem (21) we obtain
formula determiningV/, which has both an empirical [Wiscombe
1980; Mackowski et al. 1990] and a theoretical [Cachorro and Sal- 2 e an + bn
cedo 1991] justification, is Ci=223 (2n+1)Re [ =5 (22)
27 ne=1 nmed
M = [la| +pla|'* +1] (19)

The scattering cross sectiah cannot be found unambiguously,
but we have to approximate it to evaluate the radiative transport

B . . 8 .
wherep = 4.3 gives a maximum error of0 ©. Itis possible to equation (1) in arendering. We use a far-field approximation which

calculate an approximate initial value for the downward recurrence has b ted to b i<tent with d data [Randrianal
(15), but, as explained by Dave [1969], the recurrence is not sen- as been reported to be consistent with measured data [Randrianal-

sitive to the initial value, and therefore we can arbitrarily choose 502 €t al. 2006; Yin and Pilon 2006]. The chosen formula is iden-
Ant(2) = 0. tical to the scattering cross section _for transparent media except for
onceAo(2) Anr(=) are computed for bota = z andz = two correction terms; an exponential term and a geometrical term
e = =

y, We can computds, (z), ¥n(z)/Cn(x), an andb, step by step. 7 The formula is
Note, that there is no need to stdBe (x) and, (x)/(n(x) since
they are computed using upward recurrences. These recurrences ~ _

e}

> @n+1) (lanl* + [bal*) , (23)

)\(Q)e—zlwlm(nmed)ﬂo

should be initialized by 27| Nmed | -
Bo(2) = Zl i wherer in the exponential term is the uncertain part of the equation
Yo(2)Co(2) = 5 (L—e™ (20) because it ought to be the distance to where the scattered wave is
Yo(2)/Co(z) = 3(1— 6_’22) . observed. This distance is unknown, and consequently it has been
projected to the particle surface, such thatienotes the particle
Recall that there is a direct relationship between wavelehgth  radius.
and the size parametessandy. This tells us that the Lorenz- The geometrical termy accounts for the fact that the incident

Mie coefficients are spectrally dependent and should preferably bewave changes over the surface of the particle as a consequence of

sampled at different wavelengths. They are also dependent on thethe absorbing host medium. It is defined by [Mundy et al. 1974]

particle radiusr and are valid for spherical particles of arbitrary

size as long as they do not exhibit diffuse reflection (which is only 21+ (v —1)e”)

possible if the particle size greatly exceeds the wavelength and even 7= o2 ’ (24)

so, the surface of the particle might still be smooth) [van de Hulst

1957,1981]. Furthermore the equations provided in this section re- wherea: = 477 Im(7mea ) /Ao @andy — 1 for a — 0.

veal that the complex refractive index of each particle inclusion, as  The precision of the far field approximation (23,24) has recently

well as that of the host medium, are needed as input parameters fotbeen reviewed [Fu and Sun 2006] and compared to experimental

the computations. data [Randrianalisoa et al. 2006; Yin and Pilon 2006]. The conclu-
Having a robust way to compute the Lorenz-Mie coefficients we sion is that it (as expected) does not give entirely accurate results,

can evaluate the scattering amplitudes using Equations 2 and 3.but it does give physically plausible results. Itis also concluded that

Given the scattering amplitudes we can find the extinction and scat- significant errors can result if the absorption of the host medium is

tering cross sections as well as the phase function of the particle.ignored (this is especially true when the size parameisiarge).



The phase function and the asymmetry parameter are the same Because we assume that particles scatter light independently,
in transparent and absorbing media [Yang et al. 2002]. The phaseinterference between scattered waves can be ignored for the bulk

function for unpolarized light is [van de Hulst 1957,1981] medium. This means that wave intensities can be summed to obtain,
for example, a combined scattered wave [van de Hulst 1957,1981].
) 1S1(0)[% + S2(0)|? 25) This is the assumption behind the integral over particle radii (27)
p

which finds coefficients using cross sections. The same assumption
is used when we go from scattering and extinction coefficients,

The asymmetry parameter (which is defined by the integral over @ndo.q, for every individual particle inclusion < A, to combined
the cosine weighted phase function in all directions) is [van de Hulst Scattering and extinction coefficients for the bulk medium. For the

Tany o ot 1) (jan + [baf?)

