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Abstract.Wedevelopasolveralgorithmwhichallowstoefficientlycompute
thestablemodelofaveryexpressivefragmentofpredicatelogic.Thesuccinct
formulationofthealgorithmisduetothedisciplineduseofcontinuationsand
memoisation.Thisfacilitatesgivingaprecisecharacterisationofthebehaviourof
thesolverandtodevelopacomplexitycalculationwhichallowstoobtainitsformal
complexity.Practicalexperimentsonacontrol-flowanalysisoftheambientcalculus
showthatthesolverfrequentlyperformsbetterthantheworst-casecomplexity
estimates.
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1.Introduction

Functionallanguagesareseldomusedforexpressingalgorithmicinsights
becausemostalgorithmdesignersprefertoexpresstheirinsightsinimper-
ativelanguagesandfinditeasiertoperformtheanalysisofworst-caseand
average-casecomplexitywithrespecttoafirst-orderimperativemodelof
computation.Asiscleartoanyfunctionalprogrammersuchalgorithmscan
becodedinfunctionallanguagesbutthisissomewhatbesidesthepointof
thealgorithmdesigner.Indeeditishardtocriticisethealgorithmdesigner
forthechoicesmade:Theuseofimperativelanguagesmakesiteasierto
communicatewithcolleaguesworkingonalgorithms(simplybecausethis
isthecommonlanguageofthefield)anditmakesiteasiertoperformthe
complexityanalysisduetothesimplerandmoredirectlayoutofdatain
thestore(thusavoidingtheneedtoconsiderrun-timestacks,closuresand
garbagecollection)inaccordancewithwell-establishedmodelsofcomputa-
tion(likeTuringMachines,theRAMmodelwithuniformorlogarithmic
costetc.).

Despiteoursympathywiththetraditionalviewpointsofalgorithmde-
signerswefeeltheymissanimportantconsideration:Algorithmsneedtobe
usedbywell-educatedprogrammersandthereislittlevalueindeveloping
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anadvancedalgorithmiftheprospectiveprogrammerscannotunderstand
itorcannotseehowtoadaptittotheirneeds.Giventhelimitedabilitiesof
humanstograspmanyconceptsatthesametimeitisimportanttopayat-
tentiontothenotationusedforexpressingthealgorithmicinsights.Indeed,
“anotationisimportantforwhatitleavesout”[27,page33]becausemore
succinctspecificationsonlyneedtofocusonthosekeyinsightsthathave
tobegraspedatthesametime.Thisiswherefunctionalprogrammingen-
tersthepicture.Morespecificallyweconsideraneagerfunctionallanguage
(sincelazylanguagesareevenfurtherremovedfromtheRAMmodeletc.)
withimperativefeatures(tomaintaincontroloverthesharingofresultsof
computations)andcontinuations.

Thispapertakestheapproachoutlinedtodevelopastate-of-the-artcon-
straintsolver.Weconsiderthealternation-freefragmentofLeastFixpoint
Logic(ALFP)inclausalform.Thislogicismoreexpressivethan,e.g.,Dat-
alog[12,17]butstillallowsforpolynomialmodel-checkingroutines.For-
mulaeinthisfragmentnaturallyariseinthespecificationofstaticanalyses
ofprograms(see,e.g.[19,23]).Here,weconsiderthesystematicdesign
ofafixpointengineforthislogic.Webuildonknownapproachesforsub-
logicslike[19,23].FollowingMcAllester[19],weaimatanalgorithmwhich
makescomputingtheresultascheapascheckingtheresult.Furthermore,
thealgorithmshouldbesimple,i.e.,workalmostwithoutpre-processing
offormulae,andpredictable,i.e.,itscomplexitybehaviourshouldbeeasily
computable.

Morespecificallywebuildonpreviousinsightsonusingfunctionalpro-
grammingforimplementingstate-of-the-artsolvers[8,15,14]andweclaim
thefollowinggeneraladvantagesofourapproach:

◦Thespecificationlogicismuchmoreexpressivethanthefragmentof
setconstraintsasprovidedbyBANE[1]ortheformulaeofDatalog
as,e.g.,advocatedbyMcAllester—yetoursolvercanbepresented
inlessthanapageofSML[20]pseudo-code.

◦OntheDatalogfragment,oursolverachievesthebestknowntheoret-
icalboundsforcorrespondingsolvers.

◦Thesolverhasaverymodulardesign—allowingforarapidimple-
mentationandsimpleexplanation.Inparticular,theuseofrecursion
andcontinuationsallowedustodisregardanumberofclassicaltech-
niques(theuseofwork-lists,theidentificationofstrongcomponents
etc.)withoutpenaltiesintheperformanceobserved.

◦Thesolverhasaveryregularstructureallowinganabstractcharacter-
isationofitsbehaviour—therebypavingthewayforpredictingalso
itsbest-casecomputationalperformancewhensolvingformulae.

Inourviewitwouldnotbepossibletoobtainasgoodresultsonobtaining
preciseestimatesoftheworst-casecomplexityofthesolverifwehadmerely
basedourworkonanoff-the-shelfsetconstraintorDatalogsolver.This
isimportantbecauselogicallyequivalentclausesmayexhibitverydifferent
runningtimesanditisimportanttobeabletopredictthis.
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InSection2wepresentthefragmentofpredicatelogicconsidered,de-
fineitssemanticsandillustrateitsusabilityinthespecificationofprogram
analyses.Toprepareforthedevelopmentofthesolver,wegiveinSection
3aformalcharacterisationofacheckerforthelogicandweshowhowit
canbeimplementedinSML.InSection4wethendevelopthesolveritself,
weexplainsomeofthealgorithmictechniquesneededforobtaininggood
performanceandalsowedevelopaformalcomplexityresultforthesolver.
Finally,inSection5wepresentsomefurtheroptimisationtechniquesand
wepresentbenchmarksfromaseriesofpracticalexperiments.Section6
containstheconcludingremarks.

2.Alternation-freeLeastFixpointLogic

Inthissection,weintroducealternation-freeLeastFixpointLogicinclausal
form(abbreviatedALFP)asourconstraintformalism.Here,webuildon
Hornclauseswithsharingasconsideredin[23]andextendthemfurther
byallowingalsouniversalquantificationinpre-conditionsandnegation.In
summary,ALFPformulaeextendHornclauses(withexplicitquantification)
inthatweadditionallyallow

◦bothexistentialanduniversalquantificationinpre-conditions;

◦negatedqueries(subjecttoanotionofstratification);

◦disjunctionsofpre-conditions;and

◦conjunctionsofconclusions.

Inthissectionwepresentthesyntaxandthesemanticsofthelogicand
illustratehowitmaybeusedtospecifyasimpleprogramanalysis.

2.1Syntax

AssumewearegivenafixedcountablesetXof(auxiliary)variablesanda
finiterankedalphabetRofpredicatesymbols.Thenthesetofclauses,cl,
isgivenbythefollowinggrammar

pre::=R(x1,···,xk)|¬R(x1,···,xk)|pre1∧pre2

|pre1∨pre2|∃x:pre|∀x:pre

cl::=R(x1,···,xk)|1|cl1∧cl2
|pre⇒cl|∀x:cl

whereR∈Risak-arypredicatesymbolfork≥1,x,x1,···∈Xde-
notearbitraryvariables,and1isthealwaystrueclause.Occurrencesof
R(···)and¬R(···)inpre-conditionsarealsocalledqueriesandnegative
queries,respectively,whereastheotheroccurrencesarecalledassertionsof
thepredicateR.
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Example1.LetEbeabinarypredicatedefiningtheedgesofagraph.
ThenthetransitiveclosureTofthegraphmaybedefinedbytheclause

(∀x:∀y:E(x,y)⇒T(x,y))∧(∀x:∀y:∀z:T(x,y)∧T(y,z)⇒T(x,z))

Alogicallyequivalentformulationis

∀x:∀y:E(x,y)⇒(T(x,y)∧(∀z:T(y,z)⇒T(x,z)))

whereweexploitthepossibilityofsharingofpre-conditions.2

Inordertodealwithnegationsconveniently,werestrictourselvesto
alternation-freeformulae.Weintroduceanotionofstratificationsimilar
totheonewhichisknownfromDatalog[7,3].Aclauseclisanalternation-
freeLeastFixpointformula(ALFPformulaforshort)ifithastheform
cl=cl1∧···∧cls,andthereisafunctionrank:R→Nsuchthatforall
j=1,···,s,thefollowingpropertieshold:

◦allpredicatesofassertionsincljhaverankj;

◦allpredicatesofqueriesincljhaveranksatmostj;and

◦allpredicatesofnegatedqueriesincljhaveranksstrictlylessthanj.

Eachjissaidtobeastratumandsisthenumberofstrata.

Example2.Thisnotionofstratificationallowsustodefineanequality
predicateeqandanon-equalitypredicateneqbytheclause:

(∀x:eq(x,x))∧(∀x:∀y:¬eq(x,y)⇒neq(x,y))

Takingthefunctionranktohaverank(eq)=1andrank(neq)=2itisclear
thattheconditionsarefulfilled.Consequentlywemaydispensewithanex-
plicittreatmentofequalityandnon-equalitypredicatesinthedevelopment
ofthepresentpaper.

Thefollowingformulaisruledoutbyournotionofstratification:

(∀x:¬P(x)⇒Q(x))∧(∀x:Q(x)⇒P(x))

Thisisbecauseitisimpossibletohaverank(P)<rank(Q)andrank(Q)≤
rank(P).2

2.2Semantics

Givenanon-emptyandfinite1universeUofatomicvalues(oratoms)to-
getherwithinterpretationsρandσforpredicatesymbolsRandfreevari-
ablesx,respectively,wedefinethesatisfactionrelations

(ρ,σ)|=preand(ρ,σ)|=cl

forpre-conditionsandclausesasinTableI.Herewewriteρ(R)fortheset
ofk-tuples(a1,···,ak)fromUassociatedwiththek-arypredicateR,we
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(ρ,σ)|=R(x1,···,xk)iff(σ(x1),···,σ(xk))∈ρ(R)
(ρ,σ)|=¬R(x1,···,xk)iff(σ(x1),···,σ(xk))6∈ρ(R)
(ρ,σ)|=pre1∧pre2iff(ρ,σ)|=pre1and(ρ,σ)|=pre2

(ρ,σ)|=pre1∨pre2iff(ρ,σ)|=pre1or(ρ,σ)|=pre2

(ρ,σ)|=∃x:preiff(ρ,σ[x7→a])|=preforsomea∈U
(ρ,σ)|=∀x:preiff(ρ,σ[x7→a])|=preforalla∈U
(ρ,σ)|=R(x1,···,xk)iff(σ(x1),···,σ(xk))∈ρ(R)
(ρ,σ)|=1always
(ρ,σ)|=cl1∧cl2iff(ρ,σ)|=cl1and(ρ,σ)|=cl2
(ρ,σ)|=pre⇒cliff(ρ,σ)|=clwhenever(ρ,σ)|=pre
(ρ,σ)|=∀x:cliff(ρ,σ[x7→a])|=clforalla∈U

TableI:Semanticsofpre-conditionsandclauses.

writeσ(x)fortheatomofUboundtoxandfinallyσ[x7→a]standsforthe
mappingthatisasσexceptthatxismappedtoa.

Inthesequel,weviewthefreevariablesoccurringinaformulaasconstants
(i.e.atoms)fromthefiniteuniverseU.Thus,givenaninterpretationσ0of
theconstantsymbols,intheclausecl,wecallaninterpretationρofthe
predicatesymbolsRasolutiontotheclauseprovided(ρ,σ0)|=cl.

Let∆denotethesetofinterpretationsρofpredicatesymbolsinRoverU.
Then∆isacompletelatticew.r.t.thelexicographicalordering“v”defined
byρ1vρ2ifandonlyifthereissome1≤j≤ssuchthatthefollowing
propertieshold:

◦ρ1(R)=ρ2(R)forallR∈Rwithrank(R)<j;

◦ρ1(R)⊆ρ2(R)forallR∈Rwithrank(R)=jand

◦eitherj=sorρ1(R)⊂ρ2(R)foratleastoneR∈Rwithrank(R)=j.

