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Abstract

The varieties of financial services and innovation in finahproducts have an increasing impact on
households across global and local markets. Individuasd temake personal finance decisions upon
choices of pension, savings and pure investment plans.eA¢dime time, they may need a mortgage
portfolio to fund a real estate purchase domestically orseas, as well as a personal scheme to sup-
plement life-long consumption. These are essentially adyog@ortfolio optimization problems. Much
has been accomplished in solving these from the corporagpeeive. In particular, one of the ap-
proaches is asset liability modeling - a key instrument uisélge financial services industry. However,
the researchfeort of similar problems from the household standpoint iegahew, hence close study

by means of mathematical modeling and risk management mhetbgy could prove lucrative.

The main goal of this research is to achieve a high level @&grtion between pension and mort-
gage portfolio problems typical to an average householdhiinge traditionally been solved separately.
Such integration should yield portfolio strategies thafqren effectively in terms of household objec-

tives and are highly robust in the ever-changing marketsicelethe desired model should optimize

household utility whilst managing the risk exposure andlfng policy requirements.
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1 Preface 1

1 Preface

This thesis fulfills the final requirement to obtaining a Masdf Science degree in Computing and
Mathematics at the Technical University of Denmark (DTW)has been carried out at the Section
of Operations Research of the Informatics and Mathematicalelling department during the period

from February, 1st 2006 to August, 1st 2006 under the sugiervof Professor Jens Clausen and PhD

student Kourosh Marjani Rasmussen.

Reflecting the actual project flow, this report is structurethe following manner. First, the research
motivation and main concepts are presented, setting thendweork for defining the integrated pen-
sion and mortgage portfolio management for householddgmoldinancial risk exposure associated
with such integrated portfolios is studied. Next, the hiwede pension and mortgage products are
presented as applicable for modeling their charactesistibese include policy contribution, dealing,
interest accrual, cost structure, and etc. Also, the uyiderinvestment and credit links in these prod-
ucts are outlined and the stochasticity associated witim {fie. market prices, interest rates, returns,
and etc.) is presented. Utility optimization methods ammlsimed with risk management techniques
in defining the integrated portfolio objectives. Thestively manage risk exposure of the portfolio,
capture uncertainties of the products integrated in it,@stanize the utility objectives, a multi-stage
stochastic programming approach is taken. The challengeodgling arises from the need to corre-
late the investment trust returns and interest rates irr dodgenerate valid scenarios for the integrated
portfolio management problem. The proposed solution withiollowed by formulation of the com-
plete integration of pension and mortgage portfolios in dtistage stochastic programming model.
This model optimizes expected utility of the portfolio ugpieither of two risk measures: Conditional
Value at Risk (CVaR) or Condition Drawdown at Risk (CDaR)iBGVaR and CDaR versions of the
integrated portfolio management problem are tested. y,dk#ir performance, sensitivity and robust-
ness are analyzed. Conclusion of the research findings andbedions finalizes this Master Thesis

report and briefly describes future aspirations of its autho
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2 Introduction

2.1 Research Motivation

When Otto von Bismarck established the first retiremenesgsh Germany in the nineteenth century,
he set the retirement age at seventy. By the end of the 1933 aithe major economies of the world
had national systems of one sort or another, and in most of,ttiee eligibility age was lower.
Although many national retirement systems were originatiyictured to be funded, most of them
moved to pay-as-you-go financing during the baby boom psradter World War 1l. Fertility rates
rates fell in most developed countries by the mid 1960s, amahtly years later the number of new
workers stabilized or started to decline. Some forty yeties antering the workforce, the baby boom
generation would become the "elder boom" of the twenty-fiesitury and aged dependency under
pension systems would skyrocket, as reflected in the Tabl&d percentages in this table are com-

puted based on the estimated statistics in [19].

Ratio (%) of 60+ population | Ratio (%) of 60+ population

to 15-59 age group, 2005 to 15-59 age group, 2050
Australia 32.86 71.61
Denmark 42.10 66.30
France 42.50 85.74
Germany 48.68 94.21
Italy 50.82 124.18
Japan 52.09 126.95
Netherlands 36.42 77.97
Spain 39.66 112.80
Sweden 48.48 76.60
Switzerland 42.63 90.75
United Kingdom 42.04 70.45
United States 32.48 59.86

\ World \ 19.05 \ 44.75 \

Table 1: Now and in 50 years: elderly vs. work-force popolaiilependency. These are the ratios (%) of 60
population to 15-59 age group, by country, 2005 and 2050 {ivhe/ariant)

By today, the phenomenon of aging populations and theirigapbns for pension costs is relatively
well studied, especially in developed countries. Althotlgir approaches have varied, many of these
countries have enacted public policies to stimulate gréateling of their pension systems or reduce

the benefits paid out by their public pension programs. Itaiesia subject of controversy whether
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the current and future pension systems are beneficial tbektakeholders and whether an average

household may fully rely on them.

The real estate market is constantly exhibiting volatidissthe demand and supply for houses balance
in response to local and nation-wide economical factores&hnclude prevailing inflation trends,
interest rates set by central banks, and etc. The recent boproperty prices around the globe has
highlighted the importance of prudent and personalizedigage planning. Homebuyers might not
mind if they are building equity in an asset that is appréwggbut if house prices fall, as looks possi-

ble in the overvalued markets, new owners will find themsefuether out of the pocket.

Such economical issues inherently impact not only the gowents and institutions but households
facing complicated financial problems. They are plannirgjrtlife-long consumption style, human

capital and financial wealth investment whilst settingtetyees to meet their retirement goals in the
uncertain markets. At the same time, households may neathtbtheir property mortgage, school

tuition for their children or car purchase, and etc. Havingtsmultidimensional needs, household
portfolio planning is essentially an integrated problenenkk, it is natural to ask for an integrated
solution that copes with achieving the financial targetsbse& household under uncertainty. This

question is the cornerstone of the thesis work carried out.

2.2 Main Concepts Involved

Before formalizing the problem addressed in this work, ttemtoncepts used in the research are

presented to the reader.

2.2.1 Asset Liability Modeling

Asset Liability Modeling (ALM) has evolved into a number aifterprise-wide, specialized, and in-
tegrated applications in the financial services industfy.[Rwestors, be they corporate professionals
or financially conscious individuals, face challenginglpeons allocating their asset holdings. These
are caused by multiple uncertainties of market dynamicstiamel The ALM assists fund managers,

asset and wealth professionals et al. in achieving speetlnvestment goals, covering liabilities and
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managing risks of their customers, operations and financéakets. These models consider various
scenarios of underlying portfolio securities to realizeufe and present financial decisions with the
anticipation of uncertainty. In reality, the ALM is used om @ngoing basis. Essentially, this reflects
that, as time elapses the behaviour of financial marketssinvent preferences, internal and external

conditions change. Hence, the decisions made in the padtode readjusted.

2.2.2 Household Finance

Household finance, by analogy with corporate finance, askshooiseholds use their financial instru-
ments to attain their objectives [3]. There are certainuiezst that define the character of household

financial problems:

e Households plan over a long but finite period of time: theytiseir financial goals over years,

i.g. retirement age or mortgage maturity.

e Households have important non-traded assets, namelyhiian capital: they receive labour

income but cannot sell claims to it.

e Households own illiquid assets, in particular their prop&rhich makes it costly to adjust their

consumption of housing services in response to economigteve

e Households face tight constraints in their ability to barreheir future consumption may be

determined not only by their wealth and investment oppaties) but also by their net income.

2.2.3 Life-Cycle Investing

Life-cycle investing is an area that currently receivesipl®f attention in the light of upcoming global
ageing and subsequent restructuring of the pension systetosrding to the new paradigm of life
cycle finance [1], the household welfare is measured by finfie consumption of goods and leisure
rather than by wealth. The same work highlights that the firmme for financial planning consists
of multiple periods. The main risks are managed by meansexfgutionary saving, diversification,
hedging and insuring. Underlying quantitative modellisghb longer limited to the mean-variance
efficiency and Monte Carlo simulation, but rather given prefeeeto dynamic programming and

contingency-claims analysis.
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2.3 Problem Definition

Given a range of financial investment opportunities, a hiooiseneeds to allocate their asset holdings
into a life-cycle portfolio with maximum capital goals, &etsame time meet the liability obligations
consistent with their mortgage. Construction and managemifesuch a portfolio should anticipate
and minimize the risks associated with financial marketatility, economic inflation, labour income

and household dynamics.

This is essentially a request for a completely new finanaiatlpct - a product that yields high re-
turns for low risk, adjusts itself to changing market coidis, and to the changing risk profiles as
the household progresses through its life. Such a produatdagmooth out the volatility, provide
consistent inflation-beating returns, and last but not ¢astl - take the detailed decision-making out

of the investment.

Uncertainty about future economic events and conditiorsséhaery important role in the portfolio
management. In this context, multiple risk factors showdbnsidered simultaneously and decisions
about the &ective portfolio composition and trading strategies stidad applied. This thesis suggests
an optimization approach suitable for the household pliwtfmanagement and control of associated
financial risks. In particular, it develops multistage $tastic programming model, that can be fur-
ther tailored for specialized use. Uncertainty in the inmarameters of such a model is represented by
means of discrete distributions (scenarios) that captnmrelation of the stochastic variables, i.e. asset

returns and interest rates. Such approach may be seen &aectem financial products innovation.

2.4 Research Flow

To plan the project activities and structure the study vsdeling eforts accordingly, the high-level
research flow was established as illustrated on the Figuragtly, the study of Risk Exposure and
Universe of Products is carried out, resulting in the deéiniof main approaches: Scenario Gener-
ation, Utility Optimization and Products Modeling. These ased to accomplish formulation of the
Integrated Pension and Mortgage Portfolio Management Maddhe final part of the work is to Test

and Analyze the model in order to prove its correctness aseisasts diverse qualities.
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-Risk Exposure- -Universe of Products-

Market Risk (Section 3.1): Assfévzgﬁl“;f %{ﬁ ése"t"’”s 411418
: E?::ESFII?S:[& Risk ~Faisiir Aoyt
- Investment Savings Account
) . . - Share Plan
o e e Liabilty Products (DK) (Sections 4.21-4.2.2)
- Wealth Risk - Fixed interest Rate Morigage
- Adjustable interest Rate Mortgage

v v
[scenario Generationflj] [Jutility Optimizationlljj [JlProducts Modeling[Jij

Obiective function constituents ; -
Aoproach (Section 6.1-6.2): (Section 5.1-5.6) MG 0 G CEOaiors:

- Asset products portfolio

- Stochastic event tree - Expected Utility (Section 4.1.6)

- Moment matching method - Conditional Value at Risk - Liabiliy pr.ociucis portiolio
- Conditional Drawdown at Risk (Section 4.2.3)
- Discount Factor o

-Integrated Model-

Integrating scenario irees (Section 6.2-8.3):

- Asset returns correlation with short rates

- Generating scenario trees

Integrating Asset and Liability portfolios

(Section 6.4):

- Assumptions, i.g. currency, time horizons efc.

- Establishing the connection between the
portfolios

h 4

F 3

.Test andvAnaIysis.

Experiments (Section 7):
- lllustrative Case
- Major Test Findings
- Robustness Analysis
- Sensitivity Analysis

Figure 1: Research Flow of the Thesis
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3 Risk Exposure

Risk factors &ecting the prices of financial instruments under study amdeguently the integrated
portfolio value, vary from pure financial to non-systemétackground risks. Most often, market
risk is considered to be the most important risk to considethé financial applications. From the
household perspective, income risk is aknowledged to bentia determinant of the dynamic cash

amount available for portfolio infusion.

3.1 Market Risk

The BIS defines market risk as "the risk that the value of on- fbalance-sheet positions will be
adversely #ected by movements in equity and interest rate marketsemeyrexchange rates and

commaodity prices". Accordingly, the main components ofrterket risk are:

e Equity risk- is the possible change of the financial instrument price tuge due to adverse

movements in the equity markets.

e Interest rate riskrefers to the change in the price of the instrument due to thements in the

interest rates.
e Currency rate riskarises from the change in price of one currency against anoth

e Commodity riskis the possible change in the price of the instrument duedartbvements in

the commodity markets.

Additionally, financial instruments are influenced by theideal risks, such as:

Spread riskis the potential loss due to changes in spreads between struiments (e.g. there is|a

credit spread risk between corporate and government bonds)

Basis riskis the potential loss due to pricingftérences between equivalent instruments, sugh as

futures, bonds and swaps.

Specific riskrefers to the issuer specific risk (e.g. the risk of holdingrnpany A stock vs. Company

B bond).

Volatility risk - is the risk that the price of an asset will change with time thuchanges in volatility.

1Bank of International Settlements.
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3.1.1 Equity Risk

Given the risk that the market price of the assets will chanijle time, Equity Risk takes dierent
meanings depending on the asset type. Correspondinglynagedistinguish between stock market

price risk, fixed income market price risk and various nauitional instrumenfsmarket price risk.

Stock market price risk encompasses the possibility of the stock price changirey time due to
adverse movements of the stock market. When the stock marikes change, the present value of

the investment portfolio has a risk of decreasing.

The risk measure that captures the sensitivity of the aesttet changes in the market indexgsf this
security when the market portfolio return changes:
Tim

Bi=—

oM

wherecoy is the covariance of the random variable asset rate of rétiand the market rate of returgy, T

ando, is the variance of the market rate of return.

Similarly, the Fixed income market risk is the risk that the price of a fixed-income security will
change with time due to adverse movements of the fixed-inomawdet. The predominant risk of
fixed income markets is the risk caused by movements in thelblevel of interest rates on straight,

default-free securities.

3.1.2 Interest Rate Risk

Interest Rate risk is the potential loss if the price of a sécwill change with the time due to move-
ments of the general levels of interest rates. This ridcts fixed-income as well as all other securities

with price dependencies on, among possibly other factoesinterest rates.

2For example, options, structured notes, and etc.
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The general level of interest rates is determined by thednt®n between supply and demand for
credit. If the supply of credit from lenders rises relatieetihe demand from borrowers, the interest
rate falls as lenders compete to find borrower for their fuiisthe contrary, if the demand raises rel-
ative to supply, the interest rate will rise as borrowerswveiting to pay more for increasingly scarce
funds. The principal force of the demand for credit comesnfitbe desire for current spending and
investment opportunities. Supply of credit on the otherdhaomes from willingness to defer spend-
ing. Besides, central banks are able to determine the le¥étgerest rates - either by setting them
directly or by influencing the money supply - in order to agbi¢heir economic objectives. For exam-
ple, in the UK, the Bank of England sets the base rate chamyethér financial institutions. When it
is raised, these follow suit and raise rates to their custsynmeaking it more expensive to borrow and
slowing down economic activity. The base rate (also knowthasfticial interest rate) will influence
interest rates charged for overdrafts, mortgages, as wslwngs accounts. Furthermore, a change in
the base rate will tend tdfct the price of property and financial assets such as bomgigsand the
exchange rate. The central bank influences the availabilitgoney and credit by adjusting the level
of bank reserves and by buying and selling government gessuri hese tools influence the supply of
credit, but do not directly impact the demand for it. Theref@entral banks in general are not able to

exert complete control over interest rates.

Inflation is also a factor. When there is an overall increagbe level of prices, investors require com-
pensation for the loss of purchasing power, which meanshenigominal interest rates. As agents
are supposed to base their decisions on real variablesthi¢ isquilibrium between real savings and
real investments that will determine the real interest fidence, if this equilibrium remains the same,
movements in the nominal interest rate should reflect mowésna the prices or in expected future

prices.

