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Abstract. We describe a new data format for storing triangular and
symmetric matrices called RFP (Rectangular Full Packed). The standard
two dimensional arrays of Fortran and C (also known as full format) that
are used to store triangular and symmetric matrices waste nearly half
the storage space but provide high performance via the use of level 3
BLAS. Standard packed format arrays fully utilize storage (array space)
but provide low performance as there are no level 3 packed BLAS. We
combine the good features of packed and full storage using RFP format
to obtain high performance using L3 (level 3) BLAS as RFP is full for-
mat. Also, RFP format requires exactly the same minimal storage as
packed format. Each full and/or packed symmetric/triangular routine
becomes a single new RFP routine. We present LAPACK routines for
Cholesky factorization, inverse and solution computation in RFP format
to illustrate this new work and to describe its performance on the IBM,
Itanium, NEC, and SUN platforms. Performance of RFP versus LA-
PACK full routines for both serial and SMP parallel processing is about
the same while using half the storage. Performance is roughly one to a
factor of 33 for serial and one to a factor of 100 for SMP parallel times
faster than LAPACK packed routines. Existing LAPACK routines and
vendor LAPACK routines were used in the serial and the SMP parallel
study respectively. In both studies Vendor L3 BLAS were used.

1 Introduction

Recently many new data formats for matrices have been introduced for improv-
ing the performance of Dense Linear Algebra (DLA) algorithms. Two ACM
TOMS papers [2,1] and the survey article [5] give an excellent overview. Since
then at least two new ones have emerged, [6] and the subject matter of this
paper, RFP format.

2 Description of Rectangular Full Packed Format

We describe RFP (Rectangular Full Packed) format. It represents a standard
packed array as a full 2D array. By using RFP format the performance of
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LAPACK’s [3] packed format routines becomes equal to or better than their
full array counterparts. RFP format is a variant of Hybrid Full Packed (HFP)
format [4]. RFP format is a rearrangement of a Standard full rectangular Array
(SA) holding a symmetric / triangular matrix A into a compact full storage
Rectangular Array (AR) that uses the minimal storage NT = n(n + 1)/2. Note
also that the transpose of the matrix in array AR also represents A. Therefore,
level 3 BLAS can be used on AR or its transpose. In fact, with the equivalent
LAPACK algorithm, using array AR or its transpose instead of array SA, gives
slightly better performance. Therefore, this offers the possibility to replace all
packed or full LAPACK routines with equivalent LAPACK routines that work
on array AR or its transpose.

3 Cholesky Factorization using Rectangular Full Packed
Format

RFP format is a standard full array of size NT = n(n + 1)/2 that holds a
symmetric / triangular matrix A of order n. It is closely related to HFP format,
see [4], which represents A as the concatenation of two standard full arrays whose
total size is also NT'. A basic simple idea leads to both formats. Let A be an
order n symmetric matrix. Break A into a block 2 x 2 form

A AT
A= 21 1
[Am A22] (1)

where A1y and Ags are symmetric. Clearly, we need only store the lower triangles
of A;; and Ass as well as the full matrix Ay;. When n = 2k is even, the lower
triangle of A;; and the upper triangle of AL, can be concatenated together along
their main diagonals into a (k + 1) x k dense matrix. This last operation is the
crux of the basic simple idea. The off-diagonal block As; is k X k, and so it can
be appended below the (k + 1) X k& dense matrix. Thus, the lower triangle of
A can be stored as a single (n + 1) x k dense matrix AR. In effect, each block
matrix Ajq, A1 and Ass is now stored in ‘full format’. This means all entries
of AR can be accessed with constant row and column strides. So, the full power
of LAPACK’s block level 3 codes are now available for RFP format which uses
the minimum amount of storage. Finally, ART which is k x (n + 1) has the
same desirable properties. In the right part of Figures 1 and 2 with n = 7 and
n = 6 we have introduced colors and horizontal lines to try to visually delineate
triangles Ty, T representing lower, upper triangles of symmetric matrices A1,
AL, respectively and square or near square S; representing matrix Ao;. After
each a; ; we have added its position location in the arrays A and AR.

