Improving the convergence of a numerical method for the generalized Newtonian flow problem

V. M. Staroverov Computational Mathematics subdepartment

of Mechanics-Mathematics department.

Moscow State University.

Vorobyevy Gory, Moscow 119899, Russia.

E-mail: walter@big.lkm.msu.ru

Abstract

In the paper we consider a boundary value problem describing the stationary motion of generalized Newton fluid in a bounded domain. We propose an iterative method for numerical solution of the considered problem and we give an estimate of it’s convergence. To improve the rate of convergence we use variable iterative method parameters, and we estimate the convergence of the iterative method in this case.

1 Introduction

We consider a boundary value problem describing a stationary motion of a generalized Newton fluid with the viscosity function χ: −divχ(|∇u|)∇u + ∇p = f divu = 0, u|_{∂Ω} = 0 (1) Here u = (u_1, u_2), χ(a) ≥ 0, a ≥ 0, and χ(x) = 1 + k(x). It’s essential for us, that the function k(x) is unbounded near the point x = 0 and the function k(x)x is an increasing function.

Discretization of the linear case of (1) (i.e., k(x) = const) is described, for example, in [2], [9]. The proof of convergence of the solution to the linear problem is presented in [8]. In [12] approximation of (1) on a shifted grid is described.

For the linear case there exists a wide range of numerical methods for solving the obtained system of linear equations (see [1], [4], [13] and the bibliography there). For the nonlinear case we proposed in [5] an iterative method for the solution of (1), but this method needs to solve a nonlinear equation in every iteration. There exists a method, proposed in [11], which needs a Laplace operator inversion on every step only, but for the case of constant parameters we can’t obtain the given problem solution with any accuracy. There is no estimate of the rate of convergence of this method.

In this paper we propose a two-level partially implicit iterative method with variable coefficients for the problem (1), which needs a Laplace operator inversion in every step only. We give the estimates of it’s convergence. Also we give an explicit estimate for the rate of convergence of the same method with constant coefficients. Note, that in the last case the method converges up to some given accuracy only.

2 Statement of the problem

We consider a boundary value problem describing the stationary motion of a generalized Newton fluid with the viscosity function χ: −divχ(|∇u|)∇u + ∇p = f divu = 0, u|_{∂Ω} = 0 (2) Again we assume the domain Ω to be bounded and Liptshitz. Here u = (u_1, u_2) belongs to H^1_0 ≡ {u ∈ W^1_2(Ω)^2 : u|_{∂Ω} = 0}, p belongs to L_2/R ≡ {p ∈ L_2(Ω)^2 : (p, 1) = 0}, f ∈ H^{−1}, where H^{−1} is the dual space to H^1_0. The functions χ(a) ≥ 0, a ≥ 0, and χ(x) = k_0 + k(x) are usually subject to the following constraints:

(a) s(a) = k(a)a is an increasing function for a > 0; (b) s(a) → 0 as a → 0;

(c) k(a) is a decreasing function for a > 0; (d) k_0 > 0. (3)

Note, that the following LBB inequality holds (see [1], [6])

‖p‖ ≤ C_0 sup

w∈H^1_0

(p, divw) ‖w‖_1 (4)

Under these conditions the problem has a unique weak solution (see [10]).

Remark 1. In contrast to the Navier-Stokes equations, where domination of nonlinear terms is assotiated with high velocity gradients, this problem causes main difficulties in the case of low velocity gradients (the function k(a) is unbounded for a → 0, in general).

Remark 2. We note a general choice (not the only possible, of course) of k(a) = a^{−α} with α ∈ [0, 1), satisfying all the conditions required.

In [11], [12] several iterative methods for solving this problem were proposed. In particular, consider the partially implicit iterative algorithm:

Bv_τ − k_0Δv̂ − Δ_kv + ∇q̂ = f

βτq_τ + divv̂ = 0 (5)

where v = v^n , v̂ = v^{n+1}, v_τ = v̂ − v τ , and Δ_χu = divχ(|∇u|)∇u; β, τ are the iteration parameters. The preconditioner B: H^1_0 → H^{−1} is some symmetric positive definite operator that will be defined later.

