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ĉ

=
25

−
14

=
11

C
om

pl
ex

ity
an

d
P

ro
bl

em
R

ed
uc

tio
n

–
p.

17
/3

2

K
na

ps
ac

k
to

S
ho

rt
es

tP
at

h
0 1 2 3 4 5 6 7 8 9

1
0

1
1

0
0

0
0

00

0
00

0
0

0
00

0
0

0

0
0

0
0

5
5

2 2 2

6 6

1 1 1 1 1

C
om

pl
ex

ity
an

d
P

ro
bl

em
R

ed
uc

tio
n

–
p.

18
/3

2

P
ro

vi
ng

N
P

-c
om

pl
et

en
es

s

A
pr

ob
le

m
P

is
N
P

-c
om

pl
et

e
⇔

(1
)

P
∈
N
P

(2
)
∀
Q

∈
N
P

:
Q

≤
p
o
l
P

P
ro

vi
ng

(2
)

ca
n

be
di

ffi
cu

lt
In

st
ea

d
ch

oo
se

pr
ob

le
m

R
∈
N
P
C

an
d

pr
ov

e
R

≤
p
o
l
P

∀
Q

∈
N
P

:
Q

≤
p
o
l
R

≤
p
o
l
P

N
P

N
P
C

P

C
om

pl
ex

ity
an

d
P

ro
bl

em
R

ed
uc

tio
n

–
p.

19
/3

2

P
ro

vi
ng

N
P

-c
om

pl
et

en
es

s

Te
ch

ni
qu

e
fo

r
pr

ov
in

g
pr

ob
le

m
P

∈
N
P
C

1.
P

ro
ve

th
at

P
∈
N
P

(i.
e.

ca
n

be
ve

rifi
ed

in
po

lt
im

e)

2.
C

ho
os

e
a

kn
ow

n
N
P

-c
om

pl
et

e
pr

ob
le

m
R

3.
S

ho
w

a
m

ap
pi

ng
f

:
R

7→
P

4.
P

ro
ve

th
at

f
sa

tis
fie

s
th

at
if

x
is

a
"y

es
"-

in
st

an
ce

fo
r
R

⇔
f
(x

)
is

a
"y

es
"

in
st

an
ce

fo
r
P

.

5.
P

ro
ve

th
at

f
is

po
ly

no
m

ia
l

C
om

pl
ex

ity
an

d
P

ro
bl

em
R

ed
uc

tio
n

–
p.

20
/3

2



K
na

ps
ac

k
is
N
P

-c
om

pl
et

e
K

P
in

de
ci

si
on

fo
rm

(a
fte

r
ad

di
ng

sl
ac

k
va

ria
bl

es
)

K
P

D
E

C
IS

IO
N

(p
,w

,C
,h

)
=

        

th
er

e
ex

is
ts

an
x

w
ith

∑

n j
=

1
p
j
x

j
≥

h
,

∑

n j
=

1
w

j
x

j
=

C
,

x
j
∈
{0

,1
},

j
=

1,
..

.,
n

        

B
in

ar
y

IP
in

de
ci

si
on

fo
rm

(a
fte

r
ad

di
ng

sl
ac

k
va

ria
bl

es
)

B
IP

D
E

C
IS

IO
N

(a
,b

,c
,k

)
=

        

th
er

e
ex

is
ts

an
x

w
ith

∑

n j
=

1
c j

x
j
≥

k
,

∑

n j
=

1
a

ij
x

j
=

b i
,i

=
1,

..
.,

m
,

x
j
∈
{0

,1
},

j
=

1,
..

.,
n

        

w
he

re
a

ij
is

an
n
×

m
in

te
ge

r
m

at
rix

C
om

pl
ex

ity
an

d
P

ro
bl

em
R

ed
uc

tio
n

–
p.