We now describe a 2 by 2 block algorithm (BA) that naturally suggests itself
for use on RFP format. A has a block 2 x 2 form Cholesky factorization

v _|Lir O LT L
L _[Lzl L) | 0 If )

where L1 and Las are lower triangular. Equation (2) is the basis of a 2 by 2 BA
on RFP. We now describe this by using existing LAPACK routines and level 3
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LAPACK full data format Rectangular full packed
n=7 n = 7, memory needed:
memory needed: n x n = 49 n x (n+1)/2 =28
a1,14 <& < < < < < a1,1; Q5,55 @6,515 7,500
a2,15 Q2,29 < < < < < a2,15 42,29 16,615 07,603
as,1z 3,219 a3,3;7 © 4 <o < , a3, 13 43,29 3,317 07,724
A4,14 A4,2,1 04,315 A4,495| < < <o Q4,14 Q4,211 A4,31g Q4,405
as5,15 5,215 5319 05,495 |A5,535 < < as5,15 5,219 A5,319 A5,496
ae,1g @6,213 6,350 06,497 16,534 06,6417 < a6,1¢ 06,213 06,350 A6,497
Q7,17 Q7,214 Q7,307 A7,408 |A7,535 A7,640 A7,749 Q7,17 Q7,214 A7,397 Q7,498
A matrix A A matrix AR

Fig. 1. Rectangular Full Packed format if n is odd

BLAS (see figure 3). The BA with block sizes k and k + 1 where k = [n/2] or
k = n/2 is: see equations (1), (2) and Figures 1, 2, 3.

rectangular full packed
n = 6, memory needed:

LAPACK full data format

n==6
n+1) xn/2 =21
memory needed: n x n = 36 ( ) /
Q4,47 Q5,45 Q6,4
a1, © o o S S L4 o4s T0.415
1,15 Q5,55 Q6,5
a2,1, Q2,2g o o I3 o 2 7999 16
) 42,13 42,210 46,617
a3,13 a3,29 3,315 o < o a a P
3,14 43,2 3,3
4,14 Q4,210 @4,316|24,400 < 4 —=t el SRl
o 4,15 A4,215 A4,319

as,15 45,211 45,317 |A5,403 45,509
a6,1¢ 46,212 46,315 |16,424 16,539 16,636
A matrix A

as,1g @5,213 5,399
Q6,17 16,214 06,391
A matrix AR
Fig. 2. Rectangular Full Packed format if n is even

This covers RFP format when uplo = ‘L’, and n is odd (figure 1) and even
(figure 2). For uplo = ‘U, for n even and odd similar layouts exist. Also, all of
these layouts have associated layouts for AR” .

We now consider performance aspects of using RFP format in the context of
using LAPACK routines on triangular matrices stored in RFP format. The above
BA should perform about the same as the corresponding full format LAPACK
routine. This is because both the BA code and the corresponding LAPACK code
are nearly the same and both data formats are full format. Therefore, the BA
code should outperform the corresponding LAPACK packed code by about the
same margin as does the corresponding LAPACK full code. In [4] performance
results for HFP format on the IBM Power 4 Processor is given. Those results
are similar to what we obtained for RFP format. Here the gain of full RFP code
over packed LAPACK code is about a factor of one to 36 for serial processing
and about a factor of one to 97 for SMP parallel processing.
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1. factor LIILTl = A11; 1. factor L11L’{1 = A11;
call POTRF(’L’,k,AR(1,1),n,info) call POTRF(’L’,k,AR(2,1),n+1,info)
2. solve Lo LT} = Ao 2. solve Loy LT, = Aay;
call TRSM('R’,)L’, TN’ k-1,k, & call TRSM('R’,’L’,"T",N’ k k,one, &
one,AR(1,1),n,AR(k+1,1),n) AR(2,1),n+1,AR(k+2,1),n+1)
3. update AL, = AL, — Loy LT, 3. update AL, = AL, — Loy LY
call SYRK(‘U'’N’ k-1 k,-one, & call SYRK(‘U’,’N’ k k -one, &
AR(k+1,1),n,0ne,AR(1,2),n) AR(k+2,1),n+1,0ne,AR(1,1),n+1)
4. factor UgyUss = Ady: 4. factor ULUss = Al:
call POTRF(‘U’k-1,AR(1,2),n,info) call POTRF(‘U’,k,AR(1,1),n+1,info)
For n odd, and k = [n/2] For n even, and k = n/2

