Mean Field ICA

Kaare Brandt Petersen

Kongens Lyngby 2005 IMM-PHD-2005-117

Technical University of Denmark Informatics and Mathematical Modelling Building 321, DK-2800 Kongens Lyngby, Denmark Phone +45 45253351, Fax +45 45882673 reception@imm.dtu.dk www.imm.dtu.dk

IMM-PHD: ISSN 0909-3192

Abstract

This thesis describes investigations and improvements of a technique for Independent Component Analysis (ICA), called ”Mean Field ICA”.

The main focus of the thesis is the optimization part of the algorithm, the so-called ”EM algorithm”. Using different approaches it is demonstrated that the EM algorithm is inefficient and therefore an improper choice for a certain class of models. As an alternative, the so-called ”Easy Gradient Algorithm” is presented, which makes it possible to apply advanced optimization techniques using the computationally simple E-step and M-step of the EM algorithm. The Easy Gradient Recipe is applicable to a wide selection of models. Furthermore, the Mean Field ICA model is extended to incorporate filtering over time in a so-called ”convolutive ICA” model.

Finally, by using mixture of Gaussians as source priors, the generative and filtering approach to ICA is compared in the overcomplete setting, i.e. the situation in which there is more sources than sensors.

ii

Resumé

Denne afhandling omhandler undersøgelser og forbedringer af en teknik til uafhængig komponent analyse (Independent Component Analysis, ICA), kaldet ”Mean Field ICA”.

Afhandlingens fokus er i særlig grad på optimeringsdelen af algoritmen, den såkaldte EM algoritme, der fra forskellige synsvinkler vises at have betydelige defekter der gør den uegnet i denne type af modeller. Som et alternativ til EM algoritmen foreslås den såkaldte ”Easy Gradient Recipe”, der er en foreskrift for hvordan man med de samme simple beregninger som indgår i EM algoritmen, kan opnå en langt mere avanceret optimering og dermed hurtigere konvergens. Denne alternative optimeringsform er også brugbar for en lang række andre modeller. Desuden udvides ”Mean Field ICA” modellen til at inkorporere tidsligt ekko i de målte signaler - en modeludvidelse der kaldes ”foldet ICA” eller på engelsk ”convolutive ICA”.

Til sidst gives, ved hjælp af gaussiske mixturer som modeller for kilderne, en sammenligning af to forskellige tilgange til ICA: Den generative hvor man opstiller en generativ model, og den filtrerende, hvor de målte signaler behandles med filtre. Sammnenligningen giver et indblik i hvordan de to tilgange er relaterede i tilfælde af flere kilder end sensorer.

iv

Preface

During a trip to China and Thailand in 1997 I one day found myself in a tiny bookstore in Bangkok looking for some literature to keep me entertained: a week at the beaches of Ko Chang was ahead and surely I needed something to read. In this bookstore I found the book ’What the Buddha Taught’, a compact presentation of Buddhism from an intellectual non-ritual point of view, which in many ways appealed to me and reminded me that if I were ever to leave atheism for something more spiritual, it would probably be Buddhism. In this book, which is indeed well-written and worth reading, I found the quote

”There is no point in saying that one should not doubt or one should believe. Just to say ’I believe’ does not mean that you understand and see. When a student works with a mathematical problem, he comes to a stage beyond which he does not know how to proceed, and where he is in doubt and perplexity. As long as he has this doubt, he cannot proceed. If he wants to proceed, he must resolve this doubt. And there are ways of resolving that doubt. Just to say ’I believe’, or ’I do not doubt’ will certainly not solve the problem. To force oneself to believe and accept a thing without understanding it, is political, and not spiritual or intellectual.”, W. Rahula in ’What the Buddha Taught’

This quote not only parallels the mathematical process of learning with a spiritual one, but indeed does it in a way which expresses a core part of my professional personality: ”As long as he has this doubt, he cannot proceed. If he wants to proceed, he must resolve this doubt.” Making such impractical approaches to learning and working within science is to make life unnecessary hard, but if not taken to extremes it may indeed prove a useful road for some and earn its place in academia. For my part, I hope there is still room and use for people of that kind.

This Ph.d. Project

The project, of which this thesis is part, was generously funded by the foundation ”William Demant’s og Hustrus fond” (Oticonfonden). It was initiated in May 2002 and I have handed in this thesis in May 2005. The title of the project, ”Mean Field ICA” was indicating that having written a master’s thesis on a simpler version of the same algorithm, would give me a head start and make the first confusing phase of the project more orderly and focussed. And indeed it is possible that had I not written my master in a closely related topic, it would have taken even longer to get to the heart of the matter. But there is of course always trouble ahead; in fact I suspect that in the cases of no trouble, students and researchers seek new directions until the challenges and troubles reaches a certain almost intolerable level, and from there start solving the problems as they best can. Regarding this project on the ”Mean Field ICA” algorithm, however, no new directions or extra tasks were needed – the basic task of understanding and improving the algorithm proved sufficiently challenging.

In the project description, the main task was clear: Expand the model to non-linear and convolutive mixtures, examine the properties of the algorithm facing over- and underestimated situations, and investigate the two optimization steps to increase performance and robustness. All of these topics are interesting and relevant. Beginning on the project I made the first major mistake believing that the algorithm, which I had been working with for binary sources, were basically sound and efficient for other sources as well. Not paying due attention to robustness from the beginning I started out expanding the model to the convolutive case and spent many months wondering and debugging since it did not really perform as one could expect. Only after more than a year, I decided after consulting my supervisor Ole Winther to make a step backward and investigate the efficiency and robustness for ever simpler setups. Since I was preoccupied with also taking courses, doing teaching, and planning of the external research stay at UCSD, it took almost two years until the use of exact approaches to both the source posteriors and the cost function made it clear: something very fundamental in this approach was causing the trouble. It turned out to be inefficiency of the optimization technique (the EM algorithm) which was the root of the problems and I started writing papers on how and why this was the case. From then on, things went fast, but indeed they had to, since very little time was left.

One could argue that instead of insisting on the performance of the Mean Field ICA, I could have turned my attention to related but different, easier and more rewarding models. But I have kept true to the initial idea doing exactly what I signed up for in the project description – also when it after more than a year without good results seemed as an infinite well of unsolvable problems. Doing that, the satisfaction after in fact solving the efficiency matter and the sense of winning a very long tiring duel, was accordingly great. Were I to start over, I might have done it differently, however, since the rather stubborn approach have brought me perhaps too many frustrating hours after all. Being in the middle of the struggle I have taken great pleasure sharing my views with colleagues and even more in listening to their experiences. One of these experiences I read in a book of Emanuel Dermand, a physicists who eventually turned to the financial sector at Wall Street. He writes in retrospect about his time as a PhD student:

”Despite the amount of time it took to finish my thesis, I have no real regrets; in a way, I am proud of the struggle. What I learned in those years – perseverance as much as mathematics – has stood me good in stead on Wall Street as well as in academia. When trying to discover something new in any field, one has to spend many years thinking, making false starts, wandering down blind alleys and stumbling into ditches, only to emerge again and keep going. For this, a Ph.D. is a good, if painful, training.”, E. Derman in ’My Life as a Quant’.

As is often the case, it is for some reason relieving listening to people who have had the same or similar worries as oneself and the way E. Dermand describes the process above resembles the process of the ”Mean Field ICA” project quite a bit. In what direction my professional life will go after this thesis is still unknown, but I have no doubt that the experience gained during the these three years as a PhD student is widely applicable and will serve me well, where-ever life takes me. Scientific Contributions

Chronologically I started out in collaboration with Lars Kai Hansen on a paper on monaural separation in which we applied Mean Field ICA on a special bimodal gaussian source [8]. From then on, I expanded the Mean Field ICA to the convolutive case but had trouble reaching a satisfying level of robustness and quality. In the fall 2004 Ole Winther and I submitted a paper to the conference ICASSP2005 demonstrating a small scale numerical investigation of the convergence properties of the EM algorithm [42]. Shortly after that, the saddle point analysis led to the demonstration of the poor convergence properties of the EM algorithm for a large class of problems – reaching well beyond ICA – and this was first published as a technical report in [41]. An expansion of this result to the Variational Bayes EM algorithm, was shortly after submitted to Neural Computation in [43]. In early 2005 I did some work in collaboration with Rasmus K. Olsson and Tue Lehn-Schiøler which demonstrated the result on the poor EM convergence for state space models [34]. In the time short before handing in the thesis I submitted the work done with Jiucang Hao and Te-Won Lee comparing the filtering and generative approach to overcomplete ICA. Summarizing my scientific contributions with respect to topics, I have been contributing to the progress within the following areas:

1. Analysis of the slow convergence of the EM algorithm and Variational Bayes EM algorithm. As a proposed solution to the problem I have suggested the Easy Gradient Recipe.

2. Expansion of the Mean Field ICA to the convolutive Mean Field ICA.

3. Analysis of filtering and generative approaches to overcomplete ICA using the so-called Energy Based Models.

The list of publications I have contributed to, is:

Publications (Accepted and in progress)

• K. B. Petersen, O. Winther, L. K. Hansen, ”On the slow convergence of EM and VBEM in low noise linear mixtures”, Neural Computation 17(9), 2005. [43]

• K. B. Petersen, J. Hao, T-W. Lee ”Generative and Filtering Approaches for Overcomplete Representations”, Neural Information Processing 8(1), 2005. [40].

• R. K. Olsson, K. B. Petersen, T. Lehn-Schiøler, ”State-space models - from the EM algorithm to a gradient approach”, Submitted to Neural Computation, 2005. [34]

• K. B. Petersen, O. Winther, ”Explaining Slow Convergence of EM in Low Noise Linear Mixutres”, IMM-TechRep 2-2005, Technical University of Denmark, 2005. [41]

• K. B. Petersen, O. Winther, The EM Algorithm in Independent Component Analysis, IEEE International Conference on Acoustics, Speech, and Signal Processing, ICASSP, 2005. [42]

• K. B. Petersen, Using Mixture of Gaussians to Compare Approaches to Signal Separation, DSAGM, 2004. [38]

• L. K. Hansen, K. B. Petersen, Monaural ICA of white noise mixtures is hard, Proceedings of ICA’2003 Fourth Int. Symposium on Independent Component Analysis and Blind Signal Separation, Nara Japan, April 4,, pp. 815-820, 2003. [8]

• K. B. Petersen, M. S. Pedersen, The Matrix Cookbook, Technical University of Denmark. Regular updates, latest in 2005. [37]

The last item, The Matrix Cookbook, may deserve some explanation. While visiting UCSD I realized how much time I spend on almost the same analytical calculations, over and over. Most of them being matrix related identities of derivatives, integrals, or reformulations, I turned to the reference literature like

Schaum’s for a complete collection. Since I didn’t find any, I started collecting identities, inequalities, integrals, derivatives and so on, in a tex document, which became The Matrix Cookbook. In the summer of 2004, encouraged by the interest at my home department, I announced it at two mailing-lists and was quite surprised when it was downloaded more than one thousand times within the first 24 hours. I realized that other researchers were lacking these identities and joined with Michael Syskind Pedersen in producing a larger and better version. Updating and releasing it regularly, it has now been downloaded more than 10000 times, which makes it the most downloaded document from the institute ever. One may argue that collecting knowledge which largely already exists, is not really doing research. For one thing one may disagree with that opinion, but more importantly, the usability and popularity does in my view speak for itself.

Acknowledgements

First of all I would like to thank my primary advisor Ole Winther, who stronger than most have had an open door policy: at almost any time, I could walk into his office to ask a question or debate some issue. Not only is it very good for the daily business to resolve difficulties straight away when possible, it is also strongly motivating to have the opportunity to discuss matters with people who have a deep understanding of the matters. Moreover, Ole was supportive in the darkest hour when, after two years of futile research, I had a hard time keeping up the optimism. I surely hope that I haven’t drained Ole from energy reserved for other matters and that other students will also benefit from his knowledge and personality.

In 1999 I was working on a bachelor project and payed the department led by Lars Kai Hansen a short visit. After listening to a PhD defense, my coworker and I spend a few minutes discussing the project with Lars. Then around 2001, when I started looking for a good subject and a supervisor for my master’s thesis, I talked to a number of people at the Niels Bohr Institute of physics at University of Copenhagen. Among them good scientists who presented projects which were allegedly perfect for a student like me with my qualifications and so on. But when I met them the day after (literally), they had no idea who I was, seemingly completely oblivion to me and the discussion we had had the day before. Disappointed about their social abilities, but lacking good alternatives, I pondered on what lesser evil to choose, when I one day coincidentally passed Lars from DTU in a hallway in the institute. Although it was two years since I had talked to him for just a few minutes, he briefly looked up, (seemingly) recognized me, and said hello. Since Lars also had a very good reputation as a scientist, I went out to DTU to talk to him about a possible master project and later stayed at the department doing this PhD project. For a large part of the project, Lars Kai Hansen has also been an advisor, with numerous good advices and comments. Lars, truly unique for his combination of good humor and scientific capacity, has been a magnet on student interest and I am sure future PhD students will also be happy working with him.

The good social skills of Lars has also benefitted me when going abroad for a so-called external research stay in San Diego. At the Institute for Neural Computation at UCSD, a small group led by Te-Won Lee was graciously welcoming me. Surrounded by Chinese and Korean people (but no Americans), I learned a lot about both culture and science from Te-Won and his crew. Te-Won was honest, professional and relaxed, and contributed to seven very good and enriching months under the sunny Californian skies. Thank you for the warm welcome and good discussions.

Also thanks to fellow PhD students which through many discussions and joint work, have contributed to both the fun and the science. Among these especially Tue Lehn-Schiøler and Rasmus K. Olsson for joint work on the State Space Models, Jiucang Hao for joint work on the Energy Based Models and Michael Syskind Pedersen for joint work on The Matrix Cookbook. I should also thank the people like Niels and Mogens who made the daily business more easy helping me with a gazillion computer related questions and Ulla who is probably the real reason the ISP Group at DTU is working so well. Thanks also to Anette Jensen, Tue Lehn-Schiøler, Rasmus Kongsgaard Olsson and Anders Meng for proofreading of this thesis.

Last but not least I would like to thank my wife Line, who has been suffering most from the difficulties of being closely related to a PhD student. Apart from the research-wise challenges, one of the side-effects of the work as PhD student is the solitude which sets in the instant one is not by hard work successfully involving other people in common projects. At those times frustrations – which are therefore not resolved with colleagues – turn up in various guises in the private life and thus making partners subject to rather unfair mood swings. Line has been patient at all times and especially helpful on a critical day in the suburbs of San Diego when I, working too hard for too long, had lost perspective. Thank you.

Kaare Brandt Petersen Copenhagen, May 2005.

xi xii Contents

Contents

Abstract i

Resumé iii

1 Introduction 1 1.1 Structure of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . 2

2 Probabilistic Estimation 3 2.1 Probabilistic Approaches . . . . . . . . . . . . . . . . . . . . . . . 4 2.2 Noise Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 2.3 Transformation Model . . . . . . . . . . . . . . . . . . . . . . . . 12 2.4 Hidden Variable Models . . . . . . . . . . . . . . . . . . . . . . . 17

3 The EM Algorithm 23 3.1 Introduction to EM . . . . . . . . . . . . . . . . . . . . . . . . . . 23 3.2 Low Noise Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 34 3.3 The Easy Gradient Recipe . . . . . . . . . . . . . . . . . . . . . . 48

4 Mean Field ICA 57 4.1 Mean Field Theory . . . . . . . . . . . . . . . . . . . . . . . . . . 60 4.2 Mean Field ICA . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 4.3 Convolutive Mean Field ICA . . . . . . . . . . . . . . . . . . . . 93

5 Energy Based Models 103 5.1 Introduction to EBM . . . . . . . . . . . . . . . . . . . . . . . . . 103 5.2 Filtering and Generative Approaches . . . . . . . . . . . . . . . . 105 xiv CONTENTS

6 Summary 117 6.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118 6.2 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

A Dictionary 121

B Calculations 125

C Publications 129 C.1 ICA 2003 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130 C.2 DSAGM 2004 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137 C.3 ICASSP 2005 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148 C.4 IMM-TechRep 2005 . . . . . . . . . . . . . . . . . . . . . . . . . 153 C.5 Neural Computation 2005, I . . . . . . . . . . . . . . . . . . . . . 169 C.6 Neural Computation 2005, II . . . . . . . . . . . . . . . . . . . . 176 C.7 Neural Information Processing 2005 . . . . . . . . . . . . . . . . 201 C.8 The Matrix Cookbook . . . . . . . . . . . . . . . . . . . . . . . . 211

Chapter 1

Introduction

Once upon a time on a dusty African savanna, a prehistoric man – yet unaware of the revolutionary developments which will assists his offspring in survival and proliferation – was pondering the fundamental question: ”Where at the dried out river bed is it most likely that the antelope will try to jump?”. Although he knew that the deer was agile and therefore able to make it over the slope at least two different places, he chose to hide in the bushes at the lower of the two.

Even in this anniversary year of Hans Christian Andersen, it may require some explanation to bring in fairy tales. The reason is that the task of the prehistoric man is early probabilistic modeling: Not knowing the mind of the deer, it is essentially a random process guessing where the deer will try to escape, but there are clues which make the distribution over the possible outcomes nonuniform. There is the prior knowledge about that kind of animal – knowledge which tells the prehistoric man that the Kudu antelope can easily jump over fences 2 meters high. But there is also the specific knowledge (in analogy to data) that this specific individual has been running from the other tribesmen for quite a while and therefore most likely is tired and not eager to attempt the higher jump. Therefore, the prehistoric man is combining prior knowledge with data and make a decision.

When humans are doing probabilistic modeling it is most often done unconsciously in the sense that the choice is based on intuition, rather than rational reasoning. This reflects that the functionality of the brain for many basic situations is far superior in estimating probabilities compared to rational reasoning. Also, the ability to consciously express the perceived clues in a given situation may be impaired without there being anything wrong with the clues themselves.

2 Introduction

The modern development of expressing the probabilities in a mathematical language has very significantly influenced this balance between intuition and reasoning. Early formulation of probability theory gave improvements of simple situations and as the theory has grown more advanced, more and more phenomena has been described and predicted using probabilistic modeling. In many situations, the human ability is incapable of making precise choices either because of complexity or some counter-intuitive mechanism, and mathematical models are in many of these situations now assisting human reasoning. A remaining barrier in that respect, is the computational power: Many probabilities are determinable on principle only, since it is still impractical to estimate them analytically or numerically. This aspect is, of course, ever changing as each new generation of computer processors is developed and where it ends, only time will tell.

This thesis is describing and analyzing the Mean Field ICA algorithm which is an example of modern probabilistic modeling. It is both complicated and computationally intensive and in that sense truly a creature of the new century.

1.1 Structure of the Thesis

Chapter 2 introduces the Bayesian framework for estimation in models with unobserved variables. Only the ideas and overall derivation are taken into account, leaving the practical issues of integration and optimization untouched. Chapter 3 is introducing and analyzing the Expectation-Maximization (EM) algorithm, a method for maximum likelihood estimation. Chapter 4 is introducing the mean field theory as a way to approximate integrals efficiently and show how the work of Chapter 2 and Chapter 3 combines into the Mean Field ICA algorithm. Chapter 4 also shows some properties of the Mean Field ICA algorithm and an extension to the convolutive model. Chapter 5 describes work on the Energy Based Models – some work done during a external research stay at the University of California San Diego.

Chapter 2

Probabilistic Estimation

Probabilistic estimation is the game of learning from data in a way which can be interpreted within a probabilistic framework. In this rather broad definition it also includes estimating probabilities based on experience from previous events. Learning is here meant in a general sense as any kind of knowledge which can be inferred from observations. And since only completely independent processes yields no mutual information, the smallest connection or weakest correlation may be used for inference. In a slightly more technical sense, though, learning means estimation of parameters based on observed data.

The property of an estimation as being interpretable within a probabilistic framework is important and non-trivial. In many applications and situations the possibility of justification, error-estimation or some further data processing is essential, and the probabilistic framework lends itself readily to that task. In many legal or medical applications, for example, it may be inadequate to state black-box results no matter how reliable experience have proved the method to be. Results which can be communicated as a probability, on the other hand, may be acceptable and immediately understandable also to people not familiar with the technical sciences.

The condition that the process must be possible to give probabilistic meaning may seem weak or obvious, but in fact many data analysis techniques does not have this property. Early neural networks, for example, were not formulated in the language of probability theory and well-established techniques, such as Support Vector Machines, and K-nearest neighbors, are not subject to direct meaningful probabilistic interpretation. Thus, probabilistic estimation is both non-trivial, relevant for interpretation and application, and interesting in its own right as an academic research area.

In this chapter a framework for probabilistic estimation in so-called ’hidden variable’ models is presented. Focussing on the essence from a theoretical viewpoint, no practical or computational obstacles are considered in this chapter – thus leaving out the optimization and integration issues. I have not read this material in any specific reference but it is largely well-known and included merely for completeness. One exception is the derivation of the probabilistic convolutive ICA, which I derived with focus on the convolutive Mean Field ICA presented in Chapter 4.

2.1 Probabilistic Approaches

2.1.1 The Bayesian Principles

Thomas Bayes (1702-1761) was an English mathematician and a presbyterian minister in a time in which most mathematical progress was done in continental Europe. He almost didn’t publish during his lifetime but were influential and became fellow of the Royal Society in 1742. After his death, a friend published in 1763 Essay Towards Solving a Problem in the Doctrine of Chances, in which most of the material he is known for today is presented. In the modern communities of mathematical modeling, Bayes and Bayesian approaches are related to the following three statements which can be regarded as principles, postulates, model selection tools, or model building guidelines:

i) Everything can be assigned a probability.

ii) Bayes’ theorem p(A, B) = p(A|B)p(B).

iii) Integrate out what you do not know.

Regarding i): The first claim that every variable can be assigned a probability is a postulate which is fiercely debated by frequentists. The frequentists argues that a probability is only well defined as a ratio between successful outcomes and total number of outcomes. The Bayesian viewpoint, on the other hand, is that one may assign a probability or density to any variable as long as the density is fulfilling the ordinary constrains for being a density in the first place. To distinguish between probabilities in the sense of Bayes and frequentists, the Bayesian probabilities are sometimes referred to as ’beliefs’ instead of probabilities.

Regarding ii): Bayes’s theorem is the most well-known of the three. It simply states a certain connection between the joint and the conditional probabilities of a variable. Since joint probabilities are often difficult to handle and models are well expressed by conditional probabilities, this theorem has had immense importance in probabilistic modelling.

Regarding iii): The third is to integrate out what is unknown. Say the entity x is of interest, but x is somehow dependent on the variable or parameter y about which only p(y) is known. Then the Bayesian approach is to do the following integral using Bayes’ theorem, p(x) = ∫ p(x|y)p(y)dy. In this way no assumptions or estimation of the unknown y is made, but instead the lack of knowledge is compensated by the only thing which is known, namely the distribution p(y).

In implementations, the third Bayesian point is often utilizing the first two and is the crown jewel of the Bayesian approach: a formalized and sensible way to deal with the lack of certain knowledge. But the clarity is to some extend deceptive since integrating out one unknown entity, almost always is in need of both a model and a prior, which again is unknown and must integrate out using another model and another prior, which again is unknown, and so on. Shortly, there is always something more that one do not know and the ’integrate it out’-scheme formally never ends.

2.1.2 Likelihood versus the Posterior

The Bayesian principles does not themselves induce an estimation scheme or cost function but provide tools and guidelines for how these can be obtained. In this subsection, different cost functions for a data set X is considered, along with a model in which some model parameter ψ must be estimated. Two approaches are discussed, the maximum likelihood (ML) and the maximum a posteriori (MAP), and in both the Bayesian principles can be implemented to different degrees.

In the basic ML approach, one estimates the model parameters as the parameters which maximize the probability of the observed data set

(ML) p(X|ψ) . (2.1)

In a broader and more intuitive language one is choosing the cause (model parameters) which makes the observed event (data set) as probable as possible. A related but slightly different approach is the basic MAP approach, in which one is estimating the model parameters as the parameters which maximizes the parameter posterior, that is, maximizing the cost function

(MAP) p(ψ|X) = p(X|ψ)p(ψ|ϕ_ψ) p(X)

. (2.2)

Using the MAP estimate one is choosing the most likely cause (model parameter) given the observed event (the data). As the right hand side of Equation 2.2 is demonstrating, the likelihood and posteriori are related through Bayes theorem. From that equation it can be seen that the essential difference between ML and MAP is the parameter prior p(ψ|ϕ_ψ) and that if this prior is non-informative, i.e. if one has absolutely no prior knowledge of the parameters, then the ML estimate and the MAP estimate are equivalent.

Up to this point, two of the Bayesian principles have been employed: A prior probability has been assigned to the model parameters and used Bayes theorem to calculate the posterior. The third principle which involves integrating out the unknown entities, however, has not been employed. The unknown entity in this context is the model parameters ψ. Further, instead of using a single value as the ML-estimate or MAP-estimate, one could estimate a probability distribution over ψ, parameterized by the data X and the prior parameter ϕ_ψ, and use that for a more detailed and balanced estimate. Integrating out the parameter in the ML setup, one get the following expression, in which the left hand side is dependent on the hyper-parameter ϕ_ψ

(ML-II) p(X|ϕ_ψ) = ∫ p(X|ψ)p(ψ|ϕ_ψ)dψ . (2.3)

One can now maximize the probability of the observed data set X given the hyper-parameters to obtain an estimate of the hyper-parameters. Note how this resembles the basic ML, but with respect to integration is taken one step further. For that reason it is sometimes referred to as empirical Bayes, the evidence framework, or ML-II. Note also, however, that one could in principle keep integrating using hyper-hyper-parameters and in that sense a full Bayesian have not been employed, but rather ’a first level’ of the Bayesian principles.

As with the basic approaches, one can also for this setup estimate the unknown entities using the posterior instead of the likelihood. The posterior of the hyper-parameter ϕ_ψ is derived using Bayes’ theorem

(MAP-II) p(ϕ_ψ|X, ϕ_{ϕψ} ) = p(X|ϕ_ψ)p(ϕ_ψ|ϕ_{ϕψ} ) p(X|ϕ_{ϕψ} )

. (2.4)

In order to do that one must choose a prior on the hyper-parameter, p(ϕ_ψ|ϕ_{ϕψ} ) and include that in the estimation. The infinite Bayesian process of integrating out ends for all practical purposes where one assume some prior to be noninformative. In that sense, a full Bayesian treatment does in fact stop at some point, namely when there is no more prior knowledge to be implemented in the scheme.

So which is the better, the maximum likelihood or the posterior estimate? Since through Bayes’ theorem the posterior is incorporating the likelihood, the posterior is the most general framework. However, at the point where one can employ no more prior knowledge, that is, the point at which the prior is noninformative, the two estimates are equivalent.

2.1.3 Hidden Variable Models

The data, the model, and the model parameters are strictly speaking the only concepts needed, but a certain class of models suggest to introduce what is

Figure 2.1: The Bayesian Mill: keep integrating out unknown parameters in a maximum likelihood (ML) setting until the prior information is non-informative or impossible to integrate further. At that point use the prior (if informative) to obtain the posterior and use it for estimating the (hyper) parameter at that level. Use the posteriors successively to estimate the distribution over the variables/parameters of interest.

referred to as ’hidden variables’, ’latent variables’ or ’unobserved data’. The hidden variables are an unknown part of the model and is formally no different from the model parameters. But it may prove useful anyway – at least from a conceptual point of view – to distinguish the hidden variables from the model parameters.

To introduce the hidden variables one must be slightly more concrete: imagine a set of N observed data column-vectors, x_1, x_2, ..., x_N each of m-dimensional and real, i.e. x_t ∈ R^m. For notational convenience, these data-vectors are stacked side by side into the large data matrix X, which is then m × N dimensional. The hidden variables denoted S is a d × N matrix and a part of the model which in size scales with the number of observed data vectors N. In the language of statistical physics they are extensive variables as opposed to the model parameters which do not scale with the size of the data set and are referred to as intensive variables.

The important difference between extensive and intensive variables is that having more and more data will in general improve the quality of the estimation of intensive variables but not that of extensive variables. This is, of course, due to the fact that as the amount of data grows, so does the number of extensive variables to be estimated. In that sense it is for extensive variables a tie race between known and unknown entities. Therefore one often, but not necessarily, seeks to integrate out the extensive variables leaving only the parameters of the prior, which in general are intensive variables.

The idea of a hidden variable is an appealing concept when dealing with blind source separation problems, in which each observed data vector x_t for every time step is a function of some subset of the hidden variables. In simple cases, each data vector x_t is a function of a column s_t of the hidden variable matrix. In that picture, the hidden variables are something which for every time step are being transformed, using the model parameters θ, into an observed data vector x_t. But in the most general formulation with additive noise, all time steps of the hidden variables may affect the observation x_t, that is,

x_t = f_{θ,t}(S) + n_t, t = 1, ..., N . (2.5)

Both the noise, the transformation parameters and the hidden variables can be regarded as realizations of stochastic processes each with some probability p_n(n|ϕ_n), p_θ(θ|ϕ_θ) and p_s(S|ϕ_s). But since the noise realization is different for every time step t, the noise is, like the hidden variable, an extensive variable. Integrating out the noise realization one obtains

p(X|θ, S, ϕ_n) = ∫ p(X|θ, S, n)p_n(n|ϕ_n)dn = ∫ δ(n − (X − f_θ(S)))p_n(n|ϕ_n)dn

= p_n(X − f_θ(S)|ϕ_n) . (2.6)

This conditioned probability p(X|θ, S, ϕ_n) is the cornerstone for the rest of the chapter: From this basic likelihood, all the probabilistic estimation schemes for hidden variables models are derived – a special status which stems from the choice that the noise realization will always be assumed integrated out.

As discussed earlier, one can either use the likelihood or the posterior and integrate out the unknown entities at different levels – see Table 2.1 for an overview. The notation with the roman numbers indicates to which level the remainder of the unknown entities are integrated out: on level I-I, neither the transformation parameters θ nor the hidden variables S are integrated out. One is simply estimating these values directly and as point estimates. On level II-I, the transformation parameters θ are integrated out, leaving the hyperparameters ϕ_θ and the hidden variables for estimation. On level I-II it is the other way around, i.e. the hidden variables are integrated out leaving the hyper parameters ϕ_s and on level II-II both the transformation parameters and the hidden variables are integrated out. As the dots in the table indicates, one could keep on integrating the hyper-parameters and thus reaching level III-II or whatever would seem fit for the task, but these levels are not considered in this thesis.

A small comment on the more technical side is that one can simplify the computations involved since the logarithm is a strictly increasing function, such

Est. of θ Est. of S ML MAP I-I Directly Directly p(X|θ, S, ϕ_n) p(θ, S, ϕ_n|X) II-I Integrated out Directly p(X|ϕ_θ, S, ϕ_n) p(ϕ_θ, S, ϕ_n|X) I-II Directly Integrated out p(X|θ, ϕ_s, ϕ_n) p(θ, ϕ_s, ϕ_n|X) II-II Integrated out Integrated out p(X|ϕ_θ, ϕ_s, ϕ_n) p(ϕ_θ, ϕ_s, ϕ_n|X) ... Table 2.1: Different approaches to probabilistic estimation in hidden variable models. The model parameters θ and the hidden variables S can be integrated out or left for direct point estimation, leaving four combinations for both the maximum likelihood (ML) and the maximum a posteriori (MAP) cost function. The symbols ϕ_θ and ϕ_s are parameters of the parameter prior and prior on the hidden variables, i.e. they are so-called hyper-parameters.

that instead of maximizing the density directly, one can maximize the logarithm of the density. This holds of course for any cost function and thus for all the cost functions presented in Table 2.1.