1957,1981]: scattering coefficient the summation is straight forward:
Zle{ ns:ff) Re(anay, 1 +bnby 1) + 7,12(:1111) Re(anbfl)} 0s = Z Os,i - (29)
9= > i€A

3 D mey (204 1) (lanf? + [bn[?)

(26) Note that volume fractions artincluded in this formula, because

they are a part of the number density distributions.

2.2 Bulk Optical Properties In a transparent medium, the extinction coefficient is defined by

an equivalent sum, but in an absorbing medium an important cor-
rection must be made. Since the host medium is a part of the extinc-

where the asterisksdenote the complex conjugate.

To determine the macroscopic (or phenomenological) optical prop-

erties gf .?. bulk medlutm in Wh'CThnl"‘}[ﬂy sm?tll partll()sles are IT-I tion process, a non-absorbing particle will reduce the extinction of
mersed, 1t 1S common to assume that the scattering by oné particiey, o p, i medijum. This means that the extinction cross sections can

can be considered_independent of the scgatter_ing by another. This i e negative [Bohren and Gilra 1979]. The extinction cross section
agood appr:oxwrr:at(ljc_)n as Ionbg asthe rrrl]edlum_lsl not ﬁxtrtladmbely den_s(fresulting from the Lorenz-Mie theory is, in other words, relative to
(meaning that the distance between the particles should be consi the absorption of the host medium and the necessary correction is

. to include the host medium absorption in the sum. For this pur-
%ose, we compute the bulk extinction coefficient for particles in an

that particles scatter light independently in the medium, the bulk absorbing medium by

extinction and scattering coefficients are given by [van de Hulst
1957,1981]
Ot = Oa,med + Zat,i 5 (30)
700 = [ ClraNar (27) e
0 and the bulk absorption coefficient is given by the simple relation

wherer is the radius of a particleN(r) is the particle number ~ %a_ = 9t — Ts- These bulk coefficients are never negative.
density distribution, ang is eithert referring to extinction ors The asymmetry parameter (26) and phase function (25) are nor-

referring to scattering. Of course the integral disappears if the par- Malized properties related to the amount of scattering by every par-
ticles are all the same size. But in most natural materials a single ficle: Say we denote the asymmetry parameter of a single particle
particle radius cannot predict the optical properties correctly. The 9»(7) @nd the corresponding phase functjgy(r), wherer is the

integral will, however, always be zero outside some limited interval Particle radius. The ensemble asymmetry paramgtend phase
[Fmin, "max] OF particle sizes. function p; including all the different sizes of a particular type

Particlesize distributionis the common term for distributions ¢ € 4. are then found by a weighted average, where the weights

by which the number density can be derived. Particle sizes often are .the gssoc_iatgd scgttering cross sections. In other words, for a
follow a log-normal distribution which is described by a mean par- Particle inclusion € A:

ticle sizex. and a coefficient of variation, = o/u, whereo is | [rmes | [rmes

the standard deviation. For completeness we include equations in . _ 7/08(,“)91)(70) dr , pi(6) = —/Cs(r)pp(&r) dr.
Appendix A for the log-normal distribution and the power law dis- s Jp . s o

tribution which is common for larger particles. (31)

In the following, letA denote the set of homogeneous substances Once the scattering properties have been determined for each indi-
appearing as particles in the host medium. The number densityvidual particle inclusion, the bulk properties are computed using a
N (r) dr specifies the number of particles per unit volume with radii  weighted average [Grenfell 1983; Light et al. 2004]:
in the intervaldr, and we can find the volume fraction occupied by

a particle inclusion consisting of spherical particles by Y ica0sigi >4 0s,ipi(0)
g="= ) = = (32)
4 Tmax s s
== PPN (r)dr . (28) o , . ,
3 Considering the number of Lorenz-Mie expressions required to ap-