Another important factor is credit risk, which is a posstpilof a loss resulting from the inability
to repay the debt obligation. The larger the likelihood of being repaid, the higher are the interest

rate levels.
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Time is also a factor of risk and it therefore has influencehenlével of interest rates.

It is common to distinguish between short-term rates - fadieg periods shorter than one year -
and long-term rates for longer periods. Long-term ratestygieally decomposed into two factors:

the expected future level of short-term rates and a risk pr@nto compensate investors for holding
assets over a longer timeframe. As a result, yields on latgebsecurities are in general higher than

short-term rates.

Figure 2 captures all the detrimental risk factors influegcihe interest rate levels, summarizing

the above study in accordance.

SUPPLY: Wilingress o defer spending
AND
DEMAND: Desire fir curant spending and
investment opporiunities

N

CENTRAL BANKS:
1) set the interest rate
levels directly OR INTEREST
2) influence the money RATES
supply

Figure 2: Detrimental Factors of Interest Rate Risk
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3.2 Background Risk
3.2.1 Income Risk

In this thesis, theféect of labour income risk on the household portfolio managains considered.
The theoretical outlook to this background risk is basedhencboncept that a household with labour
income has an implicit holding of a nontradable asset - huoaguital - which represents a claim to
the stream of future income. It has been shown in [2] and i&] $uch nontradable asset may "crowd

out" explicit asset holdings in the following way.

If labour income is totally riskless, then riskless assétlings are strongly crowded out
and the household will tilt its portfolio strongly towardsky assets. If the household is
constrained from borrowing to finance risky investments,gblution may be a corner at
which the portfolio is 100% risky assets. If labour incomeis&y but uncorrelated with

risky financial assets, then riskless asset holdings drerstivded out but less strongly;
the portfolio tilt towards risky assets is reduced. If labmcome is positively correlated
with risky financial assets, then those can actually be cedaalit, tilting the portfolio

towards safe financial assets.

Assuming that income dynamics is uncorrelated or only weaklrelated with risky asset returns,
households with expected future income large relativelyhtr financial wealth should have the
strongest desire to hold such assets. In a life-cycle magehge-dependent individual profile of in-
come is essentially represented by the tendency of incret@e to financial wealth in the youngest
adulthood stage, and decline as the individual approa@ieement. This suggests that fairly young
households are the most likely to bfezted by borrowing constraints that limit their portfoliogr-

tions.
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4 Universe of Products

One of the main challenges in this work has been to choosdy stnd model asset (pension) and
liability (mortgage) products. Common knowledge abouirtsucture, opportunities and limitations

associated with their operation, along with main positiohisncertainty needs to be established. Main
business parameters and relationships need to be choseondeting and appropriate assumptions to

be made for capturing less important yet valuable elemdritese products.

In the scope of this thesis, the asset and liability prodilictstrated on the Figure 3 are subject to

study.
Asset products (UK)
Product: Investment b
’ Pension Account Savings Account oy Share Plan Witguiax
(IT PA) (T ISA) (IT SP)
Shares of
underlying I || IT2 [ | IT3 || IT4 IT4 [ m2 [ |13 | [1T4 | - IT4 [ | 1T2 || IT3 | | IT4
investment
trusts:
Mortgage products (DK)
Product: . .
Fixed Rate Adjustable Rate
Mortgage (FRM) Mortgage (ARM)
Underlying
loans: FRME| | PRI FRMY| oen ARM,

Figure 3: Asset and Liability Products Studied

In particular, these are three asset products availableitK:
e Pension Account (IT PA),

¢ Investment Savings Account (IT ISA),
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e Share Plan (IT SP),

and two liability products originated in Denmark:
e Fixed Rate Mortgage (FRM),
e Adjustable Rate Mortgage (ARM).

Such geographical position of product selection is basetherrequirements associated with their
appropriate modeling. Namely, the asset products are atamature level of operation and research
in the UK, whereas the liability products are more mature enidark. Each of the asset products
invests in shares of certain investment trusts (denoted yIT 2, and etc.), in this way diversifying
associated market risks. The liability products, on theotiand, are fbered with a set of underlying

loans (denoted bFRM3, andARM, and etc.).

In the following the detailed product research and modedmgsiderations are presented to the reader.

4.1 Asset Products
4.1.1 Overview: Personal Pension, Savings and Investmenti®&mes

Private Pension Planare defined contribution (DC) schemes which are sponsoreddiyidual in-

vestments (bounded by a certain amount set by governmeut)jepend on the performance of un-
derlying securities. At retirement, its owner will take &-faee lump sum (25%) and the rest is used to
buy annuities (taxable guaranteed income). It is not pessibwithdraw money from these schemes

before the retirement age, however it is possible to refieamcl change to afiierent provider.

Individual Savings Account (ISA3 an account into which an individual can save and invedt-wit
out having to pay any capital gains tax on any profits made @nynincome or interest received on
his investment.

There are two kinds of ISA - Maxi and Mini. Each tax year, anestor can put up to £000 into
either Maxi ISA or Mini ISA but he is not allowed to have both.itMini ISA one can put up
to £3 000 in cash and £400 in stocks and shares. With Maxi ISA, it is possible to #tvep to
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£7,000 in stocks, shares and cash, although it still bound tongeémum amount invested in cash to
£3,000 (and in that case then, 400 into stocks and shares). An investor has complete freeder

the way, amount and time of money withdrawal. In this themidy the Maxi ISA option is considered.

Individual Investment Plangre schemes that provide unlimited investment opporasitiithout any

tax relieves.

4.1.2 Investment Trusts

The above described Private Pension Plan, ISA and Individuestment Plan financial products are

offered with the Investment Trusts rather than single seearitnderlying their policies.

Investment Trustare companies that invest in the shares and securities ef otimpanies. They
pool investors’ money and employ a professional fund maniagavest in the shares of a wide range
of companies. This way even investors with small amountsafey can gain exposure, at low cost, to
a diversified and professionally run portfolio of shareseaging the risk of stock market investment.
Investment trusts raise money for investing by issuingehaéenerally, this happens once - when the
trust is created. This makes investment trusts close-endechumber of shares the trust issues and

therefore the amount of money raised to invest is fixed attéme s

The share prices of an investment fund are determined bylysamo demand on the correspond-

ing investment trust trade activity.

The equity and interest rate risks discussed inSketion 3.1 Market Riskre the major detrimental
factors of uncertainty in the investment trust price dyrami-ollowing are investment trusts parame-

ters that exhibit stochasticity.

Net Asset Value (NAWf the investment trust - is the value of its assets avail&blshareholders

after prior ranking charges have been deducted from tosaitsis



4.1 Asset Products 15

Net Asset Value (NAV) per shards the value of shareholder funds expressed as an amount per

ordinary share.

Bid/Sellis the price ffered in the market to buy shares from an investor, also exféa as the selling

price.

Offer/BuyAskis the price @tered in the market at which shares affeed to investors also referred

to as the buying price.

The dealing spreads the diference between the price at which the shares are sfilet mice) and

purchased (bid price). The spread varies with the time armtehaonditions.

The mid-marketprice is calculated as the mid point between the bid affier grices and is used

to calculate the price related data (e.g. discount, yiettisdmare price performance data).

The underlying investment product which an investor is bgyis a share in a company listed on
the London Stock Exchange. The price of its shares is deteahy supply and demand. It is, there-

fore, not necessarily the same as the value of the underlyM\gper share.

Where the price of shares in an investment trust is lower tharNAV per share, the trust is said
to be trading at @iscount When the price is higher than the NAV per share, it is saidettrdding at
apremium The discount or premium varies depending on the demandfmvastment trust’s shares

and represents an additional element of potential risk ewand.

Dividend yieldexpresses the dividend per share as a percentage of thetrahgke price. Future
dividends may be higher or lower than indicated by the curd@ridend yield depending on the per-

formance of the trust.
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Trusts specialize in what they aim to achieve for their shalders. Some try and maximize income. Others

aim exclusively for growth. Some trusts aim to provide a coration of income and capital growth.

Investment trusts, being companies, can borrow to purchdsiional investments. This is called ’fi-
nancial gearing’. It allows investment trusts to take adage of a long-term view on a sector or|to
take advantage of a favorable situation or a particularisaetive stock without having to sell existing
investments. Financial gearing works by magnifying theestment trust’s performance. If a trust 'gears up
and then markets rise and the returns outstrip the costsrofwimg, the overall returns to investors will be
even greater. But there is a downside to gearing too. If niafietl and the performance of the assets in|the
portfolio is poor, then losses fared by the investor will be also magnified. Although the tégearing’
when applied to investment trusts usually describes ffecton the asset value, it als@fects a trust's
revenue and dividend potential. Not all investment trusts financial gearing and many of those that do
only use it to a very limited extent. Other investment vedschre unable to borrow to purchase additional

investments to the same extent as investment trusts.

4.1.3 Investment Trusts Pension Account

Investment Trust Pension Account (ITR#dvides an exposure to investment trusts and lower risk
cash fund, with low charges and flexible payment methodsténds to provide an income in retire-

ment and make the best use of available tax benefits.

Contribution

An investor may choose lump sum or regular monthly paymaerits any of the underlying invest-
ment trusts. There is a minimum lump sum investment oDHO gross per investment trust or cash
fund in the ITPA. The minimum for regular saving is £100 grpss investment trust or cash fund.
Most individuals are allowed to contribute up to,680 gross per annum without any reference to

earnings.

Monthly contributions can be made on either the 1st or thé d5the month. The Dealing Day

for Direct Debit contributions collected on the 1st of thenttowill be the 8th of the month.

S3Contributions of over £300 are based on net relevant earnings in the *basis’ tax year
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The Dealing Day for the contributions collected on the 15tthe month will be the 22nd of the

monttf,

Furthermore, there is a limit on the maximum contribution @enum based on the net relevant
earnings from the chosen basis year as presented in theZable

The £3600 contribution limit and the maximum contribution as agesitage of earnings are

Age on the first day of tax year Maximum % of earnings
35orless 17.5%
36-45 20%
46-50 25%
51-55 30%
56-60 35%
61-74 40%

Table 2: Maximum Contribution per Annum Based on the Net ReieEarnings.

total contribution as a percentage of earnings are totariborions in a tax year. Therefore, an
investor must take account of any contributions being pamhty other personal pensions, retire-

ment annuity contracts or trust schemes.

In the integrated pension and mortgage portfolio managepreblem modeled in this thesis only the

lump sum contribution option is considered.

Investment Dealing

The shares of the investment trusts are owned on behalf ok¢heuntholders by the Trustee who
is responsible for the investment dealing. This involveschase of new shares, sales of the exist-
ing ones, contribution, switching among the investmerkdjrall at the prevailing market prices. The
dealing days on the account are the 8th, 15th, 22nd and 29thafaa month, or if these days fall
at a weekend or bank holiday, the next working day. For sieitpliof modeling, it is assumed that

investment dealing takes place on the annual basis.

Dividends

Any dividends received will be reinvested into the additibshares of the same trust, unless an in-

4For simplicity purposes of modeling, it will be assumed it 1st day of month is chosen by an investor.
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vestor has switched out of that particular trust, then tiveddind will be reinvested on the current
allocation. A cash fund does not pay dividends. Some invesstrimust companies pay dividends on a

quarterly or monthly basis. The majority pay dividends &vicyear.

Charges

Charges describe the cost structure of the IT PA and arenedtln the following:

e There is an % dealing charge on purchases (including the cash fundhaticapped at £50,

plus Q5% Government stamp duty (excluding the cash fund).

e There is no dealing charge on the sale of shares.

e There is no annual charge on the pension account but thenmgestrusts and the cash fund

have underlying expenses accumulated in the Total Expeate. R

Total Expense Ratitakes into account th&nnual Management Fagid to the manager and all other
operating expenses such as audit fees and irrecoverablé/VAdre appropriate, tax relief allowable
on expenses has been included. It represents the total chettans (excluding interest payments) as

a percentage of the trust's average net assets over a year.

Withdrawal
An investor cannot take his money out until receiving hisgp@m benefits at retirement horizon. The

withdrawal itself can be arranged infidirent ways. Two possibilities are:

e Up to 25% of the fund value can be paid as a tax free lump sumhenigest is used to purchase

an annuity (which is treated as the earned income and therisfassessable to tax).

e The withdrawal can be arranged through the income drawdoleohas the facility that allows
taking income at any time after the retirement horizon iched and keeping the rest of the
capital invested. Usually the income amount is limited te 85%-100% of the income an

investor would have if he bought a single-life level annuity
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As portfolio management for individuals after they havechesl retirement age is not considered in

this thesis, the simplified approach is taken: a withdraveahfl TPA is due to the investor retiremént

4.1.4 Investment Trusts Investment Savings Account

Investment Trusts Investment Savings Account (IT iSA)flexible Investment Trusts wrapper that

protects from income or capital gain tax on the investmetoirns.

Contribution

Similarly to the IT PA, IT ISA is dfered with the lump sum or regular monthly contribution opso
The minimum for regular saving is £100 gross per investmmst and the minimum lump sum con-
tribution is £1 000 correspondingly. For consistency in the modeling of$A ] only the lump sum

contribution is considered.

Investment Dealing

Shares that IT ISA invests in are purchased from a brokeresbdist éfer price available at the time
of the order. The selling of shares held in the IT ISA is madthatprevailing bid price through a
withdrawal of shares to a value of at least £100. The valudaifes remaining after the sales should

be above £1000.

Dividends
Unless otherwise required by an investor, all his dividesdall be reinvested (minimum £10) in

shares of the same trust.

Charges

The cost structure of IT ISA is presented in the following:

e There is a 1% transaction charge on purchases and sales lifi tBA. This is subject to a

maximum of £50 per trust. Moreover,3% Government stamp duty applies to all purchases.

SFor example, an investor may decide to invest the accundigéalth into the income drawdown.
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e Dividend reinvestments are subject to a 1% transactiorgeh@50 maximum) plus 0.5% Gov-

ernment Stamp Duty.
e There is also a £25 annual account charge associated with tB&.

e The underlying investment trusts in the IT ISA also bear esps which are accumulated in the

Total Expense Ratfo

Withdrawal

The withdrawal on the account is possible at any time, stilbjec
e Minimum withdrawal amount is £100.

e The account value is not allowed to drop below @10 as a result of withdrawal operation.

4.1.5 Investment Trusts Share Plan

Investment Trusts Share Plan (IT S#fpws investing directly into shares of investment trusither

on a lump sum or monthly basis. Holdings are subject to tax.

Contribution

Similarly to the IT PA and IT ISA, the IT SP isftered with the regular and lump sum contribution
options. The minimum lump sum contribution is £500 grossipdividual trust in the IT SP. The
minimum for regular saving is £50 gross per investment trlisére is no maximum investment into
the IT SP.

For consistency in modeling of IT SP among other asset ptedadhe scope, only the lump sum

contribution is considered.

Investment Dealing
The selling of shares held in the IT SP is made through a vaildr of shares to a value of at least

£50. The value of shares remaining after the sales shouldde&£500.

6See theChargesparagraph in th&ection 4.1.3 Investment Trust Pension Account.
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Dividends

e Unless agreed to be paid out, all dividends are reinvestaadiram of £10) in shares of the

same trust.

e All uninvested cash balance is kept in the non-interestibgalient account (subject to a flat-

rate charge in accordance with Inland Revenue Regulations)

Charges

The cost structure of IT SP is described in the following:

e There is a 1% transaction charge on purchases and sales I B. This is subject to a

maximum of £50 per trust. Moreover,3% Government stamp duty applies to all purchases.

e Dividend reinvestments are subject to a 1% transactiorgeh@50 maximum) plus.8% Gov-

ernment stamp duty.

e There are no annual charges on the IT SP itself, however ttherlying investment trusts bear

expenses accrued in the Total Expenses Ratio.

