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”Principal what?”

• Principal Component Analysis – PCA.

• “Invented” by Karl Pearson in 1901:

Pearson, K. (1901) On lines and planes of closest fit to systems of points in 
hil hi l i ( )space. Philosophical Magazine (6) 2: 559‐572.

• A.k.a. or closely related to:
– Singular Value Decomposition (SVD)
– Karhunen‐Loéve Expansion
– Eigenvector Analysis
– Latent Vector Analysis
– Characteristic Vector Analysis
– Hotelling Transformation

!!!! FIRST !!!!

• Lets recap from linear algebra
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Scalars, Vectors and Matrices 

• Scalar: variable described by a single number (magnitude)
– Temperature = 20 °C
– Density = 1 g.cm‐3

– Image intensity (pixel value) = 2546 a. u.

• Vector: variable described by magnitude and direction

• Matrix: rectangular array of scalars

Column vector

Row vector

Square (3 x 3) Rectangular (3 x 2) d i j : ith row, jth column
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Vector Operations 

• Transpose operator

column → row row → column
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• Outer product = matrix

column         →          row row →         column
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Vector Operations

• Inner product = scalar
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• Length of a vector
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Matrix Operations

• Addition (matrix of same size)
– Commutative: A+B=B+A

– Associative:  (A+B)+C=A+(B+C)
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Matrix Operations

• Multiplication 
– number of columns in first matrix = number of rows in second

C = A B

(m x p) = (m x n) (n x p)

cij = inner product between ith
row in A and jth column in B

⎤⎡ 17

– Associative: (A B) C = A (B C)

– Distributive: A (B+C) = A B + A C

– Not commutative: AB ≠ BA!!!
– (A B)T = BT AT
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Some Definitions …
• Identity Matrix

• Diagonal Matrix

I A = A I = A
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• Symmetric Matrix

B = BT bij = bji
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Matrix Inverse

• A‐1 A = A A‐1 = I
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Properties

A-1 only exists if A is square (n x n)

If A-1 exists then A is non-singular (invertible)

(A B) -1 = B-1 A-1; B-1 A-1 A B = B-1 B = I

(AT) -1 = (A-1)T; (A-1)T AT = (A A-1)T = I
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Data as observations

• Samples as observations in a Multi/hyper‐dimensional Space:
– Objects are a collection of 

features.

– Features are dimensions.

– Objects are points in a  In
te

ns
ity

IBT #21902

multidimensional space.

• Mathematical notation
– N is the number of observations

– M is the number of 
variables/features
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Data as observations

• For each sample

n = 1

n = 2

y1 = (y11,...,y1P)

y2 = (y21,...,y2P)
Covariates A priori

n = 3

n = 4

n = N
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111 y3 = (y31,...,y3P)

y4 = (y41,...,y4P)

yN = (yN1,...,yNP)

Data as observations

• For each sample

n = 1

n = 2 Covariates A priori

y1 = (y11,...,y1P)

y2 = (y21,...,y2P)

n = 3

n = 4

n = N

YX y3 = (y31,...,y3P)

y4 = (y41,...,y4P)

yN = (yN1,...,yNP)

Data as observations

• For each sample

n = 1

n = 2 Covariates A priori

y1 = (y11,...,y1P)

y2 = (y21,...,y2P)

n = 3

n = 4

n = N

YX Can we model Y
based on X?

OBJECTIVE: y3 = (y31,...,y3P)

y4 = (y41,...,y4P)

yN = (yN1,...,yNP)

Principal Component Analysis (PCA)

• Projection method

• Exploratory data analysis

• Extract information and remove noise

• Reduce dimensionality / Compression

• Classification and clustering

X = Model Noise+

Datatable (X)
• Instrument measurements
• Quality parameters 
• Process settings

Model
• Structured variation
• Information

Noise
• Unstructured variation
• Measurement error
• Contains no information
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PCA in a nutshell

• First... 
... The illustrational/intuitive approach:

Projection of data

• Linear transformation

By proper rotation

Feature observations in 3D space Feature observations in reduced 2D space

Projection of data

• By proper linear transformation

By proper rotation

• The PCA approach: 

– Rotation according to maximum variance in data.

Feature observations in 3D space Feature observations in reduced 2D space

Projection of data

• By proper linear transformation

By proper rotation

• The PCA approach: 

– Rotation according to maximum variance in data.

• Fisher approach (later lecture): 

– Rotation according to maximum discrimination between groups.

