
4.1The Figure below shows the optimal solution. The total length of all paths are 55.

4.3a) Initially S = {s}, P = ∅, p = [0,−1,−1,−1,−1] and y = [0,∞,∞,∞,∞].Sele
ting v = s ∈ S gives: S = {1, 3, 4}, P = {s}, p = [0, 0,−1, 0, 0] and y =
[0, 3,∞, 2, 4].Sele
ting v = 3 ∈ S (sin
e y3 is least for the elements in S) gives: S = {1, 4},
P = {s, 3} and no modi�
ations of p and y.Sele
ting v = 1 ∈ S gives:S = {4, 2}, P = {s, 3, 1}, p = [0, 0, 1, 0, 0] and y =
[0, 3, 2, 2, 4].Sele
ting v = 2 ∈ S gives: S = {4}, P = {s, 3 1, 2} and no modi�
ations of p and y.Finally v = 4 is sele
ted giving: S = ∅, P = {s, 3 1, 2, 4} and no modi�
ations of pand y. Sin
e S = ∅ the algorithm terminates, and the result is p = [0, 0, 1, 0, 0] and
y = [0, 3, 2, 2, 4]. The 
orresponding shortest path tree is shown in �gure 1The y and p obtained is wrong! The shortest path between s and 3 does not godire
tly from s to 3 with a length of 2 but goes from s via 1 to 3 with a length of1
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4Figure 1: Shortest path tree for the found solution.only 2. This is an example showing that Dijkstra's algorithm 
annot handle negativeedges.
) The Floyd-Warshall algorithm maintains a matrix giving an estimate on the shortestpath distan
e. Initially this matrix 
ontains the ar
 distan
es between node pairs.
∞ means that here are no ar
, and hen
e the initial estimate on the shortest path isin�nity. The matrix is shown here:from\to s 1 2 3 4

s 3 ∞ 2 4
1 ∞ −1 −2 ∞
2 1 ∞ ∞ 3
3 ∞ ∞ ∞ ∞
4 3 ∞ ∞ ∞The �rst iteration modi�es the matrix su
h that the �rst node (i.e. node s) is in
ludedin paths. Updating the matrix gives the following, updates are in bold:from\to s 1 2 3 4

s 3 ∞ 2 4
1 ∞ −1 −2 ∞
2 1 4 3 3
3 ∞ ∞ ∞ ∞
4 3 6 ∞ 5d) The Bellmann-Ford algorithm should be used, sin
e it 
an handle negative distan
es.Bellmann-Ford is applied to the digraph in �gure 2. Initially all distan
es from Kto [s, 1, 2, 3, 4] is π = [∞,∞,∞,∞,∞]. The �rst iteration modi�es this to π =

[0, 0, 0, 0, 0], sin
e all nodes 
an be rea
hed dire
tly from K. The se
ond iterationgives distan
es π = [0,−1,−2, 0, 0], sin
e w12 + π1 < 0 and w13 + π1 < 0. No moreupdates are 
arried out, and sin
e πj ≤ πi +wij holds for arbitrary i and j (you may
he
k this), no negative 
y
les exists. 2



e) The inequality πj ≤ πi+wij 
an be explained as follows: πi is the length of a shortestpath from K to i and πj is the length of a shortest path from K to j. Consider thepath from K to j 
onsisting of a shortest path from K to πi and the ar
 from i to
j. Obviously this path 
annot be shorter than a shortest path between K and i,hen
e the inequality follows. Subtra
ting πj on both sides in the inequality, yields
0 ≤ πi + wij − πj , hen
e πi + wij − πj = w′

ij ≥ 0.Consider any path P between nodes v0 and vk and denote nodes on the path by
v0, v1, . . . , vk. The length of P (in the graph with modi�ed edge 
osts) is given bythe following sum (we abbreviate πvi

by πi):
w′

P =
k−1∑

i=0

w′

vivi+1
=

k−1∑

i=0

(wvivi+1
+ πi − πi+1) =

k−1∑

i=0

wvivi+1
+

k−1∑

i=0

(πi − πi+1)The above is obtained by inserting de�nitions of c′ and splitting the sum. The lastsum 
an be modi�ed:
k−1∑

i=0

(πi − πi+1) = (π0 − π1) + (π1 − π2) + . . . + (πk − 1 − πk) = π0 − πkThe last equality follows, sin
e 2nd and 3rd term adds to zero and 4th and 5th termadds to zero and so forth. Denoting the 
ost of P with the original 
osts by wP weget:
w′

P = wP + π0 − πkThus for all paths between nodes v0 and vk the same 
onstant (π0 − πk) is addedand hen
e all paths with the same endpoint nodes is in- or de-
reased by the sameamount, and hen
e the shortest path with respe
t to wij is the same as with respe
tto w′

ij .f) The number of nodes is denoted n and the number of edges is denoted m. TheFloyd-Warshall algorithm has 
omplexity O(n3) sin
e three loops with n iterationsea
h are run in ea
h other.In Dijkstra's algorithm one node is 
onsidered during ea
h iteration. Hen
e �Sele
t a
i ∈ S su
h that yi is minimal� has to be run n times. Ea
h su
h �nd-min 
an obviouslybe done in O(n) investigating the y array. Alternatively this 
an be repla
ed by abinary heap where �nd minimum require only O(log n). In total for one run ofDijkstra's algorithm this gives (O(n log n).In the for statement the update is only 
arried out on
e for ea
h edge in total. Ifthe binary heap is used, the heap has to be updated at a 
ost of O(log n) in total a
ost of O(m log n). The 
omplexity for Dijkstra's algorithm is O(m log n+n log n) =
O(m log n)Sin
e Dijkstra's algorithm has to be run n times, the total 
omplexity is then
O(mn log n).In order to be able to handle negative edges, the modi�
ation des
ribed in questiond) and e) may be 
arried out, in
luding one run of the Ford-Bellmann algorithm.3



This has 
omplexity O(mn) and hen
e the total 
omplexity is dominated by the nappli
ations of Dijkstra's algorithm, i.e. O(mn log n).The Floyd-Warshall algorithm is simpler to implement than Dijkstra's algorithmand it has the same 
omplexity (O(n3)) regardless of the number of edges. The
omplexity of n appli
ations of Dijkstra's algorithm depends on the number of edges.If the number of edges is O(n), the total 
omplexity is O(n2 log n), whi
h is betterthan O(n3). Also if the number of edges is O(n2), the total 
omplexity is O(n3 log n),whi
h is worse than O(n3).Thus if the graph is dense (i.e. the graph has many edges), Floyd-Warshall shouldbe used and if the graph is sparse (i.e. the graph has few edges) n appli
ations ofDijkstra's algorithm should be used.
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