Tmin

proximate the true Lorenz-Mie phase functje(#), it is more prac-
This is important since, in almost any case, either the number den-tical to either tabulate the phase function or use a mean number den-
sity distribution N (r) or the volume frequency® N (r) is a mea- sity for each particle inclusion in order to avoid the integral (31). It
surable particle size distribution. If we have an empirical function is also possible to use the bulk asymmetry parameter Equa-
or tabulated data describing either of the size distributions, we cantion 32 with one of the standard phase functions, e.g. the Henyey-
evaluate the integral (28) and find the volume fractignginai Of Greenstein phase function [Henyey and Greenstein 1940], or a mul-
the particles in the sample from which the size distribution was tilobed phase function where the Henyey-Greenstein function re-
originally estimated. This may not be the volume fraction we desire placesp;(#) in Equation 32.
in our medium. Suppose the volume fraction: € A, is desired To compute the refractive index of the bulk medium, we follow
rather thanveriginai. Then the measured number density should be van de Hulst's [1957,1981] derivation of a formula for the effective
scaled byv; /voriginal- index of refraction, but remove the assumptions of non-absorbing



media and particles of only one radius. This gives the following This assumption holds true for light that has penetrated some dis-
approximate relation for the real part of the bulk refractive index:  tance into the medium. To take advantage of this property, we mod-
ify the Monte Carlo ray tracing such that it switches to a medium

Re(nbuik(Xo)) = Re(Mmed (o)) with isotropic scattering and uses a reduced scattering coefficient
) s, (0) o, = (1 — g)os when the path is longer thar) mean free paths
+Xo Z/ Im (7”") Ni(r)dr . (33) (10/0+). This reduces the number of scattering events and thereby
k2 L2 : . :
ea o the rendering time for highly forward scattering materials such as

milk and ice by a factor 10-20. The error introduced by using sim-
The imaginary part of the effective index of refraction is not the ilarity theory after 10 mean free paths is insignificant and has no
correctimaginary part for the bulk medium, but rather a term related influence on the rendered images.
to the total extinction of the medium. The correct imaginary part is
found by its relation to the bulk absorption coefficient (6). 4 Examples

In this section we demonstrate the generalized Lorenz-Mie theory
) ) . ) ) on a number of different media. We have computed full spectral
Lorenz-Mie theory is for spherical particles, but particles are not properties (sampled at evey nm) for all the materials, and in all
always spherical. If non-spherical particles are encountered, it cases the time to compute these profiles was a few seconds. For
has been found by Grenfell and Warren [1999] that volume-to- rendering we computed RGB representations of the optical proper-
area equivalent spheres give a good approximation of how the non-ties by weighted averages using the RGB functions for a standard
spherical particles scatter light. To represent a particle of volume hyman observer [Stockman and Sharpe 2000]. Alternatively, we
V and surface ared by a collection of spheres, the radius of the  could have used spectral rendering and tone-mapped the result to

2.3 Non-Spherical Particles

equivalent spheres is [Grenfell and Warren 1999]: RGB. We chose an RGB representation in order to compare with
existing measurements in graphics.

Toq = 3K . (34) To compute the optical properties, we need complex indices of

A refraction for the homogeneous substances involved and size dis-

Since the number of equivalent spheres is not equal to the num_?rlbunons for the particles. Indices of refraction (including the

ber of non-spherical particles, the number density must be ad'usted'm""ginary part) are often available in chemical spftware pack-
accordingly ?Grenfellpand Warren 1999]: y ! ages (e.g. PhotochemCAD [Du et al. 1998]), physics handbooks

[Gray 1972; Palik 1985; Lide 2006], and online repositories

Neg 3V (e.g. http:/iwww.luxpop.com/ ). Particle size distributions can

N A3 - (35) often be found in optics or chemistry literature, or some mean par-
e ticle size can be estimated. Once the input parameters have been

obtained for one substance, they may be used in many different

The equivalent radius., and the equivalent number densi f h ) | dal d for both d
are then used for computation of scattering and extinction coeffi- CONtexts (cf. how minerals and algae are used for both water an

cients (27) with Lorenz-Mie theory for computation of the corre- 1C€ Pelow).
sponding cross sections. 4.1 Milk
As opposed to equal-volume and equal-area spheres, the volume- . . L N
to-area equivalent spheres have proven to be quite exact. They havd N€ Optically important elements in milk include vitamin B2, fat
been tested for cylinders [Grenfell and Warren 1999], hexagonal globules and casein micelles (protein) [Crofcheck et al. 2002]. To

columns and plates [Neshyba et al. 2003], and hollow columns and M0del the concentration of fat and protein we use wt.&/pér
plates [Grenfell et al. 2005]. In most cases the error is less than 5%, 1008 Milk), since this value is used on contents declarations on the
At least this is true for scattering and extinction coefficients. The S'dedOf milk Eartons(; In the rem;lnderpf this secpor; wedgtand |
approximation is, as could be expected, less accurate with respectVr denote the wt.-% of fat and protein respectively. To translate
to the phase function. wt.-% into volume fractions, we use the density of milk faf, =