Withdrawal

The withdrawal on the IT SP is possible at any time, subject to
e Minimum withdrawal amount is £50.

e The IT SP value is not allowed to drop below £500 as a resultithidrawal operation.
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4.1.6 Dynamics and Policy Constraints of Asset Products

Given a set of scenaridse Q generated as described in tBection 6.1 Scenario Generati@set
of asset productk € K, a set of investment trustse 7 underlying these products, and a set of time
periodst € {to,t1,...,tr}, the following stochastic variables, being the main detrital factors of

uncertainty in the integrated pension and mortgage proléeendefined:

Pdit = Offer price (used in the purchase transactions) of the itraisthe timet, scenarid,
PB:t = Bid price (used in the sales transactions) of the trasthe timet, scenarid,

PMi't = Midmarket price (used in the capital valuation) of the triust the timet, scenarid,
r'(mv)it = Return of the trust at the timet, scenarid at the prevailing midmarket prices.

The policies of IT PA, IT ISA and IT SP products are further defl by a number of deterministic

parameters:
APC = Annual Product Charge associated with the pro¢tuct
TER = Total Expense Ratio associated with the investment trust
PFR = Purchase Fee Ratio on the purchase dealing transactions pfaducik,
PFCap = Purchase Fee Cap on the Purchase Fee value associated
with the purchase dealing transactions of the pro#éuct
GovStamp = Government Stamp Duty on the investment dealing transactb the produck,
SFR = Sales Fee Ratio on the sales dealing transactions of thegitqd
SFCap = Sales Fee Cap on the Sales Fee value associated with
the sales dealing transactions of the prodwct
Cmin)k = Minimum lump sum contribution value of the product
C(Maxk = Maximum annual contribution value of the prodict
Wimaxk = Maximum withdrawal allowed at any time on the prodigct
W(Renk = Minimum remaining amount required on the prodiistaccount after the withdrawal.

To model the cash infusion dynamics into the portfolio, thiéofving income parameter is used (rep-



4.1 Asset Products 23

resening a percentage of income available for financiakimrent per year):

ACl; = Available Cash for Investing at the tinte

The decision and auxiliary variables for modeling the IT PAISA and IT SP policies are:
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Contribution value into the produktat the time period, scenarid,

Value of holding in the cash account at the time peticgtenarid,

Value of holding in the produdt account at the time peridglscenarid,
Capital value of the investment trugteld within the produck at the

time periodt, scenarid,

Number of investment truss shares held via the produktt the

time periodt, scenarid,

Withdrawal value from the produégtat the time period, scenarid,

Value of the investment trustpurchased within produdtat timet, scenarid,
Number of the investment truss shares purchased via prodkcit

timet, scenarid,

Purchase dealing fee associated with the prokughderlying investment
trusti, at the timet, scenarid,

Positive or zero dference from the purchase cap, associated with the purchase
fee paid on the dealing in the investment tilsshares at the timg scenarid,
Value of the investment trustsold within produck at timet, scenarid,
Number of the investment truss shares sold via the productt the timet,
scenarid,

Sales dealing fee associated with the prodwcinderlying investment

trusti, at the timet, scenarid,

Positive or zero dference from the sales cap, associated with the sales
fee paid on the dealing in the investment tiisshares at the time scenarid,

Accumulated wealth of the portfolio at the optimization izon, scenarid.
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All variables are positive, hence the short selling is nizived.

Available cash for investing at any time peridds used to finance the contribution in the IT PA,
IT ISA and IT SP asset products. According to the cash eguilib principle [20], at any time, the
available cash to inves§Cl; is distributed among these products. Moreover, the santea@unt

is used to pay annual product charges:
ACl > Yyex(Cl,+ATR), Vte(to,....tr},VleQ 1)

Once a contribution into an investment product is made simrents into its underlying trusts can be
allocated. The cash dynamics at the product level alsoddhe equilibrium principle, distributing the
contribution value into the purchase of underlying investirtrusts, accounting for the sales of trusts,
and justifying the cash flow for the required withdrawal fréme product account. It is noteworthy to
mention that the total expenses on the underlying invedtinests are paid on the holding value of

the investment trust at the corresponding time period:

Cle+ Dier Xt = Zier(Xjg + TER-Z}) + W, Vke K, Vteft, ... tr),VIeQ 2
Ci, = Dier(Xjy, +TER-Zj, ), Vke K. VleQ

The asset dynamics at the investment trust level underbyitygf the IT PA, IT ISA or IT SP products

is also based on the equilibrium principle. Namely, theltioaound value of assets at any time and

scenario must be equal to the total outbound value. For lingréition of the asset dynamics equi-

librium see Figure 4. Current value of purchased sharesaafy the hold value from the previous

month and reinvested dividends is used to hold and sell sltareespondingly at the present month:

)(|T<It+ nc(l)(1+ranc(l) )

] (njit-1 A+ Xk, VieIVkeK, Vtelty,.. tr},VleQ

Xtte = g VeI VkeK,VleQ A3)

The above formulated dynamics at the cash account, prodacingestment trust levels (1)-(3) is

connected into a network-like model which is illustratedtbe Figure 5. The nodes of this network
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Figure 4: Asset dynamics equilibrium for the investmenstiwnderlying the produdt, at timet, scenarid.
Hold value from the previous time periovzﬁﬂ'l)) plus the purchased shareg() is equal to the current hold
value @,,) plus the shares soldf,).

are positioned at three levels and are spanned over timewsnbear of entities at each level. Bottom-
level nodes signify the cash account state over time. Theibation is made from the cash account
into the IT PA, IT ISA and IT SP products which is depicted bg thold arrows directed towards the

middle-level nodes that represent states of these scheraetroe.

Next, the shares in their underlying investment trusase purchased or sold which is signified by
the directed arrows from the account-level nodes to thestnvent trust (top-level) nodes. The invest-
ment trust holding value is transfered to the correspondide at the subsequent month and all the
dividends are reinvested. At the first time period, only pase operations take place. Withdrawal
from a product account is represented by the bold arrowsemiimy the middle-level product and the

corresponding bottom-level cash account nodes. Total atmafuwithdrawals is further matched to

liability payments, as described in ti&ection 6.4 Integrating the Pension and Mortgage Por&olio

into a Multistage Stochastic Programming Madel

This is a simplified version of the asset products networlctviisualizes only the concept behind the
asset portfolio dynamics. For more details on the integransion and mortgage portfolio network,

seeSection 6.4 Integrating the Pension and Mortgage Poratito the Multistage SP Model
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Figure 5: Asset side network. At any tinescenarid available cash to invesACl;) is distributed among the
productsk at valuesCy;. At the product level, this cash is used to purcha)qﬁyto and sell P(ifllgt) shares of

investment trusts The withdrawal Wll<,t) from the produck is accumulated in the cash accoufit ke W, ,)-
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The lump sum contribution into the producis required to be greater than a certain minimOmAin)x

and less than based on the net relevant earnings maxipumx:

Cmink < C||<t < CMmaxk, VkeXK, Vtelty,...,.tt}, VleQ (4)

The scenario-specific purchase value of the investmerttisfgemposed of its shares acquired at the
corresponding fber price, adjusted by the government stamp duty, and thénpsecfee calculated on

the purchase dealing value:

X PO, - xt\(1+ GovStamp) + pf,
Yiel, VYkeK, Vteity,...,tt}, VleQ
Apfl, = PFCap-PFR-PO,x!!

5)
Yiel, VYkeK, Vteity,....tt}, VIleQ

pfi. = PFCap—Apfy,
Viel, VkeK, Vtef{ty,....tt}, VleQ

Similarly, the shares sold at the current bid price, adjustethe sales fee calculated on the dealing

value constitute the sales value of the investment trust:

- - I
Xig = PBy- X +sfy
Viel, VYkeK, Vtef{t,....tt}, VleQ

Asfl, = SFCap-SFR-PBx. )
VieZ, VYkekK, Vtelty,....tr), VleQ
sfi:(t = SFCam—AsfiLt

Yiel, VYke¥K, Vte{t,....tt}, VleQ

Withdrawal from the investment products is limited by theximeum amount allowed to be cashed

and the remaining capital value in the product account riidebelow a certain level:

|
Wkt

IA

Wimaxk Yke K, Vtelt,...,.tt}, VleQ @)

IA

W, Yier Zhy —Wwemk Yke K, Vtefty,....tr}, VIeQ
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At any time periodt, the scenarid dependent capital value of the investment tiuginderlying
productk) is calculated using the corresponding midmarket price:

Z

e = PM,-24, Viel, VkeXk, Vtef{to,....tr}, VleQ (8)

Finally, the accumulated wealth of the asset portfolio i®drined by summing up capital values of

all investment trusts held in it at the time horizén

AW =" % Zy . VIeNr (9)

keK iel
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4.2 Liability Products
4.2.1 Overview: Mortgage Products

There are two main types of mortgages: Repayment and |tiemgs

Repaymenis the traditional type of mortgage. On a regular basis,utgebwill be paying an interest
to the mortgage lender, together with a small portion of thaily borrowed amount. Over time a
greater proportion of the regular payments will be usedpayehe capital. After the agreed length of

the mortgage, the buyer has completely repaid the loan.

With the interest-onlymortgage, the buyer pays interest on the amount borrowedreguar ba-
sis and does not make any inroads into the loan itself urdiletid of the mortgage term. Then, the

mortgage is expected to be paid back in full.

Danish mortgage bond products have been actively studied ine financial optimization perspec-
tive, e.g. in [13], [12] and [14]. For practical reasons ofdating and scenario generation, loans on
property dfered in Denmark are assumed to be available to an Englisktowvehose asset portfolio
consists of the IT PA, IT ISA and IT SP, with underlying invesnt trusts. Danish mortgage products
possess certain features, i.g. an early prepayment opttbnmegpect to prevailing market prices, caps
on interest rates of the ARMs, etc. which protect the morg&dmm the market and interest rate risks.
These features make Danish mortgage products an attratibiee for the study in the scope of this
thesis. The UK mortgage market, on the other hand, is chaiaet by products without such protec-
tion and moreover - would demand more dedicated resourceaVeilable for quality modeling. In
addition, holding the financial assets iffdrent countries féers international diversification benefits

by reducing the total risk of the portfolio.

4.2.2 Fixed Interest Rate Mortgage and Adjustable InteresRate Mortgage loans

Fixed Rate Mortgage (FRMpan, when issued must be prepaid at the fixed interest raiesfdura-
tion, usually 10-30 years. The principal prepayment andtsts associated with this loan are calcu-

lated on the outstanding debt face value at any time untiiithe horizon of the mortgage. Therefore,
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although the interest rate level is fixed, the real paymedyismic due to the changes in the loan
price following the base interest rates set by the centrakba

Further, when issuing an FRM, the mortgagor is granted waigtbuy-back delivery optidh meaning
that he has a right, not an obligation, to fully prepay hisled any time before its maturity at the
prevailing market prices. If compared with the non-caklabbnd, this option is more expensive in
the yield terms of the callable bond, reflecting a risk pramio the mortgage provider, due to the

uncertainty of the future yields of his invesments.

Adjustable Rate Mortgage (ARNbans are funded by means of the non-callable bullet bontsavi
short maturity from 1 to 11 years. The priciple behind the ARR¥n is that the borrower takes out
a 20- or 30-year annuity loan where the interest rate is satjust regular intervals - usually 1 year.
When the remaining debt of the loan needs to be refinancedbords are issued at the new interest
rate which is determined based on the prices of the new bdielsce, the prepayment of the ARM
loan is based on variable interest rate and variable primets, dependent on the base interest rates
CIBOR set by the National Bank of Denmark. As mentioned abtheeARM loan does notfter any
embedded call options. Moreover, its price has a risk ofeasing to such level that a mortgagor is

not able to prepay his loan, if he decides to withdraw fromeiobe the mortgage maturity.

In this Master Thesis work, the set of FRM loans with thirtyggeto maturity and one-year ARM are

available to issue at the consequent years along the portiimle span as described in the Table 3.

Loan Description

ARM; | One-year adjustable rate loan

FRM?Z,O 30-years to maturity, fixed 2% coupan

FRM@,T’0 30-years to maturity, fixed 3% coupan

FRMg0 30-years to maturity, fixed 4% coupan
n
n
n

FRMgO 30-years to maturity, fixed 5% coupd
FRM\E,‘O 30-years to maturity, fixed 6% coupd
FRM, | 30-years to maturity, fixed 7% coupd

Table 3: Mortgage Loans Considered in the Scope

“In this case, Danmarks Nationalbank - National Bank of Dakma
8This option is a distinguishing feature available only oa Banish mortgage market [14].
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It is noteworthy to mention that market risk associated vidtmish mortgage bond is often hedged
by means of early prepayment options and caps on ARMs. Atieely FRMs, although fdered at
the higher interest rates than ARMs, also protect agaitstdst rate risk. In this way they tradé-o
the possibility that if market rates indeed fall, the ifit@ntractually agreed interest rate will still
be required. There is evidence [14] that FRM and ARM serié@s/to the interest rate changes are
negatively correlated and thus, the associated risks cativbesified by combining these products

into one portfolio underlying the mortgage agreement.

4.2.3 Dynamics and Policy Constraints of Mortgage Products

Given a set of scenarids= Q generated as described in tBection 6.1 Scenario Generati@iset of
mortgage loang € 7, and a set of time periodse {to, t1,...,tr}, the following parameters capture

the uncertainty in the mortgage portfolio:

r'(M)j = Mortgage interest rate on the loqin the scenarid,
K'j = Loanj’s price in the scenari
CaIIK'j = Loanj’s call price in the scenarib

The mortage policies are further defined by the followinged®inistic parameters:

= Tax reduction fee rate (% of the outstanding face value),
= Administration fee rate (% of the oustanding debt),
Tax reduction from the administration fees,

= Fixed cost of refinancing,

S R ™ T R
Il

= Transaction fee rate (on sales and purchases of loans).

Market prices of the property financed by the mortgage pliwtiore important input parameters:

A

Initial amount needed by the mortgagor,

HP

Market price of the house at the mortgage time horizoscenarid.

To model the mortgage product life-cycle and policy constsa the following stochastic variables
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are defined:
yj‘tI = Prepayment value of the lognat the timet, scenarid,
y}ft' = Issuance value of the lognat the timet, scenarid,
RG, = Outstanding debt of the loajp at the timet, scenarid,
A'jt = Principal payment of the loaj at the timet, scenarid,
B = Total payment on the mortgage portfolio required at the tinseenarid,
PR = Prepayment amount at the mortgage horizon, scehario
SB = Total payment incurred over time in the scendrio
Profit'(T) = Profit in the scenaribat the mortgage horizon when all debt is prepaid.

All the above listed variables are positive, meaning thattséelling does not occur.