21
/3

2

B
in

ar
y

In
te

ge
r

P
ro

gr
am

m
in

g

N
um

er
ou

s
pr

ob
le

m
s

ca
n

be
fo

rm
ul

at
ed

as
bi

na
ry

in
te

ge
r

pr
og

ra
m

m
in

g
m

od
el

s
e.

g.

se
t-

co
ve

rin
g

pr
ob

le
m

tr
av

el
in

gs
sa

le
sm

an
pr

ob
le

m

H
am

ilt
on

cy
cl

e
pr

ob
le

m

lo
ts

iz
in

g
pr

ob
le

m

B
IP

D
E

C
IS

IO
N

is
N
P

-c
om

pl
et

e

C
om

pl
ex

ity
an

d
P

ro
bl

em
R

ed
uc

tio
n

–
p.

22
/3

2

Tr
an

sf
or

m
at

io
n

6x
1
+

8x
2
+

3x
3
+

7x
4
+

6x
5
+

5x
6
+

2x
7
≥

9

0x
1
+

1x
2
+

1x
3
+

0x
4
+

1x
5
+

0x
6
+

1x
7
=

2

3x
1
+

3x
2
+

0x
3
+

2x
4
+

2x
5
+

1x
6
+

2x
7
=

8

1x
1
+

2x
2
+

1x
3
+

0x
4
+

3x
5
+

1x
6
+

4x
7
=

7

W
rit

e
co

ns
tr

ai
nt

s
co

lu
m

n-
w

is
e

1
3

0
x

1

2
3

1
x

2

1
0

1
x

3

0
2

0
x

4

3
2

1
x

5

1
1

0
x

6

4
2

1
x

7

7
8

2
C

om
pl

ex
ity

an
d

P
ro

bl
em

R
ed

uc
tio

n
–

p.
23

/3
2

Tr
an

sf
or

m
at

io
n

Tr
an

sf
or

m
ed

pr
ob

le
m 1

0
3

0
0

x
1

2
0

3
0

1
x

2

1
0

0
0

1
x

3

0
0

2
0

0
x

4

3
0

2
0

1
x

5

1
0

1
0

0
x

6

4
0

2
0

1
x

7

7
0

8
0

2

R
es

ul
tin

g
K

P
pr

ob
le

m

6
x

1
+

8
x

2
+

3
x

3
+

7
x

4
+

6
x

5
+

5
x

6
+

2
x

7
≥

9

1
0
3
0
0
x

1
+

2
0
3
0
1
x

2
+

1
0
0
0
1
x

3
+

0
0
2
0
0
x

4
+

3
0
2
0
1
x

5
+

1
0
1
0
0
x

6
+

4
0
2
0
1
x

7
=

7
0
8
0
2

C
om

pl
ex

ity
an

d
P

ro
bl

em
R

ed
uc

tio
n

–
p.

24
/3

2



Tr
an

sf
or

m
at

io
n

in
ge

ne
ra

l

f
:
B

IP
D

E
C

IS
IO

N
(a

,b
,c

,k
)
7→

K
P

D
E

C
IS

IO
N

(p
,w

,C
,h

)

La
rg

es
tc

oe
ffi

ci
en

t:
M

=
m

ax
i,
j
|a

ij
|

N
um

be
r

of
ze

ro
s

to
ad

d:
Z

=
⌈l

og
1
0
(n

M
)⌉

p
j

:=
c j

w
j

:=
∑

m i=
1
a

ij
·1

0Z
·
(i
−

1
)

C
:=

∑

m i=
1
b i
·1

0Z
·
(i
−

1
)

h
:=

k

(A
ls

o
w

or
ks

fo
r

ne
ga

tiv
e

co
ef

fic
ie

nt
s)

C
om

pl
ex

ity
an

d
P

ro
bl

em
R

ed
uc

tio
n

–
p.