In Appendix B we have derived volume, surface area, and equiv- 0-915 8/mL, the density of milk proteimprotein = 1.11g/mL,

alent sphere radius for ellipsoids and cylinders. These can be usecnd the density of millo.iic = 1.03 g/mL [Walstra and Jenness
directlypwith Equations 35 p27 and 28. y 1984]. Casein micelles make up ab@6t% of the protein volume

fraction [Fox and McSweeney 1998]. This means that

3 Rendering Using Similarity Theory wy/p
f/ Ptat

. . . . Wp / Pprotein
The scattering properties computed using Lorenz-Mie theory can be vf = 1008 /por vp = 0'761(;)0/5;% . (36)
used in most standard rendering systems capable of rendering par- milk Pmilk

ticipating media. Many natural materials are highly scattering as  The host medium is water in which many different components
well as highly forward scattering, and these types of optical proper- are dissolved. The component exhibiting the most significant ab-
ties are particularly challenging for existing rendering algorithms. sorption in the visible range is vitamin B2 (riboflavin). Spectral
This includes the diffusion-based methods [Jensen et al. 2001] thatgata for the absorption of vitamin B2 can be found in the Pho-
cannot handle highly forward scattering materials or materials with tochemCAD applicatioch[Du et al. 1998], and in Appendix C we
significant absorption. Therefore we use Monte Carlo ray tracing have listed the resulting imaginary part of the milk host medium.
for all our results. Monte Carlo ray tracing is very costly, but it Note, that there is significant absorption for shorter wavelengths.
ensures that the final renderings show the effect of the optical prop-  The Complex refractive index for milk fat has been reported by
erties without other types of error. For some of the materials the \ichalski et al. [2001]. The real part is approximat@ly (1. ) =
number of scattering events that an average photon experiences ig 46, the imaginary part is included in Appendix C. Casein micelles
very high — for milk it is several thousand events. To reduce the only scatter light and the refractive indexrjg.sein = 1.503 in the
computational requirements in these cases we make a minor mod-jsjple range [Attaie and Richtert 2000].

ification to the Monte Carlo ray tracing algorithm using similarity The volume frequency of the fat globules follows a log-normal

theory. Similarity theory makes it possible to convert a medium jstribution [Walstra 1975] (see Appendix A). The mean of the
with anisotropic scattering into a medium with isotropic scattering

and still obtain the same overall appearance [Wyman et al. 1989].  Seenttp:/omic.ogi.edu/spectra/PhotochemCAD/al/riboflavin. html
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volume-to-surface area equivalent sphere radiiz.. of the fat
globules change depending on the volume fraction of the globules
in the milk. By a least-squares, two-piece fit to measured data re-

ported by Olson et al. [2004], we have found a functional expression
describing this relationship:

T43 fat = {

wherers . is measured ipum. The relationship betweens f.s
andrys rat, IS [Walstra 1975]

—0.2528 w} 4+ 1419wy  forwy < 2.0

1.456 w$°° otherwise 87

)

T'vs,fat = T43,fat/(cz,fat + 1) . (38)
The radiusras .t iS used since it can be estimated with good ac-
curacy [Walstra 1975]. The coefficient of variations.. is usually
between0.4 and1.2 in normal milk. We use:, tas = 0.6 in our
computations. Reasonable limits for the range of fat globule radii
arermin,fat = 0.005 pm andrmax,tas = 10 pm.

For casein micelles Schmidt et al. [1973] found thatc.s =
43 nm and showed that a log-normal distribution (Appendix A) of
r/(rmax,cas — 1) fits the volume frequency distribution well. The
limits for the casein micelle radii amgnin,cas = 0 @aNdTmax cas =
150 nm.

All necessary input is now available such that we can compute
the optical properties as follows:

1. Number density of fat globules and casein micelles are deter-
mined such that they constitute the desired volume fractions
(Equations 28,49,50, and 50).

. For every wavelength sampled and every particle radius con-
sidered, we evaluate the Lorenz-Mie coefficientsand b,
(Equations 19,15,20,16,17,18,12, and 13), and we compute
the extinction cross sectiofi;, scattering cross sectiafs,
and asymmetry parametey (Equations 22,23,24, and 26).