2.1.3.1 ML and MAP on Level I-I

In a setup with no integration of the variables, one would regard the hidden variables as a sort of parameters and therefore seek to maximize p(X|S, θ, ϕ_n) with respect to θ, S and ϕ_n. Optimizing the cost function ln p(X|θ, S, ϕ_n) involves computing the derivative and setting it to zero, e.g. for θ

∂ ln p(X|θ, S, ϕ_n) ∂θ = 0 The ML cost function ln p(X|θ, S, ϕ_n) is determined by Equation 2.6, and therefore one needs to define a specific noise model and transformation function f_{θ,t} in order to get anything more concrete. The same holds for the MAP estimate maximizing ln p(θ, S, ϕ_n|X), which using Bayes’ theorem is equal to 0 = ∂ ln p(θ, S, ϕ_n|X) ∂θ = ∂ ln p(X|S, θ, ϕ_n) ∂θ + ∂ ln p(θ|ϕ_θ) ∂θ and a similar result when differentiating with respect to S and ϕ_n. From this equation it follows that without more specific choices for the noise, the hidden variables and the transformation function, one cannot get more specific about the solutions of the ML and MAP on level I-I, i.e. for the direct point-estimation approach.

2.1.3.2 ML and MAP on Level II-I

When integrating out either the model parameters or the hidden variables, one can say slightly more without specifying the rest of the model in details. On level

II-I the model parameters θ are integrated out leaving the hyper parameters ϕ_θ of the parameter prior for estimation. Differentiating the ML cost function, one get the following

∂ ln p(X|ϕ_θ, S, ϕ_n) ∂ϕ_θ = ∂ ∂ϕ_θ ln ∫ p(X, θ|ϕ_θ, S, ϕ_n)dθ = 1 p(X|ϕ_θ, S, ϕ_n) ∫ ∂ ∂ϕ_θ p(X, θ|ϕ_θ, S, ϕ_n)dθ = ∫ p(X, θ|ϕ_θ, S) p(X|ϕ_θ, S, ϕ_n) ∂ ∂ϕ_θ ln p(X, θ|ϕ_θ, S, ϕ_n)dθ = ⟨ ∂ ∂ϕ_θ ln p(X, θ|ϕ_θ, S, ϕ_n) ⟩ p(θ|X,ϕ_θ ,S,ϕ_n)

. (2.7)

Note how general this derivation is: nothing more than Bayes Theorem and the properties of the logarithmic function are used. One therefore ends up with an equation of the same general structure when differentiating with respect to the hidden variables. As usual, the MAP estimate involves the same calculations as the ML, but now adding a prior on the transformation and noise hyper parameters and the hidden variables.

2.1.3.3 ML and MAP on Level I-II

Not surprisingly, level I-II resembles level II-I quite a bit. Within the machine learning community, though, they have received very different amount of attention. This is most likely because it is more sensible to integrate out the extensive variables for which the estimate does not improve when the amount of observed data becomes larger. Similar to level II-I, the derivative of the likelihood is

∂ ln p(X|θ, ϕ_s, ϕ_n) ∂θ = ⟨ ∂ ln p(X, S|θ, ϕ_s, ϕ_n) ∂θ ⟩ p(S|X,θ,ϕ_s,ϕ_n)

(2.8)

and correspondingly for the derivative with respect to ϕ_s and ϕ_n. For additive noise models it is possible to rewrite the joint probability in the data and hidden variables in the following way using Bayes theorem

ln p(X, S|θ, ϕ_s, ϕ_n) = ln p(X|θ, S, ϕ_n) + ln p(S|ϕ_s) .

This simplifies matters of the differentiation by splitting the density into an observation model given by the noise and the transformation function, and a parameter prior.

2.1.3.4 ML and MAP on Level II-II

If one is having prior knowledge of both the transformation parameters and the hidden variables, but not prior knowledge of the parameters of the next level,

2.2 Noise Model 11

then level II-II is the most appropriate choice of approach. In that case the likelihood is a function of the prior parameters ϕ_θ, ϕ_s and ϕ_n. If one further assume that the prior on the transformation and noise is independent of the prior of the hidden variables, then the task is to maximize the following expression

ln p(X|ϕ_θ, ϕ_s, ϕ_n) = ln ∫ p(X, S, θ|ϕ_θ, ϕ_s, ϕ_n)dSdθ

= ln ∫ p(X|S, θ, ϕ_θ, ϕ_s, ϕ_n)p(S, θ|ϕ_θ, ϕ_s, ϕ_n)dSdθ

= ln ∫ p(X|S, θ, ϕ_n)p(S|ϕ_s)p(θ|ϕ_θ)dSdθ . (2.9)

Note that as before the observation density has been assumed not to depend on the prior parameters. Differentiating with respect to the prior parameters yields the following expressions

∂ ln p(X|ϕ_θ, ϕ_s, ϕ_n) ∂ϕ_θ = ⟨ ∂ ln p(θ|ϕ_θ)

∂ϕ_θ ⟩ p(S,θ|X,ϕ_θ ,ϕ_s,ϕ_n)

∂ ln p(X|ϕ_θ, ϕ_s, ϕ_n) ∂ϕ_s = ⟨ ∂ ln p(S|ϕ_s)

∂ϕ_s ⟩ p(S,θ|X,ϕ_θ ,ϕ_s,ϕ_n)

Using the logarithm and the assumption that the priors are independent, one obtains for the MAP estimate some minor changes to the equations – changes which are very similar to those of the level I-II approach.

All the approaches presented above have at least one thing in common: in order to be more concrete the model must be specified in more detail. Specifying the model includes choosing a distribution of the additive noise, choosing a transformation function, and a distribution over the hidden variables. The remaining sections of the chapter are dedicated to that: presenting more specific models and to some extend ways to deal with them.

2.2 Noise Model

This section describes details on the noise model. Describing a noise model involves choosing a distribution for the noise variable and showing how to estimate the parameters of this distribution.

2.2.1 Gaussian Noise

The most common noise model, which for many applications is also the most reasonable model, is the zero-mean gaussian assumption, i.e. n_t ∼ N (0, W). That is, for this particular noise model, the hyper parameter ϕ_n is simply ϕ_n = W. With gaussian noise, one can use Equation 2.6 to rewrite the density of the observations since these must then be gaussian with mean values determined by the transformation

p(X|S, θ, ϕ_n) = 1 √ |2πW|^N exp [ −^1_2 N∑ t=1 (x_t − f_t)^T W^{−1}(x_t − f_t) ]

In order to estimate the covariance matrix W one needs to differentiate the logarithm of the observation density, ln p(X|S, θ, ϕ_n), with respect to the noise covariance. Note, however, that a covariance matrix needs to fulfil certain criteria in order to serve as a proper covariance matrix, namely the criteria of being positive definite, and this influences how it should be differentiated. For W to be a positive definite matrix it must fulfil x^T Wx > 0 for all x, a constraint which in practice is rather hard to implement directly. Fortunately, differentiating unconstrained and setting the derivative equal to zero one obtains what is in fact the maximum likelihood estimate ∂ ∂W ln p(X|S, θ, ϕ_n) = ∂ ∂W [ ln 1 √ |2πW|^N − 1 2 Tr[(X − f)^T W^{−1}(X − f)] ]

= −^N_2 W^{−T} +^1_2 W^{−T} (X − f)(X − f)^T W^{−T}

which gives W =^1_N ⟨(X − f)(X − f)^T ⟩ (2.10)

where ⟨·⟩ denotes average with respect to the source posterior. Note about this estimate that it ensures the solution is positive definite, that it depends on the moments ⟨f_t⟩ and ⟨f_tf^T_t ⟩ and that these moments can be more or less complicated depending of course on the transformation function f.

2.2.2 Non-Gaussian Noise

The gaussian noise is in many cases easily justifiable because of the central limit theorem, but one could indeed imagine having noise which is not gaussian. This would be the case if for some application the hidden variables and observations were forced to be negative or positive or if one was modeling not just a measurement error but also some biased error introduced by a slightly wrong choice of model. In this thesis, however, only gaussian noise is considered.

2.3 Transformation Model

This section describes details on the transformation of the hidden variables as well as the equations for estimation of the transformation parameters. If the transformation parameters are to be estimated by the posterior or integrated out, then a prior on the parameters must be chosen. Which choice of prior is appropriate depends of course on the choice of transformation and is therefore briefly discussed after each presented trasformation function.

2.3.1 General Instantaneous Model

The general instantaneous observation model is, although being general, still sufficiently specific to point out crucial concepts and important relations. The model is x_t = f_θ(s_t) + n_t, t = 1, ..., N , (2.11)

that is, the observed data vectors x_t are the result of a possibly non-linear function f_θ : R^d → R^m and some additive noise. The subscript θ indicates that the function f depends on the model parameters θ.

2.3.1.1 ML on Level I-II

According to Equation 2.7 one needs to derive an expression for the joint distribution over observed data and hidden variables. Using Bayes’s rule, the joint distribution can be written as

p(X, S|θ, ϕ_s, ϕ_n) = p(X|θ, S, ϕ_n)p(S|ϕ_s) .

Again, the parameters are split into convenient groups of parameters: the parameters of the transformation function θ, the (hyper) parameters of the noise model ϕ_n and the (hyper) parameters of the source prior ϕ_s. The benefit of factorizing the joint distribution like this is that one can separate the noisy observation model p(X|S, θ, ϕ_n) from the source prior p(S|ϕ_s).

Following the general expression in Equation 2.7 and assuming a zero-mean gaussian noise model, the following entity needs to be calculated ∂ ∂θ ln p(X|θ, S, ϕ_n) = 1 2 ∂ ∂θ N∑ t=1 (x_t − f(s_t))^T W^{−1}(x_t − f(s_t))

= − N∑ t=1 ∂f(s_t) ∂θ^T

W^{−1}(x_t − f(s_t)) .

Thus for a gaussian noise model, the crucial moments for estimating the transformation parameters θ are ⟨ ∂f(s_t) ∂θ^T ⟩ p(S|X,θ,ϕ_s,ϕ_n) and ⟨ ∂f(s_t) ∂θ^T

W^{−1}f(s_t) ⟩ p(S|X,θ,ϕ_s,ϕ_n)

If the notation is abbreviated such that the observation function is given by f_t and the derivative by f^′_t , then the statistics necessary are

⟨f_t⟩ , ⟨f_tf^T_t ⟩ , ⟨f^′_t ⟩ and ⟨f^{′T}_t W^{−1}f_t⟩ .

By ’necessary’ is meant necessary to estimate the noise and model parameters. The averages themselves depend on the noise and model parameters and thus constitute a set of non-linear fix point equations. The general instantaneous transformation is too general, however, to make any particular choice of parameter prior the best choice.

2.3.2 Linear Instantaneous Model

The next model considered is the linear instantaneous model – a special case of the general instantaneous model. In the linear instantaneous model, the observation function is linear and therefore it is possible to represent it as a matrix multiplication

x_t = As_t + n_t, t = 1, ..., N . (2.12)

As with the general instantaneous model the observation columns vectors can be concatenated side by side into a larger observed data matrix X. The same can be done with the unobserved column vectors s_t, that is, collecting these into one larger matrix S. Since the observation function is linear and represented by the matrix A, the observation model can be written for all time steps in one expression X = AS + n ,

where the noise vectors n_t are stacked into a noise matrix n. The linear observation model is interesting for several reasons. First of all it is the simplest non-trivial function one can construct, since making a Taylor expansion of the observation function to first order will yield exactly the linear model. Secondly the linear instantaneous model is a very versatile model which appears in both blind source separation models such as Independent Component Analysis (ICA) and different approaches for sparse representation. In Chapter 4 a further discussion of the interpretations is presented, but for now, the linear instantaneous model is simply formulated and it is demonstrated what is needed to estimate the model parameters.

The log likelihood is now given by L = ln p(X|A, W, ϕ_s) and following the notation from Equation 2.7 one can, due to the fact that the observation function is linear, derive the relevant expressions by ∂L ∂A = ⟨ ∂ ∂A ln p(X|S, A, W, ϕ_s) ⟩ p(S|X,A,W,ϕ_s) = ⟨ ∂ ∂A N∑ t=1 −1 2 (x_t − As_t)^T W^{−1}(x_t − As_t) ⟩

= ⟨^N∑ t=1 W^{−1}(x_t − As_t)s^T_t ⟩

= W^{−1}X⟨S⟩ − W^{−1}A⟨SS^T ⟩ .

Setting this derivative equal to zero yields seemingly an estimate of the mixing matrix A = X⟨S⟩^T ⟨SS^T ⟩^{−1} . (2.13)

Note, however, that the source posterior distribution p(S|X, A, W, ϕ_s), over which the average ⟨·⟩ is taken, also depends on A such that the equation above does not express an isolation of the mixing matrix. Rather, Equation 2.13 is a non-linear constraint on the mixing matrix, which e.g. can be implemented in a fixed point algorithm. With the linear observation model and gaussian noise, the expression for the maximum likelihood estimate of the noise covariance becomes W = 1 N ⟨(X − AS)(X − AS)^T ⟩ = 1 N ( XX^T + A⟨SS^T ⟩A^T − X⟨S⟩^T A^T − A⟨S⟩X^T ) . (2.14)

Note, however, that as with the mixing matrix, the simplicity of these equations are somewhat deceptive since the source posterior average denoted ⟨·⟩ also depends on W. A nice feature of the linear model as opposed to the general instantaneous model is that the posterior statistics needed in the expression of the mixing matrix and the noise covariance are the same, namely the first and second moments ⟨S⟩ and ⟨SS^T ⟩ of the hidden variables.

For MAP and higher level estimation, one must specify a parameter prior on the matrix A. As a prior on the mixing matrix the following simple gaussian turns out to be useful

p(A) = 1 √ |2πΣ_A| exp [ − 1 2 Tr(A^T Σ^{−1}_A A) ] . Note that when Σ_A is diagonal, which is often the most reasonable, this is a completely factorized distribution in the elements A_{ij} of the mixing matrix.

2.3.3 Convolutive Model

The last transformation model considered in this thesis is the convolutive model. It is the only model of the three which is mixing different time steps in the observation and also a popular and realistic model for many important applications. The basic observation model is

x_t = f_t + n_t =

F −1∑

τ=0 A^τ s_{t−τ} + n_t, t = 1, ..., N (2.15)

where A^τ denotes a different matrix for every different τ, and not powers or transpose as the notation also could have indicated. The F matrices A^τ are each m × d dimensional as the mixing matrix in the instantaneous model. The elements A^τ_{ij} for τ = 0, ..., F −1 can be interpreted as a function which describes how the j.th component of the hidden variables (in the BSS interpretation the j.th source), is influencing the i.th measurement.

Assuming a zero-mean gaussian noise model, the entities of the model to be estimated are the matrices A^τ , the noise covariance W and the hidden variable prior parameters ϕ_s. To ease the notation, it will turn out to be useful to define a very large matrix A which consists of all the matrices A^τ stacked side by side A = [ A^0 A^1 ... A^{F −1} ] . (2.16)

The likelihood ln p(X|A, W, ϕ_s) is as always the crucial part of both the maximum likelihood and the maximum a posteriori approach and therefore emphasis is on the maximization of the likelihood. Differentiating it with respect to A demands a corresponding extension of the notation for the hidden variables. Let s_t denote the column vector which is dF × 1 dimensional and is defined by

s_t = [ s^T_t s^T_{t−1} ... s^T_{t−(F −1)}

]_T . Doing that the observation model becomes x_t = As_t + n_t and thus symbolically equivalent to the instantaneous linear model. Differentiation of the likelihood with respect to the parameters A and W is therefore giving a similar result. If one by S denotes the concatenation of all the vectors s_t then the results are

A = X⟨S⟩⟨SS^T ⟩^{−1} (2.17) W =^1_N ⟨(X − AS)(X − AS)^T ⟩ . (2.18)

As with the instantaneous linear model, the posterior statistics needed for the transformation function and the noise parameters are the same, namely ⟨S⟩ and ⟨SS^T ⟩. Special attention must now be given when dealing with these moments, since two different vectors s_t and s_t′ contains the same values if the difference between the times t and t^′ are smaller than the filter length F . For that reason it may be more appealing to do a single element-wise differentiation, which can be expressed by defining the following matrices (see Section B.0.1 for calculational details),

F_∗ = [ F^0_∗ F^1_∗ ... F^{F −1}_∗ ] (2.19)

(F_∗)^τ_{ij} = N∑ t=1 X_{it}⟨S_{j,t−τ} ⟩ and

G_∗ =

G^{0,0}_∗ G^{0,1}_∗ ... G^{0,F −1}_∗ G^{1,0}_∗ G^{1,1}_∗ ... G^{1,F −1}_∗ . . G^{F −1,0} G^{F −1,1} ... G^{F −1,F −1}_∗

(2.20)

(G_∗)^{τ,τ ′}_{ij} = N∑ t=1 ⟨S_{i,t−τ} S_{j,t−τ} ′ ⟩

Doing that, the notation of the underlining is not necessary, but the correlations induced by the convolutive transformation function are fundamental and cannot be avoided. In order to make this chapter notational comparable with later chapters, a star has been introduced in the subscript of the matrices. It indicates that the posterior averages are calculated exactly as opposed to approximations introduced later in this thesis. In this notation, one obtains the following equations when setting the derivative of log likelihood equal to zero

A = F_∗G^{−1}_∗ (2.21) W = 1 N [ XX^T − ( F_∗A^T + AF^T_∗ ) + AG_∗A^T ] . (2.22)

The seemingly close relation between the instantaneous linear model and the convolutive model is both genuine and deceptive: The convolutive model having a much richer statistical structure is considerably harder to estimate, but in certain limits the relation reveals profound similarities visible as essentially identical properties.

In some applications, the matrix entries A^τ_{ij} have an important meaningful interpretation, for example as filters in audio settings. This makes the choice of prior for the entries more complicated and indeed application dependent and it is therefore not included in this chapter.

2.4 Hidden Variable Models

This section describes details on the prior of the hidden variables and the model parameters. Describing the prior models involves choosing a distribution and in principle showing how to estimate the parameters of this distribution. Because of the rather complicated priors needed for the applications included later on in the thesis, the equations for parameter estimation are not included here, but instead postponed for later chapters in the extend they are needed.

2.4.1 Basic Maximum Likelihood

Using maximum likelihood on the hidden variables one is attempting to estimate the hidden variables directly. Differentiating the log likelihood with respect to the hidden variables, yields for the general instantaneous transformation

f^′(s_t)^T W^{−1}(x_t − f(s_t)) = 0

In the linear instantaneous model, this expression simplifies even further and the optimal hidden variables can be isolated giving the result

A^T W^{−1}AS = A^T W^{−1}X

which not surprisingly simplifies into S = A^{−1}X when A is square. When A is overdetermined, i.e. has more rows than columns, this can be regarded as a generalized pseudo-inverse – generalized in the sense that the metric W is used instead of the usual I in A^T AS = A^T X. When W has the structure W = σ^2I then the equation is degenerating into the standard form. Basic maximum likelihood for estimation of hidden variables turns out in many cases to be inadequate for two reasons: the hidden variables are extensive variables and the often important information in the prior is disregarded.

2.4.2 Estimation with Prior

The task is to choose some distribution p(S|ϕ_s) which is sensible from an analytical point of view and with respect to the particular application at hand. But before the prior models relevant for this thesis are presented, a general observation is worth noting: if the source prior is rewritten to be of the form p(S|ϕ_s) = exp(κ(S|ϕ_s))/Z, and then setting the derivative of the log likelihood with respect to ϕ_s equal to zero, one obtains ⟨ ∂κ(S|ϕ_s)

∂ϕ_s ⟩ p(S|ϕ_s) = ⟨ ∂κ(S|ϕ_s)

∂ϕ_s ⟩ p(S|X,θ,ϕ_s)

. (2.23)

Depending on the specific source prior considered, this analytically elegant equations may serve as estimation criteria.

Regarding the hidden variable priors presented below one major restriction has been imposed on almost all of them, namely that the elements of the matrix S are iid, i.e. independent and identical distributed. Doing that, the distribution p(S|ϕ_s) factorizes into dN one dimensional distributions. The reason for choosing in this way is mostly a computational convenience, in fact almost a necessity, utilized in later chapters, but the factorization in the first dimension (1, ..., d) is also in the spirit of the Independent Component Analysis in which it is a basic assumption. The only exception to the complete factorization is the general mixture of gaussians, which does not in general factorize over the in first direction (1, ..., d).

2.4.2.1 General Mixture of Gaussians

The mixture of gaussians (MoG) which is not subject to special restrictions is referred to as the general mixture of gaussians. For a time independent assumption, it is defined by the density

p(S) = N∏ t=1 K∑ k=1 ρ_k √ |2πD_k| exp [ −^1_2 (s_t − μ_k)^T D^{−1}_k (s_t − μ_k) ] , where the proportions ρ_k must be between 0 and 1 and sum to 1 and each D_k is a covariance matrix. There are no restrictions on the mean vectors μ_k. The general MoG is a very appealing model density due to its combination of flexibility and computational properties. The flexibility ensures that using sufficiently many components, i.e. choosing the numbers of mixture components K high, one can model a very large number of shapes from asymmetric skewed densities to heavy tailed sparse distributions.

2.4.2.2 Independent Mixture of Gaussians

The independent mixture of gaussians (IMoG), also known as a factorial mixture of gaussians, is a MoG which factorizes in the principal dimension (1, ..., d). The density can be defined by

p(S) = ∏ it ∑ k ρ_{ik} √ 2πσ^2_{ik} exp [ − 1 2 (s_{it} − μ_{ik})^2 σ^2_{ik} ]

in which the usual constrains apply to the ratios and the variances. This is of course a special case of the general MoG, but the assumption of independence imposes constrains on the covariance matrices D_k. These must now fulfil, in a certain sense, to have all combinations of the 1-dimensional variances; i.e. if one has d one dimensional K-component mixtures and want to combine these, then one ends up with a MoG which has K^d components. The IMoG will be described in more details in Chapter 5.

2.4.2.3 Exponential

The exponential distribution over the entire matrix S is simply the product over dN ordinary one dimensional exponential distributions. The density is

p(S) = Θ(S) ( ∏ i ν^N_i ) exp [ − ∑ it ν_iS_{it} ]

where Θ(S) denotes a product of heavy-side functions, each factor from an element S_{it} (the heavy-side function is the function which is 0 when the argument is zero or less and 1 otherwise). For the density to be normalizable, the parameters ν_i must all be positive.

2.4.2.4 Laplace

A natural extension of the exponential distribution to the entire real domain is the laplace distribution. It is simply the symmetric extension, which have the density defined by

p(S) = [ η 2 ]_{dN} · exp [ −η N∑ t=1 d∑ i=1 |S_{it}| ]

As for the exponential distribution, the parameter η must be positive. The laplace distribution is in some cases a nice practical choice when the hidden variables must be sparse and heavy tailed.

2.4.2.5 Binary

The binary prior, and in general a discrete prior on the hidden variables, is a product of dN ordinary one dimensional binary priors. It is defined by

p(S) = ∏ it ( ηδ(S_{it} − 1) + (1 − η)δ(S_{it} + 1) )

where η must be between zero and one, 0 < η < 1. The binary prior is important for application in especially the telecommunication and computer industries.

Summary of Chapter 2

In this chapter, probabilistic estimation in hidden variable models have been introduced. For models with additive noise, one has to choose a transformation function, priors, level of integration and whether to use maximum likelihood or maximum a posterior estimates – see Table 2.2 for an overview.

Table 2.2: Probabilistic Estimation in Hidden Variable Models. An overview of the steps involved and comments on choice for this thesis.

1. Choose a transformation function f_θ.

In this thesis:

- General instantaneous model - Linear Instantaneous model - Convolutive model

2. Choose prior distributions for the noise p_n(n|ϕ_n), transformation parameters p_θ(θ|ϕ_θ), and the hidden variables p_s(S|ϕ_s). In this thesis:

- The noise p_n(n|ϕ_n) is always gaussian - The transformation parameter p_θ(θ|ϕ_θ) is gaussian if used - The hidden variables p_s(S|ϕ_s) are chosen among

– Gaussian – Mixture of Gaussians – Independent Mixture of Gaussians – Laplace – Exponential – Uniform – Binary – ...

3. Choose level of integration (I, II, ...) for the noise, transformation parameters and the hidden variables. In this thesis:

- The noise is always integrated out: Level II - The transformation parameters: Level I or II - The hidden variables are always integrated out: Level II

4. Choose whether to use ML or MAP estimates.

In this thesis:

- Mostly ML estimates are used.

5. Solve relevant equations – often non-linear, coupled equations regarded as fixed point equations. In this thesis:

- The equations pose a serious computational challenge, which is discussed in the two next chapters.

22 Probabilistic Estimation

Chapter 3

The EM Algorithm

In this chapter, the Expectation-Maximization (EM) algorithm is described and analyzed in detail. The first section introduces the algorithm, sketches its history and a formulation relevant for the Mean Field ICA. The second section presents an analysis of the convergence rate in the low noise limit, published in [41] and [43]. In the third section the so-called ”Easy Gradient Recipe” (EGR) is described. EGR is a new variant among the maximum likelihood tools – a quasi-Newton optimization, based on the relatively simple calculations of the EM algorithm [34].

3.1 Introduction to EM

The EM algorithm is a method for obtaining maximum likelihood estimates under difficult conditions. In the situation, that the likelihood of some model is reasonably easy to calculate and differentiate, one can simply maximize the given function with standard methods and there is no need for the EM algorithm. But often it is not so. The models used in a particular setting can be very complicated or the values of some relevant variables unknown, i.e. missing data or so-called latent variables. In either case, the EM algorithm can be a practical approach or in complicated cases the only way forward.

3.1.1 The Dempster Formulation

What in this thesis is referred to as The Dempster Formulation is the EM algorithm as it was presented in [7]. The formulation by Dempster et al. is slightly different from the formulation of the EM algorithm used in Mean Field ICA, a formulation which was published in [32], but the Dempster formulation is included here for completeness and perspective.

Before going into details, a comment on notation will be appropriate. In most literature on the EM algorithm, the observed variables are denoted y, the unobserved often as z and the complete data as x. In this thesis, however, I will for consistency with the other chapters, denote the observed data X, the unobserved data S and the so-called complete data U. The complete data is the joint set of the observed and hidden variables and in some cases also the parameters. It is simply everything worth knowing in the model.

The situation the EM algorithm is dealing with is the following: assume a probabilistic model consisting of the data U and the parameters θ. To find a maximum likelihood estimate of the parameters, one needs to optimize ln p(U|θ), but the challenge is that not all the data U is at disposal - one can only observe a part of U, namely X. Since all that is known is X, the best one can do in a maximum likelihood approach is to maximize ln p(X|θ) which is related to the model by

ln p(X|θ) = ln ∫ U(X)

p(U|θ)dU

where U(X) is the set of all data sets U which is consistent with the observation X. The challenge is that while p(U|θ) is often explicitly known having an analytical expression because the model has been constructed assuming full knowledge of all data, p(X|θ) is not known due to the complicated nature of the integral. Thus, the restricted knowledge of the data makes the maximum likelihood estimation considerably more complicated. The EM algorithm defines a function Q(θ^′, θ) by

Q(θ, θ^′) = ∫ p(U|X, θ^′) ln p(U|θ)dU

which, considered as the posterior mean of the complete log likelihood, can be interpreted as a sensible substitution for ln p(U|θ). The iterations of the EM algorithm begins with some random θ^0 followed by the repeated use of the two steps

E-step: Compute Q(θ, θ^{(n)}) as a function of θ.

M-step: Find θ^{(n+1)} = argmax_θQ(θ, θ^{(n)})

This produces a sequence of parameter values {θ^{(0)}, θ^{(1)}, θ^{(2)}, ...} which has the very important property of the log likelihood L(θ) = ln p(X|θ), that L(θ^n) ≤

Figure 3.1: Publications relating to the EM algorithm. The impact of the paper of Demspter et al. is quite impressive as is the interest and practical application of the EM algorithm (from [28]).

L(θ^{(n+1)}), i.e. that the likelihood of the observed data is non-decreasing in each step. Furthermore, if θ^∗ is a maximum of the likelihood, then it is fix point of the algorithm, see [7] for details.

The paper [7] of Dempster et al. is of course much more elaborate having a number of theoretical details and generalizations. But the point of this section is just to introduce the reader to the basic concept. A more detailed discussion of the properties of the EM algorithm is to be found in later sections and a comprehensive account can be found in [26].

3.1.2 History of the EM Algorithm

In an attempt to recap the history of developments in a research subject such as the EM algorithm, one would of course like to be exhaustive. The year 1977 is a crucial moment for the EM algorithm, so one could start from there and work through the papers published later, categorize them suitably and write a comprehensive review. In fact, some of the main contributers set out to do exactly that and submitted during the process a short paper on their findings so far [28]. In this preliminary bibliographical review, they report a dramatic increase of papers related to the EM algorithm - an increase which from 1977 to the year 1991 showed no signs of slowing down, see Figure 3.1.

Although Meng and Pedlow in their paper from 1992 had high hopes for their future work, claiming that a comprehensive EM bibliography were around the corner, they seemingly have succumbed to the magnitude of the task. In

[29] by Meng and van Dyk, five years later, a remark in the prologue indicates what happened: ”This section shares its title with Meng and Pedlow (1992) who conducted a bibliographical search of EM-related papers (...) This turned out to be an essentially hopeless task”. Already in 1992 when Meng and Pedlow published their preliminary findings, there were more than 1000 papers relating to the EM algorithm – a truly daunting amount to summarize.

This should not refrain anyone from trying to organize some part of the EMrelated literature into a summary, but rather warn the reader that any recap of the EM algorithm will have to leave out a substantial number of papers and thus be incomplete in some way or another.

3.1.2.1 Prehistory and the Paper of Dempster, Laird and Rubin

The problem of dating the birth of the EM algorithm is discussed in both the book [26] and the well written anniversary paper [29]. The latter have the slightly surprising title ”The EM Algorithm - an old Folk-song Sung to a Fast New Tune”. The reason for the unusual title is that the authors embrace the comparison of the EM algorithm with a folk song - a comparison originally made by Heartley, one of the commentators of the original Dempster paper from 1977. The similarities allegedly are, that as a folk song can change, develop and reappear in many years before someone record it, the EM algorithm has been around long before 1977 in all sorts of different guises. But it was the paper of Dempster, Laird and Rubin from 1977, that made it popular - or to stay within the music analogy - recorded it and made it a hit.

Ideas and solutions, which today is labeled as an EM algorithm, can be traced as far back as Fisher in 1925, and up through the 20th century, many authors have likewise written EM-related publications. Less than a decade before the Dempster paper, contributions like [2] and [51] were rather close to earning the place which eventually became Dempsters and his colleagues, but they did not have the generality, sufficient clarity and proof for some for the important properties such as strict increase of the likelihood. And then finally in 1977, Dempster, Laird and Rubin published the famous journal paper that according to [50] entered the all time top ten over most important statistics publications.

3.1.2.2 Convergence Issues

In the original paper of Dempster et al., one central property of the generated sequence of updated parameters is that the log likelihood of these values are always non-decreasing, that is L(θ^{(n)}) ≤ L(θ^{(n+1)}). But it is not clear that this ensures the property of always finding a stationary point of the likelihood or that the sequence of parameters is converging. Questions like these were investigated in [53], and in [45] failed convergence results were reported - a claim fiercely debated by others.

But measured on the number of reported concerns, the importance of convergence turned out not to be the question if the algorithm converged to a local maxima or not, but how fast it converged. The issue of speed of convergence was already mentioned in [7] by Dempster et al., but perhaps most directly expressed in this quote from [44]:

”The source for most serious practical problems associated with the algorithm is the speed of convergence (...), which can often be annoyingly or hopelessly slow.”

The number of examples in which the EM algorithm converges slowly is quite impressive as is the number of suggestions on how to remedy the slowdown. Most of the reports on slow convergence are empirical in the sense that the EM algorithm has been applied to some problem and the authors have noticed that the simulations run for much longer than they anticipated or required more iterations than were practically possible. These reports include papers such as [44] a paper on mixture densities and [42] on EM in Independent Component Analysis.