Perhapsthemorefamiliarorderingis“⊆”definedbyρ1⊆ρ2ifandonly
ifρ1(R)⊆ρ2(R)forallR∈R.Thetwoorderings“v”and“⊆”coincide
whenthereisonlyonestratum(i.e.s=1);slightlymoregenerallywe
havethatifρ0isaninputinterpretation,meaningthatitgivesnon-empty
interpretationstopredicatesinthefirststratumonly,thenforallρwehave
ρ0vρifandonlyifρ0⊆ρ.Wehave:

Proposition1.AssumeclisanALFPformulaandσ0isaninterpretation
ofthefreevariablesincl.Thenthesetofallρwith(ρ,σ0)|=clformsa
Moorefamily,i.e.,isclosedundergreatestlowerbounds(wrt.v).

AproofofProposition1canbefoundinAppendixA.Weconclude
thatforeveryinitialinterpretationρ0ofthepredicatesymbolsthereisa

1
AllofthedevelopmentofSection2willgothroughforaninfiniteuniverseaswell.
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lexicographicallyleastsolutionρofcl(givenafixedσ0)suchthatρ0⊆ρ;this
solutioniscalledtheoptimalsolutionofclexceedingρ0.Theproofsimply
amountstoobservingthatthereisaformulaclρ0(assumingthatσ0canbe
arrangedtobesurjective)suchthatρ0⊆ρisequivalentto(ρ,σ0)|=clρ0

andthenusethatthesetofallsolutionsofclρ0∧clisaMoorefamily.
Weshouldpointoutthatakeydesigndecisionforconsideringthefragment

ALFPoffirstorderlogicisthatitfacilitatesestablishingaMooreFamily
resultasinProposition1.Inmoregeneraltermsthisensuresthatthe
approachtakenfallswithinthegeneralframeworkofAbstractInterpretation
[9,10,21]sothatwecanbesurethattherealwaysisasinglebestsolution
totheanalysisproblemconsidered.Forthisreasonwedecidednottoallow
apreconditionoftheformcl⇒preasmaybefoundinHereditaryHarrop
Formulae[16].

2.3ExpressivenessofALFP

TheextrafeaturesofALFPcomparedwithclassicalHornclausesincrease
theeasewithwhichvariouspropertiescanbeexpressed.Theuseofconjunc-
tionsinconclusionsdoesnotaddfurtherexpressivenessasthesameprop-
ertycanbeexpressedbyduplicatingthepre-conditionorbyintroducing
anauxiliarypredicateforit.Similarly,theuseofdisjunctionandexisten-
tialquantificationinthepre-conditionsdoesnotaddfurtherexpressiveness
asthesameeffectcanbeobtainedusingauxiliarypredicates.However,
thecombinationofuniversalquantificationinpre-conditionsandnegated
queriesdoaddexpressivenessasisillustratedbythefollowingexample:

Example3.ContinuingExample1considertheformula:

∀x.(∀y.¬E(x,y)∨A(y))⇒A(x)

Takingrank(E)=1andrank(A)=2itiseasytoseethatthisisanALFP
formuladefiningapredicateAthatholdsonthesetofallacyclicnodesin
agraph,i.e.,allnodesfromwhichnocyclecanbereached.Withoutfixing
afiniteuniverseinadvance,thispredicateisnotdefinableinDatalog(even
withstratifiednegation[12,17]).2

2.4WorkedExample:DiscretionaryAmbients

ToillustratetheuseofALFPforprogramanalysiswespecifyinthissubsec-
tionasimplecontrolflowanalysisforDiscretionaryAmbients[24],avariant
oftheMobileAmbients[6]thatdirectlysupportsdiscretionaryaccesscon-
trol.

ThesyntaxofprocessesPandcapabilitiesMaregivenbythefollowing
abstractsyntax

P::=(νµ)P|(νn:µ)P|0|P1|P2|!P|n[P]|M.P

M::=inn|outn|openn|inµn|outµn|openµn
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whereweusentorangeovernamesandµtorangeovergroupnames.The
construct(νµ)PintroducesanewgroupµanditsscopeP;theconstruct
(νn:µ)Pthenintroducesanewnamenofthealreadyexistinggroupµ
anditsscopeP.TheremainingconstructsforprocessesareasforMobile
Ambients[6].Thecapabilitiesinn,outnandopennareasinMobile
Ambientsandtheco-capabilitiesinµn,outµnandopenµnextendthose
ofSafeAmbients[18]:nisthenameoftheobjectgrantingtheaccessright
andµisthegroupofthesubjectthatisallowedtoperformtheoperation.

Weconsiderasimplecontrolflowanalysisapproximatingthebehaviorofa
processbyasingleabstractconfigurationthatdescribeswhichsubambients
and(co-)capabilitiesanambientgroupmaypossessinanyofthepossible
derivativesthattheoverallprocessmayhave.Itamountstosystematically
performingthefollowingapproximations:

◦Theanalysisdistinguishesbetweenthevariousgroupsofambientsbut
notbetweentheindividualambients.

◦Theanalysisdoesnotkeeptrackoftheexactorderofthecapabilities
insideanambientnoroftheirmultiplicities.

◦Theanalysisrepresentsthetreestructureoftheprocessesbyabinary
predicateImodelingthefather-sonrelationship.

Formally,theanalysisdefinesabinarypredicateIwith

I⊆Group×(Group∪Cap)

whereGroupisthesetofgroups,andCapisthesetofgroupcapabili-
tiesandgroupco-capabilities(i.e.builtfromgroupsratherthanambient
names).HereI(µ,µ′)shouldholdwheneveranambientofthegroupµ′is
asubambientofanambientofgroupµandI(µ,m)shouldholdwhenever
thegroupcapabilityorgroupco-capabilitymoccursinanambientinthe
groupµ.

Weassumethatthesyntaxoftheprocessofinterestisgivenbyabinary
predicateprgrelatingtheambientgroups(denotedbythevariable‘?’be-
low)totheirinitialsubambientsandcapabilities.Furthermore,weassume
thattherearepredicatesamb,in,in,out,out,openandopenwhich
relateambientstotheirgroupsandcapabilitiesandco-capabilitiestotheir
grouprestrictions,respectively.Thesepredicatesjointlyconstitutetheini-
tialinterpretationρ0consideredabove;henceitcanberepresentedbya
clauseclρ0althoughweshallprefernottodoso.

Inordertoenhancereadabilitywewillusestructuredterms.Forexample,
wewrite

∀∗,µ:prg(∗,amb(µ))⇒I(∗,µ)

insteadof:

∀∗,µ:(∃a:prg(∗,a)∧amb(a,µ))⇒I(∗,µ)

Inordertoremovethestructuredtermsinthespecificationbelow,wethus
havetoinverttheoccurringconstructorapplicationsbyintroducingasub-
sequentqueryofthepredicatecorrespondingtotheconstructor.Notethat
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∀?,µ:prg(?,amb(µ))⇒I(?,µ)

∀?,µ:prg(?,in(µ))⇒





I(?,in(µ))∧

∀µa,µp:



I(µ,in(µa,µ))∧
I(µp,µ)∧
I(µa,in(µ))∧
I(µp,µa)


⇒I(µ,µa)





∀?,µ:prg(?,out(µ))⇒





I(?,out(µ))∧

∀µa,µg:



I(µ,out(µa,µ))∧
I(µg,µ)∧
I(µa,out(µ))∧
I(µ,µa)


⇒I(µg,µa)





∀?,µ:prg(?,open(µ))⇒





I(?,open(µ))∧

∀µp:



I(µ,open(µp,µ))∧
I(µp,µ)∧
I(µp,open(µ))


⇒∀u:I(µ,u)

⇒I(µp,u)





∀?,µ,µ′:prg(?,in(µ,µ′))⇒I(?,in(µ,µ′))

∀?,µ,µ′:prg(?,out(µ,µ′))⇒I(?,out(µ,µ′))

∀?,µ,µ′:prg(?,open(µ,µ′))⇒I(?,open(µ,µ′))

TableII:AnalysisofDiscretionaryAmbients.

thisremovalintroducesoneextraclausevariable(asaabove)whosescope
isrestrictedbyanexistentialquantification.

Giventhisconvention,theanalysisisspecifiedbytheconjunctionofthe
setofclausesofTableII.Wereferto[24]foradetailedexplanationofthe
analysisandadiscussionofitspropertiesandonlyofferafewexplanations
here.Thefirstclausemerelyrecordsthefactthatifsomeambientgroupµ
occursinsidesomeotherambientgroup?intheoriginalprogramthenthis
shouldberecordedintheIrelation.Thelastthreeclausesareanalogous.
Fortheremainingthreeclausesobservethatthefirstconjunctofeachcon-
clusionisanalogoustoabove.Thesecondconjunctofeachconclusiontakes
careoftheoperationalsemantics:theconditionintheinnersquarebrackets
indicateswhenareductionispossibleandtheconclusionrecordstheresult
ofthereduction.

ItisimportanttoobservethattheclausesofTableIIhaveconstantsize
irrespectivelyofthesizeoftheambientprocessPconsidered:thelatter
onlyinfluencesthesizeoftherelationsprgetc.intheinitialinterpretation
ρ0.AlsoonemaycheckthattheclauseisindeedaclauseinALFPexcept
fortheomissionofconjunctionsbetweenthelines;inparticularthereisno
useofnegationandallrelationsareinthesamestratum.
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2.5AsymptoticComplexity

Thereisaratherstraight-forwardmethodforsolvinganALFPformulacl
thatgivesagoodindicationoftheworst-casecomplexity.Itproceedsby
instantiatingallvariablesoccurringinclinallpossibleways.Theresult-
ingsystemhasnofreevariablesandcanbesolvedbyclassicalsolversfor
alternation-freeBooleanequationsystems[13].Hereitisnaturaltoletthe
universeUconsistofthesetofatomsoccurringintherangeofσ0orρ0.

Proposition2.Theoptimalsolutionρexceedinganinterpretationρ0(i.e.
ρ⊇ρ0)ofaALFPformulacl(w.r.t.aninterpretationσ0oftheconstant
symbols)canbecomputedintime

O(#ρ+N
r
·n)

whereNisthesizeoftheuniverse,nisthesizeofcl,andristhemaxi-
malnestingdepthofquantifiersincland#ρisthesumofcardinalitiesof
predicatesρ(R).

Asimilarresultholdsforcheckingthatacandidatesolutionρisindeeda
solutiontocl.

Proof.Thefirstpartoftheresultisastraight-forwardextensionof
theproofofProposition1of[23](itselfextendingTheorem1of[19])andis
omitted.Thesecondpartoftheresultisachievedbycomputingtheoptimal
solutionρ′toclthatexceedsρandcheckingthatρ′=ρ.2

AsobservedbyMcAllester[19]forconventionalHornclauses,suchanap-
proachandsuchacomplexityboundisunsatisfactoryforprogramanalysis,
becauseitsuggestsanimplementationthatalwaysachievestheworst-case
complexity.Ratherwewouldlikeanimplementationthatwouldproduce
bettercomplexityinbenigncases.Thismotivatesthedevelopmentofthe
subsequentsections.

Tomakethepresentationmoreaccessibleweshallsubsequentlyassume
thattheclausesconsideredhaveconstantsize,i.e.thelengthneededto
writetheclauseisO(1).ThisisinlinewiththedevelopmentofSubsection
2.4wheretheprogramdependentinformationisdirectlycodedasrelations
(likeprg)intheinitialinterpretationρ0andwheretheanalysisitselfis
representedbyaclausewhosesizeisindependentofthesizeoftheprogram.