Feature observations in 3D space Feature observations in reduced 2D space

Principal Component Analysis

• For a given dataset:

x2

x1

Principal Component Analysis

• Calculate the centroid (=”mean in all directions”):

x2

x1
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Principal Component Analysis

• Shift the grid to the centroid:

x2

x2

x1

x1

Principal Component Analysis

• Take this as our new coordinate system:

x2

x1

Principal Component Analysis

• Calculate the direction in which the variance is maximal:

x2 p1

x1

Principal Component Analysis

• And repeat this for each next perpendicular axis 
(direction with second most variance):

x2 p1

p

x1

p2

Principal Component Analysis

• Leaving us with a rotated grid:

p1

pp2

Principal Component Analysis

• Which we can rotate to a “normal” position:

p2

p1
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Principal Component Analysis

• Showing us maximal variance:

p2

p1

Principal Component Analysis

• We can also use this to reduce the complexity of the data set:

p2

p1

Principal Component Analysis

• By eliminating a number of axis by projection of the points:

p2

p1

Principal Component Analysis

• In this example moving from two…:

p2

p1

Principal Component Analysis

• … to one dimensional data points:

In 3D 

1st PCProjections
x3

Var(PC1)
Var(PC2)

2nd PC

x1

x2

Var(PC1)
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Principal Component Analysis

• Assumuming variation equals species diversity...:

x2

x1

Principal Component Analysis

• … the first PCA depicts this information…:

p2

p1

Scores and Loadings

Scores
• Map of samples
• Displays distribution of samples in the 
new space defined by the PC’s

Loadings
• Map of variables
• Shows how the original variables are 

related to the PC’s

Principal Component Analysis

• We center the data.
– But what about scaling?

• Especially when the covariates (columns) represent different 
scales (i e comparing appels and bananas) its important toscales (i.e. comparing appels and bananas) its important to 
divide by the standard deviation! 

PCA in a nutshell

• Next... 
... lets describe the illustrations in mathematical terms:

Some (boring) definitions – 1 of 2

• PCA is mathematically defined as an orthogonal linear 
transformation that transforms the data to a new coordinate 
system such that the greatest variance by any projection of 
the data comes to lie on the first coordinate (called the first 
principal component), the second greatest variance on the p p p ), g
second coordinate, and so on. 
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Some (boring) definitions – 2 of 2

• PCA can be used for dimensionality reduction in a data set by 
retaining those characteristics of the data set that contribute 
most to its variance, by keeping lower‐order principal 
components and ignoring higher‐order ones. 

• Such low‐order components often contain the “mostSuch low order components often contain the  most 
important” aspects of the data.
– I.e. assuming that information is equal variation!

• However, depending on the data this may (obviously) not 
always be the case. 

PCA in a nutshell

• Finally... Lets wrap it up in math:

Principal Component Analysis

• The i’th principal component of X is the projection

• The vector Y
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is called the vector of principal components.
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Principal Component Analysis

PCA
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Principal Component Analysis

PCA
1p

2p
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Principal Component Analysis

PCA

( )

⎥
⎦

⎤
⎢
⎣

⎡
=

=

99.096.0
96.087.1

0.0,0.0

Σ

μ

( ) ( )2.50,0.39, 21 =λλ

( )

⎥
⎦

⎤
⎢
⎣

⎡
=

=

0.85-0.53-
0.530.85-

, 21 ppP

( )

⎥
⎦

⎤
⎢
⎣

⎡
=

=

39.000.0
00.050.2

0.0,0.0

Σ

μ



11‐02‐2008

9

Principal Component Analysis

• From the PCA we may extract the set of linear combinations that explains 
the most variation

q
km

m ≥
++++

++
λλλ

λλ
LL

L

1

1

• And hereby condense and reduce the dimensionality of the featurespace.

• From the example before we see, that the linear combinations explain

of the total variance.

( ) ( )1 2, 86.3%,13.7%p p= =P

Output

• Loadings
– The weights 

• Scores

• Plots
L di l t– Loadings plot

– Scores plot

– Biplot

Pros and Cons

• Positives
– Can deal with large data sets.
– There weren’t done any assumptions on the data. This method is 

general and may be applied to any data set. 

• Negatives
– Nonlinear structure is invisible to PCA
– The meaning of features is lost when linear combinations are formed

• Still!!!
– Nonlinear PCA’s exist (so‐called kernel methods)
– Sparseness or supervised projections can be introduced to emphasize 

important features

Exercise Exercise

SCORE 
plot

LOADING
plot

INFLUENCE
plot

EXPL. VARIANCE 
plot
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Exercise Exercise