Fig. 3. The Cholesky Factorization Algorithm using RFP format

4 A Performance Study using RFP Format

n RFP LAPACK
NO TRANS| TRANS | POTRF |PPTRF
U L U L U L |U L
50 | 456 520 |516 482|460 464 (291 294
100 | 753 813 | 829 768|612 827 399 369
200 (946 979 | 997 955|933 1150({455 370
400 |1208 1231 |1158 1183|1081 1244|483 339
500 (1173 1227 |1138 1186|1121 1340|511 343
800 (1316 1318 |1189 1269|1256 1310|522 324
1000{1275 1318 |1281 1303(1313 1406|530 288
1600(1350 1387 |1358 1312({1405 1234|502 223
2000({1264 1367 |1403 1323|1360 1491|394 163
4000|1287 1450 (1537 1263|1392 1565|300 153

Table 1. Performance in Mflops of Cholesky Factorization on SUN
UltraSPARC-III computer

There are 11 tables giving performance results of LAPACK and RFP rou-
tines. The LAPACK routines POTRF, PPTRF, POTRI, PPTRI, POTRS and
PPTRS are compared with the RFPTRF, RFPTRI and RFPTRS for Cholesky
factorization, inverse and solution respectively. In all cases real long precision
arithmetic (double precision) is used. Results were obtained on several different
computers using everywhere the vendor level 3 and level 2 BLAS.

Due to space limitations, we cannot present all of our timing results. We
noticed a few anomalies in the performance runs for POTRS on SUN in Table
3, the PP runs on NEC (Tables 7, 8 and 9) and the PP and PO runs on SUN
SMP parallel, Table 11. We have re-run these cases and have obtained the same
results. At this time we do not have a rational explanation for these anomalies.
Finally, our timings do not include the cost of sorting any LAPACK data formats
to RFP data formats and vice versa.

The tables from 1 to 9 show the performance comparison in Mflops of fac-
torization, inversion and solution on SUN UltraSPARC-III (clock rate: 1200
MHz; L1 cache: 64 kB 4-way data, 32 kB 4-way instruction, and 2 kB Write,
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RFP

LAPACK

NO TRANS

TRANS

POTRI

PPTRI

U

L

U L

U L

U L

50
100
200
400
500
800
1000
1600
2000
4000

379

698
1012
1290
1290
1446
1428
1418
1387
1460

379

696

989
1223
1276
1445
1337
1372
1333
1408

380 381
699 700
1008 997
12291263
1238 1330
1330 1356
1442 1436
1369 1396
1370 1536
1389 1453

330 328
698 707
10521030
1229 1212
1285 1276
1343 1325
1378 1318
11421317
1400 1366
1421 1395

318 338
412 446
467 558
452 606
448 595
408 566
404 531
262 450
242 394
201 288

Table 2. Performance in Mflops of Cholesky Inversion on

SUN UltraSPARC-III computer

r
h
S

RFP

LAPACK

NO TRANS

TRANS

POTRS

PPTRS

U

L

U

L

U L

U L

100
100
100
100
100
100
100
160
200
400

50
100
200
400
500
800
1000
1600
2000
4000

1132
1193
1477
1494
1466
1503
1553
1595
1600
1666

1123
1163
1478
1505
1443
1505
1524
1564
1636
1668

1153 1135
12371211
1500 1490
1514 1534
1436 1445
1535 1469
1499 1576
1603 1577
1610 1615
1696 1665