The initial amount is financed by issuing loans at the firsetiperiod. At any subsequent time mo-
ment, the principal of cash flow conservation stipulatestoled value of issued loans being spent on

prepaying or holding them:

zjejK}'yjﬁ'o 1A, VleQ

| |
Zjej Kj yﬁ

v

(10)

Tjeg CallKj -y Vte(ts,....tr), VieQ

The liability flow dynamics follows the equilibrium prindg This ensures that for any loan at any
time between the initial and the final moments, its outstagdiebt consists of its outstanding debt
from the preceding time period plus the newly issued debumits prepaid value and relevant princi-
pal payment, as illustrated on the Figure 6. At the initiaddiperiod, the outstanding debt in any loan
originates from its issued value. At the final time periodiloa contrary, it is not allowed to issue any

loans:

X
Q
[

= RGYV +y -y A, Vied, Vteln,...tr), VIeQ
Ya. Yied, VleQ (11)

0

Py
0]
[

yi = 0 Vjeg, Vieq



4.2 Liability Products 33

Figure 6: Liability dynamics equilibrium for the mortgageah j at timet, scenarid. Hold value from the
previous time periodF{G']?‘t’l“f)) plus the newly issued deht{) is equal to the current hold valuB@,) plus the

prepaid value)(jt') and relevant principal paymem\']().

The principal payment is determined on the annuity basigigway amortizing total principal in the
form of regular payments until the time horizon:

Fhyi .
Ay = RG‘%@?«W—@&?), Vied, Vtelt,...tr}, VleQ (12)
M)j

Whilst the loans are being issued, prepaid and held in thifgtior the annuity payment, interest rate
tax, administration and transaction fees must be met by agagor. By accumulating these into a
total value, the payment amount on the liability productdesermined in the following manner. It is

worth mentioning that at the initial time only the transantcosts on issuing the loans must be paid.

B, = A +ri(@=»RGY + b1 - HRGY + (v + ),
ViedJ, Vtelty,....tr}, VleQ
By, = nyp)+e. VYieJ, VleQ

Bt = XjeyBj Vtelto....tr}, VleQ

(13)

The total prepayment made at the mortgage time horizon isnaglated from the final loan value:

PP, = > CallK| -y, VIeQ (14)
=
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Portfolio profit at the mortgage time horizon is determinediee basis of the prevailing house prites

itl I
Profit, HP, - PP, VleQ 1)

I
PP, < HP., VvieQ

A

9For simplicity of the model and clarity of the strategiesdhgrates, the house price is a static parameter which igglwa
larger or equal to the total prepayment amount.
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5 Utility Optimization

Aside from modeling the asset (pension) and liability (rgage) products, it is important to formulate
the objectives an integrated portfolio should achieve. @& loand, an investor may be interested in
accumulating the maximum possible wealth of the portfadiogd on the other - incurring minimum

possible losses or other underperformance indicators;immaf his risk aversion. The approach sug-
gested in this thesis combines the utility function wittkrimanagement methods, i.e. Conditional
Value at Risk or Conditional Drawdown at Risk. The reseadt rmndeling details behind these are

presented in the following.

5.1 Expected Utility

Financial optimization problems often employ concept®eissed with the Expected Utility Theory,
which introduces dJtility Functionas an integrating measure, assigning a value (utility) ¢b @aint

of the possible outcomes distribution.

In general, optimization of the expected utility functi@aformulated as:

max E[U(R(x,T))]

sit. x>0, xeXK

whereR(x, T) is the expected return of the portfolio with asset posgig@nd underlying instrument
returnsr which are uncertaing{ is the real-valued concave risk averse function, and cose¢¥

consists of problem-specific constraints.

Some of the popular utility functions ar® {s used without parameters nor indexes for simplicity):

e Quadratic utility function

UR) =R - AR-R)?, 1>0

where parametet measures investor’s risk aversioh+£ O represents a risk-neutral investor).
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Isoelastic utility function

uUR = 1a+Ry. y<1
Y

where parametey is a measure investor’s risk tolerancge £ 1 represents a risk-neutral in-

vestor).

Logarithmic utility function

UR) =log(1 +R)

An investor who ranks investment opportunities (portfs)iby their logarithmic utility, is said

to follow a "growth optimal®® strategy.

Bilinear utility function

R = (1 - )RewardR) — ARisKR)

whereRewardandRiskare any of the reward and risk measures, and parameésea measure of the

investor’s risk aversionA(= 0 signifies a risk-neutral investor). One of the classicalnegles of the

bilinear utility function is Markowitz mean-variance madde

5.2 Certainly Equivalent Expected Return on Equity

Commonly used in the asset liability applications, Cefljalbquivalent Expected Return on Equity

has been identified as a potential objective function inttésis. The following notation is used for

its study:

L} = portfolio liability amount to be paid at the time peribdscenarid,
A't = asset capital of the portfolio at the time peripdcenarid,
E{ = equity available for investment at the time peripdcenarid.

Then, at any time periot] scenarid € Q the reward of the portfolio can be assessed byRb&irn

on Equity (ROE)measure, which essentially reveals how much profit a partgiinerates with the

10Also known as geometric mean or Kelly criterion.
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money invested in it:
| _ LI
ROE = At_lt
Et

AsROE is a random variable, the portfolio ROE at the titig defined in terms of its expected value.
Suppose, the scenarioe Q is of p' probability, then the expectation of ROE is determined @ th

following manner:
AL

expROE= Z p =
t

leQ

Expected utility values are useful in ranking and then selgahe best strategy, but their unit of
measurement is not standardized and therefordfisult to interpret in practice. To communicate the

investment recommendation mor@eently, it is common to use th&ertainly Equivalent

As defined in [20], the Certainly Equivalent returpof an asset with the risky retumi$ the one
that satisfies:

U(rc) = E[U(T)]

meaning that the certainly equivalent of the random retustfie sure returmn; which has the same

utility value as the random return does.

For the practical reasohs the use of CEexpROE in the model has been substituted byan ac
mulated wealth utility function as described in tBection 5.5 Choice of Objective Functions in the

Integrated Pension and Mortgage Portfolio Managementl/&rob

5.3 Conditional Value at Risk Optimization
5.3.1 Value at Risk

Value at Risk (VARis one of the most important and widely used statistics meaagpotential risk

of financial losses.

Being defined as the predicted worst-case loss at a specifficdeace level over a certain period

H1GAMS implementation would require a nonlinear solver tamjze the model with CEexpROE formulation. This has
been an insentive to outscope its implementation.
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of time, in particular VaR answers the question: What is tli@mum amount one can expect to lose

with a certain probability over a given horizon?

In mathematical terms, VaR corresponds to a percentile eftbtribution of portfolio profits and

losses (P&L).

Supposef (x,y) is the los$? associated with the decision vectore X, X € R" (e.g. portfolio po-
sition) and the random vectgre R™ of uncertainties (e.g. market prices). For eacthe lossf(x, y)
is a random variable having a distributionEninduced byy with the densityp(y)'®. The probability

of f(x,y) not exceeding a thresholtis given by:

¥(x.0) = f p(y)dy
f(xy)<¢

Then, VaR at the confidence levels the lowest possible value ¢fsuch that the probability of losses

less or equal to VaR is greater or equakto

{(x @) = min{|¥(x, {) = a}

Despite being a very popular risk measure, VaR has undésinadithematical characteristics, such as

being coherent only when based on the normal distributidgh thie following implication:

e Lack of subadditivity which means that VaR of the composi#fplio may not be equal to the

sum of the VaR values of its components.

e Lack of convexity which implies that optimization of VaR magsults in multiple local extrema

rather than desired unique absolute minimum.

e Providing just the lower bound for losses in the P&L disttibn, it fails to distiniguish between
the case when losses which are worse are insignificantlyenaord the case when such losses

are enormously waorse.

12If negative, it is the portfolio profit
13The assumption that the probabilty function has densitydderfor simplicity. Refer to [16] for the study on CVaR for
general distributions
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Probability

Example 1 (VaR)

Consider a hypothetical portfolio P&
distribution, shown on the Figure 7, wi
the expected P&L is 50 and the fif
percentile is -200. Hence, the 95% V. VaR from sxpecied value
of this portfolio is a loss from the curre
value of 200 or a loss from the expect
value 250. The decision upon which of t
two - current or expected values to base
VaR calculation on is arbitrary, but for tt
purpose of this thesis, consider expec
value of the portfolio as the anchor for Ve
statistics.

VaR from current value

J Portfolio P&L Value
o

-200
100
-50
0

Figure 7: VaR of Portfolio Profits and Losses

5.3.2 Conditional Value at Risk

To overcome the disadvantages of the VaR, an alternatikemresasure Conditional Value at Risk
(CVaR)was introduced by Uryasev et al. in [16]. For continuous Pddtributions, CVaR at a certain

confidence level is the expected loss given that the loseaerthan or equal to the VaR at that level.

Probability

Example 2 (CVaR) CVaR from expected value

Recall the hypothetical portfolio ca: V&R fio expected valus
discussed in the prior Example 1. T
expected loss in the (100-85%% worst
scenarios is -217 from the expected portfc
value which describes the loss distributi
beyond the VaR, as shown on the Figure

J Portfolio P&L Value

0

200
-100
50

Figure 8: CVaR of Portfolio Profits and Losses

Thea — CVaRvalue for the loss random variable associated with the macisand confidence level
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a € (0,1) is given by:

$o(¥)=(1-a)t f(x, y)p(y)dy
Hxy)240 ()

According to this formulationg, (x) is the conditional loss associated wiklnelative to that loss value

being greater or equal & (x). To describe this measure, the functienis introduced:

Fo(x )=+ (1—a)™ f [F(xy) - 1" p(y)dy.

yeRM

where;:

[t]" = maxt,0).

As shown in [15] such a functioR, (X, £) is convex and continuously fiierentiable in respect te.

Thea — CVaRof the loss associated with amye X can be determined as follows:

¢(l(x) = rpel]lg F(l(x’ ()

Moreover, to find the decisior yielding the minimuma — CVaRvalue it is stficient to minimize

F.(x ¢) over all (x,¢) according to [15].

In the case of discrete scenario setting, the integral faatiom of F,, is approximated by sampling the
probability distribution ofy with respect to its densitp(y) which generates vectogs, | = {1,...,m}
each corresponding to a scendrisith probability p' to happen. Then the corresponding approxima-

tion to F,, is established in the following manner:

Fu(e )=+ 0= > PIey) - "
=1

-

SuchF,(x, ¢) is convex, piecewise linear and can be minimized with resey.

Further, to linearizé,, auxiliary variable<, | = {1, ..., m} are introduced:

Z>f(xy)-¢, 220, I={1....m, (eR.
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Then, the functior,(x, ¢) can be replaced by the linear function- (1 - @)=t 3", p'Z.

5.3.3 Modeling CVaR measure

In the context of this thesis, the loss of the portfdliac', ') in the scenaridis the diference between
the final wealth accumulated by following the optimal stgate x* and the expected final accumulated

wealth:

f(x,y) = AW - E(AW), 1€Q

Introduce the following variables:

Los$ = loss of the portfolio in the leaf scenarip

VaR = VaR associated with the portfolio,

VaRDeV = Auxiliary variable in the context of the above,
CVaR = CVaR associated with the portfolio.

Then, the CVaR optimization of the integrated pension andgage portfolio is formulated in the

following manner:
Minimize CVaR

st

Los$ = AW -EAW), leQ
VaRDeV = Loss-VaR leQ
CVaR = VaR+ %?De{’
VaRDeV > 0 leQ

5.4 Conditional Drawdown at Risk Optimization

Portfolio drawdown is one of key performance indicatoreasmg the credibility and regulation con-
cerns the portfolio management [5]. Being defined as the irtipe portfolio value compared to the
maximum achieved in the past, the drawdown captures itepeance insentives in sense that it can

be used as an alarm when the portfolio returns are at risk.
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The Conditional Drawdown at Risk (CDaRunction at a certain confidence lewe] is the mean
of the worst (2~ a) - 100% drawdowns experienced over a time period. This wagkéd into account

both the frequency and duration of portfolio drawdowns.

The concepts behind CDaR function are similar to those iassitwith the VaR and CVaR. In fact,
CDaR may be presented as CVaR where the loss distributiodigréoution of portfolio drawdowns
with discrete time moments on scenario tree paths. Accglyithe optimization approach discussed
in prior sections is adopted to the extent of modeling sintiéess between the CVaR and CDaR mea-

sure.

Assume that continuous time intervd,tr] is sampled into N period$ € {to,...,tt}. Given the
discrete set of random evenf3,= {w||l = 1, m} with probabilitiesp', W!(x, 1) - the uncompounded
portfolio return at the timé with decision vectox defining the intrument positions constituting the

portfolio, in the scenarid.

The drawdown functioD'(x, t) is defined as a fierence between the maximum return over all pre-
ceding O< 7 < t and current time periods returns of the portfolio, in the scendrias illustrated on

the Figure 9 and formulated in the following:

D'(x.) = maxiW!(x. 7)} - W(x.t)

Let £,(X) be the treshold such that exactly €1a) - 100% of all drawdowns exceed it. Then, the

a — CDaRat the portfolio horizorT is the average of all drawdowns not exceeding this threshold

T m
Gl 8) = £+ s > ) B Dk ) - I"

t=t0 |:1

where p]* = max0, g)

To linearize ther — CDaRfunction, auxiliary variables, are defined:

U>Di(X)-¢ V=0 i={l....m,éeR
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Figure 9: Concept of portfolio drawdown. Portfolio retuM(x, t) (in red) and corresponding absolute draw-
downD'(x, t) (in blue).

Then, thew — CDaRfunction can be replaced by its linear equivalent:

Go(X,&) =&+

1 T m -IVI
R PIPIL

The CDaR measure is commonly used within maximization ogetgd portfolio returns at the final

time moment subject to risk constraints:

max E[W(X, T, w)]

s.t.

£+ oyt Sio 2 PV < n X PW(x 1)
W= Dy(¥) - ¢

with r denoting the largest tolerated drawdown (expressed asargage of the portfolio return).
5.5 Choice of Objective Functions in the Integrated Pensioand Mortgage Portfolio
Management Problem

In the Integrated Pension and Mortgage Portfolio Managémeaiblem, the bilinear utility function

is given a role of the model objective. This utility functi¢see Section Expected Utilityaims at
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optimizing the reward with regard to the risk measure. Theard is expressed in terms of the accu-
mulated wealth of the optimal portfolio at the time horizdihe risk measure is represented by either
thea — CVaRor a — CDaRof this portfolio. Given a risk aversion parameteand the confidence

level @, such an objective function is formulated in the following:

Maximize (1 - 1) Z p AW — A(CVaR)

leQ

or:

Maximize (1-1) > pAW; - A(CDaR))

leQ
whereAV\/'T is the accumulated wealth of the integrated portfolio atfih&l time T, scenarid € Q
with the probabilityp'; CVaR, andCDaR, are itsCVaRandCDaRmeasures at the confidence level

a correspondingly.

5.6 Discount Factor

In order to depreciate future liability and assess the prtes@ue of the wealth achieved by the port-
folio at its optimization horizon, the discounting factgris used. It is a stochastic variable with
dynamics which can be viewed from several perspectivesyggests inflation ratd# for adjusting
the future payments, in the sense that the discount fact®fised as:

1
In [4], the discounting factor is a sum of the guaranteedcgotate and extra dividend, both dependent
on prevailing business conditions. In more sophisticatedleting sense, as in [17] discount factors
are obtained both from preference-based and market-baseatljitrage) approach. The preference-
based approach is based on the assumption that an investaehain preferences satisfying the
expected utility theory. Alternatively, the market-bassgmproach imposes the use of price to deter-
mine the discount factor and can be applied only in the complarkets. In this thesis, the investor’s
income (salary) is adjusted for inflation, hence the inflatiate is chosen to be a proper indicator

for the discount factor. In general, discount factors afgedeent on the individual investor’s income
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dynamics and investment alternatives.