3.TheALFPChecker

TomakeiteasiertopresenttheALFPsolverinthenextsectionweshall
introduceasimplifiedversionofthealgorithmthatcanbeusedtocheck
whetheraformulaclistrueforfixedinterpretationsσ0andρoftheconstant
symbolsandthepredicatesymbols—thesolverwilladditionallycompute
theinterpretationofthepredicatesymbols.



           

10NIELSON,SEIDLANDRIISNIELSON

3.1PartialEnvironments

Tomimicthemodificationsoftheinterpretationofthevariablesinthe
semanticsinTableIthechecker(andthesolver)willoperateonpartialen-
vironmentsmappingvariablestoatomsoftheuniverse.Weshallconstruct
theenvironmentsinalazyfashionmeaningthatvariablesmaynothave
beengiventheirvalueswhenintroducedbythequantifiers,hencetheuseof
partialenvironments.Itisconvenienttorepresentthepartialenvironments
aslistsofpairs

η=(x1,d1)::···::(xn,dn)

wherethexiare(notnecessarilydistinct)variablesandthediareoptional
values,i.e.,eitheratomsorthespecialvalue2denotingthatsofarthevari-
ableis“unbound”.Twopartialenvironmentsη=(x1,d1)::···::(xn,dn)
andη′=(x′

1,d′
1)::···::(x′

n′,d′
n′)arerelatedwiththeordering

ηvη′

ifn=n′andforalli,xi=x′
iandwheneverdi6=2thendi=d′

i;thisex-
pressesthatη′ismoreinstantiatedthanη.Notethatthetwoenvironments
areonlyallowedtodifferinthesecondcomponentsofthepairs.

Apartialenvironmentηgivesrisetoaninterpretation[η]:X→Udefined
asfollows:

[(x,d)::η](y)=

{
difx=y
[η](x)otherwise

[ε](y)=σ0(y)

Weshallusethistoformalisetherelationshipbetweenpartialenvironments
andinterpretations.Aninterpretationσ:X→U(asusedinTableI)is
unifiablewithapartialenvironmentη,written

η¹σ
ifforallvariablesxeitherσ(x)=[η](x)or[η](x)=2.Notethatifηvη′

andη′¹σthenalsoη¹σ.
Themainauxiliaryoperationonenvironmentsisthefunctionunifywhich,

whengivenapartialenvironmentη,atuple(y1,···,yk)ofvariablesanda
tuple(a1,...,ak)ofatoms(representingatupleofsomek-arypredicate),
determinestheminimalmodificationη′ofηwith[η′]yi=aiforalliand
ηvη′;ifη′doesnotexistthenthecalltounifyfails.Formallywedefine
theoperationasfollows:

unify(η,(y1,···,yk),(a1,···,ak))=η[y17→a1]···[yk7→ak]

where

((x,d)::η)[y7→a]=





(x,a)::ηifx=yandd=a∨d=2

failifx=yandd6=a∧d6=2

(x,d)::(η[y7→a])otherwise

ε[y7→a]=

{
failifσ0(y)6=a
εotherwise
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Clearlyηvunify(η,(y1,···,yk),(a1,···,ak))wheneverthelatterdoesnot
fail.Henceunify(η,(y1,···,yk),(a1,···,ak))isthemostgeneralunifierofη
and(y1,a1)::···::(yk,ak).

3.2AbstractCharacterisationoftheChecker

GivenaclauseandasetEofpartialenvironmentsthecheckerwilldetermine
whetherornottheclausewillevaluatetotrueforallinterpretationsσthat
areunifiablewithapartialenvironmentfromE.Itdoessobyrecursively
processingtheclauseandbyupdatingthesetofpartialenvironmentsby
collectingthebindingsoftheinstantiatedvariables.Wheneveraquantified
subexpressionisencounteredwhichintroducesvariablex,weextendeachof
thepartialenvironmentswith(x,2)indicatingthatthevariablehasbeen
introducedbutitsvaluehasnotyetbeendetermined.Accordingly,whenever
thequantifiedsubexpressionisleft,thetop-mostoccurrenceofthevariable
xisdeletedfromthepartialenvironmentsandsincetheenvironmentsare
presentedaslists,theprevious(global)bindingofxwillbecomevisible
again.NewbindingsforvariablesareobtainedatthequeriesR(x1,···,xk):
heretheauxiliaryfunctionunifyisappliedtoeverypartialenvironmentηof
interest,thetuple(x1,···,xk)andeverytuple(a1,···,ak)belongingtothe
interpretationρ(R)ofR.Theresultingsetofmostgeneralunifiersisthen
propagatedfurtherthroughtheclause.

ThedetailsofthefunctionsaregiveninTableIIIandareexplainedbelow.
ThefunctionT•ρ[[cl]]isconcernedwiththeclauseswhereasTρ[[pre]]takescare
ofthepre-conditions.Bothfunctionsmakeuseoftheprefixingoperation::
thatisextendedinapointwisemannertosetsofpartialenvironments:

(x,d):̂:E={(x,d)::η|η∈E}

Observethatifη¹σthen(x,d)::η¹σ[x7→a]forsomea∈U:ifd=2

thenanyawilldoandotherwisetakea=d.
Similarly,theoperationtlreturningthetailofalistisextendedtosetsin

apointwisemanner;morespecifically:

tl(η)=

{
η′ifη=(x,d)::η′

failotherwise

t̂l(E)={tl(η)|η∈E∧tl(η)6=fail}

Notethattl(η)¹σdoesnotimplythatη¹σsinceηmayimposerequire-
mentsonthevalueofsomevariablex.However,itwillbethecasethat
η¹σ[x7→a]forsomea∈U(inparticularη[x]incaseitisnot2).

TheclausesdefiningTρ[[pre]]aremostlystraightforward:givenapre-
conditionpreandasetEofpartialenvironmentsitwillreturnasetof
furtherinstantiationsoftheseenvironmentsthatiscompatiblewiththere-
quirementsofpre.Theclauseforconjunctionexpressesthatfirstwemodify
thesetofpartialenvironmentsasrequiredbypre1andthissetisnextmod-
ifiedasrequiredbypre2.InthecaseofdisjunctionthesamesetEofpartial
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Tρ[[R(~x)]]E={η′|η∈E,~a∈ρ(R),η′=unify(η,~x,~a)6=fail}
Tρ[[¬R(~x)]]E={η′|η∈E,~a6∈ρ(R),η′=unify(η,~x,~a)6=fail}
Tρ[[pre1∧pre2]]E=Tρ[[pre2]](Tρ[[pre1]]E)

Tρ[[pre1∨pre2]]E=Tρ[[pre1]]E∪Tρ[[pre2]]E
Tρ[[∃x:pre]]E=t̂l(Tρ[[pre]]((x,2):̂:E))

Tρ[[∀x:pre]]E=t̂l(Tρ,U[[pre]]((x,2):̂:E))

whereTρ,a::U[[pre]]((x,d):̂:E)
=Tρ,U[[pre]](Tρ[[pre]]((x,a):̂:E))

Tρ,[][[pre]]E=E

T•ρ[[R(~x)]]E=∀η∈E:∀~a:unify(η,~x,~a)6=fail⇒~a∈ρ(R)

T•ρ[[1]]E=true

T•ρ[[cl1∧cl2]]E=T•ρ[[cl1]]E∧T•ρ[[cl2]]E
T•ρ[[pre⇒cl]]E=T•ρ[[cl]](Tρ[[pre]]E)

T•ρ[[∀x.cl]]E=T•ρ[[cl]]((x,2):̂:E)

TableIII:Abstractcheckingfunctions.

environmentsaremodifiedbypre1andpre2andwereturntheunionofthe
resultingsets.

Inthecaseofexistentialquantificationwefirstdeterminethepotential
extensionsofthegivenpartialenvironments;thenwereturntherelevant
partsoftheextendedenvironments.Inthecaseofuniversalquantification
wehavetoinspectalltheatomsoftheuniverseandfindtheextensionsof
Ethatarecompatiblewiththerequirementsofpre.Todosowerelyonan
enumerationoftheuniverseUandweintroducetheauxiliaryfunctionTρ,U
totraversealistUofatomsandsuccessivelybindtheatomstoxandmodify
thesetofpartialenvironmentstobecompatiblewiththerequirementsof
pre.InitiallywecallthefunctionwiththecompletelistingUoftheuniverse
(i.e.Tρ,U).NotethattherecursivestructureofTρ,Ureflectsthattheuniversal
quantificationbasicallyisaconjunctionoverthefulluniverse.

Thefollowingfactcanbeprovedusingstructuralinductionandisessential
forunderstandingthedetailsofTableIII:

Fact1.Ifη′∈Tρ[[pre]]Ethenthereexistsη∈Esuchthatηvη′.
ThismeansthatTρ[[pre]]Ealwaysmakesfurtherinstantiationsofthepartial
environmentsofE.WritingEforthesetofinterpretationsthatareunifiable
withapartialenvironmentfromE

E={σ|∃η∈E:η¹σ}
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wecanconcludethatTρ[[pre]]E⊆E.
Thecorrectnessofthespecificationcanbestatedasfollows:

Proposition3.Forallpre-conditionspre,clausescl,andsetsEofpartial
environments,thefollowingholds:

(1)Tρ[[pre]]E={σ|σ∈E∧(ρ,σ)|=pre}.
(2)T•ρ[[cl]]Eifandonlyif∀σ∈E:(ρ,σ)|=cl.

TheproofsarebystructuralinductionandmaybefoundinAppendixB.

Example4.ConsidertheformulaclofExample1specifyingthetransitive
closureTofapredicateE

∀x:∀y:E(x,y)⇒(T(x,y)∧(∀z:T(y,z)⇒T(x,z)))

andassumethatthepredicatesymbolsEandThavethefollowinginterpre-
tations:

ρ(E)={(a,b),(b,c),(c,b)}
ρ(T)={(a,b),(b,c),(c,b),(a,c),(b,b),(c,c)}

UsingthesemanticsofTableIitiseasytoseethattheformulaclistrue.
LetusseehowthesameresultisobtainedusingthespecificationofTable
III.

WeareinterestedinthevalueofT•ρ[[cl]]{[]}where[]istheemptypartial
environment.UsingtheequationsforT•ρweseethatweareinterestedin

T•ρ[[T(x,y)∧(∀z:T(y,z)⇒T(x,z))]]E

whereE=Tρ[[E(x,y)]]{(y,2)::(x,2)}.TheequationsforTρgive

E={(y,b)::(x,a),(y,c)::(x,b),(y,b)::(x,c)}

ItisnoweasytoverifythatT•ρ[[T(x,y)]]E=truebysimplyinspectingthe
definitionofρ(T).TurningtoT•ρ[[∀z:T(y,z)⇒T(x,z)]]Ewehavetocom-
puteT•ρ[[T(x,z)]]E′whereE′=Tρ[[T(y,z)]]((z,2):̂:E).Since

(z,2):̂:E={(z,2)::(y,b)::(x,a),(z,2)::(y,c)::(x,b),(z,2)::(y,b)::(x,c)}

weobtain:

E′={(z,b)::(y,b)::(x,a),(z,b)::(y,c)::(x,b),(z,b)::(y,b)::(x,c),
(z,c)::(y,b)::(x,a),(z,c)::(y,c)::(x,b),(z,c)::(y,b)::(x,c)}

ItisnoweasytoverifythatT•ρ[[T(x,z)]]E′=true.2
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3.3TheImplementation

WeshallnowdescribethemaincharacteristicsofanSMLimplementation
ofthechecker.