To derive an explicit formula for the iterative process (5) we transform it to the form Cv̂ = τf + Bv + τΔ_kv − τ∇q

q̂ = q − β^{−1}divv̂ (6) where C = B − τk_0Δ −^τ_β ∇div.

In [11] the following theorem about the convergence of iterative process (5) is proved

Theorem 1. Let ∂Ω, f and k satisfy necessary for further considerations conditions (see [11]) and the following relations are valid for some positive λ_0, λ_1 −λ_0Δ ≤ B ≤ −λ_1Δ.

Then for any ε > 0 there exist positive constants τ and β such that the error of the iterative process (5) δ^n =^√‖y^n‖^2 + βτ‖r^n‖^2 tends to zero as n → ∞ with the rate of a geometric progression, while δ^n > ε. Here y^n, r^n are the errors of velocity and pressure respectively.

Numerical experiments confirm this theorem. We will give some estimates on τ and β.

3 Estimate of convergence in the case of constant iteration parameters

Let us introduce the errors functions of iterative process y = v − u and r = q − p. From (5) we obtain the following relations By_τ − k_0Δŷ − Δ_kv + Δ_ku + ∇r̂ = 0 βτr_τ + divŷ = 0 (7) Let us multiply the first equation from (7) by τŷ and the second one by r̂, then we have (Bŷ, ŷ) − (By, ŷ) + τk_0(∇ŷ, ∇ŷ) +τ(k(|∇v|)∇v − k(|∇u|)∇u, ∇v̂ − ∇u) +βτ‖r̂‖^2 − βτ(r, r̂) = 0 β(r̂, r̂) − β(r, r̂) + (divŷ, r̂) = 0 (8)

In the same way as in [3] we obtain from the first equation of (7) the estimate C^{−1}_0 ‖r̂‖ ≤ ‖y_τ ‖_B + k_0‖ŷ‖_1 + ‖k(|∇v|)∇v − k(|∇u|)∇u‖ or ‖r̂‖^2 ≤ 3C^2_0 (‖y_τ ‖^2_B + k^2_0 ‖ŷ‖^2_1 + ‖k(|∇v̂|)∇v̂ − k(|∇u|)∇u‖^2) (9) From the first equation of (8) it follows ‖ŷ‖^2_B + ‖ŷ − y‖^2_B + 2τk_0‖ŷ‖^2_1 +2τ(k(|∇v|)∇v − k(|∇u|)∇u, ∇v̂ − ∇u) +βτ‖r̂‖^2 + βτ‖r̂ − r‖^2 = ‖y‖^2_B + βτ‖r‖^2 (10)

If we transform (10) to the form ‖ŷ‖^2_B + ‖ŷ − y‖^2_B + 2τk_0‖ŷ‖^2_1 +2τ(k(|∇v|)∇v − k(|∇u|)∇u, ∇v − ∇u) +2τ(k(|∇v|)∇v − k(|∇u|)∇u, ∇v̂ − ∇v) +βτ‖r̂‖^2 + βτ‖r̂ − r‖^2 = ‖y‖^2_B + βτ‖r‖^2 then according ε-inequality we obtain the relation:

‖ŷ‖^2_B + ‖ŷ − y‖^2_B + 2τk_0‖ŷ‖^2_1 +2τ(k(|∇v|)∇v − k(|∇u|)∇u, ∇v − ∇u) −τε‖k(|∇v|)∇v − k(|∇u|)∇u‖^2 − τ/ε‖v̂ − v‖^2_1 +βτ‖r̂‖^2 + βτ‖r̂ − r‖^2 ≤ ‖y‖^2_B + βτ‖r‖^2 (11)

Let us multiply inequality (9) by μτ^2 and add the result to (11). Then we have

‖ŷ‖^2_B + (2τk_0 − 3C^2_0 k^2_0τ^2μ)‖ŷ‖^2_1 + ( 1 − 3C^2_0 μ −^τ_{ελ0} ) ‖ŷ − y‖^2_B +2τ [ ξ(∇v − ∇u, ∇v − ∇u) + (k(|∇v|)∇v − k(|∇u|)∇u, (1 − (^3_2C^2_0 μτ +^ε_2 )k(|∇v|))∇v − (1 − (^3_2C^2_0 μτ +^ε_2 )k(|∇u|))∇u) ] +(βτ + τ^2μ)‖r̂‖^2 + βτ‖r̂ − r‖^2 ≤ ‖y‖^2_B + 2τξ‖y‖^2_1 + βτ‖r‖^2

(12)

where μ, ξ are any positive constants, λ_0 is introduced in the Theorem 1.