The inflation target of 2% set by the Bank of England is corrsiden this thesi¥. This rate is
expressed in terms of an annual rate of inflation based ondhsuner Prices Index (CPI). The remit
is not to achieve the lowest possible inflation rate, as iofidbelow the target of 2% is viewed to be
just as bad as inflation above this target. Hence, the inflaéigget is symmetrical. Indeed, the actual
inflation is never kept at its target of 2%. To achieve suchstamcy in the inflation level, the interest
rates would need to be changing all the time and by large atspc@using unnecessary uncertainty
and volatility in the economy. Even then, it would not be ploigsto keep the inflation at 2% in each
and every month. Instead, the interest rates are set satladitcin can be brought back to target within

a reasonable time period without creating undue instghiiithe economy.

In contrast to the other Scandinavian central banks Darsrigationalbank does not pursue an inflation target but an
exchange-rate target versus the euro. In 2005 the actuatianflrate was 1.7% which is close yet a bit lower than the
inflation rate in the UK which is why the latter has been chdgehis thesis.
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6 Multistage Stochastic Programming Model for the Integraed Pen-

sion and Mortgage Portfolio Management

Being a popular area for decision making, financial optitnirais capable of encompassing a wide
range of uncertainties: prices, interest rates, inflattaish flows, liabilities etc. Modeling over time
stages plays an important role in many financial problems. mhlti-staged decisions are required
e.g. when optimizing short-term vs. long-term objectivédgamically rebalancing investment port-
folio as the market and macroeconomical circumstancesgehananaging risks that occur over time,

and etc.

Flexible and capable to cope with realistic market impéirbes whilst solving decision-making prob-
lems under uncertainty over time periods, the multistagehststic programming approach to model-
ing evolved as an optimal choice for this thesis. Such maalidsy both asset (pension) and liability
(mortgage) sides of a portfolio to dynamically evolve ovare following a certain probability dis-
tribution. Portfolio decisions are revised as the perforogaof its uncertain investment and credit

constituents evolve, in the reversible manner.

The proposed multistage stochastic programming modeldedan the concept of stochastic event
tree and scenario generation capturing uncertainties ihg main challenge is to integrate the sce-
narios of more risky investment trust returns and mortgege fates - less risky ones. This and further

integration of pension and mortgage portfolios is subjéthe following study.

6.1 Stochastic Event Tree

In multistage stochastic programming models the progressrolution of random variables is com-
monly expressed by means of scenario trees. In this waycdreasos are not restricted to follow any
specific distribution or stochastic process meaning thaj@nt distribution of random variables can
be reconciled. This adds special value to solving realfgt@ncial problems that incur asymmetric

distributions and heavy tails in the random variables.
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Consider a finite probability spac@(¥, ) consisting of real-valued vectors of uncertain paranseter
such as market prices, interest rates, and etc. over disiime¢ stages$ = {to, t1, ..., tr}. According
to [20], a stochastic event tr&&is represented by a gragh= (X, &) where nodeg signify time and

stochastic scenarios, whereas liiksonnecting these nodes - possible transitions as timeesolv
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Figure 10: Stochastic event tree ovetime stages withV; nodes at each time stagd-inal stage noddsare
leaves of the tree. Each leaf is associated with a stochesitario spanning over a path that leads to it (an
example of a scenario is given in bold).

Figure 10 illustrates the concept of the stochastic eveert fFhe root node of the tree (at time tp)
represents the initial state of the model. At any tithe< t < ty, there areN; of possible states.
Scenarios correspond to the paths on the stochastic eeenety. one scenarias depicted in bold.

Furthermore, every node € N; for t; < t < ty has a parent nodangqn) € N;_; and every node

Also refered to as the stochastic scenario or just scenago t
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n e N;forty <t < ty_1 has a non-empty set of child nodég) c N;. States at the last time period
are represented by the leaf nodes and their number corsporhe total number of scenarios gen-

erated by the tree.

Establishing the one-to-one matching between probalaliynsw € Q and event treg, the prob-
ability distribution® is imposed on the event tree by weighting its leaf nodes N; with values
Pn > 0, so thaty,cx, Pn = 1. The probability at a certain state nadedenoted byp, is a product of
the conditional probabilities of the states preceding itloe same path starting from the root node.
Indeed, the total probability at each time stage must suno dpaind the probabilty of any node which

has children nodes must be equal to the sum of their probasili

Pn = Zmecn) Pme YNEN;,  t={lo,ty,... . tr1}

Znethn:]-’ t:{to,tl’,tT—l}
6.2 Interest Rate and Investment Trust Returns Scenario Gegration

Scenario generation is a crucial part of modeling the Imtigl Pension and Mortgage Portfolio Prob-
lem. To correctly quantify the risks associated with theBiment trusts underlying the asset products
and mortgage loans considered at the liability side of thé&f@m, realistic rates and prices are re-

quired as input parameters. The approach to assembling ithdsscribed in the following.

The short interest rates and mortgage prices are estimated the Vasicek model as in [14] and

approximative pricing method according to [12].

The asset return scenarios originate from the estimatéaricil prices of the investment trusts. These
prices are adjusted to account for the dividend reinvestraed are further used to obtain the annu-
alized returns over dierent time intervals. Denoting the price of the investmemsttat the current
timet by Py, its annualized returR;(r) over the time period of years is determined in the following

manner:

P+T T
RO = (D" -1 t=llot..tr) (16)
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Given the generated scenario tree of annualized refn3 over fixed periodr, with the matching
between its time stages and fixed periods (at the first tingeesthe returns are annualized over one
year, at the second time stage - they are annualized overdars,yand at the third time stage - over
three years, correspondingly), and the piget the time period, the pricePy,, at time stage + 7

(corresponding to the periad is determined by reversing the equation (16):

Por = Pu(R(7) + 1) 17)

To account for the interest rates while generating the invest trust return and dividend yield sce-
narios, the short rates annualized over three méhte correlated with the annualized investment
trust returns. The most positively or negatively corredaigith the short rates, investment trust return
variable is used by the scenario generating framework tobawgnthe investment trust and interest

rate uncertainties into a complete stochastic event tree.

The process of correlating the annualized ovéiiedent fixed intervals returns of the investment trusts
with the short interest rates is illustrated in Figure 11tfer investment trust IT3. It is worth men-
tioning that the returns fixed over the short periods (e.g, tiiree and six month returns are shown
on the graphs 11(a), 11(b) and 11(c) accordingly) are ratteakly correlated with the short rates.
However, as the fixed interval over which the returns are alwed is getting longer, the correlation
between these and short rates is getting stronger (e.gtwogthree, etc. year returns as represented
on the graphs 11(d), to 11(h) correspongingly). Moreouds noteworthy that the investment trust
returns over the long run are higher and riskier than the finedme securities with returns based on

the interest rates as illustrated on the graphs 11(d) - 11(h)

The moment-matching method has been introduced in [9] abd This method generates scenario
realizations of stochastic variables matching their sigal moments to the specific target values. In
particular, the first four statistical moments and the datien matrix of the annualized investment

trust returns, adjusted for the dividend yield and mortgaggerest rate variables are matched to the

18CIBOR, three months. Source: Danmarks Nationalbank.
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corresponding target values estimated from the histodatd.

Figure 12 presents selected stochastic event trees gethévanodel the return dynamics of the sam-
ple investment trusts considered. Every path on the treegponds to a certain scenati¢chosen
among all scenarios to represent general tree structune) miost correlated investment trust return
series with the short rates - linking criteria being usedh@gcenario generation algorithm - is depicted
by the most "regularly-constructed"” tree, with the leaghhar of branch intersections. Consequently,
the less correlated investment trust returns with the glatets are represented by the higher portion
of irregularities in their structure, such as overlappimgrizches, etc. For more details on the scenario

trees used in the modeling, see Appendix B.
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6.3 Integrating Scenario Trees of Investment Trust Returnsand Mortgage Rates

To integrate the investment trust returns and mortgages stenarios, the problem of combining
stochastic trees with fierent structures is posed. Essentially, the investmesit teturns are charac-

terized by more stochasticity in their dynamics if compai@the mortgage rates. In order to capture
both, a unique stochastic event tree must be constructekle fiollowing an abstract instance of such

problem is described.

Figure 13 illustrates an original three-stage trinomie¢tof mortgage prices with time periogsty, t2, t3,
and a target one-stage trge- t3 with 729 scenarios. To construct the trarget tree givencthearios
from the original one, its 27 nodes at the time stigare duplicated (by 27). In this way, nodes at the

intermediate stagds andt, are avoided. The target tree has 729 branchings from the tgtag

3-stage original tree 1-stage target tree
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Figure 13: Integrating Investment Trust Returns and Ma@égRates Scenario Trees

Similarly, to construct the two-stage treg— t; — t3, the nodes from the original tree at the stage
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must be avoided, and its nodes from stggeduplicated so that there are 81 of them, and nodes from
the stagds, so that there are 729 of them. The target tree has 81 brayxchiom thety stage and 9

branchings from thég; stage.

Further, to construct the three-stage ttge t; — to — t3, all time stages from the original tree are
used, the nodes at the stagare duplicated so that there are 9 of them, nodes at the tagetst- so
that there are 81 of them, and nodes at the time stageo that there are 729. The target tree has 9

branchings at each staggt; andts.

6.4 Integrating the Pension and Mortgage Portfolios into a Miltistage SP Model

The problem of integrated pension and mortgage portfolioagament is viewed from the perspec-
tive of a UK investor with real estate liabilities in Denmaiiithout loss of generality, no direct
exchanges between foreign currencies are executed. In tordanplify the model formulation and

reduce its data needs, all prices are in local currencie¢shbuasset-liability matching is performed in

Eurot’.

Earlier considerations on modeling the investment and gaget product$ naturally lead to com-
bining them into one integrated portfolio management mod@ké conceptual idea behind such an

integration is visualized by the abstract portfolio netkvon the Figure 14.

This network is structured from two parts: investment pagdwn the top of the figure and the mort-
gage loans - below. At the very first time period, the initislaunt (A) is financed by issuing the
ARM and FRM loans and the available cash to invest [,) is contributed into the IT PA, IT ISA
and IT SP products. Each of these products has underlyirggtiment trusts as shown for the initial
time stage (for clarity of visualization the investmentstrievel is not included further on this net-

work; for corresponding details refer to the Figure 5). Aémvsubsequent time peridd> tp, total

"The Euro exchange rate mechanism is based on the concepedfdixrency exchange rate margins, which allows
regulating the currency exchange at rather high level diilia

18SeeSection 4.1.6 Dynamics and Policy Constraints of Asset @tséind Section 4.2.3 Dynamics and Policy Con-
straints of Mortgage Products
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Figure 14: Integrated pension and mortgage portfolio netwarbitrary scenaribd. The investment and mort-
gage portfolios are mached by means of assets (accumulétedtawal valuey 4 W,'(’t) dedicated to fund

liability obligations (total payment valug jc « B'jt).

payment on the mortgage sidEi(BEt) is funded by means of withdrawing investment capital from
the asset side}{; Wjt) and the available cash to invest is infused into the paatialong the way. The
investment transactions taking place at the asset sideepresented only at the first - cash account
and second - product levels. For the complete network reptason of the investment portfolio see

Section 4.1.6 Dynamics and Policy Constraints of Asset lbitsd

It is worth mentioning that the time horizons for the investithand mortgage products is not nec-
essarily the same, yet for practical modeling purposesbfective horizon is shortened and assumed

to be unique for the integrated portfolio.
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The integrated model specifies decision, i.g. product dmrtton, withdrawal, investment and loan
dealing, at discrete time moments in time (the lengths oé pariods are generic, meaning they may
be per month, per quarter, per annum etc. Moreover, the tenegs do need to be equal - in this
way allowing rather high flexibility in portfolio planningyith simulated knowledge about the future
uncertainty of the financial markets in the form of the staticescenario tree. This tree represents the
dynamic evolution of the random variables over the plantiimg frame. Along with the utility in the
objective function of the model, the risk measure, confidegmad averseness levels are accounted for

whilst optimizing.
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7 Fundamental Test and Analysis

Having modeled the integrated pension and mortgage piortithnagement problem, it is crucial to
uncover its capabilities and assess its qualities by enmaay number of test and analysis techniques.

This section attempts to accomplish such goals in the fatigwnanner.

First, the Illustrative Case is presented. It aims at eistaibly common knowledge about the solution
structure of the model given certain parameters that defiogugts involved and investor’s profile.
Next, the Test Metrics are defined, which assists at credi@sj Cases used to evaluate the model
and solution performance acrosstdient settings. The Sample Test aims at revealing the ¢toesc
and systematics officient frontiers yielded by the models. Consequently, thagarative Study of
efficient frontiers in the Multiperiod sense is carried out tasirate improvements in the portfolio
performance as the number of decision stages increasesddnto evaluate solution stability of the
CVaR vs. CDaR versions of the integrated pension and matgagifolio management model, the
Robustness Analysis is carried out. It assists in provirg ¢hicient frontiers yielded by the models
are genuinely ficient by comparing them to the frontiers yielded by theirrdewparts (CDaR vs.
CVaR and CVaR vs. CDaR correspondingly). Finally, to asfiesgesponsiveness of the model to
changes in the uncertain investment trust returns, theitdggsAnalysis is conducted. In general, it
is expected thatficient frontiers yielded by the models with perturbed inpaitadare sensitive to the

market volatilities, yet the solution structure is reasipaonsistent whenever such changes happen.

7.1 lllustrative Case

This illustrative case reports an optimal solution of theegmated pension and mortgage portfolio
management problem for a fictitious investor. Data with eespo nominal investment trust returns,
interest rates, and short rates used in the scenario gemeriathistorically trué®, as well as certain
policy characteristics, i.g. constribution ranges, itwvent dealing costs, Government Stamp Duty,
Total Expense Ratios and etc. All other parameters are sehbygsing a profile of a risk-averse

household that has average level of dynamic income avaifablinvestment in a private pension and

9Extracted from the sources [24] and [23].
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mortgage liabilities to a house with a presumed market pBafore presenting numerical results

yielded by the integrated model, these parameter settiegdedined.

The participation horizon of the integrated portfolio iset years, split into three decision stages:
corresponding to the starting), first (1), secondt;) and third {3) years. There are twelve branches

at each stage of the stochastic event tree, having in toBfl §Genarios (or 1885 nodes).

The investor is fiered IT PA, IT ISA and IT SP asset products with underlyingestment trusts:
IT1, IT2, IT3 and IT4. Further, the investor is requestingimtial position of 2,000,000.000 DKk in
the mortgage portfolio which can be financed by the loanediéh the Table 4 available to issue in

the starting, first and second years accordingly.

Loan Description

ARM; | One-year adjustable rate loan
FRM?Z,O 30-years to maturity, fixed 2% coupd
FRMSO 30-years to maturity, fixed 3% coupd
FRMg0 30-years to maturity, fixed 4% coupd
FRMgO 30-years to maturity, fixed 5% coupd
FRMS, | 30-years to maturity, fixed 6% coupd
FRM, | 30-years to maturity, fixed 7% coupd

5 53 5 5 5 5

Table 4: lllustrative Case: Mortgage Loans

The mortgage contract agreement is due to prepayment ty Yf@ars, however early prepayment is
considered of interest to the investor, e.g. he may be pigrioi sell the house in three years. Hence,

the portfolio optimization horizof is set to three years.

Table 5 outlines the characteristics of products, theiredgthg links (investment trusts and mort-

gage loans), as well as investor profile parameters.

