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Lecture 8: Free dynamic optimization (D+C)
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Outline of lecture

Recap L7

Analytical solutions and Numerical methods
Continuous time system

Exercise DO.2

Reading guidance (DO: 11-14, 27-34)
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Dynamic Optimization (D)

Minimize J (ie. determine the sequence u; € R™, i1 =0, ..., N — 1) where:
N-1
J=¢(@n)+ > Li(wiw)
i=0

subject to (for i =0, 1, ... N —1):

xip1 = fi(@s, ug) To = Ty

Given:
@ N horizon (number of intervals)
@ z, € R™ initial state is known
@ f; dynamics (R**™+1 — Rn)
@ L;(zi,u;) stage cost

@ ¢(xn) terminal cost
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Euler-Lagrange equations

Defining the Hamiltonian function
H; = Li(zi, us) + Ny filwi, ug)

The KKT conditions on this problem (with equality constraints) results in:

9 T
ZT; = i = _Hz
Tit1 f (8&- )
0 1o} 1o}
N = H; = ——L;+\F
‘ ox; ox; A ox; f
0 14} o]
T = —H; = —L; )\
0 ou; ou; thrig s ou; f

with boundary conditions:

T _
o = I )‘N %¢N

where for short:

=
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fi = fi(wi,ug) Ly = Li(xq, uq) H; = Hi(zi,us, Mit1)
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@ This is a two-point boundary value problem (TPBVP) with N(2n + m) unknowns and
equations.

@ The quantity
e}
Bui

is the gradient of J wrt. u;. Equal to zero on optimal trajectories.

H;

@ )\ is the gradient of J wrt. xzg.
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Type of solutions:

@ Analytical solutions (for very simple problems)
@ Semi analytical solutions (eg. the LQ problem)

@ Numerical solutions



LQ problem | (Simple version). @i

Let us now focus on the problem of bringing the linear, first order system given by:

Ti41 = ax; + bu; o = Zg
along a trajectory from the initial state, such the cost function (for chosen p >0, ¢ > 0 and
r > 0):

1 = 1
J=gpek Y Seel 4 gl
i=0
is minimized. The Hamiltonian for this problem is
1 1

H; = quf + Eruf + i1 [axi + bui]

and the Euler-Lagrange equations are:

Tit+1 = ax; + by, (1)

Ai = qzitadi4a (2)

0 = ru;+bhiy1 (3)
which has the two boundary conditions DTU
>
To =2y AN =DPITN =



The stationarity conditions (3),

0 = ru;+bhiy1
give us a sequence of decisions
b
Ui = ——Aig1
r

if the costate is known.

(4)
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Inspired from the boundary condition we will postulate a relationship

>\i = 8;%; (5)

Actually separation of the variables (i and x). If we insert the control law, (4), and the costate
candidate, (5), in the state equation, (1), we find

b
ZTit1 = ax; —b—s;11Tiq1
r

or

b2 1
Ti41 = [1 + ?Si+1] ax;

=
—
=

i

©
o
@



From the costate equation, (2), we have

b2 _
8Ty = qzi + asit17ir1 = [g+asit1(1+ 75i+1) Ya]z;

which has to be fulfilled for any x;. This is the case if s; is given by the backwards recursion

a+ b2 )71 n 1 1 T
$; = as; — 5 a =1-
¢ i+l r i a 1+« 1+«
——
x
or
abs;i1)?
8; = q+ sip1a” — labsiv1)” SN =D (6)

r+ b28i+1

This can be solved (recursively and backwards).



With this solution (the sequence of s;) we can determine the (sequence of) control actions

b b
U; = __>\i+1 = ——Si+1:177;+1 = ——Si+1(a:177; + bul)
T T T
or
abs;
Ui:—%xi =-K;u
r 4 b%si41
where
si+1ab
K= —""_ 5
4 8410

For the costate we have:
i = S;x;
which can be compared with (which can be proven)
1

2
J* = 53010



LQ problem - Il

Linear Dynamics:
ziy1 = Az + Bu o = z; € R u; € R™
and a Quadratic objective function:

N-1
1 1
J = 5x%P:BN + B Z (m?Qxl + ulTRul) R>0
i=0

The matrices, Q, R and P, are symmetric and positive semidefinite.