Theinterpretationofthepredicatesymbolsisgivenbyaglobaldatastruc-
turerho.Theoperationrho.hascheckswhetheratupleofatomsfrom
theuniverseisassociatedwithagivenpredicatesymbolandtheoperation
rho.subreturnsalistofthetuplesassociatedwithagivenpredicatesymbol:

typeuniv=(*theuniverse*)
typerho=(*theinterpretationofpredicates*)

rho.has:predicate*univlist->bool
rho.sub:predicate->(univlist)list

Thepartialenvironmentsareimplementedusingtheoptiondatatypeof
SML:

typeenv=(var*univoption)list

unify:env*varlist*univlist->envoption
unifiable:env*varlist->(univlist)list

Thefunctionunifyisasdescribedintheprevioussubsectionandagainthe
optiondatatypeisusedtosignalpotentialfailure.Thefunctionunifiable

returnsthesetoftuplesforwhichacallofunifywillsucceed.
Topreparefortheformulationofthesolverinthenextsectionweshall

useanon-standardrepresentationofthetruthvalues:trueisrepresented
bynormalterminationwiththeunitvalue()whereasfalseisrepresented
byraisingtheexceptionFF.

ThefunctioncheckimplementingTρ[[pre]]iswrittenincontinuationpass-
ingstyle

typecont=env->unit
check:pre*cont->cont

andthusisappliedtoapre-conditionpreandacontinuationKtogetherwith
apartialenvironmentη.ThepseudocodeispresentedinTableIVandis
explainedbelow.InthecaseofqueriesR(~x)wefirstconstructacontinuation
K′thatgivenatuple~aofRdeterminesthemostgeneralunifierof~xwith~a
relativetoηandpropagatesittoKifsuccessful;thenK′isappliedtoallthe
tuplesofRandtoexpressthiswemakeuseofthefunctionappthatapplies
afunctiontoeachelementofalistandreturnsthevalue():

funappf[]=()
|appf(x::xs)=(fx;appfxs)

Inthecaseofnegatedqueries¬R(~x)weconstructacontinuationK′thatis
appliedtoalltuplesthatareunifiablewith~xrelativetoη:givenatuple
~anotinRitconstructsthemostgeneralunifierof~xwith~arelativetoη
andpropagatesittothecontinuationK.Theremainingcasesofthefunction
checkfollowtheoverallpatternofTableIII.

ThefunctionexecuteimplementingT•ρ[[cl]]willconstructacontinuation

execute:cl->cont
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funcheck(R(~x),K)η=letfunK′~a=caseunify(η,~x,~a)of
NONE->()

|SOMEη′->K(η′)
inappK′(rho.subR)
end

|check(¬R(~x),K)η=letfunK′~a=ifrho.has(R,~a)
then()
elseK(unify(η,~x,~a))

inappK′(unifiable(η,~x))
end

|check(pre1∧pre2,K)η=check(pre1,check(pre2,K))η

|check(pre1∨pre2,K)η=check(pre1,K)η;check(pre2,K)η

|check(∃x:pre,K)η=check(pre,K◦tl)((x,NONE)::η)

|check(∀x:pre,K)η=letfuncheck′[]((x,)::η′)=K(η′)
|check′(a::U)((x,)::η′)

=check(pre,check′U)((x,SOMEa)::η′)
incheck′U((x,NONE)::η)
end

funexecute(R(~x))η=letfunK~a=ifrho.has(R,~a)
then()
elseraiseFF

inappK(unifiable(η,~x))
end

|execute1η=()

|execute(cl1∧cl2)η=executecl1η;executecl2η

|execute(pre⇒cl)η=check(pre,executecl)η

|execute(∀x:cl)η=executecl((x,NONE)::η)

TableIV:PseudoSMLcodefortheALFPchecker.

andthusisappliedtoaclauseclandapartialenvironmentη.Oncemore
thepseudocodeisdefinedinTableIVandagainmostofthecasesfollowthe
overallpatternofTableIIIsoweshallonlycommentonthecaseofassertions
R(~x).HerewefirstconstructacontinuationKthatcheckswhetheratuple
belongstoRandthen,usingtheappfunction,itisappliedtoallthetuples
thatareunifiablewith~xrelativetoη.

TherelationshipbetweenTablesIIIandIVcanbestatedasfollows:

Proposition4.Assumethattheglobaldatastructurerhocontainstheso-
lutionρ.Thenforallpre-conditionspre,clausesclandsetsEofpartial
environments,thefollowinghold:

◦Tρ[[pre]]Eequalsthesetofpartialenvironmentswhichonsomecall
check(pre,K)η,η∈E,arepropagatedtothecontinuationK;and

◦T•ρ[[cl]]Eholdsifandonlyifallcallsexecuteclη,η∈E,terminate
with().



               

16NIELSON,SEIDLANDRIISNIELSON

finalvalue
ofrho(R)



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
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


}
addingtuplestorho(R)givesriseto
reactivatingpreviouscomputations 




intermediatevalueofrho(R)

Fig.1:Previouscomputationsareresumedwhennewtuplesareadded.

4.TheALFPSolver

Thesolverdiffersfromthecheckerinthatitadditionallyconstructsthe
interpretationρofthepredicatesymbols.Asbeforewemaintainaglobal
datastructurerhocorrespondingtoρ;itisupdatedbymeansofsideeffects
anduponterminationofthesolveritwillbeguaranteedthattheclauseis
satisfied(withrespecttothefixedinterpretationσ0ofvariables).However,
sinceρisnotcompletelydeterminedfromthebeginningitmayhappenthat
somequeryR(x1,···,xk)insideapre-conditionfailstobesatisfiedatthe
givenpointintime,butmayholdinthefuturewhenanewtuple(a1,···,ak)
hasbeenaddedtotheinterpretationofR.Ifwearenotcarefulwewillthen
losetheinfluencethatadding(a1,···,ak)toRwillhaveonthecontentsof
otherrelations.ThisisillustratedinFigure1andgivesrisetointroducing
yetanotherglobaldatastructureinflrecordingcomputationsthathaveto
beresumedforthenewtuples.Weexplainthedetailsbelow.

4.1TheImplementation

Theglobaldatastructurerhoisusedforrecordingthecurrentlyknown
tuplesofpredicates.Accordingly,itallowsaddingnewtuplestopredicates
and,asintheprevioussection,checkingforthepresenceoftuplesaswell
asretrievingwholerelations:

rho.add:predicate*univlist->unit
rho.has:predicate*univlist->bool
rho.sub:predicate->(univlist)list

AsmentionedaboveitmayhappenthatsomequeryR(x1,···,xk)insidea
pre-conditionfailstotobesatisfiedinthecurrentenvironment,butmayhold
inthefuturewhensomenewtupleshavebeenaddedtotheinterpretation
ofR.Inthiscase,weresidualisethecurrentcomputationbyconstructing
aconsumerforRandbyrecordingitinaglobaldatastructurecalled
infl.Whenactivated,thisconsumerwillperformactionscorrespondingto
thoseofthecheckingroutine:itwillcallthefunctionunifyfollowedbythe
correspondingcontinuationofthecheckroutine.Accordingly,wheneverthe
functionexecuteaddsanewtuple(a1,···,ak)totheinterpretationofR,
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funcheck(R(~x),K)η=letfunK′~a=caseunify(η,~x,~a)of
NONE->()

|SOMEη′->K(η′)
in(infl.register(R,K′);

appK′(rho.subR))
end

|check(¬R(~x),K)η=letfunK′~a=ifrho.has(R,~a)
then()
elseK(unify(η,~x,~a))

inappK′(unifiable(η,~x))
end

|check(pre1∧pre2,K)η=check(pre1,check(pre2,K))η

|check(pre1∨pre2,K)η=check(pre1,K)η;check(pre2,K)η

|check(∃x:pre,K)η=check(pre,K◦tl)((x,NONE)::η)

|check(∀x:pre,K)η=letfuncheck′[]((x,)::η′)=K(η′)
|check′(a::U)((x,)::η′)

=check(pre,check′U)((x,SOMEa)::η′)
incheck′U((x,NONE)::η)
end

funexecute(R(~x))η=letfunK~a=ifrho.has(R,~a)
then()
else(rho.add(R,~a);

app(fnK′=>K′~a)
(infl.consumersR))

inappK(unifiable(η,~x))
end

|execute1η=()

|execute(cl1∧cl2)η=executecl1η;executecl2η

|execute(pre⇒cl)η=check(pre,executecl)η

|execute(∀x:cl)η=executecl((x,NONE)::η)

TableV:PseudoSMLcodefortheALFPsolver.

thelistofconsumerswaitingfornewtuplesofRisactivated,andthereby
thecorrespondingcomputationsareresumed.Theoperationsonthedata
structureinflareasfollows:

typeinfl=(*thedatastructureofwaitingconsumers*)
typeconsumer=univlist->unit

infl.register:predicate*consumer->unit
infl.consumers:predicate->consumerlist

Bothrhoandinflwillgrowmonotonicallyastimeprogresses.Aswas
thecaseforthecheckerintheprevioussection,thefunctioncheckisapplied
toapairofapre-conditionpreandacontinuationKtogetherwithapartial
environmentη.MostcasesofthedefinitioninTableVareasbefore.Fora
queryR(~x)weconstructacontinuationK′asbefore;however,itisregistered
asapotentialconsumerofnewtuplesofRbeforebeingcalledforalltuples
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whichalreadyareincludedintheinterpretationofR.
Beforeturningtonegatedqueries,weshallobservethataccordingtothe

last-in-first-outdisciplineoftheruntimestackofSMLfunctioncalls,the
solveronlyproceedstotheexecutionofthenextstratumofaclause,when
theexecutionofthepreviousstratatogetherwithalltriggeredcallstocon-
tinuationshavefinished.Consequently,thesolverstabilisesallpredicates
relativetoallclausesconsideredsofar,implyingthattheclausesofthe
nextstratumintheinputclausearenotprocessedbeforeallpredicatesin
thepreviousoneshavedefinitelystabilised.Thismeansthatoursolving
strategynaturallyrespectsthestratificationinthesensethatnotupleis
addedtoarelationofrankjbeforeallrelationsofranklessthanjhave
obtainedtheirfinalcontent.Thus,fordealingwithnegatedqueries¬R(~x),
noregistrationofconsumersisnecessary.

Turningtothefunctionexecute,itisappliedtoaclauseclandapartial
environmentηaswasalsothecaseforthecheckerintheprevioussection.
MostcasesofthedefinitioninTableVareasbefore.ForanassertionR(~x)
weconsiderasbeforealltuples~athatareunifiablewith~xintheenvironment
η;however,if~aisnewthenweaddittotherelationforRandwemake
suretoapplyeachoftheconsumersK′thathavebeenregisteredforRto~a.

Example5.ReturningtoExample4letusseehowthesolvercomputes
thetransitiveclosureTofapredicateE.Assumethatinitiallythedata
structuresrhoandinflareasfollows

rho(E):[(a,b),(b,c),(c,b)]infl(E):[]
rho(T):[]infl(T):[]

sothatinparticulartherearenoconsumersregisteredwithanyofthe
predicates.Weareinterestedintheresultofthecall:

execute(∀x:∀y:E(x,y)⇒(T(x,y)∧(∀z:T(y,z)⇒T(x,z))))[]

Thisgivesrisetothecall:

check(E(x,y),KE)((y,2)::(x,2))

whereKE=execute(T(x,y)∧(∀z:T(y,z)⇒T(x,z)))

Forthesakeofreadabilitywewrite2forNONEandomittheconstructor
SOMEbelow.AtthisstageweregisteraconsumerforE

infl(E):[fn(ax,ay)=>KE((y,ay)::(x,ax))]

totakecareofpotentialfutureadditionstoEandfurthermore,wecallthis
consumeronthepairsofrho(E)oneatatime.

Letusconsiderthepair(a,b).FirsttheconjunctT(x,y)givesriseto
updatingtherhodatastructureforTwiththepair(a,b)andsinceno
consumershavebeenregisteredwithTsofarnofurtheractionsaretriggered.
Nexttheconjunct∀z:T(y,z)⇒T(x,z)givesrisetoupdatingtheinfldata
structuresoweget

rho(T):[(a,b)]infl(T):[Kab]
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where:

Kab=fn(ay,az)=>ifay=b
thenexecute(T(x,z))((z,az)::(y,b)::(x,a))
else()

Informally,whenKabiscalledonapair(b,z)itconstructsanewpair(a,z)
tobeincludedinrho(T).AtthispointKabiscalledonthecurrentpairsof
rho(T)butthishasnoeffectsincerho(T)doesnotyetcontainanypairs
withbasfirstcomponent.