But there are also analytical results explaining the bad convergence rate for a specific model or parameter setting. Among these is [13] who proved sublinear convergence for some cases of mixture of two gaussians, multivariate gaussians under certain conditions and some factor analysis cases. Also on low noise cases convergence is a problem which is described in [4] for an ICA problem and more general in [41]. These latter papers help to some extend the understanding of why the EM algorithm in many situations perform rather poorly, but the common picture drawn by the many conclusions is not a simple one. As documented in [41] and suggested by the discussion later in this chapter, the EM algorithm applied to a model with additive noise will perform bad in the low noise limit. This is somewhat surprising in the sense that in the low noise limit, the signal to noise ratio is good. On the other hand, results presented in e.g. [46] reports that it is in the cases of ill-posed problems or other inherently difficult tasks, that EM is performing bad. Most likely these two kind of situations in which EM fails to converge in reasonable time are not closely related. Rather, they point to the fact that the task of understanding the convergence properties of the EM algorithm in a completely general setting is challenging and the problem not yet fully understood.

3.1.2.3 Speeding Up Convergence

As there has been many reports on slow convergence, there has also been many suggested ways to speed the EM algorithm up. Since the goal of the EM algorithm is to find the maximum likelihood estimator, some of the proposed methods are using information and functions such as the log likelihood L(θ) which are not strictly a part of the EM algorithm. But these functions are still a part of the EM heritage and interesting in their own right.

The simplest methods for accelerating the EM algorithm are the ones which increase the step length. The direction chosen by the EM algorithm is assumed correct or at least sufficiently accurate, and therefore the only problem is that the proposed new value of the EM algorithm θ^n_{EM} is too close to the current parameter value θ^n. To remedy this, the step is increased by a factor η in some way or another, that is, θ^{n+1} = θ^n + η(θ^n_{EM} − θ^n). One recent example of the step length approach is the Adaptive Overrelaxed EM, published in [46]. In [42] the Adaptive Overrelaxed EM is applied with a reasonable result, but [18] is summarizing the reports of several step length methods as ’only small gains’ compared to more advanced accelerators. A more advanced method which is also using step length were presented in [17]. Here the direction of the EM algorithm is used in a search line approach on the log likelihood, that is, L(θ + λg̃) where λ is chosen to maximize the log likelihood. Since this latter approach is using the log likelihood which is not a part of the standard EM algorithm, it is an example of what is sometimes referred to as a ’hybrid’ model.

When describing the advanced methods, the notation in this thesis is following the excellent paper [18]. The mapping of a completed EM update (both an E and an M step) is denoted θ^{n+1} = M(θ^n) and a function g̃ is defined g̃(θ) = M(θ) − θ. In this notation, fix points of the EM algorithm are equivalent to zeros of the function g̃ which can intuitively be regarded as a gradient of some underlying cost function. A Newton approach is then to write the update Δθ as Δθ = −J(θ)^{−1}g̃(θ), where J = M^′(θ) − I (3.1)

but often M^′(θ) is complicated and needs to be approximated. In fact, most of the Newton-like EM accelerators are approximating J^{−1} or M^′ in some way or another.

The Aitken accelerator, first suggested in [7] but properly reformulated by [19], approximates M^′ using a sequence of parameter updates {θ^1, θ^2, ..., θ^{p+1}}. Constructing a matrix D of the first p parameter vectors as columns, and D̃ of the last p, one can utilize the approximation M^′ ∼= D̃D^{−1}. The difficulties are that these columns, due to the small step size of the standard EM algorithm, are very close to being linear dependent and therefore the inversion step may cause numerical problems. Furthermore it has been reported that it in some cases fail to converge at all.

The Louis method published in [24] is approximating J. Motivated from the fact that in the optimal point θ̂, it holds that J(θ̂) = −Q^{′′}(θ̂, θ̂)^{−1}L^{′′}(θ̂), see [7], Louis is using this identity for all θ as an approximation, that is, J(θ) ∼= −Q^{′′}(θ, θ)^{−1}L^{′′}(θ). Even if this approximation is good and the resulting method therfore efficient, the approach suffers severely from the fact that both Q^{′′} and L^{′′} typically are hard to compute analytically. And if it is indeed possible to compute L^{′′}, it is hard to see why one should not just use a true Newton method on the log likelihood.

The Conjugate Gradient EM published in [16] is based on the so-called generalized conjugated gradient algorithm. The key idea is to regard the EM step as a generalized gradient and then, as one can speed up gradient algorithms using conjugated gradients, they use generalized conjugated gradients to speed up the EM update. A generalized norm on the parameter space is defined by ||θ||^2 = θ^T Cθ, where C = I for ordinary 2-norm. Having some function of the parameters f(θ), the gradient of this function is dependent on the choice of matrix C in the following way: if g(θ) is the gradient corresponding to the ordinary 2-norm, and g̃ is the gradient corresponding to the norm using the matrix C then these are related to each other as g̃(θ) = C^{−1}g(θ). In [16] it is demonstrated that close to the optimal solution θ̂ it approximately holds that g̃(θ) ∼= −Q^{′′}(θ̂, θ̂)^{−1}g(θ). That is, the EM update is a generalized gradient of the log likelihood. A generalized conjugated gradient algorithm can then be applied – an algorithm which surprisingly does not involve the somewhat difficult matrix −Q^{′′}(θ̂, θ̂)^{−1}, see [16].

The so-called LANGE method from [20] is a quasi Newton algorithm on the log likelihood. It is thus an approximation to the true Newton approach d = −J_L(θ)^{−1}g(θ), where d is the direction in parameter space used for updating the parameter Δθ = λd for some suitable λ. The Hessian J_L is approximated J_L(θ) ∼= Q^{′′}(θ, θ) − B, for a matrix B which is zero in the beginning and must be updated through the process.

The methods denoted QN1 and QN2 are two different quasi Newton algorithms presented in [18]. QN1 is a so-called ’pure’ quasi Newton approach in the sense that it is not assuming any extra knowledge than the EM update. The tricky inverse Hessian J^{−1} in Equation 3.1 is approximated using the Broyden update [6], starting as minus the identity matrix. The QN2 is a quasi Newton method on the log likelihood and the link to the EM algorithm is that the resulting update can be written using a corrected EM direction. The update direction is d = g̃(θ) − Ψg(θ), where Ψ has the role as a correction to the approximated inverse Hessian of the log likelihood. The Ψ is updated using the Broyden-Fletcher-Goldfarb-Shanno (BFGS) rule, see [5], and the parameter is updated using Δθ = λd, where λ is chosen to maximize L(θ + λd).

Expectation Conjugate Gradient (ECG) presented in [47] is the last of the presented accelerations. It utilizes a very simple and yet powerful idea that using the formulation of [32] and computing the steps of the EM algorithm, one can obtain the log likelihood and the exact gradient of the log likelihood. These entities can then be applied in a conjugated gradient scheme to obtain faster convergence. Later in the chapter a similar approach called the ’Easy Gradient Approach’ is derived in more details.

Table 3.1 is an overview of the described accelerators along with an indication of what entities must be calculated for each of them.

Method Published M M^′ Q^{′′} L L^′ L^{′′} S.L. Standard EM Dem77 x - - - - - - Aitken Dem77 x - - - - - - Louis Lou82 x - x - - x - Conj. Grad. EM Jam93 x - - x x - x Step length I Jam94 x - - x - - x LANGE Lan95 - - x - x - x QN1 Jam97 x - - - - - - QN2 Jam97 x - x - x - x Adap. Over. EM Sal03 x - - - - - x ECG Sal03 x - - x - - x Newton on EM - x x - - - - - Newton on L - - - - x x x - EGR (with UCMINF) Ols05 x - - x - - x

Table 3.1: Analytical costs involved in the maximum likelihood estimation. This table shows which entities are used among the listed methods for maximum likelihood optimization and serves as an overview of the analytical work involved. M is simply the EM-iteration, i.e. θ^{n+1} = M(θ^n). M^′ is the derivative and Q^{′′} is the second order derivative of the Q-function defined for the EM algorithm. L, L^′ and L^{′′} are the true likelihood and the derivatives and ’S.L.’ denotes whether or not the method is using search line or step size optimization. The last entry ’EG with BFGS’ relates to the Easy Gradient Recipe, explained in Section 3.3.

3.1.3 The Bound Formulation

Early in the nineties [32] made a reformulation of the EM algorithm. A formulation which uses a bound on the log likelihood as the central cost function and which is closely related to the free energy from statistical physics. The relation of the bound and the free energy, will be explained in more detail in Section 4.1.1.

Instead of the posterior mean of the complete log likelihood, a lower bound, B, is introduced on the log-likelihood. The lower bound B is based on the Jensen inequality which is valid for any choice of θ^′

B(θ, θ^′) = ∫ p(S|X, θ^′) ln p(S, X|θ) p(S|X, θ^′) dS ≤ ln p(X|θ)

The bound B has the important property that choosing the parameters in a certain way, the bound becomes equal to the log likelihood. This is clear when the bound is rewritten using Bayes theorem

B(θ, θ^′) = ln p(X|θ) − KL[p(S|X, θ^′)||p(S|X, θ)] (3.2)

where KL denotes the Kullback-Leibler divergence between the two distributions. The Kullback-Leibler divergence is defined by KL(q||p) = ∫ q ln q/p, that is, KL is zero if and only if q = p and positive otherwise. Thus if θ^′ = θ, then B is equal to the log likelihood. This inspires the two steps of the algorithm: First maximize the bound with respect to the second parameter (E-step) which makes the bound equal to the log likelihood. Then maximize the bound with respect to the first variable (M-step) which is maximizing the current approximation of the log likelihood. That is,

E-step: Find θ^′ = argmax_θB(θ^{(n)}, θ)

M-step: Find θ^{(n+1)} = argmax_θB(θ, θ^′)

Although it may not look like the same algorithm as presented earlier in this chapter, the two formulations are in fact equivalent as is demonstrated next.

3.1.3.1 Connecting the Dempster and the Bound Formulation

In the bound formulation, the complete variable U is not a natural representation of the problem. So in order to parallel the two formulations and pointing out the differences, the Dempster formulation are rewritten using the observed data X and the hidden data S rather than the complete data U = {X, S}. The central function Q is therefore rewritten in the following way:

Q(θ^′, θ^{(n)}) = ∫ p(U|X, θ^{(n)}) ln p(U|θ^′)dU = ∫ p(X̃, S|X, θ^{(n)}) ln p(X̃, S|θ^′)dX̃dS = ∫ p(S|X, θ^{(n)}) ln p(X, S|θ^′)dS

= B(θ^′, θ^{(n)}) + H(θ^{(n)}, θ^{(n)})

where H is the entropy of the posterior. Thus, maximizing Q(θ^′, θ) with respect to θ^′ is equivalent to maximizing B(θ^′, θ) with respect to the same variable and therefore the M-step of the two formulations are exactly equal.

The E-step is slightly more complicated. First the E-step and M-step is rewritten using the derivation above by noting that computing Q is essentially the same as computing the posterior p(S|X, θ) and maximizing Q is equivalent to maximizing B, i.e.

E-step: Compute p(S|X, θ^{(n)}) .

M-step: Find θ^{(n+1)} = argmax_θB(θ, θ^{(n)})

To complete the connection it must be proven that the posterior p(S|X, θ) is the distribution which maximizes B. But this follows directly from rewriting the bound as a sum of the log likelihood and the Kullback-Leibler divergence in Eq. 3.2. The KL divergence is always non-negative and zero if and only if the two distributions are equal.

3.1.3.2 The General Bound Approach

Consider now a more flexible model when bounding the log likelihood. It is here utilized that Jensen’s inequality makes the following inequality true for any distribution q(S|ϕ)

B(θ, ϕ) = ∫ q(S|ϕ) ln p(X, S|θ) q(S|ϕ) dS ≤ ln p(X|θ) = L(θ)

If q(S|ϕ) is a family of distributions which include as a special case the source posterior p(S|X, θ), i.e. if there for every set (X, θ) exists a ϕ_∗ such that q(S|ϕ_∗) = p(S|X, θ), then the exact same bound as before is obtained, and the EM algorithm resulting from it

E-step: Find ϕ = argmax_ϕ′ B(θ, ϕ^′)

M-step: Find θ = argmax_θ′ B(θ^′, ϕ) will be the standard EM algorithm. But in some cases it is useful to choose a different model family for q(S|ϕ) in order to obtain other goals such as an easier handling of the integral involved. In those situations, both the E-step and the M-step becomes different. Taking the E-step first, one may observe that the bound is still closely related to the log likelihood and the posterior,

B(θ, ϕ) = L(θ) − KL[q(S|ϕ)||p(S|X, θ)] (3.3)

and therefore, maximizing the bound with respect to ϕ is minimizing the Kullback- Leibler divergence between the source posterior and the distribution q(S|ϕ), sometimes called the variational distribution. In case the source posterior is not realizable within the family of variational distributions, the bound is a bound never reaching equality, and thus never becomes exactly the log likelihood, but if the family of variational distributions is fairly flexible, it may still be a good approximation. To shed light on the M-step, the bound may be rewritten

B(θ, ϕ) = ⟨ln p(X, S|θ)⟩_{q(S|ϕ)} − H(ϕ, ϕ)

Clearly the entropy is un-important in this step and the differentiation of the complete likelihood with respect to θ is of course also unaltered. But the mean is now with respect to a distribution which is not exactly the source posterior, but one that is approximated as well as possible within the variational family.

The upshot of the more general bound is completely dependent on the choice of variational family. If the family is sufficient flexible, the algorithm is essentially a true EM algorithm, and if the family is too simple, the algorithm most likely produces nonsense. But, the general bound approach is included because it plays an important role in Mean Field ICA – a role in which it is simple enough to enable an approximate solution to the integrals for rather advanced models and yet sufficiently flexible to be a good approximation of the log likelihood.

3.1.4 Variational Bayes EM

In the maximum likelihood approach to a model with unobserved variables, there is a fundamental distinction between the unknown parameters θ to be estimated and the unknown variables S: The unobserved variables are integrated out while the parameters are not. To some extend the distinction makes sense for two reasons: 1) Most often, the number of unobserved variables scales with the size of the problem while the parameters do not and 2) integrating out the parameters, seems like throwing the baby out with bath water. But in fact, it is quite possible both to work in a Bayesian approach, that is ’integrating out what is not known’ and still get a very reasonable estimate of the parameters using the parameter posterior p(θ|X).

The key idea is to construct a bound on the marginal likelihood ln p(X), i.e. the likelihood in which the parameters are integrated out, sometimes referred to as the evidence. As with the bound formulation of the EM algorithm, the following hold for any distribution q(S, θ|ϕ)

ln p(X) = ln ∫ p(X, S, θ)dSdθ ≥ ∫ q(S, θ|ϕ) ln p(X, S, θ) q(S, θ|ϕ) dSdθ

= ln p(X) − KL[q(S, θ|ϕ)||p(S, θ|X)]

In principle this is it: Find the variational parameter ϕ and use the distribution q(S, θ|ϕ) as the posterior to estimate both S and θ. But it is not a practical approach, since either q must be chosen very flexible making the optimization very hard or q must be calculated using Bayes theorem, which as a normalization factor contains the marginal likelihood which is the entity not known. Instead one can factorize the variational distribution q(S, θ|ϕ) = q(S|ϕ_s)q(θ|ϕ_θ) and obtain the somewhat easier

ln p(X) ≥ ∫ q(S|ϕ_s)q(θ|ϕ_θ) ln p(X, S, θ) q(S|ϕ_s)q(θ|ϕ_θ) dSdθ

= ln p(X) − KL[q(S|ϕ_s)q(θ|ϕ_θ)||p(S, θ|X)] ≡ B_e(ϕ_θ, ϕ_s)

Ideally one would like to optimize over the joint variable (ϕ_θ, ϕ_s), but for most systems of interest, the variational family of the unobserved variables q(S|ϕ_s) is either too complicated or has a very large parameter ϕ_s. Therefore, the Variational Bayes EM approach is to maximize the lower bound B_e in a coordinate ascend manner,

VBE-step: Find ϕ_s = argmax_ϕ′_s B(ϕ_θ, ϕ^′_s)

VBM-step: Find ϕ_θ = argmax_ϕ′_θ B(ϕ^′_θ, ϕ_s)

To the extend that the variational distribution is sufficiently flexible to include the joint posterior p(S, θ|X), the VB-EM is a tight bound on the marginal likelihood.

The Variational Bayes EM simplifies into the standard EM algorithm, if q(θ|ϕ_θ) = δ(θ − θ_{ML}), i.e. if one chooses the variational distribution over the parameters to be a Dirac delta function centered in the maximum likelihood solution. In that sense is the Variational Bayes EM a way to incorporate the uncertainty of the parameter estimation into an EM framework.

3.2 Low Noise Analysis

Section 3.1 introduced the EM algorithm in different formulations and the Variational Bayes EM variant. Now focus turns to an investigation of the convergence properties of these methods in the limit of low noise. This was originally motivated by the numerical experience that the EM algorithm somewhat surprisingly performed poorly in this limit.

First the posterior moments that are needed in the analysis is approximated rather accurately using the Saddle Point approximation. Then an analysis of the standard EM and the Variational Bayes EM follows. In the end a more general but also slightly less rigorous argument based on the Hessian’s is presented.

3.2.1 Saddle Point Approximation

In this subsection, as a general approach to the difficulty of computing the source posterior moments, an approximation of the integral involved in the posterior is made as a Taylor expansion of the posterior moments in orders of the noise. Doing this, some general properties of the algorithm in the low noise limit can be studied.

For notational simplicity, it is assumed for the rest of the section that the noise is isotropic, W = σ^2I. In my experience this does not change any of the results obtained. Furthermore, since the time steps are assumed independent and the log likelihood therefore a sum over time, one needs only to consider a single time step in the Saddle Point approximation.

3.2.1.1 Approximation of an Integral

The technique applied here is the so-called ’saddle-point approximation’ sometimes referred to as the ’Laplace approximation’ of an integral. It is well-known in statistical physics, see e.g. [9], and in large parts of applied mathematics, but not all scientific communities are denoting it by the same name. The approximation is described in details below to clear things up.

To lowest order, it is basically an approximation of the integral I = ∫ exp[−f(s)]ds which for very large values of f(s) and if f(s) is uni-modal, becomes dominated by its minimum f(s_0). The point s_0 in which f^′(s_0) = 0 is called the saddle-point, and the approximation is to lowest order I ∼= exp[−f(s_0)]. The application of the technique in this section is slightly more complicated since the problem is multidimensional and expanded to higher order. Also, the low noise limit is considered, but all in all, the basic idea is the same. Inspired by the equality ln p(x) = ln ∫ e^{ln p(x,s)}ds, the following function is defined

g(s, h) = −σ^2 ( ln p(x|s) + ln p(s) + h^T s ) (3.4)

Note that for h = 0 the function g is a scaled version of the joint distribution ln p(x, s). The somewhat artificial variable h is a utility variable which will help obtain the posterior moments. Defining the function g(s, h) as above, one get that ln I = ln ∫ e^{− 1}σ^{2 g(s,h)}ds is a moment generating function in the sense

⟨s⟩ =

∂ ln I ∂h | |_{h=0} ⟨ss^T ⟩ − ⟨s⟩⟨s⟩^T =

∂^2 ln I ∂h∂h^T | |_{h=0}

where ⟨·⟩ denotes average with respect to the source posterior p(s|x). For small σ^2 one can approximate ln I by a Taylor expansion of g(s, h) in the saddle point s_0 defined by g^′(s_0) = 0. From this the saddle point approximation to the integral in ln I is obtained

ln I = ln ∫ e^{− 1}σ^{2 g(s,h)}ds

= ln ∫ e^{− 1}σ^{2 g(s0,h)− 12 1}σ^{2 (s−s0)T g′′0 (s−s0)}ds + O(σ^2) = − 1 σ^2 g(s_0) + ln √ det[2πσ^2(g^{′′}_0 )^{−1}] + O(σ^2) (3.5)

In the limit of small σ^2, the derivative of the second term is scaling as O(σ^4) and thus the approximation is efficiently dominated by the first term −g(s_0)/σ^2.

3.2.2 EM for Linear Mixtures

In this subsection, the saddle point approximation is applied to the EM algorithm on a linear model with additive Gaussian noise.

3.2.2.1 Finding the Saddle Point

In the above the saddle point has been used without explicitly knowing its value. To find it, one make use of the definition g^′(s_0) = 0 but also an approximation of the saddle point in the low noise regime, i.e. s_0 is written as a Taylor expansion in σ^2 s_0 = ŝ_0 + σ^2s̃_0 + O(σ^4) In the zero noise limit, the source prior and utility term of Equation (3.4) vanishes and leaves only ln p(x|s). Since the noise is Gaussian, the solution ŝ_0 which dominates in this limit, is the least squares solution

ŝ_0 = (A^T A)^{−1}A^T x

which simplifies further when A is square. An expression for the first order term s̃_0 is now wanted and to find this the combined expression for s_0 is inserted into the equation g^′(s_0) = 0 and the terms to first order in σ^2 rearranged. Doing that one obtains s̃_0 = (A^T A)^{−1} [ p^′(ŝ_0) p(ŝ_0) + h ]

Having an expression for the saddle point in orders of σ^2, makes it possible to use the approximation of the integral to obtain the expressions for the posterior moments.

3.2.2.2 The Posterior Moments

Inserting the expression for s_0 into Equation (3.5) and performing the calculations, one obtains

⟨s⟩ =

∂ ln I ∂h | |_{h=0} = ŝ0 + σ^2s̃0 + O(σ^4) (3.6)

⟨ss^T ⟩ − ⟨s⟩⟨s⟩^T =

∂^2 ln I ∂h∂h^T | |_{h=0} = σ^2(A^T A)^{−1} + O(σ^2) (3.7)

Note that the posterior mean is the saddle point. This is due to the fact that a minimization of g(s, h) corresponds to a maximization of ln[p(x, s)] which through Bayes theorem has the same maximum as the posterior p(s|x). In the approximation of the integral it has been implicitly assumed that the joint distribution is quadratic, i.e the source posterior uni-modal and symmetric, and therefore the mean is the same as the most probable value. The variance provides the second moment through

⟨ss^T ⟩ = ŝŝ^T + σ^2B_t + O(σ^4)

B_t = (A^T A)^{−1} + (A^T A)^{−1} p^′(ŝ) p(ŝ) ŝ^T + ŝ p^′(ŝ) p(ŝ) T (A^T A)^{−1} (3.8)

To summarize, this yields approximations for the posterior moments in the low noise regime. In order to investigate the quality of this approximation, the exact and approximated moments for a mixture of gaussians has been computed. The result is plotted in Fig. 3.2. As expected the approximation is not good for large noise variance, but for noise variance in the area of 10^{−2} to 10^{−3} and smaller, the saddle point approximation is very accurate.

Combining the posterior moments for each time step s into larger matrices S for the entire data set, one obtains

⟨S⟩ = Ŝ + σ^2S̃ + O(σ^4) (3.9) ⟨SS^T ⟩ = ŜŜ^T + σ^2B + O(σ^4) (3.10)

where B = ∑ t B_t using the expression for B_t in Equation (3.8).

3.2.2.3 The EM Updates

The approximated posterior moments, can be directly inserted into Eq. 2.13 and 2.14 to obtain the EM updates of A and σ^2

A_{n+1} = XŜ(ŜŜ^T )^{−1} + σ^2XF^T (ŜŜ^T )^{−1} + O(σ^4) (3.11)

σ^2_{n+1} = σ^2_{bias} + σ^2 ( rank(A)_m − 2_m Tr(U) ) + O(σ^4) (3.12)

Figure 3.2: The accuracy of the saddle point approximation. For a MoG source prior and given a data set X and the generative mixing matrix, both the exact posterior means and the saddle point approximations to the posterior means can be computed. Doing that, the approximation can be compared to the exact in order to evaluate the accuracy of the saddle point approximation. The error is calculated as the root of sum of squared differences averaged over number of variables. Also, comparing the generative sources with the exact posterior means, the error on the generative sources are included for perspective. This plot shows that the approximation of the source posterior moments are very accurate and that the first order (in the noise variance) is more accurate than the zeroth order for low noise values as expected.

where F = (A^T A)^{−1}p^′(Ŝ)/p(Ŝ) − Ŝ^T (ŜŜ^T )^{−1}B and σ^2_{bias}, U will be explained shortly. These equations are general in the sense that they apply for both square and overdetermined mixing matrix and they simplify considerably in the more specific cases. In the square case σ^2_{bias} = 0 and U = 0, and the expressions simplify into

A_{n+1} = A_n + σ^2Ã_n + O(σ^4) σ^2_{n+1} = σ^2_n + O(σ^4)

Ã_n = A^{−T} ( A^T +^1_N p^′(Ŝ) p(Ŝ)

X^T ) A Many important conclusions can be reached from these equations: (i) the update of the mixing matrix is ”freezing” in the sense that to zeroth order the new estimated mixing matrix is identical to the previous one. (ii) The first order correction Ã of the mixing matrix is scaling with the change derived from the noise less Bell & Sejnowski algorithm (the expression in the parenthesis). This shows that to first order in the noise variance, there is no improvement of the noisy model compared to the noiseless counterpart. The consequence is that only for noise variances sufficiently large to make σ^4 important, is the noise model different (and hopefully better) than the noiseless model. (iii) The update of the noise is scaling with σ^4 which makes the change in the estimated noise extremely slow to converge when the noise levels are small.

In the overdetermined case, the equations simplifies into

A_{n+1} = A_n + σ^2Ã_n + O(σ^4)

Ã_n = (I − AA^+) Xp^′(

Ŝ)T

Np(Ŝ)

− A − A(A^T A)^{−1} p^′(Ŝ)X^T Np(Ŝ) A

σ^2_{bias} = 1 − rank(A) m , U = Δ^T X p^′(Ŝ) p(Ŝ)

Â^+/N

where Δ = I − AA^+. The ”+” denotes the Moore-Penrose pseudo-inverse, i.e. for overdetermined non-aquare matrices of full rank, A^+ = (A^T A)^{−1}A^T . The following should be noted about these equations: (i) As in the square case, the update in the mixing matrix in freezing, resulting in extremely slow convergence in the low noise limit. (ii) In the first order correction for the mixing matrix, one can recognize the structure which leads to the Bell & Sejnowski solution in the square case, and see that it is the term (I − AA^+)Xp^′(Ŝ)^T /Np(Ŝ) which makes the difference. Not surprisingly, this term is increasing as the ratio of sensors and sources are increasing. (iii) The noise now also has a bias term. On an intuitive level this can be explained as the spill-over from the ’misfit’ of the number of sources.

3.2.2.4 Step Length Methods and Discussion

The EM-variants using a step length modification are very easy and general applicable speedup suggestions. Basically one is enlarging the step size proposed by EM with a factor η

A_{n+1} = A_n + η(A^{EM}_{n+1} − A_n)

When the low noise analysis is combined with this idea one gets

A_{n+1} = A_n + ησ^2Ã + O(σ^4)

That is, the trick of the step length methods is directly countering the problem of the small noise variance. On the downside there is no longer a guaranteed increase in the log likelihood for each step, but this can be controlled with a test-step modification or similar hacks.

The saddle point analysis of EM applied to the ordinary ICA problem reveals that the EM algorithm in the low noise limit converges infinitely slowly. On the other hand if the noise variance is sufficiently large, the analysis does not apply and thus one might be able to see some improvement in the large noise regime. This is not the case in practice, however, since the enhanced noise levels for the same amount of data makes estimation correspondingly more difficult. In my experience, the window in which the noise is large enough to prevent the EM algorithm to get stuck and yet small enough to provide good estimates with reasonable size data sets, is indeed very small.

3.2.3 Variational Bayes EM for Linear Mixtures

The standard EM does not work well on a classical ICA problem, probabilistic PCA (pPCA), and Factor Analysis (FA), in the low noise limit. But this does not mean that other and more advanced variants will fail too. In this subsection the Variational Bayes EM approach is investigated in the low noise limit.

When using the Variational Bayes EM algorithm, the variational distributions need to be known. These are readily obtained in a general form using functional derivatives and constraining the variational distribution appropriately to be a density, that is, always positive and normalized. The result is

δB(ϕ_θ, ϕ_s) δq(S|ϕ_s)

= 0 ⇒ q(S|ϕ_s) ∝ exp[⟨ln p(X, S, θ)⟩_{q(θ|ϕθ )}]

δB(ϕ_θ, ϕ_s) δq(θ|ϕ_θ)

= 0 ⇒ q(θ|ϕ_θ) ∝ exp[⟨ln p(X, S, θ)⟩_{q(S|ϕs)}]

More detailed examples of completely factorized variational distributions will be given in Chapter 4. In the following a linear mixing with mixing matrix A and isotropic Gaussian noise W = σ^2I is considered. Thus, the three unknown entities of interest are the sources S, the mixing matrix A and the noise variance σ^2.

3.2.3.1 Variational Distributions and Conjugate Priors

For all three entities S, A, σ^2 one needs to find the variational distribution q and since this distribution includes the prior, the prior of each of the entities must be considered. The variational distribution over the sources is seemingly rather simple to compute, when leaving out the trouble of finding the normalization constant,

q(S) ∝ p(S) exp(⟨p(X|S, A, σ^2)⟩_{q(A),q(σ}2_))

∝ p(S) exp [ − 1 2 Tr(S^T JS) + Tr(h^T S) ] (3.13)

where the matrices J and h are now redefined to fit the variational Bayes framework

J = ⟨1/σ^2⟩⟨A^T A⟩ h = ⟨1/σ^2⟩⟨A⟩^T X

are placeholders, i.e. shorthand notation for convenience. Equation (3.13) may look simple since the quadratic form of the Gaussian noise is inherited, but a prior have not been chosen yet – a choice which can make the variational distribution rather complicated. The quadratic form suggests that a Gaussian prior would make everything work just fine: Choosing the prior on the sources to be Gaussian, the variational distribution would it self be a Gaussian and moments such as mean and covariance would be easy to find. But the problem is that sources with a Gaussian prior cannot be separated using ICA, a fundamental fact of the independent component analysis; see e.g. [14]. So one has to choose a different source prior and deal with the problems that stems from the somewhat complicated variational distribution. For now, assume that a source prior is chosen and that all needed entities relating to the variational distribution of the sources can be computed.

The situation that one cannot choose the prior which makes the variational distribution simple, is special for the sources and does not apply for the parameters A and σ^2. If the mixing matrix prior are chosen to be a zero mean Gaussian with covariance matrix Σ_{p(a)}

p(A) = 1 √ det(2πΣ_{p(a)}) exp [ − 1 2 Tr(AΣ^{−1}_{p(a)}A^T ) ]

then the variational distribution becomes reasonably simple due to the fact that the noisy observation p(X|S, A, σ^2) and the prior on A are chosen carefully to match each other

q(A) ∝ p(A) exp [ ⟨ln p(X, S|A, σ^2)⟩_{q(S),q(σ}2_) ]

∝ exp [ −^1_2 Tr[(A − M_{q(a)})^T Σ^{−1}_{q(a)}(A − M_{q(a)})] ] (3.14) where

Σ^{−1}_{q(a)} = ⟨1/σ^2⟩⟨SS^T ⟩ + Σ^{−1}_{p(a)}

M_{q(a)} = X⟨S⟩^T [ ⟨SS^T ⟩ + 1/⟨1/σ^2⟩Σ^{−1}_{p(a)}

]_{−1}

However, the prior and the distribution from the noisy observation model are from the same family of distributions – in this case a Gaussian. Priors with this property are called conjugate priors and they make the analytical and numerical work considerably easier.