The problem has the Hamiltonian:

1
H; = 3 (wlTQacl —+ u?Rul) + )‘1T+1 (Az; + Bu;)

and the Euler-Lagrange equations are (necessary conditions):

o T
(5111) = Tit1 = A£D+BU o zgo
1o}
= M= 2T+ A, A AL =2} P
o T T T DU
>
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The solution to the LQ problem is:

U; = —Ki xZ;

where the gain is given by
Ki= (BTS;11B+R) 'BYS; ;1A
and S; is a solution to the Riccati equation

S; = Q + ATSH_lA — ATSZ'+1B|:BTSZ'+IB + R} _lBTSH_lA

The matrix, S; is a symmetric, positive semidefinite matrix.
Notice the Costate
Ai =Sz S >0

which might be compared to:

1
J* = 5:00TS()500

Sy =P
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@ Count Jacopo Francesco Riccati
@ Born: 28 May 1676, Venice
9 Dead: 15 April 1754, Treviso

9 University of Padua

Source: Wikipedia
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Pause
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Numerical methods

@ Shooting methods (forward or backward)
@ Gradient methods

@ Brute force
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Numerical methods - illustrated on a simple LQ problem.

(LQ problem in the simple version). Let us now focus on the problem of bringing the linear, first
order system given by:

Ti41 = ax; + bu; To = X
along a trajectory from the initial state, such the cost function:

1, =1, 1,
J= SPTN T+ > 39 T 5T
i=0

is minimized. The Euler-Lagrange equations are:

Tit+1 = ax; + by, (7)
Ai = qzitalit (8)
0 = ru;+bhiy1 (9)

which has the two boundary conditions

To = T AN = pTN DTU



Forward shooting

The stationarity condition (9)
0 = ru;+bhiy1
gives us simply:

b
U = ——Aiy1
s

We can (for a # 0) reverse the costate equation
Ai

= qx; +aliy1
into

A._ €T
>\i+1: i qx;
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Starting with x; and Ao ( guessed value ) we can for i = 0,

1, ..
A._ €T
Aigp = L4
U = —=Nip1
T

Tiy1 = ax; + bu;

We end up with zx and Anx which ( for correct Ao ) should fulfill

AN = pTN EN=AN —pxNy =0

Notice: a problem if a << 1ora >> 1.

. N — 1 iterate:
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Contents of a file (parms.m) setting the parameters.

% Constants etc.

alf=0.05;

a=1+alf; b=-1;
x0=50000;

N=10;

q=alf"2; r=q; p=q;
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The following code (fejlf.m) solves these recursions.

function err=fejlf(1a0)
parms J set parameters a,b,p,q,r,x0

la=1a0; x=x0;
for i=0:N-1,
la=(la-qg*x)/a;
u=-b*la/r;
x=ax*xx+b*u;

end

err=la-p*x;

A._ €T
AZ+1 — 1 q 3
b
Ui = ——Aiy1
s

Tip1 = ax; + bu;



Extented version of fejlf.m (for plotting).

function [err,xt,ut,lat]=fejlf(1a0)
parms J set parameters a,b,p,q,r,x0

la=1a0; x=x0;
ut=[]; lat=la; xt=x;
for i=0:N-1,

la=(la-g*x)/a;

u=-bx*la/r;

x=ax*xx+b*u;

xt=[xt;x]; lat=[lat;lal; ut=[ut;ul;
end

err=la-p*x;
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Master program (script).

% The search for 1la0
1la0g=10; % a wild guess}
la0=fsolve(’fejlf’,lalg)

% The simulation with the correct 1la0
lerr,xt,ut,lat]=fejlf (1a0);

subplot(211); bar(ut); grid; title(’Input sequence’);
subplot(212); bar(xt); grid; title(’Saldo’);
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x 10* Input sequence

5 T T

Balance

10

10



Forward shooting method - Simplified

If separation possible: reverse the costate equation and find u; from the stationarity condition.

The Euler-Lagrange equations

zit1 = fi(zi,ug)
- 2 Li(zi,ug) + AL if-(x- ) = Aip1 = hiz, )
i 8$1 03 15 Wq z+laxi (3 1y Uq i+1 1\ Liy Ng
ol = o Li(z; w)—i—)\-T if(:lc w;) — wi = gi(Ti, Ni+1)
8ui i\Li, Ug 1+18ui i\ Li, Ug i i\Liy Ni4-1

Guess Ao (or another parameterization) and use z.

Iterate fori =0 ,1 ... N — 1:

1 Knowing x; and \;, determine u; and \;41 from the stationarity and the costate equation.
2 Update the state equation i.e. find z;41 from z; and u;.