. Scattering coefficient, ;, extinction coefficiento,;, and
combined asymmetry parametgr are determined for each
particle inclusion; € {fat, caseir} (Equations 27, and 31).

. Finally bulk extinction coefficient;, bulk scattering coeffi-
cientso, bulk absorption coefficient,, bulk asymmetry pa-
rameterg, and effective refractive index are computed (Equa-
tions 29,30,32,and 33).

This procedure can be used for arbitrary volume fractions of casein
micelles and fat globules, and it is the same for other participating
media if we swap fat globules and casein micelles for a different set
of particles.

Figure 1 shows several rendered glasses containing water, vita-

min B2, protein and fat in various combinations. The optical prop-
erties for all glasses containing protein or fat, have been computed
using the theory we present. The resulting images of milk cap-
ture important visual properties such as the red shadow in skimmed

milk and the increasingly white appearance as the percentage of fat

is increased.
An Appearance Model for Milk

GIIIIIIIIIIIIIIIIIIIIIIIIIII“',f [wt.-%]
0 2 4 6 8 10

Figure 2: Reduced scattering coefficients o, = (1 — g)os measured by
Jensen et al. [2001] (circles) and Narasimhan et al. [2006] (squares) and
plotted against our appearance model for milk as a function of fat content
wy. Protein content is constant at 3 wt.-%.

(18.63wp + (0sr — 213‘5wp)g(wf)R)/a'SR
(37.79w,, + (0sq — 338.3wy)g(ws)a)/osa
(96.69wy, + (0B — 614.0w,)g(wy)B)/0sB

213.5w,, + 15631wk 241 (v R
338.3wp, + 18349w} 151 (v
614.0w;, + 22585w} 011 (W) B

Tg

(40)

] ]

A two-piece fit is needed for the asymmetry parameter, and conse-
quently theg function in Equation 41 is given by
] (42)

|
B

If wy = 0, replaceg by 0 andIn(wy) by 0. Finally the functions
h1, he, andhg are the following RGB vector polynomials

} (44)

(45)

g

0.95234 = 0-0120 Jh2(In(1/w ) g
0.9539¢, = 0-00783 Jho(In(1/w ) g

G0 < wy < 0.7)
0'9554w;0.000161eh2(1n(1/wf))B

0.957610-00911 ¢ha(InCu ) g
g(wg > 0.7)

0_9585w?.007836h3(1n(wf))G
0'9577w(;.0053leh3(ln(wf))B

[ —0.00129z* 4+ 0.0305z% — 0.2192>
—0.00149z* + 0.03272° — 0.213z2

| —0.00206z* 4 0.0373z> — 0.2022>

[ —0.03862> — 0.00543z2
—0.0368z> + 0.002662>

| —0.0334z% + 0.01112?
[ 0.000281z% — 0.00366x>
0.000379z> — 0.00401z>
L 0.000509z% — 0.00429z>
The absorption and scattering coefficients in this appearance model
have the unitn—'. For every band of the three optical properties
(39,40,41) the maximum error is 10.2%. This error band only ex-
cludes input parameters whesig < 0.05wt.-%. The maximum
error occurs in the blue band of the absorption coefficient. For the

hl (:E)

hz(ﬂ,)

hs(z) (46)

Being able to compute the scattering properties of milk, we can con- majority of the possible input parameters, the error rarely exceeds
struct an appearance model parameterized by the amount of fat and% in all bands of all properties.

protein in the milk. These two parameters can be adjusted to model In Figure 2, we have plotted measurements by Jensen et
most types of milk. We have obtained the following RGB vector al. [2001] and by Narasimhan et al. [2006] against the curves given
functions by least squares fits to the computed optical properties: by our milk model when protein contentis, = 3 wt.-%. Since the
contents of the milk used for the measurements are not known, we
have placed the measurements where they best fit the curves. The
fat content estimated for the measurements by Jensen et al. [2001]

1.381 — 0.008600w,, + 1.209w
2.201 — 0.01459w,, + 1.982w;
10.13 — 0.07048w,, + 4.170w

(39)



Region Valgal Umineral

Atlantic 1.880- 1077 2.477-107"°
Baltic 1.904-107°% 54291077
Channel 4.999-1077 2.300-107"7
Mediterranean 3.878-107" 3.075-107"
North Sea 2.171-107% 2.077-10°° Atlantic Mediterranean Baltic North Sea
Figure 3: Rendered images of different types of coastal and oceanic waters
Table 1: Volume fraction of algae and minerals contained in coastal and of increasing mineral and algal content.