1103 1069
1262 1262
1280 1235
1150 1149
1217 1229
1151 1096
1089 1125
11551121
1105 1087
1080 1084

353 353
478 478
557 554
582 582
560 569
528 526
513 513
421 403
347 338
292 290

Table 3. Performance in

SUN UltraSPARC-III computer

Mflops of Cholesky Solution on
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RFP

LAPACK

NO TRANS

TRANS

POTRF

PPTRF

U L

U L

U L

U L

50
100
200
400
500
800

1000
1600
2000
4000

781 771
1843 1788
3178 2869
3931 3709
4008 3808
4198 4097
4115 4038
3851 3652
3899 3716
3966 3791

784 771
1848 1812
2963 3064
3756 3823
3883 3914
4145 4126
4015 3649
3967 3971
3660 3660
3927 4011

1107 739
1874 1725
2967 2871
3870 3740
4043 3911
3900 4009
3769 3983
3640 3987
3865 3835
3869 4052

495 533
879 825
1323 1100
1121 1236
1032 1257
612 1127
305 697
147 437
108 358
119 398

Table 4. Performance in Mflops of Cholesky Factorization on ia64 Itanium
computer

2 kB Prefetch; L2 cache: 8 MB; TLB: 1040 entries), ia64 Itanium (CPU: Intel
Itanium?2: 1.3 GHz, cache: 3 MB on-chip L3 cache), and NEC SX-6 computer
(8 CPU’s, per CPU peak : 8 Gflops, per node peak : 64 Gflops, vector register
length: 256). The tables 10 and 11 show the SMP parallelism of these subroutines
on the IBM Power4 (clock rate: 1300 MHz; two CPUs per chip; L1 cache: 128 KB
(64 KB per CPU) instruction, 64 KB 2-way (32 KB per CPU) data; L2 cache:
1.5 MB 8-way shared between the two CPUs; L3 cache: 32 MB 8-way shared
(off-chip); TLB: 1024 entries) and SUN UltraSPARC-IV (the same hardware pa-
rameters as SUN UltraSPARC-III except the clock rate: 1350 MHz) computers
respectively. They compare SMP times of RFPTRF, POTRF and PPTRF. The
tables 10 and 11 also show the times of the four operations (POTRF, TRSM,
SYRK and again POTRF) inside the new algorithm RFPTRF.

5 Summary and Conclusions

This paper describes RFP format as a standard minimal full format for repre-
senting both symmetric and triangular matrices. Hence, these matrix layouts are
a replacement for both the standard formats of DLA, namely full and packed
storage. These new layouts possess three good features: they are supported by
level 3 BLAS and LAPACK full format routines, and they require minimal stor-
age.
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RFP

LAPACK

NO TRANS

TRANS

POTRI

PPTRI

u

1

u 1

u 1

u 1

50
100
200
400
500
800
1000
1600
2000
4000

633
1252
2305
3084
3204
3617
3611
3721
3784
3822

659
1323
2442
3199
3316
3741
3716
3802
3812
3762

648 640
1300 1272
2431 2314
3188 3094
3329 3218
3720 3640
3637 3590
3795 3714
3745 3704
3956 3851

777 870
1573 1760
2357 2639
3152 3445
3400 3611
3468 3786
3456 3790
3589 3713
3636 3798
3760 3750

508 460
815 810
1118 1211
1234 1363
1239 1382
1182 1268
767 946
500 609
473 596
467 614