But knowing something about the parameter in advance, it will be unlikely that this prior knowledge almost magically matches the observation model. The answer to that objection is that situations in which the conjugate prior in fact matches the a priori knowledge are very rare and that the reason for using conjugate priors are analytical tractability: one simply choose the conjugate priors not because they are true but because they are convenient. That being said, one can argue that conjugate priors make an ideal test case for artificial data when testing an algorithm. Investigating a new algorithm, it is reasonable to choose simplified situations in order to keep the analysis clear of unnecessary sources of problems.

While the conjugate prior for the mixing matrix was simply just a Gaussian, the conjugate prior for the noise variance is more complicated. The variational distribution is

q(σ^2) ∝ p(σ^2) exp [ ⟨ln p(X, S|A, σ^2)⟩_{q(S),q(A)} ] ∝ p(σ^2) exp[ln[(σ^2)^{−αq} ] − β_q/σ^2] (3.15)

That is, the prior must be of the same form as the expression in the exponential function. The conjugate prior for this form is the so-called inverse gamma distribution p(σ^2) = 1 Z (σ^2)^{−(αp−1)}e^{−βp/σ2}

such that the variational distribution is given by

q(σ^2) = β^α Γ(α)

(σ^2)^{−(α−1)}e^{−β/σ2}

where

α = α_p + mN 2 β = β_p + 1 2 ( Tr(X^T X) + Tr(⟨A^T A⟩⟨SS^T ⟩) − 2Tr(X^T ⟨A⟩⟨S⟩^T ) ) This provides the variational distributions for the sources and the parameters and therefore in principle paving the way for the Variational Bayes EM. The purpose of this is not to use the Variational Bayes EM algorithm, however, but rather to analyze it in the zero noise limit and thereby investigate if Variational Bayes EM suffers form the same defects as the standard EM algorithm or not.

3.2.3.2 Zero Noise Limit of the Updates

When analyzing the zero noise limit of the updates of both the sources and the parameters, the first thing which needs to be clarified is what the zero noise limit now means. In the standard EM it was rather obvious that the zero noise limit were the situation in which σ^2 → 0, but in the Variational Bayes EM, σ^2 is integrated out and does not appear in the marginal likelihood. But, the variational distributions of the sources and the mixing matrix shows, that the mean ⟨1/σ^2⟩ have much the same role, as 1/σ^2 had in the standard EM. Therefore a new variable r^2 ≡ 1/⟨1/σ^2⟩ is defined and instead the limit of this new variable r^2 → 0 is considered.

The zero noise limit of the source posterior moments can be found by remembering that in the limit, the source prior does not matter and the correlation between the sources vanishes. Assuming the data to have unit covariance one obtains

⟨S⟩_{n+1} → J^{−1}h

→ (⟨A⟩^T_n ⟨A⟩_n)^{−1}⟨A⟩^T_n X ⟨SS^T ⟩_{n+1} → ⟨S⟩_{n+1}⟨S⟩^T_{n+1}

→ N(⟨A⟩^T_n ⟨A⟩_n)^{−1}

Since the variational distribution of the mixing matrix is Gaussian, it is sufficient to know the update of the mean and covariance in order to update the entire distribution. These can be found to be

⟨A⟩_{n+1} = X⟨S⟩^T_{n+1}⟨SS^T ⟩^{−1}_{n+1} → ⟨A⟩_n

Var(A) = r^2(⟨SS^T ⟩ + r^2W^{−1})^{−1} → 0

while the updates of the parameters of the variational distribution for the noise variance are given by

α_{n+1} = α_p +^{mN}_2 = α_n β_{n+1} = β_p + Nβ^{bias}_{n+1} → β_n

where β_{bias} =^1_2 Tr(Δ̂Δ̂^T ), Δ̂ = I − ⟨A⟩⟨A⟩^+.

Important to note about the updates is that after one completed iteration of the Variational Bayes EM algorithm, i.e. one VBE-Step and one VBM-Step, the parameters are unchanged to zeroth order. That is, the Variational Bayes EM is stuck in the low noise limit in exactly the same way as the standard EM algorithm.

3.2.3.3 Comments and Observations

Since the order parameter r^2 = 1/⟨1/σ^2⟩ is substituting in the role of the parameters of interest, one may wonder how the mean and variance of σ^2 are behaving in the limit r^2 → 0. These can be calculated rather easily with the result

E(σ^2) = β^2 α − 1 → β_p + Nβ_{bias} α_p +^{mN}_2 − 1 ∼ { 1_{mN} (Square) 1 m (Overdetermined) and Var(σ^2) = β^2 (α − 1)^2(α − 2) → (β_p + Nβ_{bias})^2 (α_p +^1_2 mN − 1)^2(α_p +^1_2 mN − 2) ∼ { 1_{(mN)3} (Square) 1 m^3N (Overdetermined)

Note that in the square case that both the mean and variance of σ^2 is going to zero as N → ∞, while this is not the case for the overdetermined case. Seemingly it is the ’misfit’ of number of sources in the overdetermined case that influences the noise to have a ’ground-level’ as in the traditional EM algorithm.

3.2.4 The Hessian Argument

This subsection describes a different approach to understanding the slowdown of the standard EM algorithm. The approach is more general than the saddle point analysis and based on the Hessian of the bound and the Hessian of the log likelihood. The figures and examples are assuming an observation model using linear mixtures, but in fact the same arguments work for a very general observation model using only the assumption of additive Gaussian noise.

The Hessian of the bound can be derived using the identity in Equation 3.3 B(θ, ϕ) = L(θ) − KL. For notational convenience in the next few lines, the variables of the distributions are omitted, such that p denotes p(S|X, θ) and q denotes q(S|ϕ). In that notation it holds that

H_B = H_L −

∂^2KL(q||p)

∂θ∂θ^T

= H_L − ∫ q ∂ ln p ∂θ ∂ ln p ∂θ dS + ∫ q p ∂^2p ∂θ∂θ^T dS = H_L − ∫ q ∂ ln p ∂θ ∂ ln p ∂θ dS (3.16)

where the last identity is true when q = p, i.e. after a completed E-step, for the following reason: When q = p, the differentiation can be moved outside

Figure 3.3: A schematic drawing of the EM algorithm. In the point θ_n one finds the corresponding ϕ_∗ = ϕ(θ_n) and regard the bound as a function of θ. Since the bound, in the point θ_n, must have the same function value and gradient as the log likelihood, but still have to be a bound, the Hessian will often be rather ’curved’ and the next parameter value θ_{n+1} is therefore close to θ_n.

the integral, which then evaluates to 1 as over any density. Differentiating 1 produces zero and thus gives the stated result. Since the last term of the expression is an outer product, the eigenvalues of the bound Hessian are always more negative than the eigenvalues of the of the log likelihood Hessian. This demonstrates that the Hessian of the bound is more sharply peaked compared to the Hessian of the log likelihood.

A schematic drawing of the situation is shown in Figure 3.3: In the point θ_n, it holds that ϕ = ϕ_∗ such that the bound equals the log likelihood. Furthermore, as is described in details in Section 3.3, the gradient of the bound equals the gradient of the log likelihood in this point. But the Hessian do not, as has been demonstrated, and the Hessian of the bound in the point θ_n is more curved than that of the log likelihood. Since at the same time B ≤ L, the peak of a quadratic bound must be close to the point θ_n. The peak is exactly pointing to the next value of θ since in the M-step, the bound is maximized with respect to θ and thus this peak indicates the next parameter value θ_{n+1}. In Figure 3.3 the bound is drawn as a quadratic function in θ, as is the case for linear mixing.

This analysis leads to a different understanding of why the EM algorithm slows down: When the Hessian of the bound is always more curved than the Hessian of the log likelihood, the next maximum of the bound must be close to the current parameter value and thus cause the combined algorithm to make a relatively smaller step in the parameter space, compared to a corresponding step based on the log likelihood.

3.2.4.1 Scaling and Noise

So far it has been demonstrated that the Hessian of the bound has larger negative eigenvalues than the Hessian of the log likelihood, but not shown how large the effect is or how it scales with the noise variance. To do this, one must go into more details assuming the observation model x_t = f_θ(s_t)+n_t where n_t is additive Gaussian noise with noise variance σ^2. With this assumption the difference of the two hessians can be rewritten using Bayes theorem and assuming that the parameter θ is a parameter of the mixing only. That is, not a noise parameter and not a parameter of the source prior. It holds that

∂ ln p(S|X, θ) ∂θ = ∂ ln p(X|S, θ) ∂θ − ∂ ln p(X|θ) ∂θ = ∂ ln p(X|S, θ) ∂θ − ⟨ ∂ ln p(X|S, θ) ∂θ ⟩ p(S|X,θ) = − 1 σ^2 ∂y ∂θ + 1 σ^2 ⟨ ∂y ∂θ ⟩ p(S|X,θ)

where y =^1_2 ||X − f(S)||^2 is shorthand notation for the square term of the Gaussian noise and ⟨·⟩ is average with respect to the source posterior. Defining the notation χ_y ≡ ⟨ ∂y ∂θ ∂y ∂θ^T ⟩ − ⟨ ∂y ∂θ ⟩ ⟨ ∂y ∂θ^T ⟩

ϱ_y ≡ ⟨ ∂^2y ∂θ∂θ^T ⟩ = ⟨ f^{′T} f^′ − (X − f)^T f^{′′} ⟩ (3.17)

the hessians of the log likelihood and the bound can be expressed as follows assuming that the q distribution equals the source posterior as after an E-step,

H_L = 1 σ^4 χ_y − 1 σ^2 ϱ_y (3.18)

H_B = H_L − 1 σ^4 χ_y = −1 σ^2 ϱ_y (3.19)

Note that although ϱ_y contains the difference (X − f) it also contains a term which does not include this difference or other traces of the noise variance. Thus, ϱ_y does not scale with the noise variance and therefore, since H_B = −ϱ_y/σ^2, the Hessian of the bound is diverging for low noise levels. In some sense, this is concluding a very general argument that in low noise hidden variable models, the EM algorithm is ’freezing’, i.e. updating the parameters infinitely slowly. But for the scaling of the Hessian H_B to be a serious problem – which is unique to the EM approach – one needs to demonstrate that the Hessian of the true log likelihood H_L, is not suffering from the same defect, i.e. is not also diverging in the the low noise limit. This point is supported by the following derivation, were p_s denotes the source prior density:

lim_{σ2→0} H_L = lim_{σ2→0}

∂^2 ∂θ∂θ^T ln p(X|θ) = ∂^2 ∂θ∂θ^T ln lim_{σ2→0} ∫ p(X|S, θ)p_s(S)dS = ∂^2 ∂θ∂θ^T ln ∫ δ(X − f_θ(S))p_s(S)dS = ∂^2 ∂θ∂θ^T ln 1 |f^′(f^{−1}_θ (X))| p_s(f^{−1}_θ (X))

These calculations assume, of course, that the limit of the noise and the two limits in the differentiation and the integration are interchangeable.

3.2.4.2 Discussion

The Hessian argument demonstrates a different way to understand the observed slow convergence of the EM algorithm. Using the general instantaneous observation model and therefore no special trade of the linear model, it provides a very general conclusion: Any hidden variable model with Gaussian noise, will have slow convergence using the EM algorithm. The only dodgy point is the general argument stating that the Hessian of the log likelihood does not diverge in the low noise limit, but in most non-pathologic setups this is in fact the case.

3.3 The Easy Gradient Recipe

This sections describes the so-called ’Easy Gradient Recipe’ which, as the name suggests, is not an algorithm, but rather a recipe for constructing algorithms. It prescribes a way to obtain the likelihood and the gradient of the likelihood using the often simpler calculations involved in the EM algorithm. The likelihood and the corresponding gradient can then be used in advanced optimizers to obtain strongly improved results.

3.3.1 Details of the Recipe

The key idea is to regard the bound as a function of θ only, instead of a function of both the parameters θ and the variational parameters ϕ. Doing that the lower bound can be used as a reformulation of the log likelihood

L(θ) = B(θ, ϕ_∗)

where ϕ_∗ = ϕ_∗(θ) fulfils the constraint q(s|ϕ_∗) = p(s|x, θ). Since ϕ_∗ is exactly minimizing the KL-divergence, the partial derivative of the bound with respect to ϕ evaluated in the point ϕ_∗, is equal to zero

q(s|ϕ_∗) = p(s|x, θ) ⇒ ∂KL ∂ϕ | |_{ϕ∗} = 0 ⇒

∂B(θ, ϕ) ∂ϕ | |_{ϕ∗} = 0

But setting the variational distribution equal to the source posterior has further consequences. The derivative of the Kullback-Leibler divergence with respect to the parameter θ turn out to be zero, as simple calculations demonstrate dKL dθ | | ϕ_∗ = ∂KL ∂θ | | ϕ_∗ + ∂KL ∂ϕ | | ϕ_∗ ∂ϕ ∂θ | | ϕ_∗ = ∂ ∂θ (∫ q(S|ϕ) ln p(S|X, θ) q(S|ϕ) dS ) | | |_{ϕ∗} + 0 = ∫ q(S|ϕ_∗) 1 p(S|X, θ) ∂ ∂θ p(S|X, θ)dS = ∂ ∂θ ∫ p(S|X, θ)dS = 0

The second equality is due to the implication above and the fourth follows from the fact that q(S|ϕ_∗)/p(S|X, θ) = 1, which is of course also a consequence of the choice of ϕ_∗. Using these results for the derivative of the bound and the

Kullback-Leibler divergence one is able to find the gradient of the log likelihood in the simple expression

dL(θ) dθ = dB(θ, ϕ_∗) dθ + dKL dθ | |_{ϕ∗} = ∂B(θ, ϕ_∗) ∂θ + ∂B(θ, ϕ_∗) ∂ϕ | | ϕ_∗ ∂ϕ ∂θ | | ϕ_∗ = ∂B(θ, ϕ) ∂θ | |_{ϕ∗}

In this way values and gradients of the true log likelihood can be obtained using the lower bound. The observation and use of this is not entirely new, as it is similar to an approach used in [47]. The novelty of the recipe is the practical recycling of computations already done using the EM algorithm for a much more efficient optimization carefully chosen for the occasion. Expressed in MATLABstyle pseudo-code one just need to construct the following: A function fct is receiving as argument the parameter θ and returning both the function value and the gradient

[L,^{dL}_{dθ} ] = fct(θ) 1) Find ϕ^∗ such that^{∂B}_{∂ϕ} | ϕ^∗ = 0

2) Calculate L(θ) = B(θ, ϕ^∗) 3) Calculate^{dL(θ)}_{dθ} =^{∂B(θ,ϕ∗)}_{∂θ}

Compared to the EM algorithm, the advantage is that the function value and gradient can be fed to any advanced gradient based optimizer, which in most cases results in a strong improvement of the convergence properties. In that sense one is able to work with the easy framework of EM with respect to the computations while ’standing on the shoulders of giants’ with respect to optimization.

Compared to working with directly with the log likelihood, the benefit of formulating the log likelihood using the bound function depends on the task at hand. In the PhD project of which this thesis is a major part, the Easy Gradient Recipe was developed to speed up the Mean Field ICA but turned out to work well also for Kalman filters. In the Kalman filter a brute force computation of the gradient of the log likelihood is very expensive, since computation of the gradients in that setting scales as d^2 times the cost of one Kalman Filter filter sweep. Using the formulation of the bound, it can be seen that computation of the gradient roughly scales as 2 times the cost of a Kalman filter sweep. Since the dimensionality d in State-space models often is very high this renders the Easy Gradient approach significantly less expensive. The somehow counter intuitive statement, that one can achieve substantial benefits from a reformulation of the problem, is also noted in [48] in their investigation of linear state space models.

The Easy Gradient Recipe is of course not restricted to ICA problems or Kalman filters. As it is clear from the derivation, the approach is possible for any maximum likelihood estimation with hidden variables as long as one can compute the bound. The combination of a widely applicable approach with the possibility of using state of the art optimization tools makes it a very strong tool for the community interested in practical maximum likelihood estimation.

3.3.2 Constrained Gradients of the Linear Model

Switching from the EM algorithm to a gradient based optimization, some of the control of the parameter updates is lost. Gradient based optimizers may use all kind of tricks and hacks to obtain a good result fast and one is not at all guaranteed that whatever constrains of the system are fulfilled by the next gradient based update. In this subsection issues about the constraint gradients for the linear model is discussed.

First a general property is considered regarding the gradients of the cost function B with respect to the model parameters θ. The cost function is a function of the model parameters θ and the variational parameters ϕ and any gradient must in principle take into account all dependencies. As an example the gradient with respect to the mixing matrix A is considered dB dA = ∂B ∂A + ∑ {ϕ} ∂B ∂ϕ ∂ϕ ∂A + ∑ {θ}\A ∂B ∂θ ∂θ ∂A (3.20)

Since the model parameters are mutually independent, e.g. the mixing matrix is independent of the prior and the noise, the last sum is equal to zero. When choosing the variational parameters ϕ to maximize B they are not independent of the model parameters θ, but instead, the variational parameters are by construction making the derivatives of B equal to zero,

∂B(θ, ϕ) ∂ϕ | |_{(θ,ϕ∗)} = 0

such that the first sum of the gradient is equal to zero too. By that argument, all the gradients of B with respect to the model parameters will, in the points ϕ^∗ simply be the direct partial derivative of B. That is, if the evaluations in the optimal point is denoted by ·|_∗ then dB dA | |_∗ = ∂B ∂A | |_∗ dB dW | |_∗ = ∂B ∂W | |_∗ dB dν | |_∗ = ∂B ∂ν | |_∗

This significantly simplifies the calculations involved when the gradients are computed.

3.3.2.1 Constrained Parameters

The standard unconstrained gradient approach does not take into account that some of the parameters of the model must fulfil certain constrains to act as proper parameters. This is the case for the noise covariance, which must be positive definite to be a proper covariance, and e.g. the ratios in a mixture of gaussians that must be between zero and one and sum to one.

In order to incorporate these essential constrains into a standard gradient based unconstrained optimization, the constrained variables must be rewritten as functions of unconstrained variables and the underlying unconstrained variables be optimized. One could also, in a more Bayesian approach, construct priors on the parameters, which are zero in appropriate domains, but this is somewhat more troublesome and therefore not the approach followed in this thesis.

Mixing Matrix: In many situations there are obvious constrains on the mixing matrix. If in an overcomplete setting one will make a sparse representation of image data and therefore regard the columns of A as basis images, these will have to be positive to comply with a gray scale image interpretation. Positivity is fairly easy to obtain using the exponential function

(A)_{ij} = e^{(α)ij} (Positive)

It is now α which is the variable which is optimized unconstrained. If the sources are speech recordings, fixed positions of the microphones will impose a geometrically originated constraint on the mixing matrix, and one should ideally incorporate this structure in the optimization. The constrains imposed by a geometrical knowledge of this kind, however, are to some extend situation specific, and for that reason omitted here.

Noise Covariance: The matrix representing the estimated noise covariance is considerably more complicated. For W to be a covariance matrix it must be positive definite, that is, x^T Wx ≥ 0 for all x. This constraint is difficult to implement directly, but some other structure which is sufficient to make it positive definite can be assumed.

W = e^β I (Isotropic) W = diag(e^{β1} , ..., e^{βn} ) (Diagonal) W = ββ^T (Positive Definite)

In the last equation, β is assumed full rank but otherwise unconstrained. This way of writing the covariance matrix is sufficient and necessary in the sense that W is positive definite if and only if there exists a non-singular β such that W = ββ^T , see [49].

Prior Parameters: The constrains on the prior parameters cannot be described explicitly without choosing a certain prior. But most constrains are along the same lines as for the mixing and noise parameters: They must be positive or positive definite, and these constrains can be handled in the same way as described above. One important exception however, is the ratios in a mixture model, which must be between zero and one and sum to one. This can be obtained by defining the ratios using the unconstrained variables r_k in the following way

ρ_k = exp(r_k) ∑ k^′ exp(rk^′ )

(Ratios)

3.3.2.2 Gradients of Constrained Parameters

In this subsection the partial derivatives of the cost function B with respect to the constrained model parameters A, W, ν will be computed, or rather, their underlying unconstrained counterparts. For the mixing matrix this involves both unconstrained mixing and positive mixing matrix and for the noise covariance different complicated structures are taken into consideration. For the prior parameters one must make a choice of prior distribution and in this thesis, a Laplace distribution and two variants of Mixture of Gaussians are considered.

Unconstrained Mixing Matrix: In the case of unconstrained mixing matrix, no special structure of A is assumed and therefore one has no additional variables to take care of. In that case, the result is easily found to be ∂B ∂A = W^{−1}A⟨SS^T ⟩_q − W^{−1}X⟨S⟩^T_q (3.21)

Positive Mixing Matrix: When assuming a positive mixing matrix, the new variable α_{ij} is introduced which is related to the mixing matrix through the equation (A)_{ij} = e^{αij} . Thus, A is no longer regarded a variable but a function of the variable α_{ij} and the gradient is therefore expressed as dB dα_{ij} = ∑ kl ∂B ∂A_{kl}

∂A_{kl} ∂α_{ij} = [ ∂B ∂A ] ij · A_{ij}

Note that the notation ∂B/∂A denotes an ’unconditioned’ differentiation, i.e. a differentiation in which dependencies between variables are ignored.

The Noise Covariance: In all, three different kinds of structures of W is considered. All of them utilize the following expression in the computation of the gradient ∂B ∂W = 1 2 W^{−1} − 1 2 W^{−1}(XX^T + A⟨SS^T ⟩_qA^T − X⟨S⟩^T_q A − A⟨S⟩_qX^T )W^{−1} (3.22) Isotropic Covariance: The simplest structure of the covariance is an isotropic assumptions W = σ^2_β I = e^β I. In this assumption the noise is both uncorrelated and the same in all directions. Al though this may seem restrictive it is a very commonly used assumption. The gradient with respect to β is dB dβ = ∑ kl ∂B ∂W_{kl}

∂W_{kl} ∂β = e^β Tr [ ∂B ∂W ]

Diagonal Covariance: More advanced is the uncorrelated noise assumption in which W is assumed diagonal with positive elements (W)_{ij} = δ_{ij} e^{βi} . Under this assumption the vector β is the variable which can be optimizes unconstrained and the gradient is given by dB dβ_i = ∑ kl ∂B ∂W_{kl}

∂W_{kl} ∂β_i = [ ∂B ∂W ] ii e^{βi}

Positive Definite Covariance: The full covariance model, in which no special assumptions about the noise covariance structure is made, is the model where one only restricts W to be positive definite, i.e. any covariance matrix. One can now optimize unconstrained on the matrix β and the gradient is dB dβ = ∑ kl ∂B ∂W_{kl}

∂W_{kl} ∂β = ([ ∂B ∂W ] + [ ∂B ∂W ]_T ) β The Prior in General: If one also want to estimate the parameters of the source priors, the gradient given by the following needs to be calculated dB dν = ∫ q(S)

∂ ln p(S|ν) ∂ν dS =

⟨ ∂ ln p(S|ν) ∂ν ⟩ q (3.23)

This integral is obviously strongly dependent on the choice of prior and, for some but not all choices of prior distributions, rather complicated.

Exponential Prior: In the case of an exponential prior as defined in Eq. 2.4.2.3 the gradient is straight forward ⟨ ∂ ln p(S|ν) ∂ν_j

⟩_q =

∂ ln δ_{[S>0]} ∂ν_j + N ν_j − ∑ t ⟨S⟩_{qjt}

where the first term is 0 if all elements of S are positive and infinite otherwise.

Mixture of Gaussians Prior: In the following, the case of zero-mean Gaussian mixtures is discussed - or rather, the case of mixtures of zero-mean gaussians. These distributions are important special cases of Gaussian mixtures well suited for flexible sparse priors. In the case of Mixture of gaussians prior the integral is surprisingly rather tricky. ∂B ∂ν = ⟨ ∂ ln p(S|ν) ∂ν ⟩ q = N∑ t=1 ⟨ 1 ∑ κ^′ ρκ^′ Nst (μκ^′ , Dκ^′ ) ∂ ∂ν ∑ κ ρ_κN_{st} (μ_κ, D_κ) ⟩ q The challenge is that while for the gradients for A and W one needed the moments ⟨S⟩_q and ⟨SS^T ⟩_q, now the moments of some very complicated function involving sums of exponentials in a fraction, must be known.

In order to circumvent this, a slight change of perspective with respect to the prior parameters is made. The prior parameter is simply fixed to be the same in q(S) as in the prior p(S|ν) at all times, i.e. ν^′ ≡ ν. Doing this one obtains dB dν = ∂ ∂ν ∫ q(S|ϕ) ln p(X, S|θ) q(S|ϕ) dS = ∂ ∂ν ∫ q(S|ϕ) ln p(X|S, A, W)p(S|ν) 1 Z_q p(S|ν) exp[− 1 2 Tr(SλS) + Tr(γ^T S)] dS = ∂ ∂ν ∫ q(S|ϕ) ln p(X|S, A, W) 1 Z_q exp[− 1 2 Tr(SλS) + Tr(γ^T S)] dS = ∂ ∂ν ∫ q(S|ϕ) ln Z_q(λ, γ, ν) = ∂ ln Z_q ∂ν which is much easier since one can compute the normalization as is the case for gaussians and mixtures of gaussians. Often, when setting the variational parameters equal to the model parameters at all times, it complicate matters, but in this case it does exactly the opposite because this eliminates the need for averaging over complicated functions.

The gradients of the cost function – here expressed as the gradient of the partition function ln Z_q – must be calculated with respect to the unconstrained variables r and w – see below. Due to the appealing feature of mixture of gaussians that the partition function can in fact be obtained in a nice compact manner, these gradients can be computed with relative ease. Differentiation with respect to the mixture proportions yields dB dr_{mn} = ∑ jl ∂B ∂ρ_{jl}

∂ρ_{jl} ∂r_{mn} = ∑ jl ∂ ln Z_q ∂ρ_{jl}

∂ρ_{jl} ∂r_{mn}

∂ ln Z_q ∂ρ_{jl} = ∑ t ρ_{jl}ξ_{jlt} ∑ k^′ ρjk^′ ξjtk^′ 1 ρ_{jl}

∂ρ_{jl} ∂r_{mn}

= ρ_{jl}(δ_{jm}δ_{nl} − ρ_{mn})

ξ_{jlt} = √ 1 1 + σ^2_{ik}λ_{ii} exp [ γ^2_{it} 2 σ^2_{ik} 1 + σ^2_{ik}λ_{ii} ]

Differentiation with respect to the variances yields dB dw_{jl} = ∂B ∂σ^2_{jl}

∂σ^2_{jl} ∂w_{jl} = ∂ ln Z_q ∂σ^2_{jl} σ^2_{jl}

∂ ln Z_q ∂σ^2_{jl} = ∑ t ρ_{jl}ξ_{jtl} ∑ k^′ ρjk^′ ξjtk^′ 1 2 1 (1 + σ^2_{jl}λ_{jj} ) [ γ^2_{jt} 1 + σ^2_{jl}λ_{jj}

− λ_{jj} ]

These equations together express the gradient of the unconstrained underlying variables of the Gaussian mixture.

3.3.3 The Optimizer UCMINF

With the gradient of the relevant unconstrained variables, the scene is now set for an unconstrained optimization. Any gradient based optimization is at disposal and quasi Newton approach with a number of tricks and hacks into one very efficient package has been chosen. The person behind the product is Hans Bruun Nielsen from Technical University of Denmark, and therefore the optimizer is sometimes referred to as the ’Hans Bruun’ optimizer, although he in [33] named it UCMINF himself.

The UCMINF is constructed for nonlinear unconstrained optimization and is basically a quasi Newton optimizer with line search and trust regions. The quasi Newton part is a BFGS update starting from the identity matrix and the line search direction is the difference of two consecutive parameter values - see [33] for details.

Since the Easy Gradient approach with UCMINF is optimizing the true log likelihood and not the bound, it is not a true EM algorithm. Rather it is associated with EM variants such as LANGE [20] or QN2 [18]. The concept of explicitly using the EM to create the gradients for use on some method is also found in [47] in which a similar approach is implemented to produce function values and gradients of the log likelihood and these are used in a conjugated gradient approach for improved optimization.

Summary of Chapter 3

In this Chapter, the EM algorithm and various bound variants have been introduced. In the section on the low noise analysis it has been demonstrated, that both the traditional EM and the variational Bayes EM are ’freezing’ the parameters update and thus making the combined algorithm intolerably slow. As a remedy, the Easy Gradient Recipe is introduced in Section 3.3 along with a discussion on how to ensure the constrains on the model parameters.

56 The EM Algorithm

Chapter 4

Mean Field ICA

Chapter 2 presented the Bayesian probabilistic estimation for a number of hidden variable models with additive Gaussian noise. Among them were the socalled linear instantaneous model which for every time step is linearly mixing the hidden variables s_t into an observation vector x_t, that is, x_t = As_t + n_t for all t = 1, ..., N. If the prior over hidden variables p_s(S|ϕ_s) is chosen to be independent in the coordinates of the rows

p_s(S|ϕ_s) = d∏ i=1 p_i((S)_i|ϕ^i_s)

then estimating the parameters of this model is an Independent Component Analysis (ICA) technique. ICA is a so-called blind source separation technique, i.e. a technique for recovering sources which has been mixed in an unknown way. In the ICA framework, the hidden variables are regarded as sources in the following sense: Each coordinate of the hidden variables, considered over all time steps, S_{it} for t = 1, ..., N is a signal of some sort which has been generated independently of the other signals S_{jt}, where j ≠ i. These signals, being independent, are regarded as d different ’sources’, which in audio applications could be different sound sources (voices, bird singing, engine noise, ...) mixed during the recording. ICA is a very successful and popular blind source separation technique with numerous applications – see [15] or [14] for some general introductions to ICA.

Since maximum likelihood is often troublesome to work with directly, Chapter 3 introduced the expectation-maximization (EM) algorithm and the Easy

Gradient Recipe as alternatives for practical optimization. Using the EM algorithm for estimation in ICA models, however, is nothing new. Seemingly, the authors of [3] were the first to use the EM algorithm for noisy ICA. In this paper the discrete source prior of QAM4 symbols – a prior which have applications in telecommunication – was applied, and the E-step of the EM algorithm was computed exactly due to the discreteness of the prior. For the noisy ICA model, the E-step of the EM algorithm consists of computing the first and second moments ⟨s_t⟩ and ⟨s_ts^T_t ⟩ of the often very complicated source posterior. Using QAM4 symbols, the number of combinations required in the source posterior moments is not unreasonably large, but one could imagine a larger set of symbols – taken to extremes a discretization of the prior space. This would make the model much more flexible with respect to the prior, while keeping the posterior means of the E-step exactly computable. But not computable in reasonable time, since for n symbols and d sources, the number of terms in the sum involved would be of order n^d, a number which very fast becomes prohibitively large.

Five years later, [30] tackled this problem in a way which is both efficient and fairly flexible. Using mixtures of gaussians (MoG) as source priors, the Gaussian noise makes the posterior itself a MoG and therefore the posterior moments of the E-step easily and exactly computable. A few years later in [1], the idea was further generalized and since then, many contributions have been using MoG as a prior. MoG’s are very flexible and can, if enough components are included, model almost any continuous density. But, it suffers from the following two drawbacks: 1) one must evaluate a sum, which – with K components and d sources – for each time step involves K^d terms. For many realistic settings, this number becomes extremely large. And, 2) since a Gaussian is non-zero everywhere, it cannot for finite K model a prior which have zero density in some regions such as positive priors.

As an answer to the challenge that the number of terms scales as K^d, the so-called ’variational’ or ’ensemble’ approach sacrificed some of the exactness on the alter of efficiency. Early work using variational methods for ICA includes [21] and [22]. In these approaches, the complicated posterior distribution was approximated by a completely factorizing variational distribution. This is equivalent to maximizing a simpler lower bound on the likelihood instead of the likelihood itself. In effect, the K^d terms are substituted by dK terms and thus embracing a much larger class of problems for practical solutions.