At the end (i = N) check if
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3 3
Moo= " d@n) — =X - _——o@y)=0T
orn oz N
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Forward shooting method - General

The Euler-Lagrange equations

zit1 = fi(zi,ug)
0 0
A = o Li(wa,w) + My 5 filmi, u
7 8I1 (CE u )+ i+1 allf (CE u ) >\i+1 o z;
T o U; BEANDY
0 = By ul) +>‘1+18 fi (mlvul)

Guess Mg (or another parameterization) and use z.

Iterate fori =0 ,1 ... N —1:
1 Knowing z; and \;, determine u; and \; 1 from the stationarity and the costate equation.

2 Update the state equation i.e. find z;41 from z; and u;.
At the end (i = N) check if

0 1o}
Ay = ﬁ‘b(iBN) S %¢($N) =o"
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Gradient methods

The Euler-Lagrange equations are:

it1 = fi(zi,ug)
1o} 1o} 0]
>‘iT = 0z, L (w45 us) +>‘z+la fi(wi, ui) = a_lez
o 1o} 2]
OT = %Li(xiyuz)+)\z+1a fz(x'uuz) = %Hz
which has the two boundary conditions
0
T
To = Iy )‘N = %¢(IN)
Guess a sequence of decisions, u; i =0, 1, ... N — 1.
Search for an optimal sequence of decisions, u; ¢ =0, 1, ... N — 1 using e.g. a Newton Raphson
iteration:

=
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ujJrl_uj_[(?Q z‘]il I5]

Ou? ou;

T T
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Guess a sequence of decisions, u; i =0, 1, ... N — 1.

1 Start in z¢ and iterate the state equation forwards i.e. determine the state sequence, z;.
2 Determine the performance index.

Search (e.g. using an amoeba method) for an optimal sequence of decisions,
w; i=0, 1, ... N—1.
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Pause
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Continuous time Optimization

Discretetime
S e e e e
0 ) N
1
Continuoustime
1 ——

0 T

The Schaefer model (Fish in the Baltics)
Tiy1 = x4 + rha;(1 — ax;) To = Uy

h is the length of the intervals. The model can in continuous time be given as:

dx
iy = —L =rze(l —azy) zo

dt - TU

Il
8
o
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The fox(F) and rabbit(r) example.

T . ayr — BirF T
F | 7 | —agF + farF F

In general Dynamic (continuous time) state space model:

1 T1 x1 T
. ul
) 2 T2 Zq
= ft ) . = .
. um |, ’ ’
Tn Tn J, Tn 1g Zn dg
or in short:

Ty = fr(xe,ue)  ®o =z frRVEmEL g

The function, f, should be sufficiently smooth (existence and uniqueness).



Solution to ODE
@ Analytical methods

@ Numerical methods

z = fe(xe) To = X
Euler integration (the most simple method)
Tiyn = Tt + hfi(xe)

is the most simple method. Others and more efficient numerical methods do exists.
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The fox(F) and rabb

T ayr — BirF Ur
F |7 | —a2F+BerF |~ | uy

180

160

140

it(r) example.

Lotka-Volterra

=120
3
=)
[
3
L2
* 100
80
60
40 I I I I I I I I I
0 50 100 150 200 250 300 350 400 450 500
period



0
h
function dx=dfoxc(t,x,u,al,a2,bl,b2)
3
% Dynamic function for the continuous Lotka-Volterra system.

% It determine the state derivative as function of the time, state vector
% and system parameters.

r=x(1); % # of Rabbits is the first state
F=x(2); % # of Foxes is the second state
dx=[ al*r-bl*rx*F; % dx: derivative of x

-a2*F+b2*r*F ]-u;

e N R R

®
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%

function foxc

h

% This program simulates the trajectories for the Lotka-Volterra system.

%

al=0.03; a2=0.03;
b1=0.03/100; b2=bl;

%

System parameters (enters in dfoxc function)

r=100; % Initial # of rabbits

£=50; % Initial # of foxes

x0=[r;f]; % Initial state value

Tstp=500; % Stop time

dT=0.1; % Step size in output data

Tspan=0:dT:Tstp; % Time span of which the solution

%Tspan=[0 Tstpl; % Alternative time span

u=[0.0;0.0]; % Shootings of rabbits and foxes

[time,xt]=ode4b5 (@dfoxc,Tspan,x0, [],u,al,a2,bl,b2); %
%

%

is to be found

O0DE solver
See dfox for dynamic
function

o
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%

% The rest of this program (until next function
% plot and plot related commands

plot(time,xt); grid;

title(’Lotka-Volterra’);

ylabel(’# fox, rabbit’);

xlabel(’period’);

text (50,80, ’fox’);

text (220,140, rabbit’);