oceanic waters around Europe. Data provided by Babin et al. [2003a] have
been translated into the volume fractions given here.
in the ice. The latter two particle types were addressed in the previ-

- . ous section. For brine and air we use the following properties:
could very well be the fat content of the original milk. For the mea- g prop

surements by Narasimhan et al. [2006] we had to overestimate the Input Brine Air

fat content (except for the lowfat case). The reason for this discrep-

ancy is very likely due to problems caused by the dilution used for Re(n) 1.34 1.00
the measurements. If we increase the mean particle size and coeffi- Im(n) Appendix C 0.0

cient of variation in the fat globule size distribution, we are able to
obtain results almost identical to the measurements by Narasimhan " 0-14.6mm 0.1-2.0mm

et al. [2006] without over-estimation of the fat contents. An in- N(r) see below %7«*124

crease of these two parameters corresponds exactly to the effect of

milk dilution [Walstra 1975]. Dilution also explains the unexpected Spectral data for the complex refractive index of ice have been com-
behavior of the asymmetry parameters measured by Narasimhan epiled by Warren [1984]. In the visible range, The real part is almost
al. [2006]. As compared to our computations, they seem to start out constant aRe(nice) = 1.31. The imaginary part can be found in
too high and decrease too quickly with increasing fat content. Appendix C.

Because milk is highly scattering, its absorption coefficient is ~ When water freezes in the sea, brine is trapped between vertical
very difficult to measure. Measured absorption coefficients are, platelets of pure ice [Grenfell 1983]. If the freeze continues (below
however, still of the same order of magnitude as the predicted ones—2 °C) the initial platelet formation closes off and becomes scatter-
and they all exhibit the behaviet, r < 04,¢ < 04,5. If we had ing inclusions formed as cylindrical brine tubes, smaller ellipsoidal
ignored the absorption in the host medium in the Lorenz-Mie calcu- brine pockets, and very small spherical brine bubbles [Light et al.
lations, the absorption coefficient would only depend on fat content 2004]. Let¢ denote the length of the non-spherical brine inclusions.
and would under-estimate the absorption in the blue band by moreFor ¢ < 0.03 mm the brine inclusions are spherical (bubbles), but
than a factor 48 for skimmed milk, while the smallest erroris inthe for 0.03mm < ¢ < 0.5 mm the brine particles are shaped as pro-

red band where it is-96%. late ellipsoids (pockets) and f@r5mm < ¢ < 14.6 mm they
are circular cylinders (tubes) [Light et al. 2003]. The length-to-

4.2 Natural Waters diameter ratio of the brine particles follows the power law [Light

The key ingredients in natural water are suspended algae and min-€t al. 2003]:

erals. Deep water would appear black (except for the surface re-

flection) in the absence of scattering particles. For natural wa- ~(0) { 1 0.67 for £ S.O-O?’ mm (47)

ters we use the following particle properties reported by Babin et 10.3¢ otherwise

al. [2003b; 2003a]: All three types of brine particles are distributed according to the

power law in Appendix A with the exponemt = 1.96 where/

is given inmm. Brine bubbles account for 2% of the total brine
Re(n) 1.58 1.41 volume, pockets for 6%, and tubes for the remaining 92% [Light
etal. 2003]. This and the equations in Appendix B makes it possible

Input Mineral Algae

Im(n) Appendix C Appendix C ¢ - 1A B Td
to compute an equivalent number density distribution of spheres
T 0.01-10Qum 0.225-10Q:m for each brine particle type. Finally the relation between volume
N(r) Umineral (9p) =34 Valgal (9;.)=3.6 fraction and number density (28) can be employed to replace the
10440 4.9735 unknown factor in the distributions by
For the host medium we ud&e(nbrine) = 1.34 and the imaginary N, = v (48)