To continue the proof we need the following lemma that was proved in [11].

Lemma 1. There exists a C_1 > 0 such that for any γ > 0 and arbitrary u, v ∈ U the following statement holds: if ‖u − v‖ ≥ ϵ , 0 < μ̂ ≤ μ_ϵ = C_1γ k^2(ϵ)

, then γ(u − v, u − v) + (k(|u|)u − k(|v|)v, (1 − μ̂k(|u|))u − (1 − μ̂k(|v|))v) ≥ 0

By means of the same proof technique as in [11] we can give a more exact estimate. Moreover, it’s possible to prove that the estimate from the following lemma is exact to within a multiplicative constant.

Lemma 2. For any γ > 0 and arbitrary u, v ∈ U the following estimate holds:

if ‖u − v‖ ≥ ϵ and 0 < μ̂ ≤ μ_ϵ =^1_{2 k(δ)} , where k(δ)δ^2 =^{γϵ2}_{2|Ω|} , then γ(u − v, u − v) + + (k(|u|)u − k(|v|)v, (1 − μ̂k(|u|))u − (1 − μ̂k(|v|))v) ≥ 0.

For k(x) = k_1x^{−α} from Lemma 1 it follows μ_ϵ = C_1γϵ^{2α} k_1

, and from

Lemma 2 we obtain μ_ϵ = 0.5 γ 2|Ω|k_1 ff_2� ff ϵ^{2ff2}�^ff .

The following lemma gives a more exact estimate for μ_ε than the two previous ones, but it needs a greater number of arithmetic operations to realize it on a computer and it’s not so useful later.

Lemma 3. For any γ > 0 and arbitrary u, v ∈ U the following statement holds:

if ‖u − v‖ ≥ ϵ and 0 < μ̂ ≤ μ_ϵ =^1_{2 k(δ)} , where δ = max { δ > 0 :

k(δ)δ^2|Ω|_δ ≤^{γϵ2}_2 } , then γ(u − v, u − v) + + (k(|u|)u − k(|v|)v, (1 − μ̂k(|u|))u − (1 − μ̂k(|v|))v) ≥ 0. Here |Ω|_δ is the size of subdomain Ω, where |u| ≤ δ.

Let us denote the dependence μ_ϵ on ϵ, obtained from Lemma 3, as μ_ϵ = φ_{γ,u}(ϵ). Note, that the function φ_{γ,0}(ϵ) is the corresponding function obtained from the Lemma 2.

For simplicity let us assume B = −Δ +^τ_β ∇div. Then

C = (1 + τk_0)Δ, λ_0 = 1 − τ/β, λ_1 = 1 (13)

and the condition τ < β should be satisfied for positive definiteness of B.

From Lemma 3 it follows that for positiveness of the value in square brackets of (12) it is sufficient that 3 2 C^2_0 μτ + ε 2 ≤ φ_{ξ,|∇v|}(ϵ) (14) where φ_{ξ,|∇v|} is an increasing function, φ_{ξ,|∇v|}(ϵ) → 0 as ϵ → 0.