Considernowthepair(b,c)inrho(E).FirsttheconjunctT(x,y)ofthe
formulagivesrisetoupdatingtherhodatastructureforTwith(b,c),this
triggerstheapplicationoftheconsumerKabassociatedwithTon(b,c)and
thiscausesthepair(a,c)tobeaddedtorho(T)aswell.TheconsumerKabis
alsocalledon(a,c)butthishasnoeffect.Nexttheconjunct∀z:T(y,z)⇒
T(x,z)givesrisetotheconstructionofanewconsumerKbcassociatedwith
Tintheinfldatastructuresoweget

rho(T):[(a,b),(b,c),(a,c)]infl(T):[Kab,Kbc]

where:

Kbc=fn(ay,az)=>ifay=c
thenexecute(T(x,z))((z,az)::(y,c)::(x,b))
else()

Asbefore,whenKbciscalledonapair(c,z)itconstructsanewpair(b,z)
tobeincludedinrho(T).AtthispointKbciscalledonthecurrentpairsof
rho(T)buthasnoeffectsincerho(T)doesnotyetcontainanypairswithc
asfirstcomponent.

Finallyconsiderthepair(c,b)inrho(E).FirsttheconjunctT(x,y)ofthe
formulaensuresthat(c,b)isaddedtorho(T)andtheconsumersKabandKbc
currentlyassociatedwithTwillensurethatalso(b,b)isaddedtorho(T).
Thetwoconsumersarealsocalledon(b,b)butthishasnoeffect.Nextthe
secondconjunct∀z:T(y,z)⇒T(x,z)givesrisetotheconstructionofa
newconsumerKcbassociatedwithT;atthisstagetherhoandinfldata
structuresare

rho(T):[(a,b),(b,c),(a,c),(c,b),(b,b)]infl(T):[Kab,Kbc,Kcb]

where:

Kcb=fn(ay,az)=>ifay=b
thenexecute(T(x,z))((z,az)::(y,b)::(x,c))
else()

Asbefore,whenKcbiscalledonapair(b,z)itconstructsanewpair(c,z)
tobeincludedinrho(T).AtthispointKcbiscalledonthecurrentpairsof
rho(T)andthisgivesrisetoadding(c,c)torho(T):

rho(T):[(a,b),(b,c),(a,c),(c,b),(b,b),(c,c)]

ThethreeconsumersKab,KbcandKcbofinfl(T)arenowcalledonthenew
pair(c,c)butthishasnoeffect.Thiscompletesthecomputationofthe
transitiveclosureofthepredicateE.2
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4.2OptimisingTailRecursion

Toobtaingoodrunningtimesofthesolveritisessentialtoexploittheuse
oftailrecursiontothefullest.Indeed,atqueriesR(~x),thefunctioncheck

callsthefunctionapptail-recursively—meaningthatthestackframeforan
originalcallofcheckcanbere-usedbythisfinalcall.Theimplementation
ofapp,however,asprovidedbyversion110.0.7oftheSMLstandardlibrary
isgivenby:

funappf[]=()
|appf(x::xs)=(fx;appfxs)

Thus,thecalloffforthelastelementinthelistisnotatailcall—
whichmeansthatthestackisnottrimmedasearlyaspossible.Thebetter
implementationofappwhichisthereforeappropriatehereaddsanextra
caseforone-elementlists:

funappf[]=()
|appf[x]=fx
|appf(x::xs)=(fx;appfxs)

Now,thelastcallofffora(non-empty)listisatailcall—implyingthat
thestackframeforapp(whichwastakenfromthecalltothefunction
check)isnowre-usedbythelastcalltothefunctionf.Asimilarargument
showsthatthemodifiedappalsoimprovestheconsumptionofstackspace
inthenestedapplicationofappatassertions.Experimentsindicatethat
thisoptimisationreducesruntimesconsiderableinthosecaseswherespace
consumptioniscritical.

4.3PrefixTrees

Twoproblemswithstandarapidpropagationofnewtuplesofapredicate
Rtoallplaceswheretheyarequeried:

◦Givenanargumentlist(x1,···,xk)togetherwithapartialenviron-
mentηhowdoweefficientlyfindallthetuplesofapredicatethat
possiblyareunifiablewith(x1,···,xk)relativetoη?

◦Howdowemaintaintheconsumersinsuchawaythattheyareeasy
toregisterandsuchthatallregisteredconsumersthatarepotentially
applicabletonewtuplescanbeaccessedefficiently?

Thefirstproblemisconcernedwiththeefficiencyoftheapplicationofthe
app-functioninthedefinitionofthecheck-functiononqueriesoftheform
R(x1,···,xk)inTableV.Thesecondproblemisconcernedwiththeeffi-
ciencyoftheinneroccurrenceoftheapp-functioninthedefinitionofthe
execute-functiononassertionsoftheformR(x1,···,xk).

Differentconsumersforthesametuple(a1,···,ak)ofak-arypredicate
maycorrespondtoquerieswheredifferentsubsetsofargumentpositionsare
boundintheenvironment.Anobviousideathereforeconsistsingrouping
theconsumersaccordingtothesesubsets.Therecould,however,beasmany
as2knon-emptysubsetsofconsumerswaitingtounifywith(a1,···,ak).
Organizingandmaintainingaccesstotheseisawkwardandincursoverhead.
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Fig.2:Prefixtreeforrho(T)=[(a,b),(b,c),(a,c),(c,b),(b,b),(c,c)].

Inordertosolvethetwoproblems,letusforamomenttradeefficiency
againstgeneralityandabandonefficientsupportforallpossiblequerypat-
terns.Instead,wearrangethesetofallcurrentlyknowntuplesofthek-ary
predicateRintoaprefixtree.Theprefixtreecanbeimplemented,e.g.,by
usinganextensiblearraytostoreforeachnodevofthetreethelistofall
currentlyavailablesuccessoratoms,togetherwithahashtabletomappairs
〈v,a〉ofnodesvandatomsatosuccessornodes.

Example6.ReturningtoExample5werepresentthepredicaterho(T)=
[(a,b),(b,c),(a,c),(c,b),(b,b),(c,c)]usingtheprefixtreeofFigure2.2

Thetreerepresentationallowsustoimplementafunctionrho.subSwhich,
givenapredicateRandaprefix(a1,···,ai),rapidlyenumeratesallsuffixes
(ai+1,···,ak)satisfyingthat(a1,···,ai,ai+1,···,ak)iscontainedinrho(R):

rho.subS:predicate*univlist->univlist

Giventhisfunction,wecanreplacetheoccurrenceof

appK′(rho.subR)

inthedefinitionofthecheck-functionforR(~x)with

letval~a1=first(η,~x)
inapp(fn~a2=>K′(~a1@~a2))(rho.subS(R,~a1))
end

wherewewrite~a1@~a2fortheconcatenationoftwotuplesandwherethe
functionfirsttakesapartialenvironmentηandatuple~xofargumentsand
returnstheuniquetuple~a1ofatomscorrespondingtothemaximalprefix
of~xwhosevariablesareallinstantiatedinη.

Example7.ReturningtoExample5letusassumethatrho(E)additionally
containsthepair(d,a).ThefirstconjunctT(x,y)oftheformulawilladd
(d,a)torho(T)andthencalltheconsumersKab,KbcandKcbon(d,a)but
theywillhavenoeffect.Nextthesecondconjunct∀z:T(y,z)⇒T(x,z)
willconstructanewconsumerKda

Kda=fn(ay,az)=>ifay=a
thenexecute(T(x,z))((z,az)::(y,a)::(x,d))
else()
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tobeassociatedwithTandKdawillbeappliedtoallthepairscurrently
inrho(T).Theoptimisedalgorithmrealisesthatonlypairswithaasfirst
componentareofinterestandhencerho.subSonlyreturnsthelist[b,c]of
potentialsecondcomponentssothattheconsumerKdaisonlyappliedtothe
pairs(a,b)and(a,c)(therebyadding(d,b)and(d,c)torho(T)).2

Turningtotheconsumerswenowobservethatwealsoneedtoletthe
consumersofak-arypredicateRregisterforthesetofsuffixesforagiven
prefix.Thisimpliesthatthereareatmostk+1setsofconsumerswaitingfor
eachnewtuple(a1,···,ak)ofR.Also,thewaitingconsumersaremaintained
inaprefixtreeofdepthatmostkwhosenodescorrespondtothepossible
prefixes(a1,···,ai).Inparticular,allpotentialconsumersofasingletuple
(a1,···,ak)canbecollectedbytraversingonebranchinthetree.Thisdata
structureofwaitingconsumerscanbeimplementedagainbyanextensible
arrayandahashtable.Asbefore,thehashtablemapspairs〈v,a〉ofnodes
vandatomsatosuccessornodesinthetree.Theextensiblearray,however,
nowreturnsforeachnodeinthetreethesetofconsumerswaitingforsuffixes.
Thisfunctionalityisprovidedbythetwofunctionsinfl.registerSand
infl.consumersSwhosetypesare:

infl.registerS:predicate*consumer*univlist->unit
infl.consumersS:predicate*univlist->consumerlist

Giventhesefunctions,wecanreplacetheoccurrenceof

infl.register(R,K′)

inthedefinitionofthecheck-functionforR(~x)with

letval~a1=first(η,~x)
ininfl.registerS(R,K′,~a

1)
end

Furthermore,theoccurrenceof

app(fnK′=>K′~a)(infl.consumersR)

inthedefinitionoftheexecute-functionforR(~x)canbereplacedwith

app(fnK′=>K′~a)(infl.consumersS(R,~a))

AssumingthathashtablelookupsandinsertionscanbedoneintimeO(1),
wethenconcludethatcollectingallconsumersforatuple(a1,···,ak)ofa
predicateRamountstok+1lookupsintheprefixtreeandaconcatenation
ofk+1setsofconsumers.Thus,itcanbeexecutedintimeO(k+1+n)
wherekisthearityofthepredicateR,andnisthesizeoftheresultingset
ofconsumers.

Example8.Theconsumersofthefinalversionofinfl(T)inExample5
canbearrangedintotheprefixtreeofFigure3.Letusnowassumethat
rho(E)additionallycontainsthepair(b,d).TheclauseT(x,y)thenensures
thatitisaddedtorho(T)andintheoptimisedalgorithmonlyconsumers
correspondingtotheprefixbwillbecalled,i.e.onlyKabandKcb.2
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Fig.3:Prefixtreeforinfl(T)=[Kab,Kbc,Kcb].

4.4Memoisation

Whileevaluatingacallcheck(pre,K)η,thecontinuationKmaybecalled
morethanonceforthesamepartialenvironmentη′.Thismayhappenat
disjunctionspre1∨pre2whereη′satisfiesbothpre1andpre2.Itmayalso
happenatexistentialquantifications∃x:prewhereprecanbesatisfiedfor
differentvaluesofxin(x,···)::η′.

Inordertoavoidthisunnecessaryduplicationofwork,wemayaddmemo-
isationateveryoccurrenceofapre-conditionpre;thisamountstorecording
thesetofenvironmentsη′forwhichthegivencontinuationhasalreadybeen
called.Thisschemethencanbeoptimised(forspace)insuchawaythatwe
avoidtheextrabook-keepinginasmanyplacesasissafelypossible.Inprac-
tice,weplacememoisationonlyatoutermostoccurrencesofdisjunctionsor
existentialquantifications.

Inparticular,weomitmemoisationatconjunctions.Thereasonistwofold:

◦Inabsenceofdisjunctionsorexistentialquantifications,noduplication
ofworkcanoccur.

