
Exer
ise 12.1One by one, we apply the heuristi
s to the problem instan
e. The nodes are referred to as1-7. It is important to note that the triangular inequality is not satis�ed for this distan
ematrix and hen
e the lower bounds 
reated by the heuristi
s are no longer valid.Nearest Neighbour Heuristi
Ea
h time a node is added, it is pla
ed after the 
urrent last node in the tour. The tour isbuilt as follows:
1

1 − 2

1 − 2 − 3

1 − 2 − 3 − 5

1 − 2 − 3 − 5 − 4

1 − 2 − 3 − 5 − 4 − 6

1 − 2 − 3 − 5 − 4 − 6 − 7Total 
ost of the tour: c = 232.Cheapest Insertion Heuristi
We have to 
al
ulate the 
heapest point of insertion in the tour for ea
h node. Theminimum of these 
osts determines whi
h node is inserted. The pro
edure looks like this:
1

1 − 2

1 − 2 − 3

1 − 2 − 3 − 5

1 − 2 − 3 − 5 − 4

1 − 2 − 3 − 5 − 6 − 4

1 − 2 − 3 − 5 − 6 − 4 − 7In this 
ase the only di�eren
e to the Nearest Neighbour Heuristi
 is in the se
ond lastiteration. Total 
ost of the tour: c = 253.Furtherst Insertion Heuristi
Again, we have to 
al
ulate the 
heapest point of insertion in the tour for ea
h node.However, this time the maximum of these 
osts determines whi
h node is inserted. Thepro
edure looks like this:
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1

1 − 6

1 − 6 − 7

1 − 5 − 6 − 7

1 − 2 − 5 − 6 − 7

1 − 2 − 4 − 5 − 6 − 7

1 − 2 − 3 − 4 − 5 − 6 − 7Total 
ost of the tour: c = 251.Savings Heuristi
We add the edges one by one in the following order:
3 − 5

4 − 5

4 − 6

1 − 2

2 − 3

6 − 7

1 − 7This leads to the tour: 1 − 2 − 3 − 5 − 4 − 6 − 7 with total 
ost c = 232.Tree Heuristi
We form the following minimum spanning tree by Kruskal's algorithm:
3 − 5

4 − 5

4 − 6

1 − 2

2 − 3

3 − 7Doubling all edges we are able to 
reate the Euler tour: 1 − 2 − 3 − 5 − 4 − 6 − 4 −
5− 3− 7− 3− 2− 1, whi
h leads to the TSP-tour: 1− 2− 3− 5− 4− 6− 7 with total 
ost
c = 232.Christo�des' Heuristi
We use the same MST where only edges 1−7 and 3−6 are added. This leads to the Eulertour: 1−2−3−5−4−6−3−7−1, whi
h again leads to the TSP-tour: 1−2−3−5−4−6−7with total 
ost c = 232. 2



Exer
ise 12.4Remember that the �maximum 
ardinality mat
hing problem� and the �minimum 
ardi-nality 
overing of edges by nodes problem� forms a weak-dual problem pair (page 29).Given a maximal mat
hing M ⊆ E let V ′ be the endpoint nodes of all edges in M . V ′is a 
over of edges by nodes, sin
e no edge e ∈ E\M exists with both endpoint nodes in
V \V ′. If su
h an edge existed M was not maximal. Note that |V ′| = 2|M | = 2zh, sin
emat
hings 
onsist of node-disjoint edges.The size of the 
over is an upper bound on the maximum mat
hing, i.e. z ≤ |V ′| = 2|M | =

2zH . Rewriting we get: 1

2
z ≤ zH .Exer
ise 12.5Assume that the elements are ordered su
h that c1

a1
≥ c2

a2
≥ . . . ≥ cN

aN

.Solving the LP relaxation gives an upper bound - a fra
tional solution of the form xi = 1for i = 1 . . . r − 1, 0 ≤ xr < 1 and xi = 0 for i = r + 1 . . . N . The value of the solutionis zLP =
∑

r−1

i=1
ci + cr · xr and it follows that either 1

2
zLP ≤

∑
r−1

i=1
ci or 1

2
zLP ≤ cr · xr.Furthermore 1

2
zLP ≤ cr · xr ≤ maxr{cr}.The heuristi
 pi
ks the best of the rounded down value of the LP relaxation, i.e. a value of∑

r−1

i=1
ci and maxr{cr}, i.e. zG = max{

∑
r−1

i=1
ci,maxr{cr}}. But from the above it followsthat zG ≥ 1

2
zLP and hen
e zG ≥ 1

2
z sin
e zLP ≥ z.
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