Let us suppose that

1 − 3C^2_0 μ − τ ελ_0 ≥ 0 (15)

then we obtain from (12):

‖ŷ‖^2_B + 2τk_0(1 −^3_2C^2_0 k_0τμ)‖ŷ‖^2_1 +2τ [ ξ(∇v − ∇u, ∇v − ∇u) + (k(|∇v|)∇v − k(|∇u|)∇u, (1 − (^3_2C^2_0 μτ +^ε_2 )k(|∇v|))∇v − (1 − (^3_2C^2_0 μτ +^ε_2 )k(|∇u|))∇u) ] +(βτ + τ^2μ)‖r̂‖^2 + βτ‖r̂ − r‖^2 ≤ ‖y‖^2_B + 2τξ‖y‖^2_1 + βτ‖r‖^2

(16)

To satisfy (15) we can choose ε and μ by the following way ε = 2τ λ_0 , μ = 1 6C^2_0

(17)

Thus the condition (14) can be transformed to the form τ 4 + τ λ_0 = τ ( 1 4 + 1 λ_0 ) ≤ φ_{ξ,|∇v|}(ϵ) (18) We obtain, that if the inequalities (17), (18) are hold, then from (16) it follows the estimate ‖ŷ‖^2_B + 2τk_0(1 −^1_4 k_0τ)‖ŷ‖^2_1 +(βτ +^{τ 2}_{6C}2_0 )‖r̂‖^2 + βτ‖r̂ − r‖^2 ≤ ‖y‖^2_B + 2τξ‖y‖^2_1 + βτ‖r‖^2

(19)

If we additionally suppose that k_0τ < 2 (20) then we obtain from (19) ‖ŷ‖^2_B + τk_0‖ŷ‖^2_1 +(βτ +^{τ 2}_{6C}2_0 )‖r̂‖^2 + βτ‖r̂ − r‖^2 ≤ ‖y‖^2_B + 2τξ‖y‖^2_1 + βτ‖r‖^2 or ‖ŷ‖^2_B + 2τξ‖ŷ‖^2_1 + τ(k_0 − 2ξ)‖ŷ‖^2_1 +(βτ +^{τ 2}_{6C}2_0 )‖r̂‖^2 + βτ‖r̂ − r‖^2 ≤ ‖y‖^2_B + 2τξ‖y‖^2_1 + βτ‖r‖^2 It follows from the last inequality, that we can choose ξ = k_0/4. Thus we obtain

‖ŷ‖^2_B +^1_2 τk_0‖ŷ‖^2_1 +^{τ k0}_2 ‖ŷ‖^2_1 +(βτ +^{τ 2}_{6C}2_0 )‖r̂‖^2 + βτ‖r̂ − r‖^2 ≤ ‖y‖^2_B +^1_2 τk_0‖y‖^2_1 + βτ‖r‖^2

(21) and according to the assumptions on B, (21) is transformed to the form ( τ k_0/2 1+τ k0/2 + 1 ) (‖ŷ‖^2_B +^1_2 τk_0‖ŷ‖^2_1)

+(βτ +^{τ 2}_{6C}2_0 )‖r̂‖^2 + βτ‖r̂ − r‖^2 ≤ ‖y‖^2_B +^1_2 τk_0‖y‖^2_1 + βτ‖r‖^2

(22)

From the last inequality and (20) it follows that the rate of convergence of iterative method (5) can be estimated by q = [ 1 + τ min ( k_0 4 , 1 β6C^2_0 )]−1 (23)

Let us consider now the case of constant parameters τ and β. From (22), (23) it follows

Theorem 2. Let ∂Ω, f and k satisfy necessary for further considerations conditions (see [11]), B = −Δ +^τ_β ∇div, τ < β and the relations (17), (20) are fulfilled. Then the error of iterative process (5) δ^n =^√‖y^n‖^2_B +^1_2 τk_0‖y^n‖^2_1 + βτ‖r^n‖^2 tends to zero as n → ∞ with the rate of geometric progression q = [ 1 + τ min ( k_0 4 , 1 β6c^2_0 )]−1 = [1 + τC_2]^{−1}

while φ_{k0/4,0} (‖y‖_1) ≥^{2τ}_{λ0} . Here y^n, r^n are the errors of velocity and pressure respectively.

From this theorem we obtain explicit formulas for iterative parameters τ and β for the case when we want to achieve the given accuracy.

4 Estimate of convergence in the case of variable iteration parameters

It is possible to improve the rate of convergence by choosing variable parameters. Note that the iterative parameters can not be varied in an arbitrary way because the definition of error:^√‖y‖^2_B +^1_2 τk_0‖y‖^2_1 + βτ‖r‖^2 includes both of them. Therefore, in the case of β/τ = const the operator B does not change during iterative process, so in this case we can vary parameters β and τ, insuring βτ (or, as follows from the previous condition, only τ) to be a decreasing function of iterative step number.