part for the refractive index for brine given in Appendix C.
Common volume fractions for different seas around Europe are
given in Table 1, and Figure 3 shows rendered images of four dif-  Different types of ice can be constructed by different choices
ferent marine areas. The areas are all illuminated by the same at-of air and brine volume fractions, and minerals and algae can be
mospheric lighting model and the color difference in the images are included in the same way as they were included in water in Sec-
only due to the optical properties of the water. Note, how increas- tion 4.2 (particle sizes of algae and minerals may need adjustment
ing the amount of minerals gives the water a lighter blue color. The to larger sizes in ice as compared to water). As examples, we have
blue color is due to absorption in the water (host) medium. Increas- found optical properties of ice resulting from compacted snow and
ing the amount of algae makes the water more green, which can bewhite first-year ice. Renderings of these two types of ice as well

o An (Tmax e (O)Neg(£) Al

3 Jrmin

seen in the rendering of the North Sea. as pure ice for comparison, are presented in Figure 4. The contents
of brine and air in compacted snow argine = 8.0 - 10~* and

4.3 Ice _ —4
Vair = 2.3 - 1077,

Ice in itself is a pure substance, but in reality we hardly ever see it  The importance of using volume-to-area equivalent spheres (see
in its pure form. Most ice contains air particles and sea ice also con- Sec. 2.3) is very significant. At15°C Light et al. [2004] mea-
tains brine pockets. In addition, minerals and algae may be presentsured a reduced scattering coefficient-bf~ 8 in first-year sea-ice



Pure ice Compacted snow White ice
Figure 4: The Stanford dragon model rendered using different types of ice. The dragon is 50 meters long and at this size it shows the effect of absorption by
the ice. This absorption is the reason for the blue light transmitted through the pure ice, the cold blue light of the compacted snow and the deep blue light in
the shadow regions of the white ice dragon.

5 Conclusion and Future Work

We have presented a novel generalization of the Lorenz-Mie the-
ory for computing the scattering properties of participating media.
Our generalization includes a set of robust recurrence formulas that
makes it possible to compute the scattering amplitudes of particles
within an absorbing host medium. We have shown how to han-
dle non-spherical particles, and we have presented a framework
for computing the bulk optical properties for a given participating
medium based on its particle contents.

The generalized Lorenz-Mie theory makes it possible to com-
pute optical properties for the large class of materials composed of

10am 7pm particles (possibly non-spherical) in an absorbing host. Previously
Figure 5: A blue iceberg at noon turns green in the evening. These bottle in graphics it has only been possible to obtain optical properties for
green icebergs are one of nature’s peculiarities. We simulated the properties such materials through measurements. Our theoretical approach of-
of the green iceberg shown in these images by including a small amount fers a number of advantages in comparison to measurement-based
of minerals and only very little air and brine in the ice. The atmospheric approaches since it can compute all optical properties of a medium
lighting model uses Rayleigh scattering to obtain the spectral radiance for at any given wavelength, and it can handle materials such as ice
the skylight and the sun.

which cannot be measured using existing techniques in graphics.
To demonstrate the theory, we have presented a novel appear-

ance model for milk parameterized by the fat and protein contents.

Our appearance model can predict previous measured values and it

samples with volume fractions,;; = 0.006 andvpyine = 0.02. If allows us to estimate the fat and protein contents of milk for which
the shape of the brine inclusions is ignored and all brine is included optical properties have been measured. We have also computed op-
as bubbles, we get a significant over-estimatieh/ 30. If vol- tical properties for different types of ocean water and ice. These

ume equivalent spheres are employed, the reduced scattering coeffiexamples demonstrate the importance of taking an absorbing host

cientis underestimated a§ ~ 6.4. The volume-to-area equivalent ~medium and non-spherical particles into account.

spheres are a much better choice givirig~ 8.1. In the future, we would like to use the theory to estimate the
contents of measured materials such as those by Narasimhan et