This simplification paved the way for a solution to the second problem of the restrictions of the MoG’s. The simplification by the variational approach allows for more complicated source priors because it splits the complicated integral over d dimensions into a product of d one-dimensional integrals. Getting rid of the high-dimensional challenge makes integral approximations such as the flexible and yet accurate Mean Field (MF) approach possible. The resulting variational MF approach was presented in [12] and it opened up for application of other source priors such as Laplace, exponential, uniform, and binary, among others.

This chapter, combines the content of the two previous chapters with an approximation of the posterior moments into the Mean Field ICA algorithm. In Section 4.1 the mean field theory, which approximates the posterior moments, is presented. Section 4.2 summarizes the Mean Field ICA algorithm along with examples of the the results regardring the convergence. Finally Section 4.3 presents the extension to convolutive mixtures.

4.0.3.1 The Posterior Moments

In the framework of linear transformations and Gaussian noise, the posterior mean and second moment of the sources are central. For the EM algorithm, the moments are the E-step and they are crucial for the estimation of both the noise and the mixing matrix because they are parts of the expression for the gradients. The source posterior moments are defined by

⟨S⟩ = ∫ S · p(S|X, A, W, ν)dS

⟨SS^T ⟩ = ∫ SS^T · p(S|X, A, W, ν)dS

Even integrals in one dimension can be an analytical challenge or a numerical difficulty. If the noise is not time-independent, the above integrals are formally Nd dimensional, where at least N, the number of data points is usually a very large number and d, the number of sources, in some applications is rather large too. In short, the above integrals can only be solved in a practical framework, if they to some degree factorize into many integrals of lesser dimension. The source posterior distribution is, by the use of Bayes theorem, given by

p(S|X, A, W, ν) = p(X|S, A, W)p(S|ν) p(X|A, W, ν) = 1 Z p(S|ν) exp [ −^1_2 Tr(S^T JS) + Tr(h^T S) ]

where J and h is convenient notation for

J = A^T W^{−1}A (4.1) h = A^T W^{−1}X (4.2)

Note that the source prior factorizes by assumption in both the sources and the time steps, and the second term of the exponential function involving h is obviously also factorizing. So if J is diagonal, the source posterior is completely factorized, but this is rarely the case for real world problems. For rather simple isotropic noise assumptions, J is only diagonal if the columns of A are orthogonal and this assumption is often too restrictive. The question whether or not J is diagonal is central in the discussion ahead, and therefore some convenient notation is introduced: J̃ is the diagonal-free variant defined by J = diag(J)+J̃.

Thus the source posterior is in general only factorizing in the time steps and leaving the challenge of integrating in d dimensions. For most choices of noise and source prior this is not tractable and for a Gaussian noise model, only the Gaussian mixtures and discrete distributions provide nice analytical results. Therefore one must resort to approximations among which different Monte Carlo schemes or other sampling methods could be chosen, but common for these are that they are intolerably slow for practical purposes.

Instead, different variational approaches are presented. Approaches which have parallels in the Mean Field theory of statistical physics and which are related to the so-called Bound Formulation in Section 3.1.3. Basically the task is to find a variational distribution q(S) which is sufficiently flexible to model the source posterior well and still computationally tractable with respect to the integrals. How to choose q(S) is not at all trivial but the Mean Field theory from statistical physics – originally developed for magnetic materials in condensed matter physics – has turned out to be useful for this task.

4.1 Mean Field Theory

4.1.1 Naive Mean Field

The so-called Naive Mean Field (NMF) theory is not named in this way to indicate that it is useless or unreasonably inaccurate, but rather that it can be regarded as the starting point for more advanced approaches. The basic idea of the Naive Mean Field approach is to model a system without interactions – or rather to substitute the interaction with an additional external field. This corresponds to a completely factorized variational distribution

q(S) = N∏ t=1 d∏ i=1 q_{it}(S_{it})

which is adapted to the source posterior. It can be done in two ways: 1) Choosing some suitable parametric form for the variational distribution and then minimizing the difference to the source posterior. This is referred to as the ’fixed form derivation’. Or 2) Make a constrained functional differentiation of the bound to find the optimal distribution, a procedure referred to as the ’freeform derivation’.

4.1.1.1 Fixed and Freeform Derivation

The fixed form derivation first: Enlightened by hindsight or experience from an attempted factorization of the source posterior, the following form for the variational distribution is chosen, where λ is assumed diagonal,

q(S|λ, γ, ν^′) = 1 Z_q p(S|ν^′) exp [ − 1 2 Tr(S^T λS) + Tr(γ^T S) ]

= N∏ t=1 d∏ i=1 1 Z_{it} p(S_{it}|ν_{it}) exp [ −^1_2 λ_{ii}S^2_{it} + γ_{it}S_{it} ]

As described in the Bound Formulation in Section 3.1.3, optimization of the bound to the true log likelihood with respect to the variational parameters λ, γ and ν, is done by minimizing the Kullback-Leibler divergence between the variational distribution and the source posterior. Doing this, the following solution is obtained

λ_{ii} = J_{ii} γ_{it} = h_{it} − ∑ kJ̃_{ik}⟨S_{kt}⟩_q ν^′_{it} = ν_{it}

While the equations for λ and ν are simple and in closed form, the equation for γ is dependent on the mean value ⟨S_{it}⟩_q, i.e. of the distribution q and its parameters. Thus the equations are not closed and a way to deal with this is to iterate the calculations as fixed point equations until convergence – more on that when the freeform derivation has been presented.

The freeform derivation is simply based on three assumptions only: 1) q must be a distribution, 2) q must be completely factorized and 3) q must optimize the bound B. Taking the last thing first, the optimization is obtained by the functional derivative of the marginal distribution q(S_{it}) δB δq(S_{it}) = 0 which gives

q(S_{it}) ∝ exp [ ⟨ln p(X, S|θ)⟩_{\it} ] = 1 Z_q p_i(S_{it}|ν^′) exp [ − 1 2 λ_{ii}S^2_{it} + γ_{it}S_{it} ] (4.3)

where ν^′, λ, γ here formally are convenient placeholder variables to ease the notation

λ = diag(J) (4.4) γ = h − J̃⟨S⟩_q (4.5) ν^′ = ν (4.6)

Note that the role of λ is similar to that of J but that λ is strictly diagonal, thus ignoring what is often referred to as the ’interaction’ between the variables. Only the self-interaction is taken into consideration.

Writing the equations componentwise it is clear that they are equivalent to the result of the fixed form derivation. Thus, for a specific and reasonable choice of parametrization, fixed form and freeform derivation lead to the same result, but freeform derivation is a generally applicable approach which also works when one cannot choose cleverly by hindsight.

4.1.1.2 Integrals as Functions

Using a completely factorized model the intractable integral over d dimensions can be reduced to many integrals of one dimension, but depending on the source prior, this integral may still be very difficult to compute. The solution is to regard the integrals involved in the moments as a function – potentially a very complicated function – of the parameters

⟨S_{it}⟩ = ∫ S_{it} 1 Z_{it} p(S_{it}|ν_{it}) exp[−^1_2 λ_{ii}S^2_{it} + γ_{it}S_{it}]dS_{it}

≡ f(λ_{ii}, γ_{it}, ν_{it})

⟨S^2_{it}⟩ = ∫ S^2_{it} 1 Z_{it} p(S_{it}|ν_{it}) exp[−^1_2 λ_{ii}S^2_{it} + γ_{it}S_{it}]dS_{it} = ∂ ∂γ_{it} f(λ_{ii}, γ_{it}, ν_{it})

The crucial function f(λ_{ii}, γ_{it}, ν_{it}) is different for each new source prior and there is no guarantee that there exists a nice closed expression for every different prior. But for a wide selection of relevant and flexible source priors, one can compute the function once and for all - see [12].

If the function f(λ_{ii}, γ_{it}, ν_{it}) is reasonably efficient from a numerical perspective, then the coupled equation involving γ_{it} can be solved by repeated iterations as a fixed point algorithm

⟨S_{it}⟩_q = f(λ_{ii}, γ_{it}, ν_{it}) γ_{it} = h_{it} − ∑ kJ̃_{ik}⟨S_{kt}⟩_q

In fact it can be shown that each coordinate in each step is increasing the bound and therefore a sequential update will make B converge under reasonably mild assumptions. After convergence is reached, a set of parameters λ, γ, ν and mean values ⟨S⟩_q, ⟨SS^T ⟩_q are estimated which are consistent and an optimal approximation within the completely factorized model.

4.1.1.3 From the Viewpoint of Statistical Physics

So far the Naive Mean Field approach has only been considered from a variational probabilistic viewpoint. This section presents the same story with the terminology and concepts of statistical physics and does so not only to give due credit to the area from which it historically came, but also to set up the framework within which more advanced approaches are considered such as linear response (LR) and the Thouless, Anderson and Palmer (TAP) approximation.

To construct a Hamiltonian from the probabilistic framework, one must combine the fundamental relation between the energy function (the Hamiltonian) H(S) and the probability of finding a physical system in that state. One can do this with Bayes theorem assuming a canonical ensemble and fixed unit temperature e^{−βH(S)} Z = p(S|X, A, W, ν) = p(X|S, A, W)p(S|ν) p(X|A, W, ν) This Hamiltonian now defines a physical system to which all sorts of methods from the repository of statistical physics can be applied

H(S) = − ln [p(X|S, A, W)p(S|ν)] (4.7) = − ln p(S|ν) +^1_2 Tr(S^T JS) − Tr(h^T S) + H_c (4.8)

where J, h is defined by Eq. 4.1 and 4.2, and H_c by

H_c =^1_2 Tr(X^T W^{−1}X) +^N_2 ln det(2πW)

As the probabilistic framework had the problem that the model did not factorize, so does the physical counterpart. Since J is not diagonal, the variables S_{it}, which now are referred to as ’spins’ in analogy with a magnetic system, are coupled through the energy function, H. To tackle this challenge, a different and simpler Hamiltonian, H_q, is defined

H_q(S|λ, γ, ν) = − ln p(S|ν) +^1_2 Tr(S^T λS) − Tr(γ^T S)

λ = diag(λ_1, λ_2, ..., λ_d) and this Hamiltonian has the property that the spins do not interact. Using Jensen’s inequality one get the following bound on the partition function Z Z = ∫ e^{−H(S)}dS = ∫ exp[−(H(S) − H_q(S))] exp[−H_q(S)]dS ∫ e^{−Hq (S′′)}dS^{′′} ∫ e^{−Hq (S′)}dS^′

= ⟨exp[−(H(S) − H_q(S))]⟩_q ∫ e^{−Hq (S′)}dS^′

≥ exp[−⟨H(S) − H_q(S)⟩_q] ∫ e^{−Hq (S′)}dS^′

Note that the above holds for any choice of H_q and choosing H_q to be noninteractive is just a choice of convenience. The result can be reformulated into

F ≤ F_q + ⟨H − H_q⟩_q ≡ F_{var} (4.9) in which F_{var} is referred to as the ’variational free energy’ in contrast to the true free energy F . The true free energy is in fact the negative log likelihood and the variational free energy is the negative bound function

F_{var} = −B(θ, ϕ) = − ln p(X|θ) + KL(q_ϕ||p_θ)

Using the variational free energy as a cost function, which must now be minimized, and considering it as a function of both the parameters and the moments, one get

0 =^{∂Fvar}_{∂⟨S2it⟩q} ⇒ λ = diag(J) 0 =^{∂Fvar}_{∂⟨Sit⟩q} ⇒ γ = h − J̃⟨S⟩_q 0 =^{∂Fvar}_{∂λ} ⇒ ⟨S^2_{it}⟩_q =

∫_e−H_q (S_{it})

Z_{it} S 2 itdS_{it} 0 =^{∂Fvar}_{∂γ} ⇒ ⟨S_{it}⟩_q =

∫_e−H_q (S_{it})

Z_{it} SitdSit

(4.10)

which are the so-called ’Mean Field Equations’. Iterating these equations until convergence and thereby regarding the moments as variables too, will after convergence produce a consistent set of mean values and parameters. Apart from being central to the mean field equations above, the variational free energy is a measure of convergence and interesting due to its connection with the bound on the log likelihood. It is computed by

F_q = − ln ∫ e^{−Hq (S)}dS

= − ln N∏ t=1 D∏ k=1 ∫ dS_{kt}P (S_{kt}) exp[− 1 2 λ_{kt}S^2_{kt} + γ_{kt}S_{kt}]

= N∑ t=1 D∑ k=1 ( − ln ∫ dS_{kt}P (S_{kt}) exp[− 1 2 λ_{kt}S^2_{kt} + γ_{kt}S_{kt}] )

which is of course highly dependent on the choice of source prior. It is often averaged with respect to number of dimensions d and data points N to give comparable values between different setups.

The statistical physics viewpoint, defining the entire system by the equation p = e^{−H} /Z may seem rather foreign and artificial to scientists with no background in physics. But in fact it can be viewed as nothing but a specific rewriting of the source posterior probability and variational distributions

p(S|X, ...) = e^{−H(S)} Z q(S|ϕ) = e^{−Hq (S)}

Z_q

not unlike the assumptions on the source prior in Section 2.4.2. There are no limitations or anything mystical about it, just a slight change of perspective and interpretation.

4.1.1.4 The Covariance

The methods described above gives the moment ⟨S_{it}⟩_q and ⟨S^2_{it}⟩_q. In many contexts, the covariance of the sources is central and it can be rewritten with respect to both the true source posterior and the variational distribution q

χ^{tt}_{ij} = ⟨S_{it}S_{jt}′ ⟩ − ⟨S_{it}⟩⟨S_{jt}′ ⟩ (Exact Posterior) χ^{tt}_{ij} = δ_{ij} (⟨S^2_{it}⟩_q − ⟨S_{it}⟩^2_q) (Using NMF)

Thus not surprisingly, a completely factorized model gives diagonal covariance estimates. As an example with three sources, the covariance is

χ^t =

∂⟨S_{1t}⟩_q ∂γ_{1t} 0 0

0^{∂⟨S2t⟩q}_{∂γ2t} 0 0 0^{∂⟨S3t⟩q}_{∂γ3t}

(4.11)

which will serve later as comparison with covariance estimates of more advanced models. Note that ⟨S^2_{it}⟩_q − ⟨S_{it}⟩^2_q has been expressed as ∂⟨S_{it}⟩_q/∂γ_{it}. This relation is important and will be discussed in more detail in Section 4.1.2 which is about the so-called Linear Response.

4.1.1.5 More Complicated Models

The completely factorized model is not the only possible choice. In the socalled Bethe approximation, the variational distribution takes into account the dependencies between pairs of variables. Doing that, the interaction can be modeled more accurately and if the dependency structure is so-called tree-like the inference can be done exactly with a suitable choice of prior densities, see e.g. [54].

The principle can be expanded and in the Kikuchi approximation even higher order interactions are taken into account. These approaches gives at least in principle a better approximation, but are also much more analytically complicated and computationally costly, and are not considered in this thesis.

4.1.2 Linear Response

Due to the fact that the Naive Mean Field approach is a completely factorized model, i.e. the variables are completely independent, the covariance in Eq. 4.11 is diagonal. This is indeed the heart of the matter with respect to the simplification, but of course also the main problem if the true system has strong interactions. The linear response (LR) correction is a way to obtain more advanced estimates of the covariance – in particular estimates which are not diagonal.

For the true source posterior moments, the log likelihood is a moment generating function in the sense that the mean and covariance can be obtained as derivatives of the of the log likelihood with respect to the variable h. Utilizing this one can connect the mean and covariance by

⟨S_tS^T_t ⟩ − ⟨S_t⟩⟨S_t⟩^T =

∂⟨S_t⟩ ∂h_t The connection between the covariance and the derivative of the mean with respect to the external field h_t, is important. It is a connection between fluctuations (the covariance) and the systems susceptibility, i.e. sensibility of the mean to changes in h_t. This connection does not automatically follow from any choice of system and variables. If one imagines some physical system defined by the Hamiltonian H which, among other variables, depends on the variable u, then ∂⟨s⟩ ∂u = ⟨s ∂H ∂u ⟩ − ⟨s⟩⟨ ∂H ∂u ⟩ Since H_q depends linearly on the sources with respect to the variable γ, one could differentiate ⟨S_{it}⟩_q with respect to γ_{jt}′ . And indeed one do get the same covariance as in Eq. 4.11, but there is not much new obtained. The approach of the linear response correction is to assume the moments ⟨S_{it}⟩_q to be good approximations of the true source posterior moments ⟨S_{it}⟩, when the parameters are optimized. Thus, considering the parameters λ, γ and ν^′ as functions of h_t, one can mimic the connection of the true moments by the following calculations, where χ̃^t is the new estimate of the covariance at the time step t

(χ̃^t)_{ij} =

∂⟨S_{it}⟩_q ∂h_{jt} = ∑ i^′j^′

∂⟨S_{it}⟩_q ∂λ_i′_j′

∂λ_i′_j′ ∂h_{jt} + ∑ i^′t^′

∂⟨S_{it}⟩_q ∂γ_i′_t′

∂γ_i′_t′ ∂h_{jt} = ∂⟨S_{it}⟩_q ∂γ_{it}

∂γ_{it} ∂h_{jt} = ∂⟨S_{it}⟩_q ∂γ_{it} ( δ_{ij} + ∑ k J̃_{ik} ∂⟨S^{kt}⟩ ∂h_{jt} )

= ∂⟨S_{it}⟩_q ∂γ_{it} ( δ_{ij} + ∑ k J̃_{ik}(χ̃^t)_{kj} )

The first and last equation are linear in χ̃^t and can be solved to obtain an expression for the new estimate of the source covariance

χ̃^t = (Λ_t + J̃)^{−1} (Λ_t)_{ij} = δ_{ij} [ ∂⟨S_{it}⟩_q ∂γ_{it}

]_{−1}

Compared to the (inverse) covariance of the naive mean field approach, the linear response correction has the values of J on the non-diagonal entries on the inverse of the covariance. In a 3 by 3 example this means

χ̃^t =

(_{∂⟨S1t⟩q}

∂γ_{1t}

)_{−1}

J_{12} J_{13}

J_{21}

(_{∂⟨S2t⟩q}

∂γ_{2t}

)_{−1} J_{23}

J_{31} J_{32}

(_{∂⟨S3t⟩q}

∂γ_{3t}

)_{−1}

−1

In the limit of no interactions, that is, in the limit where the off-diagonal elements of J becomes zero, the naive mean field approach becomes exact. Note that the linear response correction approach in this limit becomes equivalent to the exact source posterior too, and by this demonstrates some of the necessary fundamental properties.

4.1.3 Thouless, Anderson and Palmer - TAP

The Thouless, Anderson and Palmer (TAP) approach is a higher order approximation to the source posterior, which includes the naive mean field approximation as a special case. The basic idea is to reformulate the marginal source posterior such that the interaction can be Taylor expanded to whatever order appropriate. In that sense, the TAP approach aims at ending up with a marginal of the form

q_{it}(S_{it}) = 1 Z_{it} p(S_{it}|ν_{it}) exp[−^1_2 λ_{it}S^2_{it} + γ_{it}S_{it}]

as in the naive mean field approach, but with λ_{it} and γ_{it} defined differently and to higher order in the interactions. Note that in the naive mean field approach, the system is assumed completely factorized which is not the case for the TAP approach. Thus, although the marginal distribution of NMF and TAP have a similar form, their joint distributions are very different.

4.1.3.1 The Cavity Distribution

The derivation of the TAP approach starts out by considering the true source posterior. Using that the noise and source prior by assumption is factorizing in time, one obtains

p(S|X, J, h) = 1 Z exp[−H(S|X, J, h)] = N∏ t=1 1 Z_t exp(−H_t(S_t))

= N∏ t=1 1 Z_t exp −^1_2 d∑ i,j=1

S_{it}J_{ij} S_{jt} + d∑ i=1 h_{it}S_{it} + d∑ i=1 ln p(S_{it}) −

H_0 N

= N∏ t=1 1 Z_t exp d∑ j=1 (^1_2 h̃_{it} + h_{it})S_{it} d∏ i=1 ϱ_t(S_{it})

where

ϱ_t(S_{it}) = exp [ ln p(S_{it}) −^1_2 J_{ii}S^2_{it} ] h̃_{it} = −^d ∑ j=1 J̃_{ij} S_{jt}

That is, h̃_{it} is the effect on S_{it} as a result of the interaction with the other variables – or perhaps more correctly by the correlation between the variables induced by the observed data. With this notation the marginal source posterior is p(S_{it}|X, J, h) = ⟨p(S_t|X, J, h)⟩_{\it} = ⟨ 1 Z_t exp d∑ j=1 (^1_2 h̃_{jt} + h_{jt})S_{jt} d∏ j=1 ϱ_t(S_{jt}) ⟩

\it = ϱ_t(S_{it})e^{hitSit} ⟨ 1 Z_t exp 1_2 h̃_{it}S_{it} + d∑ j≠i

(^1_2 h̃_{jt} + h_{jt})S_{jt} d∏ j≠i

ϱ_t(S_{jt}) ⟩

\it Note that the reaction field h̃_{jt} is dependent on all other variables than j, and that h̃_{jt} therefore is dependent on S_{it}. To obtain an expression which is as factorized as possible, the reaction field h̃_{it} is rewritten such that the dependency on S_{it} becomes explicit, using the the so-called ’cavity field’ d∑ j≠i 1 2 h̃_{jt}S_{jt} =^d ∑ j≠i 1 2 ( − d∑ k=1 J̃_{jk}S_{kt} ) S_{jt}

= d∑ j≠i 1 2 − d∑ k≠i

J̃_{jk}S_{kt} − J̃_{ji}S_{it} S_{jt}

= d∑ j≠i 1 2 h̃^{\i}_{jt}S_{jt} +^1_2 h̃_{it}S_{it}

Inserting this into the expression for the marginal source posterior one obtains

p(S_{it}|X, J, h)

= ϱ_t(S_{it})e^{hitSit} ⟨ 1 Z_t exp d∑ j≠i

(^1_2 h̃^{\it}_{jt} + h_{jt})S_{jt} e^{h̃}it^Sit d∏ j≠i

ϱ_t(S_{jt}) ⟩

\it = ϱ_t(S_{it})e^{hitSit}

Z_{\it} Z_t

⟨e^{h̃itSit} ⟩_{\it} = 1 Z_{it} ϱ_t(S_{it}) exp[h_{it}S_{it} + E_{it}(S_{it})]

where the function E_{it} is defined E_{it}(S_{it}) = ln⟨exp[h̃_{it}S_{it}]⟩_{\it}. So far no approximations have been made and essentially nothing but rewriting the problem has been done. The challenge of the interaction is now reformulated to the function E_{it} and since E_{it} looks rather difficult it may seem that very little is gained. But using a cumulant expansion to second order, one obtains an expression of the form

E_{it}(S_{it}) = ln⟨exp[h̃_{it}S_{it}]⟩_{\i} = ∞∑ k=1 c^k_{it} k! S^k_{it}

∼= ⟨h̃_{it}⟩_{\i}S_{it} +^1_2 (⟨h̃^2_{it}⟩_{\i} − ⟨h̃_{it}⟩^2_{\i})S^2_{it}

≡ ⟨h̃_{it}⟩_{\i}S_{it} +^1_2 V_{it}S^2_{it}

This derivation is the central approximation in the TAP approach: The interactions expressed by the function E_{it}, are assumed to be sufficiently accurately described by the mean and variance. The question of how the values for ⟨h̃_{it}⟩_{\i} and the fluctuations V_{it} should be obtained is still unaddressed, and will be answered in two very different ways: The mean ⟨h̃_{it}⟩_{\i} can be calculated directly, while the values V_{it} will be defined shortly. The mean of the reaction field ⟨h̃_{it}⟩_{\i} is given by the following calculations

⟨h̃_{it}⟩ = ∫ p(S_{it}|X, J, h)h̃_{it}dS_{it} = ∫ 1 Z_{it} ϱ_t(S_{it}) exp[h_{it}S_{it} + E_{it}(S_{it})]h̃_{it}dS_{it} = ∫ 1 Z_{it} ϱ_t(S_{it}) exp[h_{it}S_{it} + E_{it}(S_{it})] ∂ ∂S_{it}

E_{it}(S_{it})dS_{it} ∼= ∫ 1 Z_{it} ϱ_t(S_{it}) exp[h_{it}S_{it} + E_{it}(S_{it})] ∂ ∂S_{it} [ ⟨h̃_{it}⟩_{\i}S_{it} +^1_2 V_{it}S^2_{it} ] dS_{it} = ∫ 1 Z_{it} ϱ_t(S_{it}) exp[h_{it}S_{it} + E_{it}(S_{it})] [ ⟨h̃_{it}⟩_{\i} + V_{it}S_{it} ] dS_{it}

= ⟨h̃_{it}⟩_{\i} + V_{it}⟨S_{it}⟩

that is, ⟨h̃_{it}⟩_{\i} ∼= ⟨h̃_{it}⟩ − V_{it}⟨S_{it}⟩ Thus, disregarding that it is still not known how to estimate the fluctuations V_{it}, one can write the approximation for marginal source posterior as

p(S_{it}|X, J, h) = 1 Z_{it} ϱ_t(S_{it}) exp [h_{it}S_{it} + E_{it}(S_{it})]

∼= 1

Z_{it} ϱ_t(S_{it}) exp [ h_{it}S_{it} + ⟨h̃_{it}⟩_{\i}S_{it} +^1_2 V_{it}S^2_{it} ]

= 1 Z_{it} ϱ_t(S_{it}) exp [ (h_{it} + ⟨h̃_{it}⟩ − V_{it}⟨S_{it}⟩)S_{it} +^1_2 V_{it}S^2_{it} ]

= 1 Z_{it} ϱ_t(S_{it}) exp [ (h_{it} − ∑ k J̃_{ik}⟨S_{kt}⟩ − V_{it}⟨S_{it}⟩)S_{it} +^1_2 V_{it}S^2_{it} ]

= 1 Z_{it} exp p(S_{it}) [ −^1_2 λ_iS^2_{it} + γ_{it}S_{it} ]

where the parameters λ_{it} and γ_{it} are defined by

λ_{it} = J_{ii} − V_{it} γ_{it} = h_{it} − ∑ k J̃_{ik}⟨S_{kt}⟩ − V_{it}⟨S_{it}⟩

The fluctuations V_{it} are estimated using the Expectation Consistency approach, also known as ’Adaptive TAP’, described in the next subsection.

4.1.3.2 Adaptive TAP

The TAP approach is a higher order model in which the marginal source posterior p(S_{it}|X, J, h) is estimated. With this marginal source posterior one can estimate ⟨S_{it}⟩ and ⟨S^2_{it}⟩ more accurately, but in order to use the TAP approximation in the ICA setup, estimating V_{it} and the rest of the covariance matrix is still missing. The Expectation Consistency approach is in some sense using the first problem to battle the second.

If one assumes for a moment the fluctuations V_{it} are known, then the diagonal of the covariance matrix is known. In a 3 by 3 example it would be

χ^t =

∂⟨S_{1t}⟩_q ∂γ_{1t} ? ?

?^{∂⟨S2t⟩q}_{∂γ2t} ? ? ?^{∂⟨S3t⟩q}_{∂γ3t}

where ”?” denotes that this entity has not been calculated yet. But, since the mean values ⟨S_{it}⟩_q are known, this is not the only approach to computing the covariance matrix. One can also use the mean value in a linear response setup as with the naive mean field approach

(χ̃^t)_{ij} =

∂⟨S_{it}⟩_q ∂h_{jt} = ∑ i^′j^′

∂⟨S_{it}⟩_q ∂λ_i′_j′

∂λ_i′_j′ ∂h_{jt} + ∑ i^′t^′

∂⟨S_{it}⟩_q ∂γ_i′_t′

∂γ_i′_t′ ∂h_{jt} = ∂⟨S_{it}⟩_q ∂γ_{it}

∂γ_{it} ∂h_{jt} = ∂⟨S_{it}⟩_q ∂γ_{it} ( δ_{ij} − ∑ k (J̃_{ik} + δ_{ik}V_{it})

∂⟨S_{kt}⟩ ∂h_{jt} )

= ∂⟨S_{it}⟩_q ∂γ_{it} ( δ_{ij} − ∑ k (J̃_{ik} + δ_{ik}V_{it})(χ̃^t)_{kj} )

As with the linear response correction for the naive mean field approach, this is a linear equation in χ̃^t and has the solution

χ̃^t = (Λ^t + J̃)^{−1}, Λ^t_{ij} = δ_{ij} ( ∂⟨S_{it}⟩_q ∂γ_{it}

+ V_{it} ) (4.12)

That is, in a 3 by 3 example, the linear response solution to the TAP approach is

χ̃^t =

(_{∂⟨S1t⟩q}

∂γ_{1t}

)_{−1}

+ V_{it} J_{12} J_{13}

J_{21}

(_{∂⟨S2t⟩q}

∂γ_{2t}

)_{−1} + V_{2t} J_{23}

J_{31} J_{32}

(_{∂⟨S3t⟩q}

∂γ_{3t}

)_{−1} + V_{3t}

−1

Now two seemingly different estimates of the diagonal of the covariance is in play. The idea of the EC (aka Adaptive TAP) is to adjust the fluctuations V_{it} to make these two estimates equal and thereby making the linear response solution consistent. That is, adjust V_{it} such that

diag(χ^t) = diag(χ̃^t)

In practical terms it is not possible to invert the matrix χ̃^t to obtain a closed form expression for V_{it}. Instead, one iterates the fixed point equation

V^{(n+1)} it = V^{(n)}_{it} + 1 χ^t_{ii} − 1 χ̃^t_{ii}

When convergence has been reached, an estimate of V_{it} is given which provides a non-diagonal covariance estimate while at the same time keeping the direct covariance and the linear response approach consistent.

4.1.4 Source Models and Mean Functions

Interpreting the integral of the moment as a function of the parameters is of course no magic trick which can make all the problems disappear at once. Any integral involving some parameters is formally a function of these parameters (at least if it converges) and in that sense nothing has been solved.

But if the integral can be expressed as some function, which evaluates much faster than a sampling to approximate the integral, then quite a bit has been gained in terms of computational speed. As an example, one can consider the case of a binary source prior. For a binary source prior, the Gaussian noise assumption leads to a mean function which is especially simple, namely

f(λ_{it}, γ_{it}, ν_{it}) = ∫ S_{it} 1 Z_q p(S_{it}) exp[−^1_2 λ_{it}S^2_{it} + γ_{it}S_{it}]dS_{it}

= tanh(γ_{it})

Inserting the expression for the mean value and the optimal gamma parameter, one obtains the equation

⟨S_{it}⟩_q = tanh[h_{it} − ∑ kJ̃_{ik}⟨S_{kt}⟩_q]

In this expression, h_{it} and J̃ are constants and one can iterate until the value of ⟨S_{it}⟩_q is converged. Doing this, a difficult integral has essentially been substituted with a repeated evaluation of a nonlinear function – a tradeoff which in almost all cases will speed up the computational time. Not all source priors lead to nice compact expressions like the above, but a fairly large and flexible selection is in fact available - see below for some of the important examples and [12] for a wider selection.

The exponential quadratic form in the variational distribution stems from the Gaussian noise assumption and this influences strongly which source priors give nice analytical results. With the binary case as an exception, mostly source priors which to some degree are related to the exponential family, give closed form results. This relationship to the Gaussian distribution makes the following functions relevant, following the notation from [12]

D(x) = 1 √ 2π e^{−0.5x2} Φ(x) =

∫_x −∞ e^{−0.5t2} dt

Using this notation the mean function for three important source priors is presented. The mean functions are included here for a set of important source priors to give the reader a better understanding of the matter using some concrete examples.