◦Ifmemoisationoccursatalldisjunctionsandexistentialquantifica-
tions,theneverycontinuationKiscalledwiththesameenvironment
η′onlyaboundednumberoftimes.

Asanillustratingexample,considertheclause:

R(a)∧S(a,a)∧∀x:∀y:(R(x)∨R(y))∧S(x,y)⇒T(x,y)

andassumewehavememoisationatexistentialsanddisjunctions.Thetwo
environmentsgeneratedbycheckingthedisjunctionare:

η1=(x,a)::(y,2)andη2=(x,2)::(y,a)

WhenpropagatedtothequeryS(x,y)weperformunificationwiththetuple
(a,a)andinbothcasesobtaintheenvironment:

η=(x,a)::(y,a)

Ingeneral,allη′which,afteraquery,resultinthesameenvironmentηmust
agreeonalljointlyinstantiatedvariablesandthusmaydifferonlyontheset
ofvariablessofaruninstantiated.Astheformulahasboundedsize,these
arejustboundedlymany.
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4.5EstimatingtheComplexity

Forthefollowing,weassumethatthealgorithmisequippedwithamem-
oisationschemesuchthatnocontinuationiscalledtwicewiththesame
argument.Wealsoassumethatthedatastructuresexplainedinthissec-
tionforimplementingrhoarealsousedbythechecker.

Wenowstatethefundamentalobservationthatcomputingthesolutionto
aclauseisnomoreexpensive,asymptotically,thancheckingtheresult:

Proposition5.AssumethatclisanALFPformulaofconstantsize.Let
ρ0denoteaninterpretationandρtheoptimalsolutionofclexceedingρ0

(i.e.ρ0⊆ρ).Lett0andtbetheruntimesofthesolverwhenstartedonρ0

andρ,respectively,andlett′betheruntimeofthecheckerwhenstartedon
ρ.

Thent0≤c·tandt≤c′·t′forconstantscandc′independentofthe
relationsinρ.

Proof.Letπ0andπbethefixpointcomputationsofthesolverwhen
startedonρ0andρ,respectively,andletπ′bethecomputationsofthe
checkerwhenstartedonρ.

Theonlyactionsofπnotperformedbyπ′aretheregistrationofcon-
sumers;however,thesearedominatedbythenumberofcallsoncheckand
hencebytheruntimeofπ′.Hencetmayexceedt′onlybyaconstantfactor.

Concerningπandπ0thefollowingholds:

◦Thefixpointcomputationπ0performsthesamecallscheck(pre,K)η,
executeclη,infl.register(η,~x,~a),andunify(η,~x,~a)asπ—only,
perhaps,inadifferentordering.

◦Theonlyadditionalworkofπ0consistsindeterminingthesetsof
consumersforthetuplesnewlyaddedtotherelations.

Accordingtotheimplementationofinfl.consumersSasdescribedinsub-
section4.3andourassumptionthatthesizeofcl,andthereforealsoall
aritiesofoccurringpredicates,areO(1),weknowthattheruntimeofeach
individualcallinfl.consumersS(R,~a)isproportionalto1plusthenum-
berofreturnedconsumers.Thus,thetotaladditionaltimespentbyπ0is
O(P+Q)wherePequalsthetotalnumberofcallsinfl.consumersS(R,~a),
andQequalsthetotalnumberofreturnedconsumers.ThevaluePis
boundedbythetotalnumberofcallsexecutecl′ηwherecl′isanassertion.
Aseachconsumercausesacalltounify,wededucethatQisboundedby
thetotalnumberofcallstounify.Consequently,thesumP+Qisbounded
bythetotalruntimeofthesolveronρ—implyingthatthetimet0may
exceedthetimetonlybyaconstantfactor.2

ApropositionsimilartoProposition5hasbeenstatedbyMcAllesterfor
hisalgorithmandordinaryHornclauses[19].Thankstothisproposition,
itsufficestodeterminethecomplexityofthesolverforcheckingasolu-
tion.Andinfact,thecorrespondingworkincurredbydifferentsyntactical
componentsoftheclausecanbecalculatedinacompositionalmanner.
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Cρ[[R(~x)]]E=#{〈η,~a〉|η∈E,(first(η,~x))@~a∈ρ(R)}
Cρ[[¬R(~x)]]E=∑

η∈E(#U)
#free(η,~x)

Cρ[[pre1∧pre2]]E=Cρ[[pre1]]E+Cρ[[pre2]](Tρ[[pre1]]E)

Cρ[[pre1∨pre2]]E=Cρ[[pre1]]E+Cρ[[pre2]]E
Cρ[[∃x:pre]]E=Cρ[[pre]]((x,2):̂:E)

Cρ[[∀x:pre]]E=Cρ,U[[pre]]((x,2):̂:E)

whereCρ,a::U[[pre]]((x,d):̂:E)
=Cρ[[pre]]((x,a):̂:E)

+Cρ,U[[pre]](Tρ[[pre]]((x,a):̂:E))

Cρ,[][[pre]]E=#E

C•ρ[[R(~x)]]E=#{〈η,~a〉|η∈E,~a∈ρ(R),unify(η,~x,~a)6=fail}
C•ρ[[1]]E=#E
C•ρ[[cl1∧cl2]]E=C•ρ[[cl1]]E+C•ρ[[cl2]]E
C•ρ[[pre⇒cl]]=Cρ[[pre]]E+C•ρ[[cl]](Tρ[[p]]E)

C•ρ[[∀x:cl]]E=C•ρ[[cl]]((x,2):̂:E)

TableVI:Thecostsofpre-conditionsandclauses.

BasedonthefunctionsTρandT•ρofSection3,wedefineinTableVI
thefunctionCρforcalculatingthecostsincurredbypre-conditions,and
thefunctionC•ρforcalculatingthecostsincurredbyclauses,onanysetof
arrivingenvironments.Here,firstisasbeforeandfree(η,~x)returnsthe
setofvariablesfrom~xwhicharenotinstantiatedinη.

Notethatweessentiallycountforeverypre-condition,thenumberofsat-
isfyingenvironments.Thisgeneralisestheintuitiveideaofcountingprefix
firingsinthemannerusedbyMcAllesterforhisalgorithmandthespecial
caseofHornclauses[19].Incaseofqueries,ourestimationadditionallytakes
intoaccountthatourrelationsarestoredinprefixtrees—thusweonlysup-
portrapidenumerationofsub-relationsforgivenprefixesoftuples.Incase
ofnegatedqueries,wetakeintoaccountthatthesolverhastoenumerateall
possibleinstantiationsofthevariableswhicharenotalreadyinstantiatedin
theenvironment.Incaseofuniversalquantifications,wecalculatethecosts
ofiteratingthroughallpossiblebindingsfortheboundvariable.

Ourfirstmaintheoremconcernsthechecker;notethatitcouldnotbe
stateduntiltheintroductionofprefixtrees:

Theorem1.AssumethatclisanALFPformulaofconstantsize.Then
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thesolutionρcanbecheckedbythecheckerofTableIVintime

O(#ρ+C•ρ[[cl]]E0)

wherethesetE0consistsofthesingleinitialenvironment[].

ForaformalproofseeAppendixC.Wenowstateasimilartheoremforthe
solver:

Theorem2.AssumethatclisanALFPformulaofconstantsize.Then
theleastsolutionρexceedingsomeinterpretationρ0(i.e.ρ0⊆ρ)canbe
computedbythesolverofTableVintime

O(#ρ+C•ρ[[cl]]E0)

wherethesetE0consistsofthesingleinitialenvironment[].

ThisresultisanimmediatecorollaryofTheorem1andProposition5.These
theoremsdemonstratethatitisnotonlypossibletosuccinctlyexpressal-
gorithmicinsightsinfunctionallanguagesbutthatitisalsopossibleto
elegantlyperformthenecessarycomplexitycalculations.

5.Pragmatics

WehaveimplementedthesolverforALFPformulaeusingSMLofNewJer-
sey.Inordertoexperimentwiththesolverwehaveimplementedanumber
offrontendsforvariousprogrammingcalculi.Here,weshallreportonthe
highlightsofsomeexperimentsperformedforDiscretionaryAmbients[24]
basedontheanalysisofSubsection2.4;wereferto[5]forthefullsetof
experiments.

Weshallreportonthreegroupsofexperiments:(1)rearrangementofar-
gumentsofpredicates,(2)rearrangementsofconjunctionsinpre-conditions
and(3)limitingthescopeofvariables.Similarkindsof“optimisations”
havebeenstudiedquiteextensivelyalsorelatedtoBDD-andSAT-based
modelchecking[2],logicprogramminganddeductivedatabases[11,28].

5.1ExperimentalSet-up

TheanalysesarebasedonthespecificationofSubsection2.4andherewe
considerascalableprogramwhereasinglepacketpisroutedthrougha
networkofm×msites,eachsitesi,jcontainsaroutingtablethatnon-
deterministicallydirectsthepackettositesi+1,j(ifi<m)ortositesi,j+1

(ifj<m).Thecardinalityoftheuniverseofinterestforaprocesswith
anm×mnetworkisO(m2)andthisisalsothesizeoftheprocessand
thesizeofthesolutiontotheanalysisproblem.Thetheoreticalruntimes
fortheanalysisiscubicinthesizeoftheuniverseasmaybecalculated



        

ASUCCINCTSOLVERFORALFP27

usingTheorem1;thiscorrespondstoO(m6).Asweshallseewecanobtain
substantiallybetterresultsinpracticebycarefullytuningtheclauses.

ThetimeusedbythesolverismeasuredastheCPU-timeusedbythe
SMLimplementation.Theexecutiontimeissplitintotwocontributions:

◦Thetimefortheinitialisationphase:thisincludesthetimeittakesto
loadtheanalysisclausefilesandtogenerateandrepresenttheprg-
relationoftheexampleprocessinthedatastructuresofthesolver.

◦Thetimeforsolvingtheclosureconditionoftheanalysis.

Weonlyreportonthesolvingtimeexcludingthetimespentongarbage
collection;inourviewtheexecutiontimesincludinggarbagecollectionare
lessinformativeastheyshowgreatvariationwhenthesameexperimentis
repeated.

Havingmeasuredtheexecutiontimeofthesolveritisofinteresttosee
howitrelatestothesizeoftheuniverseandtherebythesizeoftheambient
process.Forsimplicityweassumethattheexecutiontimetforthesolving
phasecanbeexpressedas

t=c·m
r

forsomenumberr—therebyignoringthatthemeasuredtimesmaycontain
contributionsfrompolynomialsoflowerdegree.Insubsequentfigureswe
shallplotcorrespondingvaluesoftandmonadoublelogarithmicscale;
inthisformtheformulaamountstologt=logc+r·logm.Inorderto
estimatecandr,themeasuredtimesarefittedtothisdoublyalgorithmic
modelbyaleast-squarefit.

5.2TheOrderofArgumentsofPredicates

Recallthatthesolverusesprefixtreestorepresentrelationsmeaningthat
preferencesaregiventocertainquerypatternsandimposingapotential
largepenaltyonotherquerypatterns.Ifsupportforafurtherquerypattern
ofak-arypredicateRisdemanded,thenitcanbeobtainedthrougha
source-to-sourcetransformation—similarinspirittothesecondlastrule
ofMcAllesterintheproofofTheorem3of[19].Forexample,ifwewould
liketoquerytheternarypredicateRwherethelastargumentisbound,we
introducethenewclause

∀x1:∀x2:∀x3:R(x2,x3,x1)⇒R′(x1,x2,x3)

thatdefinesR′intermsofRandwereplacethecorrespondingqueryof
R(a2,a3,a1)byR′(a1,a2,a3);nootherchangesarenecessary.