One of natures peculiar phenomena is bottle green icebergs. Thisal- [2006]. Such an approach could have interesting perspectives
type of iceberg is almost free of brine and air inclusions [Dieck- With respect to food and material sciences. It would also be inter-
mann et al. 1987; Warren et al. 1993]. They do, however, contain esting to generalize the theory further in order to support coated and
some gray scattering inclusions that we model as minerals. To ac-Multi-layered particles such as soot within the host medium.
count for these minerals in the ice, we change the exponent use
with the number density distribution in the ocean water case to
a = 1.5. We then include a tiny fraction of brine and a very small  This research was supported by the Otto Mgnsted foundation, the
fraction of air, as well as a volume fraction of minerals which is V. Kann Rasmussen foundation, AEG Elektronfonden, and GallT
Umineral = 1.5 - 1077, A theory for the bottle green sometimes
observed in these very clean icebergs, is that their color dependsReferences
on the light incident through the atmosphere [Lee 1990]. Therefore . o
the ice will look clean and very transmissive during the day, but ATTAIE, R., AND RICHTERT, R. L. 2000. Size distribution of fat
when sun begins to set, and the spectrum of the incident light shifts ~ 9lobules in goat milk Journal of Dairy Science §240-944.
towards red wavelengths, the minerals in the iceberg shift the spec-BABIN, M., MOREL, A., FELL, V. F.-S. F.,AND STRAMSKI, D.
trum such that the ice gets a dark green appearance. The rendered 2003. Light scattering properties of marine particles in coastal
bottle green iceberg shown in Figure 5 illustrates the very different  and open ocean waters as related to the particle mass concentra-
appearance of this type of iceberg at two different times of the day.  tion. Limnology and Oceanography 48, 843-859.
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wherer is the particle radius and

1 2 2
a:lnuzln(;+1) , B= ln(%+1). (50)

The power law distribution i$V(r) = N.r~%, wherea is usu-
ally determined empirically and/.. is a constant which can be de-
termined by the relationship between number density and volume
fraction (28).

’I“SN(T) = (49)

B Non-Spherical Particle Formulas

We present analytic formulas for two common non-spherical parti-
cle shapes found in scattering media.

B.1 Ellipsoids

Given a particle with lengtlf and length-to-diameter ratip. The
surface area and volume of a prolate ellipsoid are:
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w02 sin” ‘e
Ag==—= (1
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) and Vg =

wheres = /1 — 1/~2 is the ellipse eccentricity. The radius of the
volume-to-area equivalent sphere is
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1
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For a circular cylinder with length and length-to-diameter ratia

Ll
4~2 7

374
244"

7 02

cyzz’y ‘/cy:

Teq,cy =

C Imaginary Part of Refractive Indices

Ao Im(n)
[nm] water! brine? fat3 water + B2 mineraP
375 3.39e—10 4.59¢—10 4.0e—6 2.93e—7

400 2.11e—10 3.38e—10 6.4e—6 2.60e—7
25 1.62 2.23 8.6 3.36

alga(,ﬁ ice”

2.12e—3 1.84e—4 2.42e—11
1.66e—3 1.96e—4 2.37e—11
1.30 2.89 3.52

50 3.30 3.05 1.1e—5 4.10 1.01 3.11 9.24
75 4.31 4.04 1.1 3.33 7.84e—4 2.79 2.38e—10
500 8.12e—10 7.76e—10 1.0e—5 1.08e—7 6.07e—4 2.14e—4 5.89e—10
25 1.74e—9 1.69e—9 4.7e—6 5.64e—8 4.59 1.26 1.24e—9
50 2.47 2.42 4.6 6.02 3.61 8.19e—5 2.29
75 3.53 3.48 4.7 7.91 2.77 5.57 3.80
600 1.06e—8 1.05e—8 4.9e—6 7.95e—8 2.13e—4 6.03e—5 5.73e—9
25 1.41 1.40 5.0 8.58 1.63 7.86 9.50
50 1.76 1.76 5.0 9.32 1.25 1.00e—4 1.43e—8
75 2.41 2.40 5.1 7.37 9.52e—5 2.53 1.99
700 3.48e—8 3.44e—8 5.2e—6 1.14e—7 7.26e—5 3.91e—5 2.90e—8
25 8.59 8.51 5.2 1.33 3.91 4.17

3.91 5.87

50 1.47e—7 1.47e—7 5.2 2.20 0
9e—5 3.91e—5 9.37e—8

775 1.49e—7 1.49e—7 5.2e—6 2.35e—7
In this table, we use the notatiane —y = « - 10~ ¥

1 Data from Pope and Fry [1997] f{&80 — 700 nm. Remaining from Hale and Query [1973].
2pata for pure water corrected using slopes from Pegau et al. [1997].

3 Data from Michalski et al. [2001].

4pata from the PhotochemCAD application [Du et al. 1998].

5 Example spectrum computed using results from Babin et al. [2003b].

6E><ample spectrum computed using data from Bricaud et al. [1995].

7 Data from Warren et al. [2006] fd75 — 600 nm. Remaining from Grenfell and Perovich [1981].
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