4.1.4.1 Exponential

The so-called exponential prior is used for sources which are positive and sparse. The probability density is defined by

p(S_{it}) = ηe^{−ηSit} , S_{it} > 0

and zero if S_{it} < 0. Dividing the integrals at suitable boundaries one can compute the mean function using the functions D(x) and Φ(x). The result is

f(λ_{it}, γ_{it}, ν_{it}) = 1 √ λ_{it} ξΦ(ξ) + D(ξ) Φ(ξ)

, ξ = γ_{it} − η √ λ_{it}

As with the other source priors, the function for the second moments are the derivative of the mean function with respect to γ_{it}. This function can, along with the second moment function for the other source priors, be found in [12].

4.1.4.2 Laplace

The Laplace source distribution is a heavy tailed symmetric distribution with the density p(S_{it}) = η 2 e^{−η|Sit|}

It is often used as a prior for speech or other sparse and symmetric sources. The mean function can be calculated using the functions D(x) and Φ(x), and the result is

f(λ_{it}, γ_{it}, ν_{it}) = 1 √ λ_{it} ξ_+κ_+ + ξ_−κ_− κ_+ + κ_−

ξ_± = γ_{it} ∓ η √ λ_{it} κ_± = Φ(±ξ_±)D(ξ_∓)

Figure 4.1: Examples of source priors: Exponential (top left), Laplace (top right), Bimodal MoG (Bottom left), and Sparse MoG (bottom right).

For the second moment one needs to differentiate the mean function with respect to γ_{it} – see e.g. [12] for more details.

4.1.4.3 Mixture of Gaussians, MoG

While the exponential and the Laplacian distributions are rather limited in the form presented above because they are assumed to have zero mean – the mixture of Gaussians considered here is an extremely flexible source prior. In fact, one can in principle model any other density which is nonzero everywhere using a mixture of gaussians. The density is defined by

p(S_{it}) = K∑ k=1 ρ_k √ 2πσ^2_k exp [ − 1 2 (S_{it} − μ_k)^2 σ^2_k ]

Since they are gaussians, their integral with the Gaussian of the noise can be computed analytically and without the special functions used for the other priors. The result is

f(λ_{it}, γ_{it}, ν_{it}) = ∑ k u_k γ_{it}σ^2_k + μ_k λ_{it}σ^2_k + 1

where

u_k = κ_k exp(ξ_k) ∑ k^′ κk^′ exp(ξk^′ )

κ_k = ρ_k √ λ_{it}σ^2_k + 1

ξ_k = − 1 2 [ μ^2_k σ^2_k − (γ_{it}σ_k + μ_kσ_k)^2 λ_{it}σ^2_k + 1 ]

In fact there is, of course, strictly speaking no need for mean field theory when using mixtures of gaussians, since the nice analytical properties of the Gaussian density ensures that the mean values can be calculated exactly.

4.1.4.4 Other Source Priors

One could compute all sorts of source priors for whatever purpose. As mentioned not all source priors result in an analytical mean function, as not all mean functions have an analytical prior. But more can be computed than is presented here. In [12] one can also find mean functions for binary (very easy), bi-Gaussian special case, uniform prior, general heavy tailed and positive Gaussian.

4.1.5 Accuracy

While the use of mixture of gaussians as source priors makes it possible to calculate the source posterior moments ⟨S⟩ and ⟨SS^T ⟩ exactly, the Variational approach doesn’t. A reasonable question therefore is: How accurate is the variational approximation to the source posterior moments? If the true source posterior is factorizing completely, i.e. if J = A^T Σ^{−1}A is diagonal, then the variational distribution q becomes exactly the source posterior and the variational factorized approach becomes exact. When J is not diagonal, the variational approach cannot model the moments exactly, but still have a certain compensating ability which may work well for weak dependencies. In this subsection, the accuracy of the variational approximation is investigated when challenged with non-zero dependencies. The dependency is quantified in the following way for a system with three sources^1:

J = A^T Σ^{−1}A =

1 α α α 1 α α α 1

That is, α expresses the dependency between the variables in the true source posterior: α = 0 means no dependency and the factorized approximation is exact, and α = 1 means maximum dependency and the factorized approximation is presumably bad.

In Figure 4.2, the exact moments ⟨S_{it}⟩ are plotted against the variational approximation for different combinations of mixing matrix dimensions and degree of dependency. The representative examples are plotted of the matrix dimensions 2x3, 3x3 and 4x3, and α = 0.50, 0.90, and 0.98. For weak dependencies (α = 0.50), the 3x3 and 4x3 examples show very good accuracy while the underdetermined 2x3 setting does not. This indicates that the underdetermined case is posing a special challenge not only with respect to source recovery but also with respect to the accuracy of the source posterior moments. For moderate dependencies (α = 0.90), the accuracy of the square and overdetermined case becomes poor, and for strong dependencies (α = 0.98), the approximation breaks down as expected.

In [39] it is demonstrated for binary sources that in the limit of a factorized true source posterior, the off-diagonal elements of χ in LR are more accurate than in the completely factorized model (aka Naive Mean Field, NMF), but that this is only the case for the diagonal elements when the so-called ’external field’ h_t is not too small. Other more general but less detailed arguments, as the Parisi argument presented in [35], expresses the accuracy in the difference ε between the true source posterior and the variational distribution and shows how the error on the covariance of the factorized model is O(ε) while the covariance obtained by LR is O(ε^2).

An investigation of the accuracy has been done by constructing 1000 random mixing matrices (2x3, 3x3 and 4x3) with columns normalized to length 1. Using MoG’s as source priors, the exact source posterior covariance can be computed along with the factorized and the LR correction variants. Comparing the elements of these approximations using root mean square error,the result in table 4.1 is obtained. The table shows that for 3x3 and 4x3, the LR is often the better estimator on the source posterior second moments ⟨S_{it}S_{jt}′ ⟩, while for the underdetermined 2x3 case, it is the factorized model which is most accurate. Note that when LR is better it is by a small margin, while the cases where LR is not an improvement, the error is relatively large, making the average unfavorable for the LR approach.

But, as a sneak preview of the combined algorithm, Figure 4.3 shows a crucial benefit of using linear response. In this data set, which is a mixing of

1For a 2x3 case, it is not possible to construct exactly this form for all choices of dependency. In those cases, α expresses the value of the largest non-diagonal entry.

α = 0.50 α = 0.90 α = 0.98 Weak dependency ... Strong dependency

2x3

3x3

4x3 Figure 4.2: Accuracy of the variational approach: The moments ⟨S_{it}⟩ have been computed for both the exact soruce posterior and the variational approximation, and plotted against each other such that a ’straight diagonal line’ means a perfect fit. In the case of square and overdetermined mixing and weak dependency, the variational approximation is very accurate, while the other cases are proving increasingly difficult. Note that at α = 0.90, the approximation is still reasonable for square and overdetermined, while the underdetermined (overcomplete) is posing problems for all dependencies.

Factorized LR 2x3 Mean Error ⟨S_{it}S_{jt}⟩ 0.0088 0.0313 Median Error ⟨S_{it}S_{jt}⟩ 0.0069 0.0115 Best Estimator 97.3% 2.7% 3x3 Mean Error ⟨S_{it}S_{jt}⟩ 0.0015 0.0039 Median Error ⟨S_{it}S_{jt}⟩ 6.1 · 10^{−5} 5.3 · 10^{−5} Best Estimator 35.9% 64.1% 4x3 Mean Error ⟨S_{it}S_{jt}⟩ 0.0003 0.0007 Median Error ⟨S_{it}S_{jt}⟩ 1.4 · 10^{−5} 0.8 · 10^{−5} Best Estimator 11.5% 88.5%

Table 4.1: Accuracy of linear response (LR) versus the completely factorized approach. For each of the settings 2x3, 3x3 and 4x3, a random set of 1000 mixing matrices with columns normalized to length one was generated. Using MoG source priors, the error of the factorized and LR approach were calculated as a root mean square error. Note that LR is typically (median) doing better for square and overdetermined case, but not on average (mean). For 2x3 the factorized approach is most accurate, but later examples show that LR still offers the best overall performance of the algorithm.

a) Factorial b) LR 3) Exact

Figure 4.3: Three speech signals in two channels. In this example, the speech signals were modelled using MoG priors enabling us to compare the factorized and LR approach with the exact posterior moments. The factorized approach ’turns off’ one of the channels, i.e. is setting a column in the mixing matrix to zero, and thereby finds only two of the three directions in data. The LR and the exact approaches, on the other hand, finds all three directions. This demonstrates that LR is an important extension to the factorized variational approach.

three speech signals into two channels, the completely factorized approach is not able to find all three columns of the mixing matrix. Instead it ’turns off’ one of the columns by setting it to zero and find two of the remaining directions, Figure 4.3 (a). Linear response on the other hand is able to find all directions as is the exact method without the variational approximation, Figure 4.3 (c). In this sense, the linear response is outperforming the factorial approach also in the overcomplete setting even if the numerical accuracy is not better.

An in depth general analysis to why this is the case is not given here, but the following argument may shed some light on the process. In a 2x3 example with isotropic noise and known noise variance, one may assume the first column of the mixing matrix to be zeros. This ensures, that the interaction matrix J corresponding to the mixing matrix, is zero in the first column and first row and that the remaining columns – if chosen to be orthogonal – can fulfil the factorization constraint and make J diagonal

J = A^T W^{−1}A = 1 σ^2

0 0 0 0 a^T_2 a_2 0 0 0 a^T_3 a_3

where a_i are the column vectors of A. In this case, the top row of the external field h = A^T W^{−1}X will also be zeros, and the parameters λ_{11} and γ_{1t} of the variational q-distribution are all zero. Therefore, q(S_{1t}) is simply the prior, which in the case of the mixed speech signals are zero-mean, such that ⟨S_{1t}⟩_q = 0 for all t = 1, ..., N. The next update of the mixing matrix involved the data, presumably ’corrects’ the situation, but the update of A, i.e. A = X⟨S⟩_q⟨SS^T ⟩^{−1}_q is in fact not changing anything: Let G = ⟨SS^T ⟩_q, such that when q is completely factorized and ⟨S_{1t}⟩_q = 0, then

G^{−1} =

G_{11} 0 0 0 G_{22} G_{23} 0 G_{32} G_{33} −1 = G^{−1}_{11} 0 0 0 G̃_{33} −G̃_{23} 0 −G̃_{32} G̃_{22}

where G̃_{ij} = G_{ij} /(G_{22}G_{33} − G_{23}G_{32}). Inserting this into the update expression for A reveals that the updated mixing matrix still has zeros in the first column. That is, the first column having zeros, together with the constraint that the second and third column are orthogonal, is a fix point for the algorithm. This simplified example explains the behavior observed in Figure 4.3 a), where one column of the estimated mixing matrix ends as zeros, and the two remaining columns orthogonal.

4.2 Mean Field ICA

The probabilistic estimation presented in Chapter 2 can now be linked to the approximate bound method presented in Chapter 3 and the mean field approaches

Figure 4.4: Accuracy of Factorized approach (MF), Linear response (LR) and zeroth and first order saddle point approximation. Using a MoG source prior the exact moments can be computed as well as the different sets of approximations. The error is, Err = √∑ it(⟨S_{it}⟩_{exc} − ⟨S_{it}⟩_{app})^2/(Nd). Apart from the above mentioned approximations, also the generative source have been included for perspective. That is, the true generative source has been used as an approximation to the source posterior mean, to see how well the exact posterior moments matches the entity which it ultimately is used to estimate. Interesting in this examples is that the linear response correction works well (and better than the factorized approach) for all noise levels.

in Section 4.1. The result is the Mean Field ICA, a flexible and yet powerful algorithm for blind source separation.

4.2.1 The Algorithm

Chapter 2 presented a way to do probabilistic estimation disregarding all practical problems with respect to integration and optimization. The formal result of the approach for the linear instantaneous model is the non-linear fixed point equations for the mixing matrix, noise covariance and the source prior parameters, which are expressed using integrals. The integrals are the averages with respect to the source posterior – a distribution which in most cases is very complicated rendering the integrals also very complicated.

Chapter 3 presented the EM algorithm, which in the bound formulation of Section 3.1.3 makes it possible to substitute the complicated source posterior averages with averages over the variational distribution q(S|ϕ). The result of this approximation is that one is working with a lower bound on the likelihood instead of the true likelihood. A lower bound which presumably is less complicated. Since the EM algorithm was proven to converge slowly at least in the case of small noise variance, the Easy Gradient Recipe was developed as a practical alternative.

Section 4.1 presents a practical choice of this variational distribution, namely choosing q(S|ϕ) to be completely factorized. Section 4.1 also provides the optimal choices for the parameters ϕ = {λ, γ, ν} of q(S|ϕ); optimal in the sense that they make the Kullback-Leibler divergence to the true source posterior as small as possible. Section 4.1 furthermore presents the LR and TAP extensions to the factorial choice and how to deal with these more advanced methods.

All these parts are now ready to be combined into one flexible and powerful algorithm: The Mean Field ICA. Since the parameters ϕ are formally independent of the mixing matrix, noise covariance and source prior parameter, differentiating the bound B(θ, ϕ) with respect to θ yields

∂B(θ, ϕ) ∂θ = ⟨ ∂ ln p(X, S|θ, ϕ)) ∂θ ⟩ q . That is, one obtains the same equations as in Chapter 2, where the true source posterior is substituted with the variational distribution. Equation 2.13 and 2.14 can be used as presented in Chapter 2 changing only the average from the true source posterior to the variational distribution. One now need to optimize the bound with respect to both θ and ϕ using either the EM algorithm or the Easy Gradient Recipe with some optimizer:

1) The EM optimization is an iteration of two steps as presented in Section 3.1.3: First estimate the moments of the variational distributions and second use these estimates to update the estimate for the mixing matrix, noise covariance and source prior parameters. See Table 4.2 for an overview.

Figure 4.5: The beneficial effect of a positive prior. On this plot, a 2×2 data set constructed with positive sources has been attempted separated assuming both positive source (Exponential) and sparse symmetric sources (Zero-mean MoG). Two expected effects are visible: 1) The estimation using the correct prior is much better, and 2) Using a symmetric prior, one may get results which are in contradiction to the true model – one may get negative estimated source values.

2) The Easy Gradient Recipe computes the value and gradient of the bound (which equals the value and gradient of the true log likelihood) and apply the optimizer UCMINF to make an update of the θ parameters – see Table 4.3 for an overview.

4.2.2 Numerical Examples

One of the major benefits of the Mean Field ICA, is the flexibility with respect to constraints and the source prior distribution. Many approaches to ICA cannot change the prior and are constructed with some fixed, e.g. a symmetric, prior.

An example of the benefits of choosing a prior suitable for a certain problem, a 2x2 setting with positive sources, i.e. S_{it} > 0 is considered. The source data is artificially constructed and for the separation, two different prior assumptions

E-step: Calculate ⟨S⟩_q and ⟨SS^T ⟩_q. λ = diag(J) γ = h − J̃⟨S⟩_q ν^′ = ν ⟨S⟩_q ∼= f_1(λ, γ, ν^′) (Mean Field) ⟨SS^T ⟩_q ∼= f_2(λ, γ, ν^′) (Mean Field) Reiterate until convergence before going to M-step.

M-step: Update estimate of A, W and ν: A = X⟨S⟩^T_q ⟨SS^T ⟩^{−1}_q W =^1_N Tr[⟨(X − AS)(X − AS)^T ⟩_q] ν = ... (Prior dependent) J = A^T W^{−1}A h = A^T W^{−1}X Goto E-step.

Table 4.2: Mean Field ICA (EM)

Notation:

θ is short for A, W and ν. ϕ is short for λ, γ, ⟨S⟩_q⟨SS^T ⟩_q

Step 1: For a given θ, calculate ϕ^∗ = ϕ(θ) such that^{∂B}_{∂ϕ} |_∗ = 0.

Step 2: With θ, ϕ^∗ calculate B(θ, ϕ^∗) and^{dB}_{dθ} (θ, ϕ^∗)

Step 3: Use the set [L,^{dL}_{dθ} ] = [B,^{dB}_{dθ} ] in some advanced optimization method to find the next θ^{n+1}.

Re-iterate until convergence is reached.

Table 4.3: Mean Field ICA (Easy Gradient) are used: 1) A symmetric source prior, chosen as a mixture of two zero-mean gaussians, and 2) a positive prior, chosen as an exponential distribution. The error on the estimated Ŝ is the element-average matrix norm from the generative S, defined as Err = ||Ŝ − S||_2/(Nd). The result is

Error Symmetric prior 0.0173 Positive prior 0.0023

Clearly the positive prior is outperforming the symmetric prior - in this case with an order of magnitude. This is also evident in the general quality of the source estimation, shown in Figure 4.5; the estimated sources using the positive prior are very close to the generative sources compared to counterpart with symmetric prior. Furthermore, the estimated source values using the symmetric prior are not always positive and thus in contradiction with the model assumption.

As for the source estimation, the benefits of constraining the structure of the mixing matrix or the noise covariance are multiple. First of all, any kind of constraints on the solution space help the optimization and often also the convergence speed. Second, it may be important that the obtained estimates fulfil some requirements. If the data is interpreted as a sparse representation of images, for example, then at least the mixing matrix must be positive to reflect gray-level intensities. Images often results in rather large mixing matrices, but as a demonstration of the principle a 3x3 mixing matrix is considered

A_{gen} =

0.0008 1.0074 0.0130 0.7100 0.0024 0.0055 0.0069 0.0794 1.0241 .

Using this matrix, artificial data were generated and from this two different separation processes attempted: 1) A standard unconstrained and 2) a separation in which A is constrained to be positive. The estimated mixing matrices are

A_{unc} =

−0.0219 1.0030 0.0392 0.6597 0.0272 −0.0094 0.0269 0.0291 1.0078

A_{pos} =

0.0000 1.0031 0.0397 0.6595 0.0118 0.0000 0.0203 0.0277 1.0077

where A_{unc} is the result of the unconstrained optimization, while A_{pos} is the result of the estimation in which A is restricted to being positive. In this example it made a significant difference since some of the entries in A_{unc} are negative, in contradiction with the model assumptions. For finite and especially smaller data sets, this is what one should expect, since even unbiased unconstrained estimators may have negative entries at the optimal solution.

Fixed W Simple W Diagonal W Pos.Def. W Err(A) mean 0.0690 0.0361 0.0337 0.0433 median 0.0383 0.0321 0.0312 0.0321 Err(W) mean 0 0.0008 0.0014 0.0047 median 0 0.0007 0.0012 0.0021 Err(S) mean 0.0118 0.0074 0.0070 0.0241 median 0.0072 0.0065 0.0064 0.0068

Table 4.4: The impact of constraining the estimated noise covariance. The data was generated using the noise covariance W = σ^2I and the result clearly reflects that through the lower error on the constrained noise covariance.

Regarding the covariance matrix W, three different possible constraints have been demonstrated, as well as the case in which the covariance is not estimated but assumed known a priori. In a 2x2 example with sparse source prior, the parameters and sources of the model for 100 different source and noise realizations but same mixing matrix has been estimated. In each repeated estimation, the result is compared to the the generative values and the entry-average norm-error calculated. Table 4.4 shows the mean and median of the errors. The generative covariance is W_{gen} = σ^2I, not surprisingly, the error on W_{est} is increasing as the constraint is relaxed to be more flexible. More surprisingly, though, is that the effect on the other variables of interest, A and S, is almost non-existent.

Another example of the use of positive constrains, a decomposition of the digit ’3’ from the MNIST database of handwritten digits has been considered, see Figure 4.6. The set of images of the digit ’3’ has been decomposed into 25 components using the symmetric MoG priors (left) and exponential priors (right), both with a mixing matrix which are constrained to be positive. The images are the columns of the estimated mixing matrix, and clearly the MoG result on the left is not decomposing the image into strokes as one would wish for, while the approach using positive priors to the right does a much better job.

4.2.3 Slow Convergence Issues

As an example of the slow convergence consider Figure 4.7: The EM algorithm makes the lower bound B increase in each step, but the increase in the first 1500 iterations is very small and has very modest effect on the estimated mixing matrix (inserts in the Figure). After about 1800 iterations, the convergence is suddenly reaching a reasonable speed, but the overall conclusion is unchanged: The EM algorithm spends an excessive amount of iterations with very little change in the parameters. Since the gradients are not available in the EM algorithm, the stopping criteria must be based on the change in either the parameters or the cost function (the lower bound B on the log likelihood).

Figure 4.6: Positivity constrains on image decomposition. A data set of handwritten digits (the cipher 3) has been decomposed using a mixing matrix which is 256 × 25, i.e. the image data has 256 entries and these are decomposed into a sparse set of 25 basis vectors (the columns of A). On the left, no positivity constrains are applied, and the result is by no means a decomposition of the strokes in the digits. On the right, both the mixing matrix and the sources are assumed positive, yielding a much better result.

Iteration bins 0-50 50-100 100-∞ EM 1% 6% 93% AdapEM 51% 32% 17% Ucminf 100% 0% 0% a) When A is 2x2.

Iteration bins 0-50 50-100 100-∞ EM 0% 2% 98% AdapEM 14 % 47% 39% Ucminf 93% 7% 0% b) When A is 3x3.

Table 4.5: Performance of the different approaches for the example and general 2x2 and 3x3 mixing matrices.

Situations like the first 1500 iterations in Figure 4.7 therefore poses a serious threat because it ’lurks’ the algorithm to stop prematurely and there is no way of knowing better.

The slow convergence of the EM algorithm is also evident in Fig. 4.8: The dots of the iterations on the contour plot (left) has turned into a solid line and the changes in A to the right are smaller than 10^{−6} for more than 400 iterations which, compared to other optimization techniques in the same setting, is extraordinarily slow. The three other optimization methods applied, are the adaptive overrelaxed EM, and two gradient based approach: Simple gradient ascend and the quasi-Newton UCMINF.

4.2.3.1 Linearization and Convergence Rate

The slow convergence can be analyzed in different ways. One of the typical approaches is to Taylor expand the EM update to first order, close to the optimal point - an approach followed in this subsection.

In the following, a^n is the vector-form of A^n, that is, a^n = vec(A^n). In each step, a^n is updated to a^{n+1} and it can be written as a mapping a^{n+1} = M(a^n). Close to the optimal a^∗, a first order Taylor-expansion of this mapping can be made to obtain

a^{n+1} ∼= a^∗ + M^′_∗(a^n − a^∗) (4.13)

If (a^n − a^∗) is an eigenvector to the matrix M^′_∗ with eigenvalue 1, the algorithm gets stuck even when there is still a large difference between a^n and the optimal a^∗. The matrix M^′_∗ can be found from the matrix formulation by using A^{n+1} = Xm^T G^{−1} where m = ⟨S⟩_q and G = ⟨SS^T ⟩_q are functions of A^n. Therefore

Figure 4.7: Convergence of the EM algorithm. This plot shows the convergence of the EM algorithm in a 2x2 setting: The cost function (the lower bound B) is in the first 1500 iterations only increasing very slowly and the inserts shows that the estimate of the mixing matrix in this part of the process is not improving much. In the end, the convergence speed is improving strongly, but the problem is that the flat areas is posing a real threat to the use of the EM algorithm: Not only are the ’flat areas’ of the cost function making the entire process very slow, they also make us believe that convergence is reached because there is no way of knowing better.

(a) EM (b) Gradient

(c) Adap EM (d) UCMINF

Figure 4.8: Paths of optimization in parameter space. The plots show how different optimization schemes performs on a problem of estimating a 2 × 2 matrix with symmetric sparse priors. The likelihood (contours) and the path (dots) are projected onto a 2 dimensional plane for improved visualization. Plot (a) shows the performance of the basic EM algorithm; Plot (b) a basic gradient optimization using the Easy Gradient Recipe for computation of the gradient; Plot (c) the Adaptive Overrelaxed EM; and Plot (d) the UCMINF (Hans Bruun) optimizer on gradients provided by the Easy Gradient Recipe. Note that the step size of the ordinary EM algorithm is so small, that the dots form a solid line, while Adaptive Overrelaxed EM and UCMINF are taking visible distinct steps. Note on Plot (c) the rejected test step from close to the optimum and to the ’ridge’ of the cost function.

A^{n+1} can be differentiated with respect to A^n

∂A^{n+1} ∂A^n_{ij} = X ( dmT

dA^n_{ij}

G^{−1} + m^T dG^{−1} dA^n_{ij} ) , (4.14)

in which all entities can be computed with some effort. From this expression M^′_∗ can be determined by rearranging the indices suitably and inserting a^∗ (found numerically from the algorithm). One can also obtain an approximation of M^′_∗ from the vectors a^n by estimating the least square solution to Eq. 4.13, that is, defining α_0 = [a^{t′−1}...a^{t−1}] and α_1 = [a^{t′} ...a^t], for some suitable choice of t and t^′, then M^′_∗ ∼= α_1α^T_0 (α_0α^T_0 )^{−1}. Knowing M^′_∗ the convergence properties of EM can be understood at least in the neighborhood of a^∗. In that sense, M^′_∗ is one measure of convergence among several others.

Another more direct measure of convergence often found in the literature [27, 26], is the rate of convergence r, which is defined by the equation

r = lim_{n→∞}

||a^{n+1} − a^∗|| ||a^n − a^∗||

Under certain regularity conditions, it holds that r ∼= λ_{max} where λ_{max} is the largest of the eigenvalues λ_i = eig(M^′_∗). Since the iterations in practice end at some point, one often investigate the convergence rate at time n, denoted r_n, instead of r. Using the methods presented above, one can find the matrix M^′_∗ and the convergence rate r_n for the problematic example presented in Fig. 4.8.

Since the example has very slow convergence, it is not surprising to find that the convergence rate r_n is close to 1 for a large part of the iterations. This is plotted in Fig 4.9 (left) together with the distance d_n = ||a^n −a^∗||. Note on this plot that the rate of convergence is not changing notably as the distance to the optimal point changes. That is, the slowdown is not an effect which sets in close to the optimal point, but rather during the entire optimization. The matrix M^′_∗ of the example is found to be M^′_∗ ∼= I and Eq. 4.13 a good approximation. This comes as no surprise close to the optimal solution, but as Fig. 4.9 (right) demonstrates, Eq. 4.13 is a good approximation far from the optimal solution. Fig. 4.9 (right) shows the linearization error defined as

ϵ_n = √ ||(a^{n+1} − a^∗) − M^′_∗(a^n − a^∗)||^2 √ ||(a^n − a^∗)||^2

and, rather surprisingly, the errors are small in the beginning far from the optimum. The errors in the end of the iterations blow up due to a combination of numerical round off errors and very small distances to the optimum.

The analysis confirms the findings numerically, but since the expressions in Equation 4.14 are typically rather complicated – in fact too complicated for practical purposes – this approach to an analysis of the EM algorithm is in my view not that useful for many problems.

Figure 4.9: Example of linearization of the EM update in 2×2 setup. On the left is a plot of two important entities in the space of the matrix A: 1) the euclidian distance (dashed) from the estimated to the optimal and 2) the convergence ratio r_n. As expected, the distance to the optimal point goes to zero, but the convergence ratio r_n → 1 until very close to the optimal point. This indicates that from a very early state the convergence rate is poor and that it decreases until a certain point very close the optimal solution. On the right is the error of assuming the EM update to linear with some matrix M. This plot confirms the indication that very early in the process, the EM update of the mixing matrix is essentially a linear update very close to the identity.

Figure 4.10: Convergence and signal to noise ratio (SNR). This plot demonstrates that the Easy Gradient Recipe with a quasi-Newton method (’Gradient’) is far more efficient than the EM algorithm (’EM’). Especially at high SNR the difference is clear: While the gradient based optimization is more or less constant, the EM algorithm uses more and more iterations as SNR becomes large, i.e. in the low noise limit. This is in agreement with the analytical results. Note that strong dependencies slightly increases the number of iterations needed in the EM algorithm. The number of iterations is of course not exactly the number of floating point operations and thus one should in principle compare FLOPS rather than iterations. In this setting, however, more than 95% of the time is spend in operations common to the EM algorithm and the gradient based approach and thus making the iterations a good basis for comparing the two. SNR is defined as SNR = Tr(AC_sA^T )/(mσ^2), where C_s is the signal covariance.

4.2.3.2 Scaling with the Noise Level

In Figure 4.10 typical examples are plotted demonstrating the influence of the noise level: A mixing matrix with weak (α = 0.50) dependencies and another with strong dependencies (α = 0.98) are estimated. Clearly the number of iterations needed for the EM algorithm are extraordinary, and for low noise levels, prohibitively large. The Easy Gradient Recipe with the quasi-Newton optimizer UCMINF, on the other hand, is performing very well. The number of function evaluations is below forty for all noise levels and both weak and strong dependencies. These plots demonstrates that the Easy Gradient Recipe is performing much better than EM, simply recycling the analytical and computational results in a different way.

4.3 Convolutive Mean Field ICA

This section describes the extension of the Mean Field ICA to the convolutive mixing model, that is, each observation is a linear mixture of vectors F time steps backward, i.e.

x_t =

F −1∑

τ=0 A^τ s_{t−τ} + n_t, t = 1, ..., N .

Each of the mixing matrices A^τ are different – possibly even statistically independent – and the noise is zero-mean Gaussian as usual. Convolutive mixtures are a natural extension of the instantaneous mixing model and important for a number of applications.

4.3.1 Factorized Variational Distribution

In the instantaneous version of Mean Field ICA, the interactions in d dimensions are substituted by a model of a so-called ’external field’ – an extra linear factor on each of the variables S_{it}. Extending this concept to the convolutive model involves modelling dependencies over F d variables, where F is the filter length, by an external field. There are at least two aspects which makes the factorized approach less exact: 1) having many variables which interact and 2) having strong interactions. If the interactions are many but weak, then the factorized approach to convolutive mixtures may indeed work well.

4.3.1.1 Translating into Statistical Physics

As with the instantaneous Mean Field ICA, the link between the probabilistic framework and the framework of statistical physics is the fundamental equation p = e^{−H} /Z. Using Bayes’ theorem, one can therefore find the Hamiltonian corresponding to the posterior of the hidden variables by the following identity

P (X|A, W, S)P (S|ν) P (X|A, W, ν)

= P (S|X, A, W, ν) = e^{−H(S)} Z . That is H(S) = − ln P (X|A, W, S) − ln P (S|ν) .

The second term, the logarithm of the hidden variables prior, can be rather complicated in the sense that the prior of the hidden variables can be complicated, but it is, by assumption always simple in the sense that is factorizing completely. Also, the hidden variables prior is completely indifferent to the choices of mixing model and therefore the corresponding results from the instantaneous model can be directly applied in the convolutive model. It is therefore the first term which demands the attention, rewriting it as clearly as possible as a function of the hidden variables. Using the notation f_t = ∑ τ A^τ s_{t−τ} the initial rewriting is − ln P (X|A, W, S)

= − ln C + 1 2 Tr [ (X − f)^T W^{−1}(X − f) ]

= − ln C + 1 2 Tr(X^T W^{−1}X) + 1 2 Tr(f^T W^{−1}f) − Tr(X^T W^{−1}f) = 1 2 Tr(f^T W^{−1}f) − Tr(X^T W^{−1}f) + H_c(X, W)

which is of course general with respect to the choice of transformation function f. By defining similar but expanded versions of the interaction matrix and the external field

J^{ττ ′} = (A^τ )^T W^{−1}A^{τ ′} (4.15) h^τ = (A^τ )^T W^{−1}X (4.16)

the physics-notation of the instantaneous mixing can be generalized in the following way. Focusing first on the interaction term,

Tr(f^T W^{−1}f) = N∑ t=1 {(^{F −1}∑ τ=0 A^τ s_{t−τ}

)_T W^{−1}

(^{F −1}∑

τ^′=0

A^{τ ′} s_{t−τ} ′ )}

= N∑ t=1

F −1∑

τ,τ^′=0 ( s^T_{t−τ} (A^τ )^T W^{−1}A^{τ ′} s_{t−τ} ′ )

= N∑ t=1

F −1∑

τ,τ^′=0 ( s^T_{t−τ} J^{ττ ′} s_{t−τ} ′ )

and then on the part with the external field, one get

Tr(X^T W^{−1}f) = N∑ t=1

F −1∑

τ=0 x^T_t W^{−1}A^τ s_{t−τ} = N∑ t=1

F −1∑

τ=0 (h^τ_t )^T s_{t−τ}

Collecting these into the expression above, one get a formulation of the Hamiltonian which matches the posterior of the hidden variables,

H =^1_2 N∑ t=1

F −1∑

τ,τ^′=0 ( s^T_{t−τ} J^{ττ ′} s_{t−τ} ′ ) − N∑ t=1

F −1∑

τ=0 (h^τ_t )^T s_{t−τ} + H_c − ln p(S)

a Hamiltonian which makes it clear how the hidden variables, in the physics interpretation known as ’spins’, are subject to interaction with all other spins within d steps in the dimension of the hidden variables (as usual) and F steps in time (the convolution). As with the instantaneous transformation, the interaction is induced by the statistical correlation imposed by the observations: the observation at time t is carrying information about the hidden variables in all dimensions from time t and back to time t − (F − 1).