In [12] we obtained the following estimate on a function s(x) = k(x)x, where function k is satisfied (3): ‖k(|∇u|)∇u − k(|∇v|)∇v‖ ≤ 8s(‖u − v‖_1) (24) By means of (24) we obtain from (12)

‖ŷ‖^2_B + (2τk_0 − 3C^2_0 k^2_0τ^2μ)‖ŷ‖^2_1 + ( 1 − 3C^2_0 μ −^τ_{ελ0} ) ‖ŷ − y‖^2_B +(βτ + τ^2μ)‖r̂‖^2 + βτ‖r̂ − r‖^2 ≤ ‖y‖^2_B + τ^2(3C^2_0 μ + ε/τ)64s^2(‖y‖_1) + βτ‖r‖^2 According to (15), (17), (20), from the last inequality it follows ‖ŷ‖^2_B + τk_0‖ŷ‖^2_1 + ( βτ +^{τ 2}_{6C}2_0 ) ‖r̂‖^2 ≤ ‖y‖^2_B + τ^2(1 + 4/λ_0)32s^2(‖y‖_1) + βτ‖r‖^2 and by means (13) we obtain (1 + τk_0)‖ŷ‖^2_B + ( βτ +^{τ 2}_{6C}2_0 ) ‖r̂‖^2 ≤ ‖y‖^2_B + τ^2(1 + 4/λ_0)32s^2(‖y‖_B)/λ^2_0 + βτ‖r‖^2

(25)

Let us take β = ρτ, with some ρ > 1. Then from (25), (13) we obtain (1 + τk_0)‖ŷ‖^2_B + ρτ^2 ( 1 +^1_{6ρC}2_0 ) ‖r̂‖^2 ≤ ‖y‖^2_B + τ^{2 5ρ−1}_{ρ−1} 32s^2(‖y‖_B )/λ^2_0 + ρτ^2‖r‖^2 ≤ ‖y‖^2_B + τ^{2 ρ2(5ρ−1)}_{(ρ−1)3} 32s^2(^√‖y‖^2_B + ρτ^2‖r‖^2) + ρτ^2‖r‖^2

(27)

Assume, that τ ≤ k_0(ρ − 1)^3 64ρ^2(5ρ − 1) k^{−2} (√ ‖y‖^2_B + ρτ^2‖r‖^2 ) (28) then, if we propose, that τ ≤ 1 k_06ρC^2_0

(29) then from (27) and (28) it follows

(1 + τk_0)^(‖ŷ‖^2_B + ρτ^2‖r̂‖^{2)} ≤ (1 + τk_0/2)^(‖y‖^2_B + ρτ^2‖r‖^{2)} (30)

Thus, we can formulate the following theorem.

Theorem 3. Let the standard conditions for smoothness of ∂Ω, f, k are hold (see [11]), B = −Δ +^τ_β ∇div, β = ρτ, ρ > 1 and the relations (17), (20), (29) are fulfilled. Then the following statements are valid:

1)The error of iterative process (5) δ^n =^√‖y^n‖^2_B + βτ‖r^n‖^2 tends to zero as n → ∞ with the rate of geometric progression q = [ 1 + τ^{k0}_{2+τ k2} ]−1 ≤ [ 1 + τ^{k0}_4^{]−1} while τ satisfy the condition (28).

2)Let we have two approximations to the solutions (v^1, q^1) and (v^2, q^2) and the errors (y^1, r^1) and (y^2, r^2) respectively. After applying of one iteration of the method (5) with the described parameters τ, β we obtain the errors (ŷ^1, r̂^1) and (ŷ^2, r̂^2) respectively. The following property holds for these functions: if ‖y^1‖^2_B + βτ‖r^1‖^2 ≥ ‖y^2‖^2_B + βτ‖r^2‖^2, then ‖ŷ^1‖^2_B + βτ‖r̂^1‖^2 ≥ ‖ŷ^2‖^2_B + βτ‖r̂^2‖^2.