Table 5. Performance in Mflops of Cholesky Inversion on
ia64 Itanium computer

RFP LAPACK

r

h
S

NO TRANS

TRANS

POTRS

PPTRS

u

1

u 1

u 1

u 1

100
100
100
100
100
100
100
160
200
400

50
100
200
400
500
800
1000
1600
2000
4000

2409
3305
4149
4398
4313
3979
3716
3892
4052
4245

2412
3301
4154
4403
4155
3919
3608
3874
4073
4225

2414 2422
3303 3303
4127 4146
4416 4444
4374 4394
4040 4051
3498 3477
4020 3994
4040 4020
4275 4287

3044 3018
3889 3855
4143 4127
4469 4451
4203 4093
3969 4011
3630 3645
4001 4011
4231 4203
4330 4320

725 714
1126 1109
1526 1512
1097 1088
1054 1045
692 720
376 372
188 182
119 119
115 144

Table 6. Performance in Mflops of Cholesky Solution on

ia64 Itanium computer
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RFP

LAPACK

NO TRANS

TRANS

POTRF

PPTRF

u 1

u 1

u 1

u 1

50
100
200
400
500
800
1000
1600
2000
4000

206 200
721 728
2028 2025
3868 3915
4483 4470
5154 5168
5666 5654
6224 6145
6762 6788
7321 7325

225 225
789 788
2005 2015
3078 3073
4636 4636
4331 4261
5725 5703
5644 5272
6642 6610
7236 7125

365 353
1055 989
13801639
1763 3311
4103 4241
3253 4469
5144 5689
5375 5895
6088 6732
6994 7311

57 238
120 591
246 1250
479 1975
585 2149
870 2399
1035 2474
1441 2572
1654 2598
2339 2641

Table 7. Performance in Mflops of Cholesky Factorization

on SX-6 NEC computer with Vector Option

RFP

LAPACK

NO TRANS

TRANS

POTRI

PPTRI

u 1

u 1

u 1

u 1

50
100
200
400
500
800
1000
1600
2000
4000

152 152
430 432
950 956
1850 1852
2227 2228
3775 3775
4346 4346
5313 5294
6006 6006
6953 6953

150 152
428 432
940 941
1804 1806
2174 2181
3668 3686
4254 4263
5137 5308
5930 5931
6836 6888

148 145
313 310
636 627
1734 1624
2180 2029
3405 3052
4273 3638
5438 4511
5997 4832
7041 4814

91 61

194 126
404 249
722 470
856 572
1186 842
1342 985
1690 1361
1854 1536
1921 2122

Table 8. Performance in Mflops of Cholesky Inversion on

SX-6 NEC computer with Vector Option
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r
h
S

n

RFP

LAPACK

NO TRANS

TRANS

POTRS

PPTRS

U

L

U L

U L

U L

100
100
100
100
100
100
100
160
200
400

100
200
400
500
800
1000
1600
2000
4000

50 | 873
2173
4236
5431
5563
6407
6578
6781
7568

7858

870
2171
4230
5431
5562
6407
6578
6805
7569
7858

889 886
2200 2189
4253 4245
5410 5408
5568 5567
6240 6240
6559 6558
6430 6430
7519 7519

77617761

1933 1941
3216 3236
4165 4166
5302 5303
5629 5632
5569 5593
6554 6566
6799 6809
7406 7407
7626 7627

88 88
181 179
352 347
648 644
783 779
11321128
13251320
17321727
1920 1914
2414 2410