4.3.1.2 Factorizing and the Variational Free Energy

In the framework of statistical physics, the ordinary way to make a factorized approximation as close as possible to the true Hamiltonian, is to define a factorized variational Hamiltonian H_q and then write up the variational free energy defined by F_{var} = F_q + ⟨H − H_q⟩_q. This variational free energy must then be minimized with respect to a suitable choice of parameters, which for the instantaneous model includes the first and second moments.

The variational Hamiltonian is defined by the following expression in which λ̂^τ is assumed diagonal for all τ

H_q = 1 2 N∑ t=1

F −1∑

τ=0 s^T_{t−τ} λ̂^τ s_{t−τ} − N∑ t=1

F −1∑

τ=0 (γ̂^τ_t )^T s_{t−τ} − ln p(S) . (4.17)

The sum over t and τ, and the index t − τ of the sources, obscures the fact that this Hamiltonian is factorizing and essentially identical to the Hamiltonian of the instantaneous case. Defining

λ_t ≡ ξ∑ l=1 λ̂^l γ_t ≡ ξ∑ τ=1 γ̂^τ_{t+τ} ξ ≡ min{F − 1, t} (4.18)

and changing the sum appropriately the factorial Hamiltonian can be written simply as

H_q =^1_2 N∑ t=1 s^T_t λ_ts_t − N∑ t=1 γ^T_t s_t − ln p(S) . (4.19)

Using a rewriting approach for the convolutive case, one needs to rewrite the true Hamiltonian appropriately: Using the notation J̄ for the matrix in which non-diagonal entries have been set to zero J = J̄ + J̃, the interaction term becomes 1 2 Tr(f^T W^{−1}f)

=^1_2 N∑ t=1

F −1∑

τ=0 ( s^T_{t−τ} J^{ττ} s_{t−τ} ) +^1_2 N∑ t=1

F −1∑

τ≠τ^′ ( s^T_{t−τ} J^{ττ ′} s_{t−τ} ′ )

=^1_2 N∑ t=1

F −1∑

τ=0 ( s^T_{t−τ} J̄^{ττ} s_{t−τ} ) + 1 2 N∑ t=1 {^{F −1}∑ τ=0 ( s^T_{t−τ} J̃^{ττ} s_{t−τ} ) + F −1∑

τ≠τ^′ ( s^T_{t−τ} ′ J^{τ ′τ} s_{t−τ} )}

=^1_2 N∑ t=1

F −1∑

τ=0 ( s^T_{t−τ} J̄^{ττ} s_{t−τ} ) + 1 2 N∑ t=1

F −1∑

τ=0 {( s^T_{t−τ} J̃^{ττ} ) + F −1∑

τ^′=1

(1 − δ_{ττ} ′ ) ( s^T_{t−τ} ′ J^{τ ′τ} )} s_{t−τ}

≡^1_2 N∑ t=1

F −1∑

τ=0 ( s^T_{t−τ} J̄^{ττ} s_{t−τ} ) + N∑ t=1

F −1∑

τ=0 (ȟ^τ_t )^T s_{t−τ} ,

where ȟ^τ_t is defined by

ȟ^τ_t ≡^1_2 {( s^T_{t−τ} J̃^{ττ} ) + F −1∑

τ^′=1

(1 − δ_{ττ} ′ ) ( s^T_{t−τ} ′ J^{τ ′τ} )} . The stage is now set for rewriting the variational free energy. The variational free energy for the convolutive mixtures are defined in the same way as for any transformation function, since the variational free energy is derived using only Jensen’s inequality and the properties of the exponential function. That is,

F_{var} = F_q + ⟨H − H_q⟩_q

= F_q + ⟨ (^1_2 N∑ t=1

F −1∑

τ,τ^′

s^T_{t−τ} J^{ττ ′} s_{t−τ} ′ − N∑ t=1

F −1∑

τ=0 (h^τ_t )^T s_{t−τ} + H_c − ln P (S))

−(^1_2 N∑ t=1

F −1∑

τ=0 s^T_{t−τ} λ̂^τ s_{t−τ} − N∑ t=1

F −1∑

τ=0 (γ̃^τ_t )^T s_{t−τ} − ln P (S)) ⟩ q = F_q + H_c +^1_2 N∑ t=1

F −1∑

τ=0 ⟨s^T_{t−τ} (J̄^{ττ} − λ̂^τ )s_{t−τ} ⟩_q

− N∑ t=1

F −1∑

τ=0 (h^τ_t − ĥ^τ_t − γ̂^τ_t )^T ⟨s_{t−τ} ⟩_q where

ĥ^τ_t ≡ ⟨ȟ^τ_t ⟩_q =^1_2 {( ⟨s_{t−τ} ⟩^T_q J̃^{ττ} ) + F −1∑

τ^′=1

(1 − δ_{ττ} ′ ) ( ⟨s_{t−τ} ′ ⟩^T_q J^{τ ′τ} )} .

Note that the last line in which ⟨ȟ^τ_t s_{t−τ} ⟩_q = ⟨ȟ^τ_t ⟩_q⟨s_{t−τ} ⟩_q is using that q is factorizing and that ȟ^τ_t is independent of s_{t−τ} . As in the instantaneous case, the variational free energy is now differentiated with respect to both the parameters and the moments resulting in the following mean field equations:

λ̂^τ = diag(J^{ττ} ) (4.20)

γ̂^τ_t = h^τ_t − ĥ^τ_t (4.21)

⟨S_{it}⟩_q = ∫ e^{−Hq (Sit)} Z S_{it}dS_{it} (4.22)

⟨S^2_{it}⟩_q = ∫ e^{−Hq (Sit)} Z S^2_{it}dS_{it} . (4.23)

The solution to these mean field equations provides the first and second source posterior moments ⟨S⟩_q and ⟨SS^T ⟩_q which can be used in the combined algorithm, described in next subsection.

4.3.2 The Algorithm

With Equations 4.20 - 4.23 a method for choosing the parameters of the factorized distribution has been shown, such that they fit the variational distribution to the source posterior of a convolutive model. Combining these with Equation 2.21 and 2.22, which updates A and W – and as with the instantaneous model substituting the average over the source posterior with the average over the variational distribution – one has the basic building blocks of an optimization of the convolutive model. As always, one can optimize it using either EM or the Easy Gradient Recipe with some advanced optimizer – see Table 4.6 and 4.7 for an overview.

As an example of the algorithm, consider Figure 4.11 and 4.12. In this case, a mixture of two laplacian sources have been mixed with a filter length about 40 and total signal length N = 1000. Figure 4.11 shows the four combinations of generative and estimated sources plotted against each other, and the agreement is rather good. Figure 4.12 shows the generative and estimated mixing matrices in the following form: To the upper left is the values for A_{11}, i.e. then generative (upper) and estimated (lower) values of A^0_{11}, A^1_1, ..., A^{39}_{11} plotted as time lag sequences. Clearly these are very alike, leading to the conclusion that the convolutive Mean Field ICA worked rather well on this example.

The convolutive problem, however, is far more complicated than the instantaneous. Experience show that not only is the convolutive case subject to the

E-step: Calculate ⟨S⟩_q and ⟨SS^T ⟩_q. λ = ∑_ξ

l=1 λ̂^l, λ̂^τ = diag(Jττ ) γ_t =

∑_ξ

l=1 γ̂^l_{t+l}, γ̂^τ_t = h^τ_t − ĥ^τ_t ν^′ = ν ⟨S⟩_q ∼= f_1(λ, γ, ν^′) (Mean Field) ⟨SS^T ⟩_q ∼= f_2(λ, γ, ν^′) (Mean Field) (F_∗)^τ_{ij} =

∑_N

t=1 X_{it}⟨S_{j,t−τ} ⟩ (G_∗)^{τ,τ ′}_{ij} =

∑_N

t=1⟨S_{i,t−τ} S_{j,t−τ} ′ ⟩ Reiterate until convergence before going to M-step.

M-step: Update estimate of A, W and ν: A = FG^{−1} W =^1_N [ XX^T − ( FA^T + AF^T ) + AGA^T ] ν = ... (Prior dependent) J^{ττ ′} = (A^τ )^T W^{−1}A^{τ ′} h^τ = (A^τ )^T W^{−1}X ĥτ_t =^1_2 {( ⟨s_{t−τ} ⟩^T_q J̃^{ττ} ) + ∑_{F −1}

τ^′=0(1 − δττ^′ ) ( ⟨s_{t−τ} ′ ⟩^T_q J^{τ ′τ} )} Goto E-step.

Table 4.6: Convolutive Mean Field ICA (EM)

Notation:

θ is short for A, W and ν. ϕ is short for λ, γ, ⟨S⟩_q⟨SS^T ⟩_q

Step 1: For a given θ, calculate ϕ^∗ = ϕ(θ) such that^{∂B}_{∂ϕ} |_∗ = 0.

(This essentially an E-step)

Step 2: With θ, ϕ^∗ calculate B(θ, ϕ^∗) and^{dB}_{dθ} (θ, ϕ^∗) (This is essentially an M-step)

Step 3: Use the set [L,^{dL}_{dθ} ] = [B,^{dB}_{dθ} ] in some advanced optimization method to find the next θ^{n+1}.

Re-iterate until convergence is reached.

Table 4.7: Convolutive Mean Field ICA (Easy Gradient)

Figure 4.11: Convolutive Mean Field ICA - The Sources: This plot shows the generative and estimated sources plotted against each other in a 2x2 example with 40 time lags. In each plot, the generative source values are on the first axis, while the estimated source values are on the second. Clearly the estimation is reasonably successful.

Figure 4.12: Convolutive Mean Field ICA - The filters: This plot shows the generative and estimated filters in an 2x2 example with 40 time lags. The two plots in the upper left corner is the generative (upper) and estimated (lower) values of the first entry, i.e. A^τ_{11} for τ = 0, 1, ..., 39. The two upper right is the same for A^τ_{12}, the lower leftA^τ_{21} and lower right A^τ_{22}. Clearly the estimation is reasonably successful.

same slow convergence properties of the EM algorithm as the instantaneous, it also has multiple local maxima and thus poses a real and severe challenge to the optimization. To be efficient, one must therefore both use the Easy Gradient Recipe and techniques like simulated annealing - a setup which in practical terms may prove somewhat computationally heavy. In this thesis, the convolutive case has been developed and presented as a proof of concept and thus, much more can and should be done to make a practical and efficient approach to the real world data. That being said, the initial tests demonstrates that it is in fact possible to estimate the sources and the filters (mixing matrix entries) using the proposed setup, and with the flexibility with respect to constraints and prior on the parameters, the convolutive Mean Field ICA may indeed be useful in future applications.

Summary of Chapter 4

In this Chapter, the mean field theory has been introduced and the combined Mean Field ICA algorithm presented. A number of examples demonstrating aspects of accuracy and convergence have been presented to demonstrate that, as predicted, the Mean Field ICA algorithm converges intolerably slow – especially for low noise levels. Finally the Mean Field ICA algorithm has been expanded to a convolutive model and a simple example presented as a proof of concept.

102 Mean Field ICA

Chapter 5

Energy Based Models

The Mean Field ICA is an example of a ’generative model’ (GM), that is, a model which makes assumptions about how the data is generated and tries to estimate the parameters of this generative process. There is, however, also a fundamentally different way of doing ICA, namely the so-called filtering approach. In the filtering approach, one estimates the sources by use of the filters W (Note that W in this Chapter denotes a filtering matrix and not the noise covariance matrix), by setting ŝ_t = Wx_t and then estimate W such that ŝ is fulfilling some reasonable criteria. In the square setting, where there for each time step is as many observations as there are sources, one can prove that most if not all approaches, generative and filtering, are essentially qualitatively equivalent. The optimization process, however, may be rather different for the two approaches, as described in [36]. But in the overcomplete (underdetermined) setting, for example, it is generally rather difficult to make precise statements about the relationship.

This Chapter presents an attempt to understand and compare generative and filtering approaches to the overcomplete case. It is joint work with Te-Won Lee and Jiucang Hao during my visit at University of California San Diego, and a paper [40] has recently been submitted to Neural Information Processing.

5.1 Introduction to EBM

The Energy Based Models are introduced in [52]. In this subsection, the derivation and main points of the EBM’s are briefly sketched such that the analysis presented can be understood in the right context. For further details, the reader is referred to the well-written original paper.

5.1.1 Derivation

The Energy Based Models aim at demixing the measurements X by a filtering with W in the traditional way which for the entire data set can be written Ŝ = WX. The filtering coefficients W is determined through a construction of a model distribution p_W(x) which is approximated to the data distribution

p_0(x) = 1 N N∑ t=1 δ(x − x_t) (5.1)

through the Kullback-Leibler divergence. The model distribution is constructed in the following way using the source prior: An energy is defined in some sensible way – very often as E(x; W) = − ln p_s(Wx). This ensures the property that choosing W such that the resulting estimated sources are not too unlikely, is rewarded through low energy levels and unlikely source values penalized with high energy levels. Other definitions of energy could be made, but this is especially appealing due to its calculational properties. The energy E is used in a Gibbs distribution, i.e.

p_W(x) = e^{−E(x;W)} Z(W) = p_s(Wx) ∫ p_s(Wx)dx

(5.2)

which is chosen as the model distribution. The task now is to estimate the filtering matrix W from minimization of the Kullback-Leibler divergence, KL(p^0||p_W).

5.1.2 Contrastive Divergence Learning

Using p^∞(x) to denote the model distribution p_W(x), for reasons to be explained shortly, the derivative Kullback-Leibler divergence with respect to the parameters W can be written ∂KL ∂W_{ij} = − ⟨ ∂E(x)

∂W_{ij} ⟩ p^∞ + ⟨ ∂E(x)

∂W_{ij} ⟩ p^0

The notation p^0 and p^∞ are to be understood in the following way: The integral over the true model distribution p^∞ is not possible to calculate analytically and therefore one has to resort to approximations. One approach is to construct a Markov Chain Monte Carlo (MCMC) approximation which starts in the data and then make steps in the data space X_{(0)}, X_{(1)}, X_{(2)}, ..., X_{(n)}, ... and from these samples construct an estimated average denoted as averages over the distributions p^0, p^1, p^2, ..., p^n, .... This integral will presumably converge, at least in the limit n → ∞. In the trade off between accuracy and computational expenses the idea is to settle for n < ∞, i.e. use some p^n instead of p^∞. ∂KL ∂W_{ij}

∼= −

⟨ ∂E(x)

∂W_{ij} ⟩ p^n + ⟨ ∂E(x)

∂W_{ij} ⟩ p^0

This approximation of taking n steps instead of ∞ steps, is referred to as ’nstep learning’ and the surprising thing about it is, that it allegedly works for very few steps. In fact, examples can be constructed in which 1-step learning is producing good results. This shows that a refined mathematical approach sometimes with huge advantage can be substituted by a crude but efficient approximation. It also hints to the interpretation, that when integrating over the entire data space, of course not all regions are equally important and that the data is carrying important information about which regions to choose. Loosely speaking, the bias introduced by 1-step learning is a lesser problem than the importance of the regions indicated by the data.

To ensure that this approximation will converge it is desirable to prove that it is a derivative of some cost function. To that end, the inventors of the n-step learning, i.e. Hinton, defines in [10, 11] the Contrastive Divergence function

CD = KL(p^0||p^∞) − KL(p^n||p^∞)

and then take the derivative of CD with respect to the parameters W, that is ∂CD ∂W_{ij} = − ⟨ ∂E(x)

∂W_{ij} ⟩ p^n + ⟨ ∂E(x)

∂W_{ij} ⟩ p^0 − ∂KL(p^n||p^∞) ∂p^n

∂p^n ∂W_{ij}

Hinton argues further that the last term in this sum typically is very small and can be ignored. Under that assumption, the n-step learning is equivalent to optimizing the CD and the process will therefore converge.

MacKay has some examples in the unpublished note [25] which show, some examples in which the 1-step learning only converges to the correct solution if the transition operator in the MCMC is chosen the right way. In the paper introducing the Energy Based Models [52], Teh et al. are using a hybrid Monte Carlo method, which is a so-called dynamical Monte Carlo method, see e.g. [31] for details. Numerical experiments with this setup for energy based models, show only modestly successful results: Taking too few steps potentially make the results too close to the data average, and taking too many steps does not seem to improve the average sufficiently. Thus, in order to test the filtering approach a different solution to the estimation is introduced using priors which are mixtures of gaussians.

5.2 Filtering and Generative Approaches

The EBM is obviously a filtering approach, but in contrast to some filtering approaches, it is using a specific and explicit source prior. This, one may argue,

General MoG SMoG IMoG

Figure 5.1: Contour plot of probability densities in 2D source space. The SMoG is the simple spherical structure and IMoG is the independent (factorized) distribution.

makes it borderline generative, but that quality offers an opportunity to compare a filtering approach with a generative approach in the overcomplete setting. To do that analytically, though, mixtures of gaussians (MoG) must be chosen as source priors to deal with the integrals involved.

5.2.1 Details of Mixture of Gaussians

Before going into details on the two approaches, a clarification on MoG is desirable to avoid common misconceptions. The general MoG and two distinct subsets of distributions that are important for the further analysis is described. The density of a d-dimensional centered MoG is

p(s) = ∑ κ ρ_κ √ |2πD_κ| exp [ − 1 2 s^T D^{−1}_κ s ] (5.3)

where the weights ρ_κ sum to one. The matrix D_κ can be any positive definite matrix, but in this context often assumed diagonal, D_κ = diag(σ^2_{1κ}, σ^2_κ, ..., σ^2_{dκ}). The marginal distribution for each s_i is itself a mixture of gaussians, s_i ∼ ∑ κ ρ_κN (0, σ^2_{iκ}), but note about the joint distribution that even if the coordinates s_i in each component are independent, i.e. if D_κ all are diagonal, the coordinates s_i are not in general independent in the bigger joint distribution p(s).

Independent Mixture of Gaussian (IMoG) One subset of interest is the MoG constructed as a product of d 1-dimensional mixtures of gaussians, and therefore independent by construction. Denoting the parameters of i^′th marginal by ∑ κ ρ_{iκ}N (0, σ^2_{iκ}), the density of the joint distribution is given by

p(s) = ∑ {k} ρ̃_k √ |2πD_k| exp [ − 1 2 s^T D^{−1}_k s ] (5.4)

The symbol {k} denotes all combinations of the vector k having length d, consisting of integers from 1 to K, D_k = diag(σ^2_{1k1} , σ^2_{k2} , ..., σ^2_{dkd} ), and ρ̃_k = ∏_d

i=1 ρ_{iki} .

Spherical Mixture of Gaussian (SMoG) SMoG is a special subset of MoG with covariance matrices D_κ = σ^2_κI, i.e. the density is spherical symmetric. IMoG and SMoG are subsets of MoG. Knowing the density of a MoG with diagonal covariances, its variables are independent if and only if all combinations of axis lengths are present. Therefore, since this by definition is not the case for SMoG, SMoG and IMoG are (almost) disjoint subsets of MoG, except for the case where there is only one component, i.e. when it is not a mixture, and the covariance of this single component is a positive constant times the identity.

5.2.2 MoG’s for Generative Models and EBM

In [52], no assumptions on the prior is made, which makes the normalization part more difficult. To deal with this they use so-called n-step learning, a variant of a hybrid monte carlo approach, to approximately estimate the normalization part of the optimization. In this section, the prior is closer to be a MoG as Equation 1, which enables a calculation of the normalization integral in Equation 5.2 to obtain a closed form expression for the model distribution. The result is

p_W(x) = ∑ κ γ_κ exp(−^1_2 x^T W^T D^{−1}_κ Wx) √ |2π(W^T D^{−1}κ W)^{−1}|

(5.5)

where γ_κ in general is dependent on W and D_κ′ for all κ^′ through the following relation: Setting ξ_κ = (|2π(W^T D^{−1}_κ W)^{−1}|/|2πD_κ|)^{1/2}, one can write γ_κ = ρ_κξ_κ/ ∑ κ^′ ρκ^′ ξκ^′ . Note that in the square case ξκ = 1 and therefore γκ = ρκ

and in the case of SMoG priors ξ_κ = (2π/σ^2_κ)^{(D−M)/2}. The estimated optimal filtering matrix Ŵ is determined by

Ŵ = min_W [ KL(p_0||p_W) ] = max_W ∑ t ln p_W(x_t)

in which the gradient of the KL-divergence can be calculated analytically when the prior is chosen to mixtures of gaussians or some other analytically appealing distribution.

In the setup using a generative model, the model X = AS + Γ is assumed, where the additive white Gaussian noise Γ is included in order to deal with the overcomplete case. In the end, the limit of the noise variance go to zero is considered to obtain the noiseless result. Assuming white Gaussian noise and the prior on the sources p_s(s) to be a MoG with covariance matrices D_κ and weights ρ_κ, the integration can be completed and the distribution over x can be written as

p(x) = ∫ p(x|s)p(s)ds

= ∑ κ ρ_κ √ |2πΦ^{−1}κ | exp(−^1_2 x^T Ψ_κx) √ |2πΣ| √ |2πD_κ|

where Σ = σ^2I is the noise covariance matrix, Φ_κ = A^T Σ^{−1}A + D^{−1}_κ and Ψ_κ = Σ^{−1} − Σ^{−1}AΦ^{−1}_κ A^T Σ^{−1}. Now, the limit of σ^2 → 0 must be considered, but one need to do this with great care, since otherwise crucial details will vanish in the approximation. When calculating the limit of Ψ_κ, the definition Σ = σ^2I is inserted and the expression simplifies into

Ψ_κ = 1 σ^2 { I − A(A^T A + σ^2D^{−1}_κ )A^T }

Now defining Q = AD_κA^T /σ^2 one can use Woodburys identity for inverse matrices and obtain

A(A^T A + σ^2D^{−1}_κ )A^T = Q − Q(I + Q)^{−1}Q

Since Q is symmetric and with very large values compared to I, the right hand side can be approximated by I − Q^{−1}. To see this, write Q as Q = VΛV^T , for an orthogonal V and diagonal Λ and remember the identity x − x^2/(1 + x) = 1 − 1/(1 + x) to obtain I − Vdiag(1/(1 + Λ_{ii}/σ^2))V^T ∼= I − Vdiag(1/(Λ_{ii}/σ^2))V^T = I − Q^{−1}. Inserting this into the equation containing Ψ_κ, gives Φ_k → (A^T D_kA)^{−1}.

When calculating the limit of the fraction containing the determinant |2πΦ^{−1}_κ |, one must use the fact that since A^T A is symmetric there exists an orthogonal V such that A^T A = VΛV^T . Since |V| = 1 it holds that

|2πΦ^{−1}_κ |/|2πΣ| = (2πσ^2)^{(d−m)}/|Λ + σ^2V^T D^{−1}V|

Because σ^2 is assumed arbitrary small, only the diagonal of the sum of matrices contributes significantly to the determinant. And since furthermore A^T A has rank m, the m first elements of the diagonal matrix will dominate together with the remaining m − d factors

|Λ + σ^2V^T D^{−1}V| ∼= m∏ i=1 Λ_{ii} d∏ j=m+1

(σ^2V^T D^{−1}V)_{jj}

inserting this into the fraction above gives √ |2πΦ^{−1}κ |/ √ |2πΣ| → w_κ/ √ |AA^T | where w_κ will be explained shortly.

The coefficients α_κ has the structure ρ_κw_κ √ |2πAD_κA^T |/ √ |AA^T | · |2πD_κ|.

In the square case much of the difficulties of taking the noiseless limit disappears, w_κ = 1 and one easily obtains α_κ = ρ_κ. In the case of SMoG, setting D_κ = σ^2_κI, it is true that w_κ = (2πσ^2_κ)^{(d−m)/2} and therefore α_κ = ρ_κ. Supported by numerical results it is conjecture that this is also the case for the general overcomplete case. In short, the crucial limits are

Ψ_κ → (AD_κA^T )^{−1} √ |2πΦ^{−1}κ |/ √ |2πΣ| → w_κ/ √ |AA^T |

Here w_κ =

∏_d

i=m+1(2π/(V

T D^{−1}_κ V)_{ii})^{1/2} is a constant with respect to σ^2, but depends on D_κ and on A through the unique orthogonal matrix V. V fulfills the eigenvalue equation A^T AV = VΛ, and eigenvalues in Λ are decreasing in size down the diagonal. The expression for w_κ is w_κ =

∏_d

i=m+1(2π/(V

T D^{−1}_κ V)_{ii})^{1/2}.

With this limit taken care of, the maximum likelihood expression for p(x) can be written as

p_A(x) = ∑ κ ρ_κ exp(−^1_2 x^T (AD_κA^T )^{−1}x) √ |2πAD_κA^T |

(5.6)

where the weights somewhat surprisingly turns out to be same as those of the prior.

All in all, the estimated generative mixing matrix Â is for the zero noise limit, the matrix maximizing the log likelihood

Â = max_A [ ln N∏ t=1 p_A(x_t) ]

Note that the sources in this process has not been estimated, only the mixing matrix itself.

5.2.3 Bias Impact

Now the EBM and GM approaches derived in the previous section are compared and the significance of the differences and similarities is discussed. In the square case, total equivalence of all expressions is obtained by setting W = A^{−1} and thus not surprisingly one can conclude, as done in [52], that the two approaches are equivalent when the number of observations equal the number of sources. Therefore the discussion and comparison in this subsection is almost entirely concerned with the overcomplete case.

In the overcomplete case it is not obvious how one should compare results on the generative A and the filtering matrix W. The filtering approach does not retrieve the original sources, since for any matrix W it holds that WA_g ≠ I because of the dimensionality: It is impossible to construct d m-dimensional orthogonal vectors when d > m. And one cannot in general compare the filter matrix W with the pseudo-inverse of A, since this is not the optimal solution in all cases, see [23]. But using MoG as prior, both the model distribution p_W(x) of the EBM and the likelihood p_A(x) of the GM become MoG’s with parameters which must be estimated to fit a common data set X. In fact one ends up with two expressions which look rather similar

max_W N∑ t=1 ln p_W(x_t) max_A N∑ t=1 ln p_A(x_t) (5.7)

The similarity is to some extend both genuine and deceptive: Both distributions are MoG, but the dependency of the weights and covariances on W and A are different. In this subsection EBM and GM are analyzed by comparing the covariances and weights of their MoG’s.

5.2.3.1 Spherical MoG

First the special case when the priors are SMoG, i.e. the variances given as D_κ = σ^2_κI is considered. In this case the sources are not assumed to be independent, which is interesting in itself, but it also serves as a clear example of properties which hold for the independent case as well. When assuming the priors to be SMoG, the model distribution simplifies significantly,

p_W(x) = ∑ κ γ_κ exp(−^1_2 x^T W^T D^{−1}_κ Wx) √ |2π(W^T D^{−1}κ W)^{−1}|

(5.8)

γ_κ = ρ_κ(1/σ^2_κ)^d ∑ κ^′ ρκ^′ (1/σ 2 κ^′ ) d where d̃ = (d − m)/2.

The covariances of EBM and GM respectively can in fact become equal in the case of SMoG. The equation setting the covariances equal

(W^T D^{−1}_κ W)^{−1} = AD_κA^T ∀κ (5.9)

translates into W^T WAA^T = I, which is fulfilled for W = A^+, where A^+ denotes the pseudo inverse (Moore-Penrose) of the matrix A. When A has full rank, the pseudo-inverse of the overcomplete A is given by A^+ = A^T (AA^T )^{−1}. But the equation is also fulfilled for any matrix W = UA^+, where U is orthogonal and thus, there is an entire family of matrices which would make the covariances of the EBM equal to the covariances of the GM for a given A. Conversely for any W one can choose A = W^+ to obtain the same covariances and and in this sense the two approaches have equal flexibility with respect to adjusting the covariances to the data. This is evident in the 4 × 2 example in Fig 5.2 a) and b).

The weights can be compared by examining the ratio γ_κ/ρ_κ and this ratio differs strongly from 1 in most cases. From the expression of γ_κ in Eq. 5.8, it is

Gen A_g Ps-inv A^+_g

Est A (GM) Est W (EBM)

Figure 5.2: The covariances in case of SMoG priors for different settings. Plot a) Generative A in the GM. Plot b) Pseudo-inverse of the generative A in the EBM. Plot c) Estimated A in the GM. Plot d) Estimated W in the EBM.

clear that the constraint making the weights of GM and EBM equal is

(1/σ^2_κ)^d ∑ κ^′ ρκ^′ (1/σ 2 κ^′ ) d ?= 1 ∀κ

which is impossible when the weights σ^2_κ must be different for different κ. Thus, in the SMoG case, the weights of EBM and GM cannot be equal and furthermore the ratio γ_κ/ρ_κ becomes relatively large for those κ where σ^2_κ is very small and vice versa. Fig 5.3 is an illustration of this. Here a SMoG prior is assumed with two components is assumed which has σ^2_1 = 1 and ρ_1 = ρ_2 = 0.5 and σ^2 is varied between 0 and 2. The resulting ratio γ_2/ρ_2 is shown in Fig 5.3 a): The x-axis is σ^2 , the y-axis is γ_2/ρ_2 and the 4 curves are plotted for different degrees of overcompleteness d̃=0 (Square) and d̃ = 1, 2, 10 (Overcomplete). Clearly only

Weights SMoG Weights IMoG

Figure 5.3: The Different Weights for EBM and GM. Plot a) demonstrates for SMoG priors that the differences in weights increase dramatically when the settings gets strongly overcomplete. Plot b) demonstrates that also for IMoG there is a significant difference in the weights. (See the text for details on the plots)

in the square case and for σ^2 values close to 1, is the ratio reasonably close to 1. Another more specific example is shown in Fig 5.2 c) and d), which is the estimated covariances for GM and EBM in a 4×2 case. In this example the effect of the enhanced weight on smaller covariances is clear: When the weights of the smaller covariance is strong, the points far from origin is considered extreme, and the covariances are expanded accordingly. Thus, for this reason, EBM seem to favor larger covariances compared to GM.

5.2.3.2 Independent MoG

Now the case where the prior corresponds to a independent distribution in the sources, i.e. the prior is an IMoG is considered.

The covariance equation, Eq. 5.9, no longer simplifies such that the pseudoinverse can be used to obtain equality. In fact, one can prove that there does not exists a W which fulfils Eq. 5.9 for any given A by the following argument: Assume Eq. 5.9 to be fulfilled, then the matrix D^{−1}_κ WAD_κ must be independent of D_κ. Since D_κ is diagonal, it holds that (D^{−1}_κ WAD_κ)_{ij} = (WA)_{ij} σ^2_{κi} /σ^2_{κj} and therefore (WA)_{ij} must be zero for i ≠ j to fulfil this constraint. But because of the dimensionality of A and W this is not possible. So the covariances of EBM and GM cannot become exactly equal and thus will fit slightly different to the observed data set X.