Scenarios of interest rates and short rates are generated bathe Vasicek model and approximative
pricing technique. Scenarios of investment trusts retarasgyenerated based on the historical prices

from July, 30th 1988 to May, 30th 2006 correspondisgly

2These approaches were discussed inShetion 6.2 Interest Rate and Investment Trust ReturnsaBiceGeneration.
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Asset product parameters
Asset product ITPA ITISA ITSP
Annual Product ChargeAPC), £ 0.00 25.00 0.00
Purchase Fee Rati®FRy), % 0.003 0.010 0.010
Purchase Fee CapFCanp), £ 50.00 50.00 50.00
Government Stamp Duty5ovS tamp), % 0.005 0.005 0.005
Sales Fee Ratic§(FR.), % 0.000 0.010 0.010
Sales Fee Cas(FCanp), £ 0.00 50.00 50.00
Minimum lump sum contribution&minyk), £ 1,000.00 1,000.00 500.00
Maximum annual contributiorQmaxk), £ 3,600.00 7,000.00 | 1,000,000.00
Maximum withdrawal valueWvaxk), £ 0 1,000,000.00 1,000,000.00
Minimum remaining assets after withdrawdgeni), £ 0 1000 500
Investment trust parameters
Investment trust IT1 IT2 IT3 T4
Total Expense Ratiol(ER), % 0.0086 0.0042 0.0073 0.0047
Mortgage product parameters
Tax reduction rate (%) on interest,y adm. feep
0.32 0.32
Fees, % administration| transaction
0.005876 0.0025
Fixed costs, Dkk refinancing
2,500.00
Investor profile parameters
Risk Averseness] 0.8
Available Cash for InvestingXCl, £) ACl, ACly, ACly, ACl,
15,000.00 15,500.00 16,000.00 | 17,550.00
Initial amount needed A), Dkk 2,000,000.00
Market price of the house at the horizd#tFy), Dkk 2,000,000.00

Table 5: lllustrative Case: Parameters Used

Optimal solution of the CVaR model

Optimizing the integrated pension and mortgage portfolithvihe parameters defined above and

CVaR measure (with confidence level= 0.9) used for risk management purposes, yields the solu-

tion described in the following.

Development of the contribution rates

The optimal solution suggests contribution values showithenFigure 15 for the starting, first and

second years correspondingly. At each time stage, cotibibin IT ISA and IT SP exceeds contri-

bution in IT PA, which may be seen as a reasonable strateggndhat IT PA cannot be used for

For complete visualization of generated scenarios of invest trust returns see Appendix B.
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withdrawal and furthermore - has the lowest bound on the mami annual amount allowed for con-
tribution. Contribution in IT ISA is positively correlatedith that of IT SP in the second year. This
may be explained by similarities in the contribution vs.haitawal policies. As IT ISA is bound in the
maximum contribution sense, but IT SP is not - one may obsatkthe IT SP contribution values

are generally larger than those of IT ISA correspondingly.

Investment dealing

Figure 16 illustrates the purchase of investment trustseshat the starting, first and second years.
Purchase amount is the total amount of shares purchasedhgitborresponding transaction fees,

Government Stamp Duty included.

To understand the purchase dynamics, it is useful to constgmarios of interest rates and investment
trusts returns, which are the main determinants of marké&sin the model. Figure 16 shows the
dynamics of of interest rates and investment trust retusngsad in the lllustrative Case. One may
observe from the Figure 16(c) that purchase dynamics ingbersl year is dominated by the IT1 and
IT2 shares. These investment trusts have the least riskgnsetwhich given rather high value of the
risk aversion parameter = 0.8, is the reasonable strategy to choose. Analyzing purathesisions
per product (e.g. IT1 shares purchased via IT ISA as showrmerFigure 17(b)), it is noteworthy
to mention significant correlation between dealing theehaf the investment trusts and their return
dynamics presented on the Figure 17(a). Lastly, IT1 retaraghe most correlated with the interest
rate (Figure 17(a)) which explains steadiness in this imwest trust purchase decisions as shown on

the Figures 16(c) and 17(b) correspondingly.
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Figure 15: lllustrative Case: Contribution in the IT PA, ISA and IT SP over scenarios in the starting (15(a)),

first (15(b)) and second (15(c)) years of the model solufidre strategy structure is dominated by the contri-
butionin IT ISAand IT SP over that in IT PA.
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Figure 16: lllustrative Case: Investment trust sharestmsed via IT PA, IT ISA and IT SP products in the
starting (16(a)), first (16(b)) and second (16(c)) yearshefrhodel solution.
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Portfolio performance

Portfolio performance can be assessed e.g. in terms of theradated wealth it yields at the last
decision stage (the third year in this case), total profihatrhortgage side (the margin above the es-
sential principle prepayment), and the total payment orstemario. Figures 18, 19 and 20 illustrate

histograms of these performance indicators over all sgenar the illustrative case accordingly.
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Figure 18: lllustrative Case: Accumulated Wealth Histogra
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Figure 19: lllustrative Case: Mortgage Profit Histogram.

By analyzing general characteristics of these histograinesfollowing observations are noteworthy
to mention:

1. They are well-centered at:
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Figure 20: lllustrative Case: Total Mortgage Payment Hjsam.

- Accumulated wealth (Figure 18y 354,000.000 Euro;
- Mortgage profit (Figure 19% 244,000.000 Euro;
- Total mortgage payment (Figure 2@):6,340.000 Euro.

Given the input parameters, relative to each other, sualtisnlvalues imply successful out-

come of the portfolio planning in the illustrative case.

2. These histograms are narrow which identifies the vaitigsilof accumulated wealth, mortgage
profit and total mortgage payments as rather low. This pesvaiiground to a conclusion of the

effective risk management accomplished in the illustrativseca

3. In general, having a normal curve, these histogramsatelithe consistency in the solution struc-

ture over scenarios in the illustrative case.

Finally, the CVaR of such portfolio is 31,740.000 Euro witie tconfidence level = 0.9.
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7.2 Test Metrics and Test Cases

In order to show that the integrated pension and mortgag#opiorplanning model is correct and

operationally robust, the following test metrics are cdasgd:

e Optimization horizon of the portfolio is chosen among: thied, fifth or seventh years. Hence,

the portfolio time frames can be of three, five or seven yearg.|
e Number of periods within the portfolio time frame: one, twadlaree periods.

e Time stages at which the decisions are made within the piortime frame: year 0 (starting),

year 1, year 2, year 3, year 5, year 7.
e Risk measure used in the optimization model: CVaR or CDaR.

Combining diferent values of optimization horizon, number of periods] &me stages at which

decisions are made within the portfolio time frame resultsuch a subset of test cases:
1. Three year optimization horizon:

e 1 period: Oy-3y time stages,
e 2 periods: Oy-1y-3y and 0y-2y-3y time stages,

e 3 periods: 0y-1y-2y-3y time stages.
2. Five year optimization horizon:

e 1 period: Oy-5y time stages,
e 2 periods: 0y-1y-5y, 0y-2y-5y, Oy-3y-5y time stages,

e 3 periods: 0y-1y-2y-5y, 0y-1y-3y-5y, 0y-2y-3y-5y time gés.
3. Seven year optimization horizon:

e 1 period: Oy-7y time stages,
e 2 periods: 0y-1y-7y, Oy-2y-7y, Oy-3y-7y time stages,

e 3 periods: 0y-1y-2y-7y, 0y-1y-3y-7y, 0y-2y-3y-7y time gé&s.
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7.3 Major Test Findings

Having conducted the test cases defined in the Bection 7.2 Test Metrics and Test Casess

noteworthy to capitalize on the following major findings.

When analyzing portfolio management solutions, it is ad&ad practice to construct and compafi@cgent
frontiers they yield. This approach has been used in thevdtlg test and analysis. Hence, it is important to

revise the concept offécient frontier.

According to Modern Portfolio Theory, a portfolio isfieient if two conditions are met: no other
portfolio has a greater expected return with no more riskl, @m other portfolio has less risk with no lgss
expected return. If one or both of these conditions are miet @& portfolio is said to be iffiecient. When al
portfolios are plotted on a graph of value vs. risk, tifigcent portfolios form on a line called theffecient

frontier". There are no viable portfolios above this line.

7.3.1 Sample Test

Figure 21 presents the results of solving the model for thepsa two-period 0y-1y-3y portfolio. In
particular, it illustrates @cient frontiers found by the CVaR formulation in the Oy-1y{8st case on
21(a) and Oy-1y-2y-3y case - on 21(c). Further, CD&Rient frontiers in the Oy-1y-3y and Oy-1y-

2y-3y test cases are shown on 21(b) and 21(d) correspogdingl

One may observe that the CDaRi@ent frontier has a steeper shape if compared to the camesp
ing CVaR one. This implies that even with high risk aversionravestor is éfered larger margins in
portfolio wealth provided small relative (to the total intal of risk measure values) change in its risk.
Moreover, the CDaRf&cient frontier is characterized by more steadiness forriestors with other

than high risk aversion, which allows for a presumalifgetive wealth risk application of this model.

It is noteworthy to mention that the solution time used toiropte the CDaR model formulation

is shorter than that used to optimize its corresponding Ca@lterpart.
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Figure 21: Sample Test: CVaR and CDaRi&ent Frontiers.
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7.3.2 Multiperiod Study

Comparing éicient frontiers of the models with the same optimizatioretimorizon but dferent num-
ber of periods, it is noteworthy to mention that multi-stggeblems overperform the corresponding
single-stage models. Moreover, among the multi-stage eodee may observe that the cases with
the higher number of stages are adding significant valueetefitient frontiers. When the solutions
of the models with identical number of periods buffelient time stages are compared, tfecent
frontiers of the later-staged solutions are predominamtiyperforming the earlier-staged ones corre-

spondingly?.

Figures 22 and 23 illustratdieient frontiers of the portfolios with three, five and sewaar opti-
mization horizons with dferent number of periods and time stages, found by the CVaRC&aR
models correspondingly. As one may observe, theld- 2 — 3 is the CVaR #icient frontier yields
highest returns over the widest range of CVaR values (Fig2fa)) among other 3-yeaffiient fron-
tiers (namely, G- 3, 0— 1 -3 and 0- 2 - 3 cases, which are performing in the ascending order). In the
CDaR sense, the-dl—2- 3 dficient frontier is significantly overperforming comparectber 3-year
frontiers (Figure 23(a)) when other than absolutely rigkrae investor is concerned. Similar trends
in the 5- (Figures 22(b) and 23(b) in the CVaR and CDaR sensesppndingly) and 7-year cases
(Figures 22(c), 23(c)) conform to the conclusion that thredkstaged models yield better performing
efficient frotniers than one- or two-staged ones. They alsaa&gdithat among the models with the

same number of stages, the later-staged are in generalfoutpimg the earlier-staged ones.

2The caseX is considered a later-staged if vs. the c¥s# the time stages oK are greater than those ¥ when
compared numerically. E.g. the case @ — 3 - 5 is later-staged compared to the case®D- 2 - 5.
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(c) CVaR dficient frontiers of 7-year portfolios

Figure 22: Multiperiod Study: CVaRfEcient Frontiers of the Portfolios with 3-, 5- and 7-year Honis.
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Figure 23: Multiperiod Study: CDaRfEcient Frontiers of the Portfolios with 3-, 5- and 7-year Horns
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7.4 Robustness Analysis

For the purpose of analyzing robustness of the integratesige and mortgage portfolio management
model, the CVaR féicient frontier is compared with the CVaR frontier yieldedthg use of CVaR
optimal solution in the CDaR model. Similarly, the CDaRaent frontier is then compared to the
CDaR frontier of the CVaR model with the CDaR optimal solati&igure 24 presents such frontiers

for the Oy-1y-3y and Oy-2y-3y cases.

No efficient frontier can be overperformed by other feasible fevat Both CVaR and CDaR models
conform to this statement. Namely, in the CVaR casjient frontiers are above the ones yielded by
corresponding CDaR models with the original CVaR optimédlitons. Further, in the CDaR cases,
efficient frontier are also above frontiers yielded by the CVa&eis with the CDaR optimal solu-

tions.

It is noteworthy to observe that CVaR frontier yielded by BaR solution is fairly close to the
CVaR dficient frontier. This indicates fine robustness of CDaR smiuih the CVaR sence. This may
have value when the solution time is a concern (CVaR model$oaiger to optimize). On the other
hand, CDaR frontier yielded by the CVaR solutioifiers less reward for more risk, with convergence
in its right-most part (for the risk-neutral attitude). Henthe CVaR is only partially suitable for use

in the CDaR sence in terms of desired similarities in theltieguefficient frontier.
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Figure 24: Robustness Analysis: CVaR vs. CDaR Frontiers
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7.5 Sensitivity Analysis

To provide confidence in the integrated pension and mortgagélio management model, the sen-
sitivity analysis has been carried out. This section briefigluates the sensitivity of CVaR and CDaR

efficient frontiers to changes in the investment trust retuifmes ‘(most uncertain” parameters).

In particular, the statistics of investment trust retusiperturbed by:
e changes in the first and second central moments (i.g. censistift in the selected values),

e changes in the correlation matrix (i.g. other than origexdet class is the most correlated with

the short rates),

Next, new investment trust returns scenarios are gene(atedFigures 32 and 33 in the Appendix
B for visualization of the original and perturbed scenarees accordingly). These are the scenarios

over which the sensitivity of CVaR and CDaRieient frontiers is analyzed.

Figures 25(a) and 25(b) preseffligent frontiers yielded by the CVaR and CDaR models with acen
ios based on the original and perturbed central momenistaiat Similarly, Figure 25(c) and 25(d)
show dficient frontiers yielded by the CVaR and CDaR models with ades based on the original

and perturbed correlation statistics.

One may observe that the shape of CD#liCient frontier is more sensitive to the changes in scenar-
ios. Yet, when the absolute distances between the curvevalated (see Table 6), the gap between
CVaR dficient frontier in the case of original scenarios and the arthe case of perturbed scenarios,

may be similar or even larger than that yielded by the CDaRehod
In order to validate the stability of CvVaR and CDaR optimdlsons, the corresponding contribution
in the asset products is compared among the portfolios l@sdue original and perturbed scenarios

in the two-stage portfolio in the following.

Solution stability analysis with respect to perturbation in central moments statistics
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Figure 25: Sensitivity Analysis of the CVaR and CDaR Models
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CVaR (1) | CDaR (1) | CVaR(2) | CDaR (2)
0-1-3 | 23369.3474| 22836.393| 35532.268 | 30786.745
0-2-3 | 21305.22002| 37483.212| 33338.04 | 50700
0-1-2-3| 505600.0646 69855.0828| 523151.9282 59705.805

Table 6: Distance between théieient frontiers in the Sensitivity Analysis. (1) - SenditwAnalysis of the
models with scenarios based on the original and perturbetlatenoments statistics, and (2) - original and
perturbed correlation statistics correspondingly. Tis¢edtice (in euro) is expressed as the maximum of distances
between theféicient frontiers.

CVaR model

The contribution structure (see Figure 26) is almost idaht the starting year in the CVaR solutions
with scenarios based on original and perturbed statigtiegher similarities are observed in the con-
tribution dynamics at the second and third years correspghd It is noteworthy to mention that the
CVaR model with scenarios based on perturbed statistitdsyiore steady contribution structures if

compared to those in the case of original scenarios.

CDaR model
Figure 27 illustrates the contribution element of solutiothe case of CDaR model. As in the CVaR
case, the CDaR model yields contribution structure whicéirislar yet more steady in the case of

pertubed scenarios rather than in the case of original ones.

The accumulated wealth yielded by the solutions to the maighnd perturbed models is analyzed by
means of histograms shown on Figure 28. In both CVaR and CaBs¢ the accumulated wealth
distribution is sensitive to changes in scenarios, withilaitity in effects (observe the shape of dis-
tribution in the CVaR and CDaR models correspondingly).sTihfers the consistency in response to

such a change in input parameters in both CVaR and CDaR models

In conclusion, both CVaR and CDaRieient frontiers are sensitive to the changes in the investme

trust returns statistics. In general, the solution stmacts dfected in terms of its steadiness quality.