From the last theorem it follows that to build an iterative process with variable parameters we need the error estimate in the first iterative method step only. We write down the algorithm of choosing τ and β in the following way.

Algorithm.

Set β = ρτ in the each step, where ρ > 1 is a constant. Choose initial τ_0 = min ( 1 6k0ρC20 , 2 k_0 ) . Set iteration number n = 1.

Assume we have some initial estimate^√‖y_0‖^2_B + βτ‖r_0‖^2 ≤ ε_0. while τ_0 ≤^{k0(ρ−1)3} 64ρ2(5ρ−1) k −2 (ε_{n−1}) Make one step of iterative process (2.4) with τ_n = τ_0. Put ε_n = ε_{n−1} ∗ q_0, where q_0 =^(1 + τ_0^{k0}_4^{)−1}. n = n + 1 end of while while (ε_{n−1} > err_{min} AND residual of method is greater than err_{min}) Make one step of iterative process (5) with τ_n =^{k0(ρ−1)3}_{64ρ2(5ρ−1)} k^{−2} (ε_{n−1}) Put ε_n = ε_{n−1} ∗ q_n, where q_n =^(1 + τ_n^{k0}_4^{)−1} n = n + 1 end of while Note, that βτ is a decreasing function of n and β/τ = ρ is a constant, hence ‖y_{n+1}‖^2_B + β_{n+1}τ_{n+1}‖r_{n+1}‖^2 ≤ ‖y_{n+1}‖^2_B + β_nτ_n‖r_{n+1}‖^2. It means, that we can use variable norm in all arguments.

Thus, we can formulate the theorem about the convergence of the iterative method (5).

Theorem 4. The iterative method (5) realized in the Algorithm converges to the solution of the problem (2)—(3). For pressure-velocity errors there exists estimate on the rate of the method convergence:

‖y_n‖^2_B + βτ‖r_n‖^2 ≤ ε_n, where ε_n is defined in the Algorithm.

Thus, we obtain the estimate ‖y_n‖^2_B ≤ ε_n, but the estimate of ‖r_n‖ is not satisfactory: ‖τ_nr_n‖ ≤ ε_n. Let us consider the behaviour of the sequence {ε_n/τ_n}. From the Algorithm we know, that ε_{n+1} τ_{n+1} = ε_n τ_n τ_n τ_{n+1} 1 + C_4 k^2( √ ε_n) −1 (31)

where C_4 =^{k20(ρ−1)3}

256ρ2(5ρ−1) , and from the Algorithm by means elementary

transformations we obtain

τ_n τ_{n+1} 1 + C_4 k^2( √ ε_n) −1 = k^2 ε_n 1 +^{C4}_{k2(}√_{εn)}

k^2( √ εn)+C_4

= s^2 √ ε_n √ 1 +^{C4}_{k2(}√_{εn)} s^2( √ ε_n) ≤ 1

(32)

where s(x) = k(x)x is an increasing function. From the last inequality it follows that ‖r_n‖ ≤ ε_0 for any n.

For simplicity we assume, that s(x) ∈ C^2(0, ∞) and the following estimate holds^1 s^′(x)x s(x) ≤ C_5. (33)

Then from decreasing of function s^′(x) we obtain

s √ ε_n √ 1 +^{C4}_{k2(}√_{εn)} ≤ s( √ ε_n) − √ ε_n − √ ε_n √ 1 +^{C4}_{k2(}√_{εn)} ∂s ∂x ( √ ε_n) (34)

1For k(x) = x^{α s0(x)x}_{s(x)} = const.

and from (32), (33), (34) we obtain the estimate for sufficiently small ε_n τ_n τ_{n+1} 1 + C_4 k^2( √ ε_n) −1 ≤ 1 − C_5 C_4 k^2( √ ε_n) + C_4 2

≤ 1 − C_6 k^2( √ ε_n)

(35)

Thus, from (20), (35) and from the Theorem 4 we obtain Theorem 5. The iterative method (5) realized in the Algorithm converges to the solution of the problem (2)—(3). For sufficiently small pressure-velocity errors (see the second part of the Algorithm) there exists estimates on the rate of the method convergence:

1) ‖y_n‖^2_B ≤ ε_0ε_n, where^{εn+1}_{εn} ≤ ( 1 +^{C4}_{k2(}√_{εn)} )−1 , where C_4 is defined in (31).