Clearly,wecouldtabulateforeachoccurrenceofaqueryR(x1,···,xk)a
separatecopyoftherelationforRwherethesubsetofinstantiatedvariables
doesnotformaprefixofthesequencex1,···,xk.Wemight,however,
exploittheprefixtreeimplementationandtrytocoverseveralnon-prefix
querypatternsbyonesuitablypermutedrepresentationoftherelation.In
general,wehavethefollowingoptimisationproblem:
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Fig.4:Theimpactofreorderingargumentsofpredicates.

GivenasetSofsubsetsS⊆{1,···,k}ofinstantiatedcompo-
nentshowdoweconstructaminimalsetΠofpermutationsπof
{1,···,k}suchthateachsubsetS∈Sisaprefixofsomeπ∈Π.

Weuseasimplegreedyheuristics:Weiterativelyextractamaximalchain
S1⊂...⊂SfofsetsinSforwhichasupportingpermutationisderived.
ThenthechainisremovedfromS.WerepeatthesestepsuntilSisex-
hausted.

Example9.Toillustratetheimportanceoftheorderingofthearguments
ofpredicateswehaveexperimentedwithaversionofthesolverwithoutan
implementationoftheaboveheuristics.Wehaveconsideredfourdifferent
versionsoftheanalysisofTableIIcorrespondingtopermutationsofthe
argumentsofthetwopredicatesprgandI.Bothpredicatesexpressa
father-sonrelationshipsowehavefourvariations:

Iprg
fsfs(father,son)(father,son)
fssf(father,son)(son,father)
sffs(son,father)(father,son)
sfsf(son,father)(son,father)
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Forcomparisonwehavealsoperformedtheexperimentonthefsfsversion
oftheanalysis(correspondingtoTableII)withthesolverincludingthe
aboveheuristics.Figure4showstheresultoftheexperimentsonadouble
logarithmicscale:thetimetisonthey-axisandtheparametermisonthe
x-axis.WeseefromFigure4thatconsiderableimprovementsareobtained
whenusingthesolver’sabilitytogenerateandmaintainmultiplecopiesof
predicates.2

5.3TheOrderofConjunctsinPre-conditions

Pre-conditionsareevaluatedfromlefttorightandinthecontextofan
environmentη.WhencheckingaquerytoapredicateRtheevaluationof
theremainderofthepre-conditionisperformedforallthenewenvironments
η′obtainedbyunifyingηwithatuplecurrentlyinR.Iftheunificationfails
thennofurtherworkisdone.Thusweshouldtrytoarrangetheconjuncts
ofapre-conditionssuchthattheunificationsfailasearlyaspossible.

Toillustratethisconsidertheclause

∀x:R(x,a)∧R(b,x)⇒Q(x)

whereaandbareconstants.Initially,thequeryR(x,a)isevaluatedand
unificationisperformedwitheverypairinR;thiswillsucceedforallpairsof
Rwithaasthesecondcomponent.ForeachoftheseenvironmentsR(b,x)
isevaluated.

Now,supposewehaveaprioriknowledgethatthepredicateRcontains
manypairswithaassecondcomponentbutonlyfewwithbasthefirst
component.Inthiscase,rearrangingtheconjunctsinthepre-condition,i.e.
theclause

∀x:R(b,x)∧R(x,a)⇒Q(x)

willbemoreefficientasfewerenvironmentsarepropagatedfromthefirst
querytothesecond.Thisobservationleadstothegeneraloptimisation
strategythatqueries,whichrestrictthevariablebindingmost,shouldbe
performedearlyinordertoincreaseefficiency.Notethatthisstrategymay
requireaprioriknowledgeofthecontentsofthepredicatesandthisknowl-
edgemaynotalwaysbeavailable.

Example10.Toinvestigatethiswehavestudiedthreeversionsoftheanal-
ysisofTableIIwherewehavevariedtheorderinwhichthevariousparts
oftheredexisrecognised;forthein-actionthisamountstothefollowing:

firstthenandfinally

cracoI(µa,in(µ))I(µp,µa)I(µp,µ)I(µ,in(µa,µ))
coacrI(µ,in(µa,µ))I(µp,µ)I(µa,in(µ))I(µp,µa)
cocraI(µ,in(µa,µ))I(µa,in(µ))I(µp,µa)I(µp,µ)

HerecoacristhespecificationofTableIIandweseefromFigure5that
cracoisaconstantfactorbetterthancocrabutcoacryieldsasignificantly
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Fig.5:Theimpactofreorderingtheconjunctsofpre-conditions.

betterresult.Theoverallresultscanbeconfirmedbymanualcalculationsof
thenumberofenvironmentsgeneratedwhenanalysingexampleprocesses.

2

5.4LimitingtheScopeofVariables

EventhoughacontinuationKonlyiscalledonceforeachpartialenvironment
ηwestillmayendupduplicatingwork.Asanexampleconsidertheclause:

∀x:∀y:∀z:P(x,y)∧Q(y,z)⇒R(y,z)

CheckingP(x,y)willbindxaswellasy.AssumenowthatPcontains
severalpairswiththesamesecondcomponentase.g.(a,c)and(b,c).We
arethengoingtopropagatetwoenvironments(z,2)::(y,c)::(x,a)and
(z,2)::(y,c)::(x,b)totherestoftheformulaandsincexdoesnotoccur
intherestoftheformulawearegoingtodothesameworktwice.Hence
wemayconsiderapproachesforpruningpartialenvironmentssothatonly
therelevantpartsarepropagated—intheexampleaboveweonlyneedto
propagatetheenvironment(z,2)::(y,c).
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Fig.6:Theimpactoftilingandmemoisation.

Onewayofsyntacticallyenforcingthisistointroduceanauxiliarypredi-
cateP′andreplacetheaboveclauseby:

∀x:∀y:P(x,y)⇒P′(y)
∀y:∀z:P′(y)∧Q(y,z)⇒R(y,z)

Thisisaninstanceofthetilingtransformationof[23];thisisageneraltrans-
formationtechniqueonHornclausesthatmayimproveworst-casecomplex-
itybyreducingnestingdepthofquantifierswhenevertherearequeriesin
apre-conditionusingvariablesthatdonotoccurintheconclusionofthe
clause.

Analternativeandlogicallyequivalenttechniqueistorewritetheabove
clausetouseanexistentialquantifierasin

∀y:∀z:(∃x:P(x,y))∧Q(y,z)⇒R(y,z)

andrelyonthememoisationtechniqueofSubsection4.4.

Example11.WehaveappliedthetwotechniquestotheanalysisofTable
II.InFigure6wedisplaytheresultoftheexperimentswith:
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origtheanalysisofTableII
tiletheanalysisobtainedbythetilingtransformation
memotheanalysisobtainedbyintroducingexistentials

Thefigureshowsthatthebenefitofusingexistentialsisnegligibleforthe
analysisofTableII:theslightreductionintheexponentisoffsetbyalarger
constantfactor.Perhapssurprisinglythefigureshowsthattilingiscostly
incomparison.Thisisbecauseintilewecomputethesiblingpredicate
thatturnsouttobeverylarge.Inasensewedothesameinmemobuthere
itisdoneina“lazy”waybyonlycomputingthepairsofpotentialinterest.

2

6.Conclusion

Oursolveralgorithmisclearlybasedonclassicalworkonefficientfixpoint
algorithms[15].Inparticular,itcombinesthetopdownsolvingapproach
ofLeCharlierandvanHentenryck[8]withthepropagationofdifferences
[14],anoptimisationtechniquefordistributiveframeworkswhichisalso
knownintheareaofdeductivedatabases[4]orasreductionofstrength
transformationsforprogramoptimisation[25].Fortheseideastoworkwe
hadtoprovidearbitrarilybranchingprefixtreesasauniversaldata-structure
forstoringrelationsaswellasfororganisingsetsofwaitingconsumers.The
efficiency,simplicityandexpressivenessofthelogicmadeitourfavourite
choiceoverthetransformationalapproachofMcAllester[19].

Theanalysisofthecomplexityhasbenefittedfromthepioneeringideas
ofMcAllester[19]onthecomplexityofsolving(classical)Hornclauses.
Here,wegeneralisedthesetechniquestoaricherclassofinputformulaeand
adaptedittothespecificpropertiesofoursolver.Indoingthis,wewere
greatlyassistedbytheabstractcharacterisationofthebehaviourofthe
solverwhichagainwasmadepossiblethankstothespecificprogramming
style(inparticularcontinuationsandmemoisation)beingused.

Asanalternativetoourapproachweconsideredusingoff-the-shelfimple-
mentationsofdeductivedatabases,e.g.theCoralsystem[26],orlogicpro-
grammingsystemstunedtofindallsolutions,e.g.XSBProlog[11].However
wefoundthistobealessviableapproachinordertosustainouroverall
objectiveofautomaticcomplexityanalysis[22].
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AppendixA.ProofofProposition1

Assumeclhastheformcl1∧···∧clswherecljistheclausecorresponding
tostratumj,andletRjdenotethesetofallrelationsymbolsRdefinedin
cl1∧···∧cljtakingR0=∅.

LetMdenoteasetofassignmentswhichmaprelationsymbolstorelations;
thenρ=uMisgivenbytheformula

ρ(R)=
⋂
{ρ′(R)|ρ′∈M∧∀R′∈Rrank(R)−1:ρ(R′)=ρ′(R′)}

whichiswell-definedbyinductiononthevalueofrank(R).

Example12.ConsiderthesettingwhereU={a,b,c,d},R1={R},R2=
{S}andρ1(R)={a,b},ρ1(S)={a,b},ρ2(R)={a,c}andρ2(S)={a,c}.
Then(ρ1uρ2)(R)={a}and(ρ1uρ2)(S)={a,b,c,d}.2

Weprovethatforallj,allMandallvariableenvironmentsσ:

Lemma1.Ifρ=uM,coccursincljand(ρ′,σ)|=cforallρ′∈Mthen
also(ρ,σ)|=c.

ProofWeproceedbyinductiononjandineachcasedistinguishbetween
twocases.

◦Thefirstcaseiswhenρ(R)=UkforallrelationsRofrankjand
appropriatearityk.Inthiscaseastraightforwardinductiononc
sufficesforprovingthat(ρ,σ)|=choldsforallcoccurringinclj.We
considertwoillustrativecases:

–IfcisR(x1,···,xk)thentheresultisimmediatesinceweassumed
thatρ(R)=Uk.

–Ifcisp⇒c′thentheinductionhypothesisgives(ρ,σ)|=c′and
henceitisimmediatethatalso(ρ,σ)|=c.

◦Thesecondcaseiswhenρ(R)6=UkforsomerelationRofrankjand
somearityk.Thentheset

Mj={ρ′∈M|∀R′∈Rj−1:ρ(R′)=ρ′(R′)}
isnon-emptyandwehave:

ρ(R)=⋂{ρ′(R)|ρ′∈Mj}ifrank(R)=j

ρ(R)=ρ′(R)ifrank(R)<jandρ′∈Mj
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Weproceedbystructuralinductiononc(recallingthatcoccursinclj)
andestablishanauxiliaryresultforpre-conditions.

–IfcisR(x1,···,xk)then,usingthatrank(R)=j,wehavethat
ρ(R)equalstheintersectionofallrelationsρ′(R)forρ′∈Mj.
Giventheassumptionthatt=(σ(x1),···,σ(xk))∈ρ′(R)forall
ρ′∈Mj⊆Mwehavethatt∈ρ(R)asdesired.

–Ifcisp⇒c′thenwehavetwocases.Inthefirstcase,(ρ,σ)|=p
isfalseinwhichcase(ρ,σ)|=cisimmediate.Inthesecond
case(ρ,σ)|=pistrueandfromtheLemma2belowweget
that(ρ′,σ)|=pforallρ′∈Mjandhencetheresultfollowsby
inductionhypothesis.

Lemma2.Ifρ=uM,preoccursincljand(ρ,σ)|=prethenalso
(ρ′,σ)|=preforallρ′∈Mj.