For more details on sensitivity analysis carried out,Appendix E
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Figure 26: Contribution decisions (original vs. perturisednarios) of the CVaR model
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Histogram of accumulated wealth: CWaR, original scenarios(0-2-3)
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8 Conclusions

8.1 Summary

The hereby presented Master Thesis proposes an integigpedaah to the pension and mortgage
portfolio management problems that are traditionally sdlgeparately. These are viewed from the
perspective of a household with needs to capitalize on i il wealth towards preset goals. Such
goals may be long-term, such as accumulation of retiremards or shorter-term, e.g. school fees to
pay on the future education of their children. At the sametithe household may be facing mortgage
obligations on their existing or planned property. Bothtsgoals and obligations can be met by setting
up and actively managing a financial portfolio of specialipgoducts. These products usuallyfeli

in their structure and require deep understanding of beregfid risks associated with their use. Thus,

an essential challenge is to study and model their policidsignamics to a reasonable level of detail.

In the scope of this work, the Pension Account, Investmentnga Account and Share Plan prod-
ucts dfered to a UK investor are participating at the asset sideeptrtfolio. The underlying links
of these products are shares of investment trusts whicmhesgntly stochastic in terms of their mar-
ket prices, returns, dividends, and etc. Danish mortgagéyats are chosen for participation on the
liability side. These are based on the Fixed interest Rateddge (FRM) and Adjustable interest
Rate Mortgage (ARM) loans having unique properties anddoativancely researched in the finan-
cial optimization sense which makes them attractive touielin the study. Interest rate and market
risks are the main determinants of volatility in the pricesl aates of these mortgage loans. Hence,
the problem translates into the integration of the UK peamsind investment products with the Danish

mortgage loans in anticipation of specific riskkeeting returns and rates of their underlying links.

To capture uncertainties in the model, the stochastic progring approach is used. At its corner-
stone is the stochastic event tree which reflects the finitebeun of scenarios over which the change
in every uncertain parameter may happen. Such a stochastit &ee has one or more stages over
which decisions can be made. These include contributiangraduct accounts, prepayment of mort-

gage installments, investment dealing operations, refingrcertain loans, and etc. At the portfolio
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horizon the mortgage principal prepayment is made and thf@ from the market price of property is
evaluated. This added to the reward of the portfolio at tsetaside, comprises the accumulated wealth
of the integrated portfolio. However, not only it is impartdo maximize final wealth of the portfolio,
but also to manage the risks it incurs. The popular risk neasused in the context of financial op-
timization are Conditional Value-at-Risk (CVaR) and Cdiugial Drawdown-at-Risk (CDaR), both
evaluated at a certain confidence leweFurthermore, the investor’s risk attitude defines the isig
put on the goal of maximizing the accumulated wealth and arimizing the portfolio risk measure.
Combining these aspects, the bilinear utility functionesiged in the objective of the problem. Hav-
ing established the connection between the asset andtiigimrtfolios and projected their influence

on the portfolio goals, the integrated multistage stocbgsbgramming model is formulated.

In order to investigate the solution structure and ascaertarrectness of the model, an illustrative
case followed by a number of tests has been carried out. Tiaeseshown the consistency dfieient

frontiers yielded by both CVaR and CDaR formulations of thedel. The correlation between the
number of periods in the model and its solution is studiedttew, the robustness of the CVaR vs.
CDaR models is analyzed. Finalizing the work, sensitivitglgsis is carried out, aiming to assess an

impact uncertain parameters such as investment trusheshave on the solution structure.

8.2 Research Contribution

The research accomplished in this thesis has a number @scdtirstly, integrated portfolio manage-
ment has evolved as the well-shaped domain of financial indfrem the corporate perspective, but
little has been studied at the household side, resultinggapaon the market space. A modern pri-
vate investor is increasingly demanding asset and wealttageanent products and services, which
implies a need for innovation in financial applications tbanh dfectively fulfill such needs. On the
practical side of setting up and managing such applicatisribe complexity of products they in-
corporate and multiple risk exposure they should antieip@taditional modeling techniques often
experience performance problems in terms of resourcesedeedgive viable answers to financial
problems with uncertainties. The multistage stochastigm@mming approach is one of the recent

instruments allowing for the relatively simple formulatiof a traditional optimization model that
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captures uncertainties including equity, fixed incomegriest rate and background risks. Having un-
dertaken this approach, the integration of participatirggipcts and risks has resulted in the consistent

and robust portfolio management solutions.

A number of research ideas are noteworthy to distinguiske Mlbment matching approach is used
to generate input scenarios. This involves integratiomefibterest rates and investment trust returns
into the same stochastic event tree. Such a problem is oballg due to the dierent uncertainty
structures that describe investment trust return andestaates correspondingly and solving it is
important to the resiliency in scenario generation. Madgbf the CVaR and CDaR risk measures
in the arena of an integrated portfolio problem is anothsk that requires careful consideration of
risk positions both at the product and portfolio levels.rRolation of the objective function that bal-
ances household utility versus their risk profile and impa@€VaR or CDaR managed control of the

integrated portfolio strategies agférent product scenarios unfold has been accomplished.

8.3 Future Work

One of the future research aspirations of the author is tdwcinsequential historical testing of the
models, which means to study the consistency and trende ohtdel solution with variable starting
time. It is also desired to adjust the model to a changing piskile of the household as well as to
account for property, labour capital and currency riskdhgtochastic sense. Analyzing the models
on how unexpected circumstances influence the integratetblpm strategies is another interesting
line of further study. Such circumstances span from paditiafecting investment opportunities of
a household, e.g. large increase in their income or signifitanp-sum premium, to negative, e.g.
household bancruptcy, other than mortgage liability comrent in the future, and etc. Other prod-
ucts than scoped in this study are worth integrating in otdestablish understanding of the model
flexibility and to increase its modularity. Finally, it is gfeat interest to tailor the modelling approach
proposed to the financial product design purposes. This sguine experiments with variable prod-
uct parameters, qualitative and scalability analysigriirig large-scale tests over the wide spectrum

of investor profiles.
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A Complete Model Formulation

In the following the integrated pension and mortgage pbeotimanagement model is formulated in

CVaR and CDaR versions:

e CVaR model: all Asset Portfolio Constraints, Mortgage fétid Constraints, complemented

by the integrated portfolio constraints (18), (19) and (Zijective function (22).

e CDaR model: all Asset Portfolio Constraints, Mortgage fétic Constraints, complemented

by the integrated portfolio constraints (18), (19) and (Z1hjective function (23).

The notation for the model parameters and variables is stamdiwith that inSection 4.1.6 Invest-
ment Products Dynamics and Policy Constraanig Section 4.2.3 Mortgage Products Dynamics and

Policy Constraints

Asset Portfolio Constraints

Contribution and accounting constraints

Cli + ke Xt = Tk (X + TER-Z) ) + WL, Vke K, Vte{ty,... . tr}, VI € Q
Cl, = Zier(Xjh +TER:-Z) ). Vkek, VleQ

Cmink < Cl, <Cvaxks YKe XK, Vteft,....tr}, VIeQ

| _ |
Zikt - PMit'#kt

Cash account dynamics
ACk > Syex(Cl,+ATR), Vtelto,...,tt}, VleQ
Investment dealing

Xt + .krt‘f('l)(1+ raﬂc\f)'i)t_l) = 4, +xLViel, VkeK Vteft,.. tr}),VleQ

X|T<Ito = Z:ktg’ VYieI,Vke K, VleQ
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Variable cost structure (on investment dealing)

X+ = PO, -x!(1+GovStamp) + pf,,
Viel, VkekK, Vtef{ty,....tt}, VleQ
Apf,, = PFCap- PFR(-PO,xt!
Yiel, VYkeK, Vtefty,...,tt}, VIleQ
pfi, = PFCap—Apf,
Yiel, VYkeK, Vteity,....tt}, VleQ
Xio = PBl-xq+shy
Viel, VkeK, Vtef{t,....t}, VleQ
I |y
Asf, = SFCap-SFR:PB;Xx,
Viel, VkeK, Vtef{t,....tt}, VleQ
I |
st = SFCap-Asf,
Yiel, VYkeK, Vtelty,....tt}, VleQ
Withdrawal constraints
Wi < W(Max)k Yke K, Vtelt,....tt}, VYIleQ
Wit < YierZh, —Wrenk YKe XK, Vtelty,....tr), VIeQ
Mortgage Portfolio Constraints
Cash account dynamics
zjejK}-yjﬁ'o > IA, VIeQ
zjejK'j-y;' zjejCauK'j-rjt' Vtelty,....tt}, VleQ.
Liability flow
| . .
RG, = RGPV +y -yl -Ajt, Vied, Vteft,... tr), VIeQ
_ ;
RG'th = Vi, VieJ, vleQ

|
y-j:T =0

Yjied, VleQ.
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Principle prepayment and other payments (incl. costs)

| _ I Mo | .
A= RG";}”j’(l_(Hr?b“:j')ml—rf‘{,‘l‘}j)), Vied. Vteftn...tr}, VIeQ
| | |
B, = A+ (1= »RGIY +b(1-BRGY +n(yi +y7),

Vied, Vtefty,....tr}, VleQ
By, = njp)+e VYieJ, VleQ
Bl = SjeyBl. Vielto...tr), VIeQ

Total prepayment

PP = Y CalK| -y, VjeJ, VleQ
<7

Final value of the mortgage portfolio

Profity, = HP, —PP, VvleQ
|
PP, < HP,, VvieQ
Integrated Portfolio Constraints
Linking the asset and liability portfolios
Bl = SkexW, Vteltn...tr}, VIeQ (18)

Accumulated wealth of the portfolio

AW = ¥icx Sier Z, + Profit vl e Ny (19)

T

Conditional Value at Risk (CvaR) of the portfolio

Defining the parameter as the confidence level and the following variables:

CVaR

CVaR of the portfolio,
VaR

VaR of the portfolio,

VaRDel = Difference from the Value of Risk of the portfolio in the scen#rio
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CVaR of the portfolio is formulated in the following:
VaRDel > Yy co(p(l) - AW(I) — AW()) -VaR VleQ 20)
CVaR = VaR+ Z|eg(p(|()iVa)RDe‘(/|))
Conditional Drawdown at Risk (CDaR) of the portfolio
Defining the following variables:
CDaR = CaR of the portfolio,
THR = Threshold such as (@}100% drawdowns dont exceed it,
D} = Portfolio Drawdown,
CDaR of the portfolio is formulated in the following:
CDaR = THR+ g Zica Zt(P() - (O} ~ THR) e
|

Zke'K Yier Zk,i,t) _ ZkE'K Yier ZL,i,t

|
Dy Max(——%er, S . ACT

Objective Functions

Denoting byA - risk averseness of the investor, the objective functisesamulated in the following:

CVaR objective function

Maximize (1-1) ) pAW - A(CVaR)

leQ

CDaR objective function

Maximize (1-1) > pAW - A(CDaR,)

leQ

(22)

(23)
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B Scenario Trees of Investment Trust Returns

To model the uncertainty of the investment trust returnsstemario trees are generated as discussed
in the Section 6.2 Interest Rate and Investment Trust ReturnsSetepario Generatioffo convince
in the appropriateness of the scenario structure, Fige8@ and 31 present more scenario trees

used in the test and analysis of the models.

Further, Figures 32 and 33 illustrate scenario trees usiisensitivity analysis. These are generated

based on the perturbed central moments and correlatostista&ccordingly.
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C Details on the Major Test Findings

CVaR and CDaR dficient frontiers
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Figure 34: CVaR and CDaRfEcient Frontiers in the Sample Test
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D Robustness Analysis Details

Figures 35 and 36 presentdfdient 5-year cases of robustness analysis conducted.
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Figure 35: Robustness Analysis of the CVaR and CDaR Modelse€0y-1y-5y and 0y-2y-5y (CVaR).
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Figure 36: Robustness Analysis of the CVaR and CDaR Modelse€0y-2y-5y (CDaR) and 0y-3y-5y.
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E Sensitivity Test Details

Figure 37 shows dlierent cases of sensitivity analysis conducted for the CVaRGDaR models with
scenarios based on the original and perturbed central msragtistics. Figure 38 - scenarios based

on the original and perturbed correlation statistics, egpondingly.
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Figure 37: Sensitivity analysis (perturbed central mometatistics) of the CVaR and CDaR models. Cases
0-1-3 and 0-1-2-3.
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Figure 38: Sensitivity analysis (perturbed correlaticatistics) of the CVaR and CDaR models. Cases 0-1-3
and 0-1-2-3.
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F GAMS Implementation of the Integrated Pension and Mortgage Port-

folio Problem

* Integrated pension and mortgage portfolio problem, 3 periods:

** Case 0-1-2-3. CVaR version
$eolcom //

option

iterlim=999999999,reslim=25000,0ptcr=1,solprint=0N, limrow=5,1limcol=0,decimals=38;

set

t "time periods’ /time0®, timel, time2,time3/
tau(t) "time periods in the scenario tree’ /time®,timel, time2, time3/
nn 'nodes in the target tree’ /n1*n1885/

n(nn) 'nodes in the target tree’ /n1*n1885/

k ’asset products’ /IT_PA,IT_ISA,IT_SP/

i ’investment trusts’ JIT1*IT4/

m 'mortgage loan products’ /Loanl*Loan21/

j (m) 'mortgage loan products considered’ /Loanl*Loan21/

q "states’ /pl*pl2/

qldq) ’states in the 1st stage of target tree’ /pl*pl2/

q3(q) ’states in the 2nd stage of target tree’ /pl*pl2/

qd(q) ’states in the 3rd stage of target tree’ /pl*pl2/;

parameter g2(tau,q) ’'states at each step in the target tree’;

g2(tau,ql)$(ord(tau) le 2)

yes;
g2(tau,q3)$(ord(tau) eq 3) = yes;
g2(tau,q4) $(ord(tau) eq 4)

yes;

// Map the time stages to the actual years (integers)

parameter ActualTimes(t) /time® O, timel 1, time2 2, time3 3/;
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parameter TauTimes(tau);

TauTimes(tau) = ActualTimes(tau);

alias (n,parent,child);

alias (n,n3,n4);

alias (tau,tau®,taul);

parameter ng(tau) ’'number of states at each time tau’;

loop(tau,

ng(tau) = sum(q,1$q2(tau,q));

);

set preptime(tau) ’prepayment time’;

preptime(tau) $(card(tau) eq ord(tau)) =YES;

set
root(n) "root node’ /nl/
tn(tau,n) 'map nodes to time periods in the scenario tree’

anc(child,parent) ’ancestor mapping’

np(n,q) 'map nodes to states’
leaf(n) ’leaf nodes for the scenario tree’
path(n,n3) ’all paths of the target tree’;

*#%% Contruction of scenario trees is provided in the folder with

* complete GAMS implementation: "Integrated PM Portfolio Mgt"

FTehhh N fdddd N h R ddefdeddefddededededededededededededededededededededede AR nn
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// Confidence level

SCALAR alpha;

// Risk aversion

SCALAR lambda;

// parameters used to construct the efficient frontier

scalar CVaR0®, CVaR1l, delta_lambda, delta_CVaR;

VARIABLES

// Asset portfolio variables

Clk,t,n) ’Contribution in the product k value at the time t, scenario 1’

U(t,n) ’Cash hold (portfolio level) at the time t, scenario 1’