25
/3

2

E
qu

iv
al

en
tp

ro
bl

em
s

6x
1
+

8x
2
+

3x
3
+

7x
4
+

6x
5
+

5x
6
+

2x
7
≥

9

0x
1
+

1x
2
+

1x
3
+

0x
4
+

1x
5
+

0x
6
+

1x
7
=

2

3x
1
+

3x
2
+

0x
3
+

2x
4
+

2x
5
+

1x
6
+

2x
7
=

8

1x
1
+

2x
2
+

1x
3
+

0x
4
+

3x
5
+

1x
6
+

4x
7
=

7

1
0

3
0

0
x

1

2
0

3
0

1
x

2

1
0

0
0

1
x

3

0
0

2
0

0
x

4

3
0

2
0

1
x

5

1
0

1
0

0
x

6

4
0

2
0

1
x

7

7
0

8
0

2

(x
1

=
x

2
=

x
7

=
1)

or
(x

2
=

x
4

=
x

6
=

x
7

=
1)

C
om

pl
ex

ity
an

d
P

ro
bl

em
R

ed
uc

tio
n

–
p.

26
/3

2

S
um

m
in

g
up

pr
oo

f
W

e
ha

ve

1.
K

P
D

E
C

IS
IO

N
∈
N
P

(c
an

be
ve

rifi
ed

in
po

lt
im

e)

2.
ch

os
en

a
kn

ow
n
N
P

-c
om

pl
et

e
pr

ob
le

m
B

IP
D

E
C

IS
IO

N

3.
m

ap
pi

ng
f

:
B

IP
D

E
C

IS
IO

N
7→

K
P

D
E

C
IS

IO
N

4.
a

"y
es

"
in

st
an

ce
fo

r
K

P
D

E
C

IS
IO

N
is

a
"y

es
"

in
st

an
ce

fo
r

B
IP

D
E

C
IS

IO
N

5.
f

is
po

ly
no

m
ia

l

K
P

D
E

C
IS

IO
N

is
N
P

-c
om

pl
et

e

C
om

pl
ex

ity
an

d
P

ro
bl

em
R

ed
uc

tio
n

–
p.

27
/3

2

N
P

-h
ar

d

N
P

N
P
C

P

N
P
C

on
ly

de
fin

ed
fo

r
de

ci
si

on
pr

ob
le

m
s

w
e

sa
y

th
at

op
tim

iz
at

io
n

pr
ol

em
is

N
P

-h
ar

d
if

co
rr

es
po

nd
in

g
de

ci
si

on
pr

ob
le

m
is

N
P

-c
om

pl
et

e

C
om

pl
ex

ity
an

d
P

ro
bl

em
R

ed
uc

tio
n

–
p.

28
/3

2



C
on

cl
us

io
n

N
P

=
P

is
on

e
of

th
e

m
ai

n
qu

es
tio

ns
in

m
at

h

T
he

w
or

ld
is

fu
ll

of
ha

rd
pr

ob
le

m
s

It
is

di
ffi

cu
lt

to
di

st
in

gu
is

h
ea

sy
an

d
ha

rd
pr

ob
le

m
s

5-
st

ep
te

ch
ni

qu
e

fo
r

pr
ov

in
g

pr
ob

le
m

is
N
P

-c
om

pl
et

e

R
ed

uc
tio

n
(t

ra
ns

fo
rm

at
io

n)
is

a
ge

ne
ra

lt
ec

hn
iq

ue

U
se

rig
ht

te
ch

ni
qu

es
to

rig
ht

pr
ob

le
m

s

C
om

pl
ex

ity
an

d
P

ro
bl

em
R

ed
uc

tio
n

–
p.

29
/3

2

T
he

gr
ow

th
of

fu
nc

tio
ns

W
he

n
is

an
al

go
rit

hm
fa

st
er

th
an

an
ot

he
r

al
go

rit
hm

?

In
de

pe
nd

en
to

fh
ar

dw
ar

e

In
de

pe
nd

en
to

fs
m

al
ld

et
ai

ls
(3

2-
bi

tv
s.