Compared to the SMoG prior, the weights of the IMoG case are much more complicated because it is not possible to remove the matrix W from the expres-

Generative A_g Estimated A (GM)

Pseudo-inverse A^+_g Estimated W (EBM)

Figure 5.4: Example of MoG’s adjusted to data in a 3 × 2 setting. The dots are the 2 dimensional data and the contours are the covariances (two standard deviations) of the MoG’s.

sion. The weights are given by

γ_κ = ρ_κ

√_{|2π(WT D−1κ W)−1|} √_{|2πDκ|} ∑ κ^′ ρκ^′ √ |2π(W^T D^{−1}_{κ′} W)^{−1}|

√_{|2πDκ′ |}

As previously, the ratio γ_κ/ρ_κ is investigated as σ^2 varies but since γ_κ depends on W, focus is on the ratio ⟨γ_κ⟩/ρ_κ, where ⟨γ_κ⟩ is the average weight assuming W to be distributed as a normalized gaussian, i.e.

⟨γ_κ⟩ = ∫ γ_κ(W)N_W(0, I)dW

As an example consider a 2 × 3 case, that is, 3 sources and 2 observations, where the sources each are distributed as a 1 dimensional MoG with variances σ^2_1 and σ^2 . With respect to the average the 8 weights ⟨γ_κ⟩ can be grouped into 4 distinct groups (denoted 111, 112, 122, 222) depending on the combination of variances σ^2_1 and σ^2 . The ratio ⟨γ_κ⟩/ρ_κ is investigated in Fig 5.3 b): σ^2_1 is set to 1, σ^2 is varied on the x-axis and ⟨γ_κ⟩/ρ_κ is on the y-axis.

As before, ⟨γ_κ⟩/ρ_κ = 1 would indicate that EBM and GM have the same weights, which is clearly not the case. In this example, as is true in general, an essential difference is that among the covariances in the IMoG there is always matrices of the form D_κ′ = σ^2_κ′ I and therefore at least one of the γ_κ′ will becomes relatively large for small σ^2_κ′ and since all the weights γ_κ are connected through the normalization, this influences all the weights. Consequentially EBM tends to have larger covariances than GM also for the case of independent IMoG priors. Fig 5.4 demonstrates this for a 2 × 3 example, but the effect is not as extreme as in Fig 5.2, due to the smaller difference in dimensions.

5.2.3.3 Discussion

The analysis is considering the two distributions p_W(x) and p_A(x) which for source priors chosen to be mixture of Gaussians, themselves are mixture of Gaussians - but differently parameterized. The two distributions are defined by the equations

p_W(x) = p_s(Wx) ∫ p_s(Wx)dx

p_A(x) = lim_{σ2→0} ∫ p(x|s, σ^2)p_s(s)ds

The tempting conclusion, that when σ^2 → 0 then the noise density becomes a delta function and the two approaches becomes equivalent, is demonstrated not to be quite true. For MoG source priors, both p_A and p_W are themselves MoG, but it is not true that the limit of the noise is interchangeable with the limit of the integral. That is, the detailed analysis demonstrates, that one cannot in general conclude that p_A is approaching p_s(A^+x)/|Jac|, where Jac is the Jacobian.

The question about which approach is better, the generative or the filtering, is not answered on a detailed level by this analysis. But the filtering approach has the property in the overcomplete case that the covariance are somewhat overestimated compared to the model generating the data. And also, preliminary numerical experiments suggests, that the generative model seem to reach slightly higher levels with respect to the cost function.

Summary of Chapter 5

In this Chapter, the Energy Based Models (EBM) have been introduced as a representative for the filtering approach. The relationship between the EBM and the generative models (GM) is analyzed by choosing the source prior distribution to be a mixture of Gaussians. Doing that it has been demonstrated, that EBM’s have a slight bias in general and for so-called Spherical mixture of Gaussians in particular.

116 Energy Based Models

Chapter 6

Summary

”What is important is to keep learning, to enjoy challenge, and to tolerate ambiguity. In the end there are no certain answers.” Martina Horner, President of Radcliffe College

No matter the context in which it was said, the above quote should remind us that even in the so-called exact sciences, there are no certain answers. The best we can hope for in scientific areas such as physics, is improved trust to a theory which has passed an important and significant attempt to falsification. In mathematical modeling, on the other hand, one might believe that exact and exhaustive investigations are possible, but due to the fundamentally difficult problems of analytical integration and multidimensional global optimization, it is far from the truth. Scientists in the field of mathematical modeling, must still select experiments carefully to retrieve as much information possible with what always seems as too limited resources. In this thesis I have, in collaboration with colleagues, attempted to make informative numerical simulations and analytical investigations, in order to understand the properties and inner workings of the Mean Field ICA algorithm.

This final chapter summarizes the findings of the work presented in this thesis and suggests new directions for the further development and improvement of the Mean Field ICA algorithm.

6.1 Conclusions

The analysis and simulations of the EM algorithm and the combined Mean Field ICA algorithm, leads to the following comments and conclusions:

a) The Laplace approximation proves that in the low noise regime, the EM algorithm requires an intolerable number of iterations in order to converge. In fact, the number of iterations needed for convergence goes to infinity as the noise goes to zero. A further analysis of the variational Bayes EM algorithm proves that this approach is suffering from the exact same defect.

b) The above conclusion based on the Laplace approximation only utilizes the zeroth order term, and thus not any particular property of the source prior. Therefore, the results regarding the slow convergence holds not only for the traditional instantaneous ICA problem, but also for the convolutive ICA and models such as linear state space models, Kalman filter, Probabilistic PCA (pPCA), Factor Analysis (FA), etc.

c) The Laplace approximation also demonstrates that the first order correction to the update of the mixing matrix, is proportional to the update of the noiseless Bell & Sejnowski algorithm. This shows that the noise model is not providing a different estimate of the mixing matrix, unless the noise variance σ^2 is sufficiently large to make σ^4 important.

d) The so-called Hessian argument demonstrates that the slow convergence property, is not closely related to the linearity of the transformation function, but rather to the additive Gaussian noise.

e) Analysis and simulation shows that adjustments to the optimization improves the performance. Especially the so-called Easy Gradient Recipe has proven to be an efficient tool for doing advance quasi-Newton optimization, using nothing more than the EM steps. The improvements obtained by the Easy Gradient Recipe are indeed impressive.

f) Simulations suggests, that constraining the parameters of the Mean Field ICA improves the accuracy of that specific parameter. The accuracy on the other parameters, however, does not seem to change significantly.

g) Examples demonstrates that choosing a source prior correctly, e.g. to be positive, makes a critical difference in some cases. Also, in an overcomplete speech example, the linear response approach prevails where the ordinary factorized model repeatedly fails to estimate the mixing matrix. This indicates that linear response is vital for overcomplete problems.

h) The convolutive Mean Field ICA algorithm has been derived and proven successfully on a problem with filter length forty.

Finally, the analysis on the Energy Based Models – as an example of the filtering approach – shows that in the overcomplete setting, the filtering and generative approach are rather different, even when their cost functions are from the same family of distributions, namely mixture of Gaussians. In particular it is found that

i) In the special case of spherical mixtures of gaussians (SMoG) as source

6.2 Outlook 119

priors, the energy based models overestimates the covariances of the data. In that sense, the generative approach is outperforming the energy based models for SMoG priors. A similar, but less extreme effect is apparent for independent mixture of Gaussians (IMoG).

6.2 Outlook

The above conclusions provides some indications about the directions in which the research on the Mean Field ICA would be beneficial.

The most important extension to the Mean Field ICA is to combine the improved optimization with the advanced corrections techniques of the linear response and adaptive TAP. In order to use the Easy Gradient Recipe, one must have a cost function and a gradient, and for the linear response it has so far not been possible to construct a cost function which corresponds to the improved estimate of the source posterior covariance. But this is not the case for the adaptive TAP approach, which has a well defined cost function. A natural and indeed powerful extension of the work done so far, would be to use the Easy Gradient Recipe for optimization of the adaptive TAP estimates. Doing that, one would combine the efficiency of the new powerful optimization with the special abilities of the advanced estimates of the source posterior covariance to obtain fast and accurate results in overcomplete settings.

A different area in which the Mean Field ICA could still be developed is the computational complexity: The most computationally expensive part of the Mean Field ICA is the E-step in which the mean field equations are iterated until some reasonable convergence in the mean values is reached. This iterated update must be sequential to ensure convergence and is therefore rather expensive. Since more than 95% of the computational power is spend on this part of the algorithm, any improvements of this part of the process will drastically improve the overall performance of the algorithm. One way the process might get more efficient is to rewrite the mean field equation such that instead of iterating the mean function and the gamma variable successively, the problem is reformulated to be a zero of a slightly different function. In order to find this zero, one might use off-the-shelf optimization methods. This would make the E-step far more efficient in much the same was as the M-step was made more efficient by using the quasi-Newton optimization technique.

The Mean Field ICA has been very promising because of its rather modular nature which has opened up for the use of a wider selection of source priors and constraints on the parameters of the model. It has also, however, proved difficult to make all the many aspects and components of the Mean Field ICA algorithm work together to obtain a robust and consistent estimation. As for many algorithms as complex as the Mean Field ICA, robustness rather than new opportunities must be resolved for the Mean Field ICA to move from the proof of concept phase to be a trusted standard algorithm to be used in a broader scientific context. That being said, I believe it to be true that the Mean Field ICA algorithm not only has contributed significantly to the ICA community but also shown to a larger audience, that combining results from different research areas is indeed both promising and inspiring.

Appendix A

Dictionary

Annealing Annealing, or ”Simulated Annealing” as it is also called, is a technique in which the temperature (which is often the noise) is kept under control during search of energy minima. In the beginning the temperature is kept high because this typically makes the number of false minima smaller and then graduatly the temperature is lowered to the level of interest.

Bethe Approximation The Bethe approximation is an approximation to the Gibbs free energy. In the typical mean field approach the approximating probability distribution is completely factorized, while in the Bethe approximation the approximating probability distribution is a product of factorized one and two-variable joint probabilities

Cavity Approach The Cavity approach is a way to calculate the approximate marginal probabilities in a spin system. The idea is to assume weak dependencies between the spins and then consider the spin system with the particular i.th spin of interest removed. With the cavity approach one can by some second order expansion rederive the TAP equations.

CDMA Code Division Multiple Access.

Energy Based Models The energy based model, is a separation approach different from Maximum likelihood and Information Maximization. It filters the observed signal and estimate the value of the filter by adjusting it such that a certain model distribution is closest possible to the data distribution. The energy based model has it name from the fact that the model distribution is constructed from an energy defined to the problem at hand.

FIR Finite Impulse Response.

Free Energy Free Energy Talking loosely about the ”free energy”, one often means the ”Gibbs free energy”. From some physical system one can at least in principle construct the Gibbs free energy from which many important other entities can be calculated. Among these entities are mean values and second moments. The Gibbs free energy is often minus the log likelihood and minimization of the Gibbs free energy therefore in those cases corresponds to the maximum likelihood approach.

Hamiltonian The Hamiltonian of some system is the total energy function.

Often this function, when used as a cost function, must be minimized.

IIR Infinite Impulse Response.

Kikuchi Approximation Kikuchi Approximation The Kikuchi approximation is an approximation to the Gibbs free energy. In the naive mean field approach, the approximating distribution factorizes completely and in the Bethe approximation also two-variable joint probabilities are considered. In the Kikuchi approximation, joint probabilities of ever more variables are included in the approximating distribution and the accordingly more and more flexible free energy approximation is calculated.

Linear Response In the Naive mean field approximation, the approximating distribution is a product distribution and thus the susceptibility matrix is diagonal, i.e. the second moments factorizes. In the linear response approach one tries to improve this estimate of the susceptibility by differentiating the mean spin values with respect to the external field. For the true mean values, this yields a non-diagonal susceptibility and if the estimation of the mean spin values is good, this new estimation of the susceptibility is good as well.

MIMO Multiple Input Multiple Output.

Monte Carlo The term ”Monte Carlo” covers a vast range of techniques to estimate mean values. The basic idea is that the mean values are based on more or less random samples from the variable space or random next-step in the variable space.

Naive Mean Field The Naive Naive Mean field is an approximation in which there is assumed no interaction between the variables. Often the interaction of the system is put into the external field of the naive mean field approximation as in Naive Mean Field ICA.

Newton Method The Newton Method is a way of updating the parameters of an energy landscape. Instead of the more primitive steepest descent, the Newton Method approximates the energy landscape with a quadratic landscape through a second order expansion in the present point. This is done using the gradient and the (inverse) hessian evaluated in the present point. In each step it moves directly to the minimum of the approximated quadratic landscape. Often the inverse hessian is rather computationally expensive and therefore approximations to this entity is used in so-called ”Quasi-Newton Methods”. Among these approximation techniques one finds Broyden-Fletcher-Goldfarb-Shanno (BFGS) and Davidson-Fletcher- Powell (DFP).

Non-Stationarity A signal which is non-stationary has statistical properties, such as moments, which change over time. The notion of non-stationarity, of course, applies for any stochastic process which has time-variant parameters.

Phase Transition Some physical systems like spin systems, have macroscopic properties, which change suddenly when parameters like temperature or pressure changes. These changes are loosely referred to as phase transitions. More formally a phase transition of a physical system is a point or manifold in parameters space in which the hamiltonian has a non continuity in the first, second or higher order derivative.

Replica Method Often one wants to analytically calculate some rather general averages, e.g. the generalization error. This can be done by use of a mathematical property which rewrite the free energy into an expression which is easier to handle mathematically. Well, easier, but still not really easy. This technique for analytical calculation is called the replica method.

Representation Often the term representation is used in the interpretation of the overcomplete situation where the columns of the mixing matrix is regarded as basis functions and the coordinates of the sources as weights applied to these basis function. In this picture, the sources ”represents” the signal in the basis expressed by the columns of the mixing matrix.

SIMO Single Input Multiple Output.

Spin Glass A spin glass is a spin system which for low temperatures has a state in which the spins are not ordered. For standard spin systems, all the spins will flip in to some specific order like all-up, all-down, up-down or maybe even down-up-up. But for the spin glasses the Hamiltonian does not impose such a structure. If the interaction of the hamiltonian term is such that so called ”frustration” can occur, the spin system is a spin glass. The low-temperature non-ordered state is called the spin glass phase.

Spin System In a spin system defined by some Hamiltonian, one can ask of the mean spin values and the second moments of the spin variables. The susceptibility is the fluctuations of the second moments around their mean values, i.e. the covariance matrix of the spin values.

TAP Equations The acronym TAP means ”Thouless, Anderson, Palmer” since these three first presented a derivation which led to the TAP equations. Basically the TAP equations are fix point equations for the mean spin values which approximate the interaction between the spins by a certain reaction term. There are several ways to derive the TAP equations among these the cavity approach and heuristics.

Appendix B

Calculations

B.0.1 The Convolutive Model

The derivative of the log likelihood with respect to the entry A^τ_{ij} is given by ∂ ∂A^τ_{ij} ln P (X|A, W) = 1 P (X|A, W) ∂ ∂A^τ_{ij} ∫ P (X|A, W, S)P (S)dS

= ∫ P (S|X, A, W) ∂ ∂A^τ_{ij} N∑ t=1 [ − 1 2 (x_t − f_t)^T W^{−1}(x_t − f_t) ] dS

= ⟨ N∑ t=1 { (W^{−1}X)_{it}s_{j,t−τ} − (W^{−1}f)s_{j,t−τ} } ⟩

Setting this expression equal to zero, the noise covariance matrix W can be removed 0 = N∑ t=1 { X_{it}⟨S_{j,t−τ} ⟩ −

F −1∑

τ^′=0 d∑ k=1 A^{τ ′}_{ik}⟨S_{k,t−τ} ′ S_{j,t−τ} ⟩ }

and isolating A^τ_{ij} in this expression, one obtains the result in Equation 2.21.

Similar with the noise covariance matrix if one differentiates without special attention to keeping W positive definite as it must be. It turns out that the result obtained is an outer product and therefore ensuring the solution to be

126 Calculations

positive definite and furthermore that this solution is in fact the maximum likelihood estimate. Differentiating the log likelihood with respect to W_{ij} and setting it to zero, one obtains

0 = ∂ ∂W_{ij} ln P (X|A, W) = 1 P (X|A, W) ∂ ∂W_{ij} ∫ dSP (S)P (X|A, W, S)

= ∫ dS P (S) P (X|A, W) ∂ ∂W_{ij}

C exp

[^N∑ t=1 − 1 2 (x_t − f_t)^T W^{−1}(x_t − f_t) ]

= ∫ dS P (S) P (X|A, W)

{ ∂C ∂W_{ij} exp(...) + C ∂ ∂W_{ij} exp(...) }

= ⟨ ∂ ln C ∂W_{ij} + ∂ ∂W_{ij} N∑ t=1 − 1 2 (x_t − f_t)^T W^{−1}(x_t − f_t)⟩

= ⟨− N 2 ∂ ln det W

∂W_{ij} − 1 2 ∂ ∂W_{ij} Tr [ (X − f)^T W^{−1}(X − f) ] ⟩ = ⟨− N 2 W^{−1}_{ij} + 1 2 (W^{−1}(X − f)(X − f)^T W^{−1})_{ij} ⟩

That is the solution is

Ŵ = 1 N ⟨(X − f)(X − f)^T ⟩ = 1 N ⟨(XX^T − Xf^T − fX^T + ff^T )⟩ = 1 N ⟨XX^T − N∑ t=1

F −1∑

τ=0 ( x_ts^T_{t−τ} (A^τ )^T + A^τ s_{t−τ} x^T_t )

+ N∑ t=1

F −1∑

τ,τ^′=1

A^τ s_{t−τ} s^T_{t−τ} ′ (A^{τ ′} )^T ⟩

∼= 1 N [ XX^T − N∑ t=1

F −1∑

τ=0 ( x_tm^T_{t−τ} (A^τ )^T + A^τ m_{t−τ} x^T_t )

N∑ t=1

F −1∑

τ,τ^′=1

A^τ M^{t−τ}_{t−τ} ′ (A^{τ ′} )^T ]

= 1 N [ XX^T −

F −1∑

τ=0 ( F^τ (A^τ )^T + A^τ (F^τ )^T )

+ F −1∑

τ,τ^′=1

A^τ G^{τ,τ ′} (A^{τ ′} )^T ]

= 1 N [ XX^T −

F −1∑

τ=0 ( F^τ (A^τ )^T + A^τ (F^τ )^T )

+ F −1∑

τ,τ^′=1

A^τ G^{τ,τ ′} (A^{τ ′} )^T ]

= 1 N [ XX^T − ( FA^T + AF^T ) + AGA^T ]

Which is the solution in Equation 2.22.

In Chapter 2, the matrices F and G are denoted with a star as in F_∗ and G_∗. This is to indicate that these entities are defined using the exact source posterior ⟨·⟩ as opposed to the entities in Chapter 4 which are without stars indicating that these are computed with respect to the variational distribution ⟨·⟩_q.

128 Calculations

Appendix C

Publications

This appendix includes the published material of the PhD project.

C.1 ICA 2003: ”Monaural ICA of White Noise Mixtures is Hard”

C.1 ICA 2003 131

132 Publications

C.1 ICA 2003 133

134 Publications

C.1 ICA 2003 135

136 Publications

C.2 DSAGM 2004 137

C.2 DSAGM 2004: ”Using Mixture of Gaussians to Compare Approaches to Signal Separation”

138 Publications

C.2 DSAGM 2004 139

140 Publications

C.2 DSAGM 2004 141

142 Publications

C.2 DSAGM 2004 143

144 Publications

C.2 DSAGM 2004 145

146 Publications

C.2 DSAGM 2004 147

C.3 ICASSP 2005: ”The EM Algorithm in Independent Component Analysis”

C.3 ICASSP 2005 149

150 Publications

C.3 ICASSP 2005 151

152 Publications

C.4 IMM-TechRep 2005 153

C.4 IMM-TechRep 2005: ”Explaining slow convergence of EM in low noise linear mixtures”

154 Publications

C.4 IMM-TechRep 2005 155

156 Publications

C.4 IMM-TechRep 2005 157

158 Publications

C.4 IMM-TechRep 2005 159

160 Publications

C.4 IMM-TechRep 2005 161

162 Publications

C.4 IMM-TechRep 2005 163

164 Publications

C.4 IMM-TechRep 2005 165

166 Publications

C.4 IMM-TechRep 2005 167

168 Publications

C.5 Neural Computation 2005, I: ”On the slow convergence of EM and VBEM in low noise linear mixtures”

(excluded due to copyright issues) (excluded due to copyright issues)

(excluded due to copyright issues)

(excluded due to copyright issues)

(excluded due to copyright issues)

(excluded due to copyright issues)

C.5 Neural Computation 2005, I 175

C.6 Neural Computation 2005, II: ”State-space models - from the EM algorithm to a gradient approach”

C.6 Neural Computation 2005, II 177

178 Publications

C.6 Neural Computation 2005, II 179

180 Publications

C.6 Neural Computation 2005, II 181

182 Publications

C.6 Neural Computation 2005, II 183

184 Publications

C.6 Neural Computation 2005, II 185

186 Publications

C.6 Neural Computation 2005, II 187

188 Publications

C.6 Neural Computation 2005, II 189

190 Publications

C.6 Neural Computation 2005, II 191

192 Publications

C.6 Neural Computation 2005, II 193

194 Publications

C.6 Neural Computation 2005, II 195

196 Publications

C.6 Neural Computation 2005, II 197

198 Publications

C.6 Neural Computation 2005, II 199

200 Publications

C.7 Neural Information Processing 2005: ”Generative and Filtering Approaches for Overcomplete Representations”

(excluded due to copyright issues) (excluded due to copyright issues)

(excluded due to copyright issues)

(excluded due to copyright issues)

(excluded due to copyright issues)

(excluded due to copyright issues)

(excluded due to copyright issues)

(excluded due to copyright issues)

(excluded due to copyright issues)

210 Publications

C.8 The Matrix Cookbook 211

C.8 The Matrix Cookbook

212 Publications

C.8 The Matrix Cookbook 213

214 Publications

C.8 The Matrix Cookbook 215

216 Publications

C.8 The Matrix Cookbook 217

218 Publications

C.8 The Matrix Cookbook 219

220 Publications

C.8 The Matrix Cookbook 221

222 Publications

C.8 The Matrix Cookbook 223

224 Publications

C.8 The Matrix Cookbook 225

226 Publications

C.8 The Matrix Cookbook 227

228 Publications

C.8 The Matrix Cookbook 229

230 Publications

C.8 The Matrix Cookbook 231

232 Publications

C.8 The Matrix Cookbook 233

234 Publications

C.8 The Matrix Cookbook 235

236 Publications

C.8 The Matrix Cookbook 237

238 Publications

C.8 The Matrix Cookbook 239

240 Publications

C.8 The Matrix Cookbook 241

242 Publications

C.8 The Matrix Cookbook 243

244 Publications

C.8 The Matrix Cookbook 245

246 Publications

C.8 The Matrix Cookbook 247

248 Publications

C.8 The Matrix Cookbook 249

250 Publications

C.8 The Matrix Cookbook 251

252 Publications

C.8 The Matrix Cookbook 253

254 Publications

Bibliography

[1] Hagai Attias. Independent Factor Analysis. Neural Computation, (11):803– 851, 1999.

[2] L. E. Baum, T. Petrie, G. Soules, and N. Weiss. A maximization technique occuring in the statistical analysis of probabilistic functions of Markov chains. Ann. Math. Statistics, 41:164–171, 1970.

[3] Adel Belouchrani and Jean-Francois Cardoso. A maximum likelihood source separation for discrete sources. In Proceedings of EUSIPCO, volume 2, pages 768–771, 1994.

[4] O. Bermond and Jean Francois Cardoso. Approximate Likelihood for Noisy Mixtures. In Proceedings of the ICA Conference, 1999.

[5] Christoffer Bishop. Neural Networks for Pattern Recognition. Oxford University Press, 1995.

[6] C. G. Broyden. A class of methods for solving nonlinear simultanoeus equations. Math. Comput., 19:577–593, 1965.

[7] A. P. Dempster, N. M. Laird, and D. B. Rubin. Maximum Likelihood from incomplete data via the EM algorithm. Journal of Royal Statistics Society, Series B, 39:1–38, 1977.

[8] L. K. Hansen and K. B. Petersen. Monaural Separation is Hard. In Proceedings of ICA’2003 Fourth Int. Symp. on Independent Component Analysis and Blind Signal Separation, Nara Japan, 2003.

[9] John Hertz, Anders Krogh, and Richard G. Palmer. Introduction to the theory of neural computing. Addison-Wesley, 1991.

[10] Geoffrey Hinton. Training Products of Experts by Minimizing Contrastive Divergence. Technical Report GCNU-TR-2000-04, Gatsby Computational Neuroscience Unit, University College London, 2000.

[11] Geoffrey Hinton. Training products of experts by minimizing contrastive divergence. Neural Computation, (17):1771–1800, 2002.

[12] Pedro Hojen-Sorensen, O. Winther, and L. K. Hansen. Mean-field approaches to independent component analysis. Neural Computation, 14:889– 918, 2002.

[13] S. C. Horng. Examples of sublinear convergence of the em algorithm. In Proceedings of the Statistical Computing Section, American Statistical Association, 1987.

[14] Aapo Hyvärinen, Juha Karhunen, and Erkki Oja. Independent Component Analysis. Wiley, 2001.

[15] Aapo Hyvarinen and Errki Oja. Independent component analysis: Algorithms and applications. Neural Networks, 13, 2000.

[16] Mortaza Jamshidian and Robert I. Jennrich. Conjugate gradient acceleration of the EM algorithm. Journal of the American Statistical Association, 88(421), 1993.

[17] Mortaza Jamshidian and Robert I. Jennrich. Conjugate gradient methods in confirmatory factor analysis. Computational Statistics Data Anal., 17:247–263, 1994.

[18] Mortaza Jamshidian and Robert I. Jennrich. Acceleration of the EM algorithm using quasi-newton methods. Journal of Royal Statistical Society, Series B, 59(3):569–587, 1997.

[19] N. M. Laird, N. Lange, and D. O. Stram. Maximum likelihood computations with repeated measures: application of the EM algorithm. Journal of American Statistics Association, 82:97–105, 1987.

[20] Kenneth Lange. A quasi newton acceleration of the EM algorithm. Statistica Sinica, 5:1–18, 1995.

[21] Harry Lappalainen. Ensemble learning for independent component analysis.

In Proceedings of First International Workshop on Independent Component Analysis and Signal Separation, ICA, 1999.

[22] Neil D. Lawrence and Christopher M. Bishop. Variational Bayes Independent Component Analysis. Technical report, Computer Laboratory, University of Cambridge, 2000.

[23] M. S. Lewicki and T. J. Sejnowski. Learning overcomplete representations.

Neural Computation, 12:337–365, 2000.

[24] T. A. Louis. Finding the observed information matrix when using the EM algorithm. Journal of Royal Statistical Society, Series B, 44:226–233, 1982.

[25] David MacKay. Failures of the one-step learning algorithm. Unpublished Note, Cavendish Laboratory, Cambridge, 2001.

[26] G. J. McLachlan and T. Krishnan. The EM Algorithm and Extensions.

John Wiley and Sons, 1997.

[27] X. L. Meng. On the rate of convergence of the EM algorithm. The Annals of Statistics, 22:326–339, 1994.

[28] X. L. Meng and Steven Pedlow. EM: A Bibliographic Review with Missing Papers. In Proceedings of Statistical Computing Section, American Statistical Association, pages 24–27, 1992.

[29] X. L. Meng and David van Dyk. The EM algorithm - an old folk-song sung to a fast new tune. Journal of Royal Statistical Society, Series B, 59(3):511–567, 1997.

[30] Eric Moulines, Jean-Francois Cardoso, and Elisabeth Gassiat. Maximum likelihood for blind separation and deconvolution of noisy signals using mixture models. In Proceedings of the ICA Conference, 1997.

[31] Radford M. Neal. Probabilistic inference using markov chain monte carlo.

Technical Report CRG-TR-92-1, Department of Computer Science, University of Toronto, 1993.

[32] Radford M. Neal and Geoffrey Hinton. A new view of the EM algorithm that justifies incremental and other variants. Technical report, Department of Computer Science, University of Toronto, 1993.

[33] Hans Bruun Nielsen. UCMINF - An Algorithm for Unconstrained Nonlinear Optimization. Technical Report IMM-Rep-2000-19, Technical University of Denmark, 2000.

[34] Rasmus Kongsgaard Olsson, Tue Lehn-Schiøler, and Kaare Brandt Petersen. State-space models - from the EM algorithm to a gradient approach. Submitted to Neural Computation, 2005.

[35] G. Parisi. Statistical Field Theory. Addison-Wesley, 1988.

[36] M. S. Pedersen, J. Larsen, and U. Kjems. On the difference between updating the mixing matrix and updating the separation matrix. volume V, pages 297–300, Philadelphia, PA, USA, mar 2005.

[37] Michael Syskind Pedersen. The matrix cookbook, 2005.

[38] K. B. Petersen. Using mixture of gaussians to compare approaches to signal separation. In Proceedings of 13th Danish Conference on Pattern Recognition and Image Analysis, DSAGM, aug 2004.

[39] Kaare Brandt Petersen. Physics in signalprocessing - mean field ICA aproach to the problem of separating mixed binary signals. Master’s thesis, University of Copenhagen, 2002.

[40] Kaare Brandt Petersen, Jiucang Hao, and Te-Won Lee. Generative and filtering approaches for overcomplete representations. Neural Information Processing, 8(1), 2005.

[41] Kaare Brandt Petersen and Ole Winther. Explaining slow convergence of EM in low noise linear mixtures. Technical Report 2005-2, Informatics and Mathematical Modelling, Technical University of Denmark, 2005.

[42] Kaare Brandt Petersen and Ole Winther. The EM Algorithm in Independent Component Analysis. In International Conference on Acoustics, Speech, and Signal Processing, 2005.

[43] Kaare Brandt Petersen, Ole Winther, and Lars Kai Hansen. On the convergence of EM and VBEM. Neural Computation, 17(9), 2005.

[44] Richard A. Redner and Homer F. Walker. Mixture densitites, maximum likelihood and the EM algorithm. SIAM Review, 26(2):195–239, 1984.

[45] Donald B. Rubin and Dorothy T. Thayer. EM Algorithms for ML Factor Analysis. Psychometrika, 47(1), 1982.

[46] R. Salakhutdinov and S. Roweis. Adaptive overrelaxed bound optimization methods. In Proceedings of International Conference on Machine Learning, ICML. International Conference on Machine Learning, ICML, 2003.

[47] R. Salakhutdinov, S. Roweis, and Z. Ghahramani. Optimization with EM and expectation-conjugate-gradient. In Proceedings of International Conference on Machine Learning, ICML. International Conference on Machine Learning, ICML, 2003.

[48] N. R. Sandell and K. I. Yared. Maximum likelihood identification of state space models for linear dynamic systems. Technical Report ESL-R-814, Electronic Systems Lab, MIT, 1978.

[49] G. Seber and A. Lee. Linear Regression Analysis. John Wiley and Sons, 2002.

[50] S. Stigler. Citation patterns in the journals of statistics and probability.

Statist. Sci., 9:94–108, 1994.

[51] R. Sundberg. Maximum Likelihood theory and applications for distributions generated when observing a function of an exponential variable. PhD thesis, Stockholm University, 1972.

[52] Yee Whye Teh, Max Welling, Simon Osindero, and Geoffrey E. Hinton.

Energy-based models for sparse overcomplete representations. Journal of Machine Learning Research, 4:1235–1260, 2003.

[53] C. F. Jeff Wu. On the covergence properties of the EM algortihm. The Annals of Statistics, 11(1):95–103, 1983.

[54] J. S. Yedidia, W. T. Freeman, and Y. Weiss. Generalized belief propagation.

In Advances in Neural Information Processing Systems (NIPS), volume Vol 13, pages 689–695, 2000.