Vik,t,n) ’Cash hold (product level) at the time t, scenario 1’

Z(k,i,t,n) "Investment holding capital (number of shares by the midmarket price)’
z_nos(k,i,t,n) "Inventory hold value (number of shares)’

X_plus(k,i,t,n) "Purchase value’

X_plus_nos(k,i,t,n) ’Purchase amount’

PF_delta(k,i,t,n) "Purchase fee positive difference from the Purchase Cap’
PF(k,i,t,n) "Purchase dealing fee’
X_minus(k,i,t,n) ’Sales value’

X_minus_nos(k,i,t,n)’Sales amount’
SF_delta(k,i,t,n) ’Sales fee positive difference from the Sales Cap’
SF(k,i,t,n) ’Sales dealing fee’

wW(k,t,n) "Withdrawal value (product level)’

// Liability portfolio variables

RG(j,t,n) ’Outstanding debt’
Y_plus(j,t,n) ’Sale variable’

Y _minus(j,t,n) "Purchase variable’
A(j,t,n) "Principle payment of bond’

B(t,n) ’Annual payment’
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PP(n) ’Prepayment amount’
SB(n) "Total payment of the path (until the leaf)’
SA(n) "Total principle payment of the path’
Profit(n) "profit value at the portfolio time horizon’
mrtgProfit(n) "Mortgage profit calculation’
// Integrated pension and mortgage portfolio variables
AW(n) "Accumulated wealth’
VaRDev(n) ’Amount of accumulated wealth exceeding the VaR level’
VaR ’VaR at the alpha confidence level’
CVaR "CVaR at the alpha confidence level’
OBJ1 "Objective function value’
OBJ2 "Objective function value’

POSITIVE VARIABLES
U, V, Z, z_plus, X_plus, x_plus_nos, PF, PF_delta, X_minus, x_minus_nos,
SF, SF_delta, C, W, AW, VaRDev, VaR,
RG, Y_plus, Y_minus, A, B, PP, SB, SA, Profit;

EQUATIONS
// Pension portfolio constraints (IT PA, IT ISA, IT SP products with IT1-IT4)
CashFlow_init(t,n) "Initialize cash flow equilibrum’
CashFlow(t,n) "Cash flow equilibrum’
ProductCashFlow_init(k,t,n) ’Initialize product level cash flow equilibrum’
ProductCashFlow(k,t,n) "Product level cash flow equilibrum’
InvFlow_init(k,i,t,n) ’Initialize investment flow equilibrum (IT ISA and IT SP)’
InvFlow(k,i,t,n) "Investment flow equilibrum (IT ISA and IT SP)’
InvFlow_final(k,t,n) "No purchase at the time horizon’
xPlus_PA(t,n) "IT PA can purchase only IT1 and IT2’
xMinus_PA(t,n) "IT PA can sell only IT1 and IT2’
z_PA(t,n) "IT PA can hold only IT1 and IT2’
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Purchase_calculate(k,i, t,n) "Purchase calculation ’
PF_value(k,i,t,n) "Purchase Fee value’
PurchCharge_calculate(k,i, t,n) "Purchase charge calculation ’
Sell_calculate(k,i,t,n) ’Sales calculation ’
SF_value(k,i,t,n) ’Sales Fee value’
SellCharge_calculate(k,i,t,n) ’Sales charge calculation’
PostSalesPA(k,t,n) ’Sales in must not decrease the face value on the

account below minimum’

LumpsumContribution_Min(k,t,n) "Lump sum contribution minimum amount’
AnnContribution_Max(k,tau,n) ’Annual contribution maximum amount’
Withdrawal_max1(k,t,n) "Maximum withdrawal value

(should not exceed the minimum capital required)’

Withdrawal_max2(k,t,n) "Maximum withdrawal value
(should not exceed the policy bounds on withdrawal)’

Capital_Calculation(k,i,t,n) "Capital asset value of the product x, year t,

investment trust/fund i’

// Mortgage portfolio constraints (FRM and ARM loans)

EQl "The initial amount needed must be financed by the mortgage loans’
EQ2(j) "The amount of sold bonds at node 1 = initial outstanding debt’
EQ3(j,n) ’Sales are not allowed at prepayment time’
EQ4(j,t,n) "Outstanding debt dynamics’
EQ5(t,n) ’Cashflow balance’
EQ6(j,t,n) ’Definition of principal payments’
EQ7(t,n) 'Definition of total node payments’
EQ7_0 "Initial payment (includes fixed cost of refinancing)’
DefPP(n) "Calculation of prepayment amount’
BerSB(n) "Calculation of total path payments (short term)’
BerSA(n) "Calculation of total path principal payments’
PP_HousePrice_relation(t,n) ’Relationship between prepayment amount and house price’

// Integrated pension and mortgage portfolio constraints

objective_£fnl "Objective function (corners of the efficient frontier)’
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objective_£fn2 "Objective function (inside the efficient frontier)’
AssetlLiabilityBalance(t,n) "Asset Liability Balance formulation’
ProfitDef(t,n) "Calculate the profite on the liability side

(at the prepayment time)’

AccumulativeWealth(n) ccumulative wealth definition (short term tree)’
PortfolioVaRDev(n) "Calculate the VaRDev at the short term’
PortfolioCVaR ’Calculate CVaR at the alpha confidence level (short term)’;

** Asset portfolio modeling ***

* Cash flow equilibrium
CashFlow(tn(tau,n)).. sum(k,C(k,tau,n) + APC(k)*(1+(TauTimes(tau)-TauTimes(tau-1)

-1)$Cord(tau) gt 1))) =1= ACI(tau)*(1+(TauTimes(tau)-TauTimes(tau-1)-1)$(ord(tau) gt 1));

* Bounds on the contribution
LumpsumContribution_Min(k,tn(tau,n)).. C(k,tau,n) - LumpsumContrMin(k)*(1+(TauTimes(tau)

-TauTimes(tau-1)-1)$(ord(tau) gt 1)) =g= 0;

AnnContribution_Max(k,tn(tau,n)).. C(k,tau,n) =1= AnnContrMax(k)*(1+(TauTimes(tau)

-TauTimes(tau-1)-1)$(ord(tau) gt 1));

* Product cash flow equilibrium
ProductCashFlow_init(k,tn(tau,n))$(ord(tau) eq 1).. C(k,tau,n) =e= sum(i,X_plus(k,i,tau,n)
+TER(i)*Z(k,1i,tau,n));
ProductCashFlow(k,tn(tau,n))$(ord(tau) gt 1).. sum(anc(n,n3), C(k,tau,n)
+ sum(i,X_minus(k,i,tau,n)) - sum(i,X_plus(k,i,tau,n)

+TER(1)*Z(k,i,tau,n)*(TauTimes(tau)-TauTimes(tau-1))) - W(k,tau,n)) =e= 0;

// ITPA can invest only into the IT1 and IT2

InvFlow_init(k,i,tn(tau,n))$Cord(tau) eq 1).. x_plus_nos(k,i,tau,n) =e= z_nos(k,i,tau,n);
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* Inventory flow equilibrium

InvFlow(k,i,tn(tau,n))$(ord(tau) gt 1).. sum(anc(n,n3), z_nos(k,i,tau-1,n3)*(1
+ itRates_mm(i,n3)) + x_plus_nos(k,i,tau,n)
- z_nos(k,i,tau,n) - x_minus_nos(k,i,tau,n))

—=e= ®’

* IT PA invests only in IT1 and IT2

xPlus_PA(tn(tau,n)).. sum((k,i)$Cord(k) eq 1 and ord(i) gt 2),
x_plus_nos(k,i,tau,n)) =e= 0;

xMinus_PA(tn(tau,n)).. sum((k,i)$Cord(k) eq 1 and ord(i) gt 2),
x_minus_nos(k,i,tau,n)) =e= 0;

z_PA(tn(tau,n)).. sum((k,i)$(ord(k) eq 1 and ord(i) gt 2),

z_nos(k,i,tau,n)) =e= 0;

* No purchase at the portfolio horizon

InvFlow_final (k,tn(tau,n))$(ord(tau) eq card(tauw)).. sum(i,X_plus(k,i,tau,n)) =e= 0;

* Purchase face value calculation (incl. fees and government stamp)
Purchase_calculate(k,i,tn(tau,n)).. X_plus(k,i,tau,n) =e= x_plus_nos(k,i,tau,n)

*itPrice_offer(i,n)*(1 + GovStamp(k)) + PF(k,i,tau,n);

PF_value(k,i,tn(tau,n)).. PF_delta(k,i,tau,n) =e= PFCap(k) - PFR(k)

*x_plus_nos(k,i,tau,n)*itPrice_offer(i,n);

PurchCharge_calculate(k,i,tn(tau,n)).. PF(k,i,tau,n) =e= PFCap(k) - PF_delta(k,i,tau,n);
* Sales face value calculation (incl. fees and government stamp)
Sell_calculate(k,i,tn(tau,n))$Cord(tau) gt 1).. X_minus(k,i,tau,n) =e= x_minus_nos(k,i,tau,n)
*itPrice_bid(i,n) + SF(k,i,tau,n);
SF_value(k,i,tn(tau,n))$(ord(tau) gt 1).. SF_delta(k,i,tau,n) =e= SFCap(k) - SFR(k)
*x_minus_nos(k,i,tau,n)*itPrice_bid(i,n);
SellCharge_calculate(k,i,tn(tau,n))$Cord(tau) gt 1).. SF(k,i,tau,n) =e= SFCap(k)

- SF_delta(k,i,tau,n);
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*

Sales from the IT PA must not decrease it below the MinRemaining level

PostSalesPA(k,tn(tau,n)).. sum(i,X_minus(k,i,tau,n)-Z(k,i,tau,n)) =1= MinRemaining(k);

* Withdrawal restriction
Withdrawal_max1(k,tn(tau,n)).. Wk,tau,n) =1= sum(i,Z(k,i,tau,n))-MinRemaining(k);

Withdrawal_max2(k,tn(tau,n)).. W(k,tau,n) =1= WithdrawalMax(k);

* Calculation of the investment trust capital

Capital_Calculation(k,i,tn(tau,n)).. Z(k,i,tau,n) =e= z_nos(k,i,tau,n)*itPrice_mm(i,n);

cdedededehhd Liability portfolio modeling dededehdededede e dededhhdedefddedhddhhdedehdde R hddhddehhdedefdde e fddedhd

// The initial amount must be financed by the mortgage loans

EQ1 .. SUM(j, loanPrice(’nl’,j)*Y_plus(j,’time®’,’nl’)) =G= IA;

// The amount of sold bonds at node 1 = initial outstanding debt

EQ2(j) .. RG(j, time®’,’nl’) - Y_plus(j,’time®’,’nl’) =E= 0;

// Sales are not allowed at prepayment time

EQ3(j,leaf) .. sum(preptime, Y_plus(j,preptime,leaf) ) =E= 0;

// Outstanding debt dynamics
EQ4(j,tn(tau,n)) .. sum(anc(n,n3), RG(j,tau-1,n3) - A(j,tau,n)

- Y_minus(j,tau,n) + Y_plus(j,tau,n) - RG(j,tau,n)) =E= 0;
// Cashflow balance
EQ5(tn(tau,n))$(ord(tau)>1).. sum(j,loanPrice(n,j)*Y_plus(j,tau,n)) -

sum(j,loanCallPrice(n, j)*Y_minus(j,tau,n)) =E= 0;

// Definition of principal payments
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EQ6(j,tn(tau,n)) .. sum(anc(n,n3), A(j,tau,n) - RG(j,tau-1,n3)*(((R(n3,j))/(1
- (1+(RM3,j)))**(-NumPer+(TauTimes(tau)-1))) - (R(n3,3j))))) =E= 0;

// Definition of total node payments

EQ7(tn(tau,n))$(ord(tau) gt 1) .. B(tau,n) =E= sum((j,anc(n,n3)), A(j,tau,n)
+ (1-gamma) *RG(j,tau-1,n3)*(R(n3,j))*(TauTimes(tau)-TauTimes(tau-1))
+ (1l-betta)*RG(j,tau-1,n3)*(admcost)*(TauTimes(tau)-TauTimes(tau-1)))

+ sum(j,transFee*(Y_plus(j,tau,n)+Y_minus(j,tau,n)));

// Initial payment (includes the fixed cost on refinancing)

EQ7_0.. B('time®’,’nl’) =E= sum(j,transFee*Y_plus(j, time®’,’nl’))+FixedCost;

// Calculation of prepayment amount (long term)

DefPP(leaf).. PP(leaf) =E= sum((j,preptime), RG(j, preptime, leaf) *loanCallPrice(leaf,j));

// Calculation of total path payments (short term)

BerSB(leaf).. SB(leaf) =E= sum((tau,n)$(tn(tau,n)*path(n,leaf)), B(tau,n));

// Calculation of total path principal payments

BerSA(leaf).. SA(leaf) =E= sum((tau,n)$(tn(tau,n)*path(n,leaf)), sum(j, A(j,tau,n)));

// Profit on the mortgage side (long term horizon)

ProfitDef(preptime,leaf).. mrtgProfit(leaf) - HP(preptime,leaf) + PP(leaf) =1= 0;

// Final mortgage prepayment must not exceed the house price

PP_HousePrice_relation(preptime,leaf).. HP(preptime,leaf) - PP(leaf) =g= 0;

EE e e R R R R T T ok ok ok S R SR TR A

J*Integrated pension and mortgage portfolio modeling********nn***nn**nnn**nnn

// Objective function

objective_fnl.. OBJ1 =e= lambda*CVaR - (1-lambda)*sum(leaf,prob(leaf)*AW(leaf));
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// Calculate the accumulated wealth
AccumulativeWealth(leaf).. AWl(leaf) =e= sum((tau,k,i)$(ord(tau) eq card(tau)),

Z(k,i,tau,leaf))*Spot_PoundToEuro + mrtgProfit(leaf)*Spot_DkkToEuro;

// Asset-liability matching in EURO
AssetLiabilityBalance(tn(tau,n))$(ord(tau)>1).. B(tau,n) *Spot_DkkToEuro

- sum(k,W(k,tau,n)) *Spot_PoundToEuro =e= 0;

// CVaR of the portfolio
PortfolioCVaR.. CVaR =e= VaR + sum(leaf,prob(leaf)*VaRDev(leaf))/(1-alpha);

// Define the deviation from VAR in terms of loss on the leaf

PortfolioVaRDev(leaf).. VaRDev(leaf) =g= (sum(leafl,prob(leafl)*AW(leafl)) - AW(leaf)) - VaR;

MODEL CVaR_1 /objective_fnl,
AccumulativeWealth,
CashFlow,
LumpsumContribution_Min,
AnnContribution_Max,
ProductCashFlow_init,
ProductCashFlow,
InvFlow_init, InvFlow,
xPlus_PA, xMinus_PA, z_PA,
Purchase_calculate,
PF_value, PurchCharge_calculate,
Sell_calculate,
SF_value, SellCharge_calculate,
PostSalesPA
Withdrawal_max1,
Withdrawal_max2,

Capital_Calculation,
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EQl, EQ2, EQ3, EQ4, EQ5, EQ6, EQ7, EQ7_0,
DefPP, BerSB, BerSA,
AssetLiabilityBalance, ProfitDef,
PP_HousePrice_relation,

PortfolioCVaR, PortfolioVaRDev

/;

OPTION lp = CPLEX;

solve CVaR_1 minimizing OBJ1 using LP;

Fedhk

Contruction of efficient frontier is provided in the folder

“*% with complete GAMS implementation: "Integrated PM Portfolio Mgt"