Table 9. Performance in Mflops of Cholesky Solution on

SX-6 NEC computer with Vector Option

n |n Mﬂp| Times
pr| RFPTRF in RFPTRF LAPACK
oc POTRF TRSM SYRK POTRF POTRF PPTRF
1000| 1 | 2695 0.12| 0.02 0.05 0.04 0.02 0.12 0.94
57570 0.04| 0.01 0.02 0.01 0.01 0.03 0.32
10|10699 0.03 | 0.01 0.01 0.01 0.00 0.02 0.16
15|18354 0.02| 0.00 0.01  0.00 0.00 0.01 0.11
2000(1 | 2618 1.02| 0.13 0.38 0.38 0.13 0.97 8.74
510127 0.26 0.04 0.10 0.09 0.04 0.24 3.42
10|17579 0.15| 0.02 0.06 0.05 0.03 0.12 1.65
15|23798 0.11 0.02 0.04 0.04 0.01 0.13 1.11
3000(1 | 2577 3.49| 0.45 1.33 1.28 0.44 3.40 30.42
5 (11369 0.79| 0.11 0.28 0.30 0.11 0.71 11.76
10|19706 0.46 | 0.06 0.19 0.16 0.05 0.38 6.16
15|29280 0.31| 0.05 0.12 0.10 0.04 0.26 4.28
4000/ 1 | 2664 8.01| 1.01 2.90 3.09 1.01 7.55 75.72
5 (11221 1.90 0.26 0.68 0.72 0.24 1.65 25.73
1021275 1.00| 0.13 0.39 0.36 0.12 0.86 13.95
15|31024 0.69 | 0.09 0.28 0.24 0.08 0.59 10.46
5000| 1 | 2551 16.34| 2.04 6.16 6.10 2.04 15.79 154.74
5111372 3.66| 0.45 1.37 1.44 0.40 3.27 47.76
10|22326 1.87| 0.25 0.78 0.62 0.22 1.73 28.13
1532265 1.29 | 0.17 0.53 0.45 0.14 1.16 20.95

Table 10. Performance Times and MFLOPS of Cholesky Factorization on an
IBM Power 4 computer using SMP parallelism on 1, 5, 10 and 15 processors.
Here vendor codes for Level 2 and 3 BLAS and POTRF are used, ESSL
library version 3.3. PPTRF is LAPACK code. UPLO = "L’.
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n |n|Mflp | Times
pr| RFPTRF in RFPTRF LAPACK
oc POTRF TRSM SYRK POTRF POTRF PPTRF

1000 1 | 1587 0.21| 0.03 0.09 0.07 0.03 0.19 1.06
54762 0.07| 0.02 0.02 0.02 0.02 0.07 1.13
10| 5557 0.06 | 0.01 0.01  0.02 0.02 0.06 1.12
15| 5557 0.06 | 0.02 0.01 0.01 0.02 0.06 1.11
20001 1668 1.58 | 0.22 0.63 0.52 0.22 1.45 11.20
516667 0.40| 0.07 0.13 0.13 0.07 0.38 11.95
10| 8602 0.31| 0.06 0.07 0.11 0.07 0.25 11.24
15/ 9524 0.28 | 0.06 0.06 0.08 0.08 0.23 11.66
30001 | 1819 4.95| 0.62 1.98 1.72 0.63 4.86 45.48
56872 1.31| 0.20 0.42 0.48 0.20 1.38 55.77
10{12162 0.74| 0.14 0.22 0.21 0.16 0.76 46.99
15|12676 0.71 | 0.14 0.16 0.30 0.16 0.61 45.71
4000| 1 | 1823 11.70| 1.52 4.62 4.01 1.55 11.86 112.52
57960 2.68| 0.40 0.94 0.92 0.42 2.74 112.77
10|14035 1.52 | 0.26 0.47 0.49 0.30 1.61 112.53
15(17067 1.25| 0.24 0.37 0.35 0.29 1.29 111.67
5000| 1 | 1843 22.61| 2.92 8.76 8.00 2.93 23.60 218.94
58139 5.12| 0.77 1.81 1.80 0.74 5.45 221.58
10{14318 2.91 | 0.50 0.97 0.93 0.51 3.11 214.54
15(17960 2.32 | 0.45 0.72 0.68 0.47 2.40 225.08

Table 11. Performance in Times and Mflops of Cholesky Factorization on
SUN UltraSPARC-IV computer with a different number of Processors, test-
ing the SMP Parallelism. PPTRF does not show any SMP parallelism.
UPLO ="L".
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