2) ‖r_n‖ is bounded and if we additionally suppose, that the estimate (33) holds, then ‖r_n‖^2 ≤ γ_0γ_n, where^{γn+1}_{γn} ≤ 1 −^{C8}_{k2(}√_{εn)} , with the same ε_n.

5 Conclusion

We have given explicit estimates of the convergence of the iterative method (5) for the case of constant coefficients. In this case the iterative method generally does not converge, but we gave estimates of coefficients for which the iterative method computes the solution with the given accuracy.

We proposed to use method (5) with variable coefficients and gave explicit formulas for the coefficients. In this case the iterative method converges and we obtained the estimate of it’s convergence. It’s very interesting, that the method (5) with variable coefficients has the same rate of convergence as the fully implicit method with constant coefficients, proposed in [5]; but this method needs a nonlinear operator inversion in every iteration.

Acknowledgements. The author is very grateful to Prof. Per

Christian Hansen for support and for his useful comments concerning this work.

This work is a part of Joint Research Project ”High performance Computing in Numerical Simulation”, founded by INTAS within a framework of Cooperation Agreement INTAS–93–377–EXT. and partly supported by Russian Science Foundation for Basic Research (96–01–01254).

References

[1] D‘yakonov E.G , Minimization of Computational Work. Asymptotically Optimal Algorithms for Elliptic Problems. // Nauka, Moscow, 1989 (in Russian).

[2] C.J.Fletcher, // Computational Techniques for Fluid Dynamics.

(1988) Springer-Verlag, New York.

[3] M.M. Karchevskiy, A.V.Lapin, Investigation of a grid method for nonlinear stationary problem in theory of filtration. // Kazanskiy Universitet, Issl. po Prikl. Mat. 6, 1979, 23-32. (in Russian).

[4] G.M.Kobelkov, Numerical methods for solving the Navier-Stokes equations in the variables velocity-pressure. // In: Vychisl. Protsessy i Systemy, 8. Nauka, Moscow, 1991, P.204–236 (in Russian).

[5] Kobel’kov G.M., Ol’shanskii M.A. and Staroverov V.M. To numerical solution of the Stokes Problem // Proceeding of the Conference on Applied Mathematics and Computer Science, 28-29 October 1996. Moscow. Russia. P.29–34.

[6] Kobel’kov G.M. and Valedinskiy V.D. On the inequality ||p|| ≤ c||∇ p||_{−1} and its finite dimensional image. // Sov. J. of Numer. Anal. and Math. Modelling. 1986. V.1. N^o3. P.189–200.

[7] A.D.Lyashko and M.M.Karchevskiy, Difference methods for solving nonlinear problems in theory of filtration. // Izv. Vuzov, Ser. Matematika (1983), 7, 28-46 (in Russian)

[8] R.A.Nicolaides, Analysis and convergence of the MAC scheme. The linear problem. // SIAM Journ. Numer. Anal. (1992) 29, No 6, 1579-1591.

[9] R.Peyret and T.D.Taylor, // Computational Methods for Fluid Flow. Springer-Verlag, New York.

[10] V.M.Staroverov, On the numerical solution of the problem of Generalized Newtonian Flow. // The dissertation of candidate of sciences in mathematics, Computational Center of Moscow State University, Moscow, 1994.

[11] V.M.Staroverov, On numerical methods for solving the Stokes problem with a nonlinear elliptic operator having unbounded coefficients. // Rus.J.Numer.Anal.Math.Modelling (1994) 9, No. 4, 375-394.

[12] V.M. Staroverov, MAC Schemes for Solving the Stokes Problems With a Nonlinear Elliptic Operator. // Report UNIC-96-01. March 1996.

[13] R.Temam, // Navier-Stokes Equations. Theory and Numerical Analysis. Revised Edition, North–Holland, Amsterdam, 1979.