ProofWeproceedbyinductiononjandineachcaseperformastructural
inductionontheformofthepreconditionpreoccurringinclj.Mostcases
arestraightforwardsinceρ(R)⊆ρ′(R)forallρ′∈Mj.Theonlynon-
trivialcaseiswhenprehastheform¬R(x1,···,xk).Heretheresultfollows
becauserank(R)<jandhenceρ′(R)=ρ(R)forallρ′∈Mj.2

AppendixB.ProofofProposition3

AppendixB.1Proofof(1)

Bystructuralinductiononpreweshallshowthat

Tρ[[pre]]E={σ|σ∈E∧(ρ,σ)|=pre}

CaseR(~x):Wehavetoshow

{η′|η∈E,~a∈ρ(R),η′=unify(η,~x,~a)6=fail}={σ|σ∈E∧σ(~x)∈ρ(R)}

(⊆)Assumeunify(η,~x,~a)¹σforsomeη∈Eand~a∈ρ(R).Clearlyη¹σ
andσ(~x)=~aandtheresultfollows.

(⊇)Assumeη¹σforη∈Eandσ(~x)∈ρ(R).Take~a=σ(~x)so~a∈ρ(R);
clearlyunify(η,~x,~a)willsucceedandunify(η,~x,~a)¹σ.

Case¬R(~x):Similar.

Casepre1∧pre2:Itfollowsdirectlyfromtheinductionhypothesisthat

Tρ[[pre2]](Tρ[[pre1]]E)={σ|σ∈E∧(ρ,σ)|=pre1∧(ρ,σ)|=pre2}

Casepre1∨pre2:Itfollowsdirectlyfromtheinductionhypothesisthat

Tρ[[pre1]]E∪Tρ[[pre2]]E={σ|σ∈E∧((ρ,σ)|=pre1∨(ρ,σ)|=pre2)}
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Case∃x.pre:Weshallshow

t̂l(Tρ[[pre]]((x,2):̂:E))={σ|σ∈E∧∃a∈U:(ρ,σ[x7→a])|=pre}
Fortheright-handsidewehave:

{σ|σ∈E∧∃a∈U:(ρ,σ[x7→a])|=pre}
={σ|σ∈E∧∃a∈U:σ[x7→a]∈(x,2):̂:E∧(ρ,σ[x7→a])|=pre}
={σ|σ∈E∧∃a∈U:σ[x7→a]∈Tρ[[pre]]((x,2):̂:E)}

Thefirstequalityfollowsbecauseη¹σimplies(x,2)::η¹σ[x7→a].The
secondequalityfollowsfromtheinductionhypothesis.Fortheleft-handside
wehave:

t̂l(Tρ[[pre]]((x,2):̂:E))
={σ|∃η,d:(x,d)::η∈Tρ[[pre]]((x,2):̂:E)∧η¹σ∧σ∈E}
={σ|∃a:σ[x7→a]∈Tρ[[pre]]((x,2):̂:E)∧σ∈E}

HerethefirstequalityfollowsfromFact1andthesecondfollowsfromthe
definitions.

Case∀x.pre:Weshallshow

t̂l(Tρ,U[[pre]]((x,2):̂:E))={σ|σ∈E∧∀a∈U:(ρ,σ[x7→a])|=pre}
ByinductiononthesizeofthelistUweshallprove

t̂l(Tρ,U[[pre]]((x,d):̂:E))={σ|σ∈E∧∀a∈U:(ρ,σ[x7→a])|=pre}
andtheresultwillfollow.InthecasewhereUisemptyitamountsto

t̂l((x,d):̂:E)=E
whichclearlyholds.Fortheinductionsteptheleft-handsideamountsto

t̂l(Tρ,U[[pre]](Tρ[[pre]]((x,a′):̂:E)))

which,bythecurrentinductionhypothesis(andFact1),equals:

{σ|σ∈t̂l(Tρ[[pre]]((x,a′):̂:E))∧∀a∈U:(ρ,σ[x7→a])|=pre}
Nowtheoverallinductionhypothesisappliedtopre(togetherwithFact1)
gives

t̂l(Tρ[[pre]]((x,a′):̂:E))={σ|σ∈E∧(ρ,σ[x7→a′])|=pre}
suchthattheleft-handsidebecomes

{σ|σ∈E∧(ρ,σ[x7→a′])|=pre∧∀a∈U:(ρ,σ[x7→a])|=pre}
whichamountstotheright-handsideoftheinductionstep.Thisconcludes
theproof.2
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AppendixB.2Proofof(2)

Bystructuralinductiononclweshallshowthat

T•ρ[[cl]]Eifandonlyif∀σ∈E:(ρ,σ)|=cl

CaseR(~x):Weshallshow

∀η∈E:∀~a:unify(η,~x,~a)6=fail⇒~a∈ρ(R)iff∀σ∈E:(ρ,σ)|=R(~x)

(⇒)Assumeσ∈Ei.e.η¹σforsomeη∈E.Take~a=σ(~x)andobserve
thatunify(η,~x,~a)cannotfailsinceη¹σ.Thus~a∈ρ(R)asrequired.

(⇐)Letη∈Eandlet~abesuchthatunify(η,~x,~a)doesnotfail.Thenthere
existsσsuchthatunify(η,~x,~a)¹σandσ(~x)=~a.Clearlyη¹σsoσ∈E
andhence(ρ,σ)|=R(~x).Itnowfollowsthat~a∈ρ(R).

Case1:Trivial

Casecl1∧cl2:Itfollowsdirectlyfromtheinductionhypothesisthat

T•ρ[[cl1]]E∧T•ρ[[cl2]]Eiff∀σ∈E:(ρ,σ)|=cl1∧(ρ,σ)|=cl2

Casepre⇒cl:Weshallshow

T•ρ[[cl]](Tρ[[pre]]E)iff∀σ∈E:(ρ,σ)|=pre⇒(ρ,σ)|=cl

Theinductionhypothesisgives

T•ρ[[cl]](Tρ[[pre]]E)iff∀σ∈Tρ[[pre]]E:(ρ,σ)|=cl

From(1)wehave

Tρ[[pre]]E={σ|σ∈E∧(ρ,σ)|=pre}

Thisconcludestheproof.

Case∀x.cl:Weshallshow

T•ρ[[cl]]((x,2):̂:E)iff∀σ∈E:∀a∈U:(ρ,σ[x7→a])|=cl

Theinductionhypothesisgives

T•ρ[[cl]]((x,2):̂:E)iff∀σ′∈(x,2):̂:E:(ρ,σ′)|=cl

(⇒)Givenσ∈Eanda∈Uwehaveη¹σforsomeη∈Eso(x,2)::η¹
σ[x7→a]and(x,2)::η∈(x,2):̂:E.Thusσ[x7→a]∈(x,2):̂:Eandhence
(ρ,σ[x7→a])|=cl.

(⇐)Letσ′∈(x,2):̂:Eandobservethat(x,2)::η¹σ′(forsomeη∈E)
sothatη¹σforsomeσanda∈Usatisfyingσ′=σ[x7→a].Sinceσ∈E
itfollowsthat(ρ,σ[x7→a])|=cl.2
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AppendixC.ProofofTheorem1

InthesequelwemakeuseofthefollowingcompaniontoProposition3:

Proposition6.Forallsolutionsρ,pre-conditionspre,andsetsEofpar-
tialenvironments,thefollowingholds:

#(Tρ[[pre]]E)≤Cρ[[pre]]E

Whenstartedonasolutionρplacedinrho,thecheckerofTableIVcan
bethoughtofascontiguouslyevaluatingthesub-termsoftheclause—thus
allowingustoperformaninductiononthestructureofclauses.Letpreand
cldenoteapre-conditionandaclause,respectively.LetT[pre,E]denote
themaximaltimespentbythealgorithmonthecallcheck(pre,K)ηforany
partialenvironmentηfromEbeforecallingcontinuationK.Accordingly,let
T[cl,E]denotethetotaltimespentbythealgorithmoncallsexecuteclη
forη∈E.Weestimatethesecomplexitiesasfollows:

Proposition7.Thereareconstantsdpre,dcl>0onlydependingonpre
andcl,respectively,suchthat:

T[pre,E]≤dpre·(#E+Cρ[[pre]]E)
T[cl,E]≤dcl·(#E+C•ρ[[cl]]E)

BeforegivingtheproofwereturntoTheorem1:Since#E0=1,weconclude
fromProposition7,thatthecheckerusestimeO(#ρ+C•ρ[[cl]]E0)asstatedin
thetheorem—wheretheextratimeO(#ρ)isneededtoreadtherelations
ρ(R)andinsertthemintothedatastructurerho.

AppendixC.1ProofofProposition7

ItremainstoproveProposition7.Here,weonlyconsiderthecaseswherepre
isaqueryoraconjunction,andwhereclisanassertionoranimplication.

CasepreisR(~x):Forη∈Eand~a1=first(η,~x),letTηdenotethesetof
alltuples~a1@~a2∈ρ(R).Theworkofcallscheck(R(~x),K)ηwhereη∈E
consistsof:

◦determiningforeachη∈E,thesetTηandcomputingunify(η,~x,~a′)
forall~a′∈Tη.

Accordingtoourtree-likerepresentationofrelations,thecheckerwillneed
timeO(1+#Tη)foreachη.Therefore,weobtain:

T[R(~x),E]≤d·∑
η∈E(1+#Tη)=d·(#E+Cρ[[R(~x)]]E)

forsomeconstantd>0—givingtheclaimofProposition7forthiscase.

Casepreispre1∧pre2:Inthiscasetheworkofcallscheck(pre,K)ηwhere
η∈Econsistsof
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◦theworkofallthecallscheck(pre1,K′)ηforη∈EwhereK′=
check(pre2,K)—therebycomputingthesetofpartialenvironments
E′=Tρ[[pre1]]E;

◦theworkofallthecallscheck(pre2,K)η′forη′∈E′.
Bytheinductivehypothesis,thefirsttaskconsumestimeO(#E+Cρ[[pre1]]E)
whereasthesecondonetakestimeO(#E′+Cρ[[pre2]]E′).Now,byProposi-
tion6,weget:

#E′=#Tρ[[pre1]]E≤Cρ[[pre1]]E
Therefore

T[pre,E]≤d·(#E+Cρ[[pre1]]E+Cρ[[pre2]](Tρ[[pre1]]E))

forsomeconstantd>0—therebyestablishingourclaim.

CaseclisR(~x):TheworkofthecheckerontheassertionR(~x)whenexe-
cutingthecallsexecute(R(~x))ηforη∈Eamountsto:

◦determiningforeveryη∈E,thesetTηofall~awithunify(η,~x,~a)6=fail;

◦foreach~a∈Tηcheckingthatrho.has(R,~a).

Accordingtoourassumptions,thisworkrequirestimeO(∑
η∈E(1+#Tη)).

Wehave:
∑
η∈E(1+#Tη)≤#E+#{(η,~a)|η∈E,~a∈ρR,unify(η,~x,~a)6=fail}

=#E+C•ρ[[R(~x)]]E

—givingtheassertionofProposition7forthiscase.

Caseclispre⇒cl0:Theworkofthecheckeroncallsexecute(pre⇒cl0)η
forη∈Eamountsto:

◦theworkoncallscheck(pre,executecl0)ηforη∈E;togetherwith

◦theworkoncallsexecutecl0η′forη′∈Tρ[[pre]]E,i.e.,thoseη′which
areobtainedbythecallscheck(pre,executecl0)η,η∈E.

ThereforebyinductivehypothesisandProposition6

T[pre⇒cl0,E]≤d0+T[pre,E]+T[cl0,Tρ[[pre]]E]

≤d·(#E+Cρ[[pre]]E+#(Tρ[[pre]]E)+C•ρ[[cl0]](Tρ[[pre]]E))

≤d·(#E+2·Cρ[[pre]]E+C•ρ[[cl0]](Tρ[[pre]]E))

≤2·d·(#E+C•ρ[[pre⇒cl0]]E)

forsuitableconstantsd0,d>0.Thiscompletestheproof.2