64
bi

ti
nt

eg
er

)

In
de

pe
nd

en
to

fp
ro

gr
am

m
in

g
la

ng
ua

ge

B
eh

av
io

r
fo

r
la

rg
e

in
pu

t(
as

ym
pt

ot
ic

)

C
ou

nt
as

ym
pt

ot
ic

nu
m

be
r

of
op

er
at

io
ns

(m
ul

tip
lic

at
io

n,
ad

di
tio

n,
et

c)
ig

no
rin

g
co

ns
ta

nt
s

C
om

pl
ex

ity
an

d
P

ro
bl

em
R

ed
uc

tio
n

–
p.

30
/3

2

T
he

gr
ow

th
of

fu
nc

tio
ns

10
50

10
0

30
0

10
00

5
n

50
25

0
10

0
15

00
50

00

n
lo

g
2
n

33
28

2
66

5
24

69
99

66

n
2

10
0

25
00

10
.0

00
90

.0
00

7
di

gi
ts

n
3

10
00

12
5.

00
0

7
di

gi
ts

8
di

gi
ts

10
di

gi
ts

2
n

10
24

16
di

gi
ts

31
di

gi
ts

91
di

gi
ts

30
2

di
gi

ts

n
!

7
di

gi
ts

65
di

gi
ts

16
1

di
gi

ts
62

3
di

gi
ts

"u
ni

m
ag

in
ab

le
"

n
n

11
di

gi
ts

85
di

gi
ts

20
1

di
gi

ts
74

4
di

gi
ts

"u
ni

m
ag

in
ab

le
"

A
to

m
s

in
th

e
un

iv
er

se
:
10

7
8
–1

08
2

T
im

e
si

nc
e

bi
g-

ba
ng

:
13

.7
3

bi
lli

on
ye

ar
s

=
10

1
8

se
co

nd
s

C
om

pl
ex

ity
an

d
P

ro
bl

em
R

ed
uc

tio
n

–
p.

31
/3

2

T
he

gr
ow

th
of

fu
nc

tio
ns

B
ig

-O
no

ta
tio

n,
as

ym
pt

ot
ic

up
pe

r
bo

un
d

A
fu

nc
tio

n
f

is

O
(n

)
if

ex
is

ts
co

ns
ta

nt
k

so
th

at
f
(n

)
≤

k
n

fo
r

la
rg

e
n

O
(n

2
)

if
ex

is
ts

co
ns

ta
nt

k
so

th
at

f
(n

)
≤

k
n

2
fo

r
la

rg
e

n

O
(n

c
)

if
ex

is
ts

co
ns

ta
nt

k
so

th
at

f
(n

)
≤

k
n

c
fo

r
la

rg
e

n

O
(2

n
)

if
ex

is
ts

co
ns

ta
nt

k
so

th
at

f
(n

)
≤

k
2n

fo
r

la
rg

e
n

W
ha

ti
fc

on
st

an
tk

is
ve

ry
la

rg
e

e.
g.

n
3

<
10

1
0
n

2
?

A
pp

ea
rs

se
ld

om
in

pr
ac

tic
e

F
or

(v
er

y)
la

rg
e

va
lu

es
of

n
st

ill
be

tte
r

C
om

pl
ex

ity
an

d
P

ro
bl

em
R

ed
uc

tio
n

–
p.

32
/3

2


	Pol  and NP 
	Pol  and NP 
	Easy and hard problems
	Complexity and Problem Reduction
	Garey and Johnson
	Garey and Johnson
	Garey and Johnson
	Classification
	Decision problems, the class $cal NP$
	Easy problems - the class $cal P$
	Size of instance is important
	Knapsack Problem, example
	Is $cal NP = P$
	Problem transformation
	Problem transformation
	Knapsack to Shortest Path
	Knapsack to Shortest Path
	Proving NP -completeness
	Proving NP -completeness
	Knapsack is NP -complete
	Binary Integer Programming
	Transformation
	Transformation
	Transformation in general
	Equivalent problems
	Summing up proof
	NP-hard
	Conclusion
	The growth of functions
	The growth of functions
	The growth of functions