% print foxc.pps % Just a printing command

%

% end of main program

declaration) is just

%
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Analytical solutions

Tit1 =2y x;=C

Tip1=zi+a =z =C+ai pe=e = Cdar

Tip1 =az; 3 = Cd’ ¢=ar o= Cezplat)

T = Ax + Bu To =2
i1 = Az; + Bu;  xo = 0=
t
3 _ At At—s)
) d . Tt =¢€e" 'z +/ e Busds
z; = Alzy + Z A"_]_lBu]- 0
=0

A\

Constant as C' can be determined from boundary conditions. Examples are
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The Performance Index

In discrete time we search for a sequence of decisions (u; ¢=0, 1, ... N — 1) such that the
performance index

N-1
J= )+ > Li(wi, i)
1=0

is optimized s.t. the dynamics (and other possible constraints).

In continuous time we search for a decision function (uz 0 <t < T) such that the performance
index

T
J = Q5T($T) +/0 Lt(xt,ut) dt

is optimized s.t. the dynamics (and other possible constraints).
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Dynamic Optimization

Free dynamic optimization: Minimize J (ie. determine the function u¢, 0 < ¢t < T') where:

T
J = ¢r(zT) -l—/ Li(ze,ue) dt Objective
0

subject to

& = fi(ze, ut) To = X Dynamics

e T is given

9 z, is given

@ fi(w¢,ut) dynamics

@ Li(x¢,ut) kernel or running cost

9 ¢ (xr) terminal loss and zp is free.
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Euler-Lagrange Equations

¢ = fe(xe,ut)
. o 0
Al = Le(we,w) + A felxe, ue)
Oxt Ozt
o 0
OT = —Lt(xt,ut)—i-)\szt(ﬂﬁtyut)
Ouy Ouy

with boundary conditions:

0
0 = A= £¢T(xT)

=
=
=
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Hamilton function

Define the Hamilton function as:
H(z,u, A\, t) = Li(z,ue) + AL fe (@, ur)

Then the Euler-Lagrange equations (KKT conditions) for this problem can be written as:

b} . )
T = 2 A\ ="2H of = —H
T ozt ou

%H is the gradient of J wrt. w.

)\OT is the gradient of J wrt. zg.

The first equation is just the state equation

& = fr(xe, ut)
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Properties of the Hamiltonian

Hi(xt,ur) = Le(xe,ut) + AL fe (e, ur)

: 8 o] 1o} o
H = —H —H —H A
T T R e Y
0 0 0
= —~H+_—H —H TA
ol T it I
8 o o] :
= —H —H4+ AT
F H+ Bu U+ [83: + } f
0 . . .
= &H =0 for time invariant problems

along the optimal trajectories for x, u and .
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Proof The Lagrange function for the problem is:
T
J. = o¢r(er) +/ Li(ze, ue)dt
0

T
+/ AL [fe(@e, ue) — o] dt
0
If partial integration
T T .
/ M gdt +/ MNadt = Moar — A zo
0 0
is introduced the Lagrange function can be written as:
JL = ¢r(r)+ A xo— \rar
T .
+/ (Lt(ﬂlt,ut) + AT fe(ae, ue) + A?h) dt
0
and the Euler-Lagrange equations emerge from the stationarity of the Lagrange function.

dJr, (iqu - ,\tT) dzp
8mT

T /o ] :
+ / (—L+AT—f+AT)5xdt
0 ox ox
T /8 ]
— L+ AT =) éudt
+ /0 (8u + 8uf> b
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The Fundamental Lemma of the calculus of variation

The Fundamental Lemma: Let f; be a continuous real-values function defined on a <t < b and
suppose that:

b
/ ftoe dt =0

for any &¢ € C?|a, b] satisfying 6, = &, = 0. Then

ft=0 t€]a,b

=
=
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Motion control

Optimal stepping (in continuous time) but in one dimension. Consider the problem of bringing
the system

T=u T = T
from the initial state along a trajectory such the cost
1 T1
J = —pa? -l—/ —u?
21’ T 0 2 t
is minimized. The Hamiltonian function is
1
H; = Euf + Aeug

and the Euler-Lagrange equations are:

r = u
-A =0
0 = w+X

with boundary conditions:

o =2y A7 =pIT

=
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The last two are easily solved:
At = pxT ug = —A\t = —pxT

The state equation (with the solution to wu:) gives us
Tt =Zg —prr xr =z9 —prr T

from which we can find

1

= — —0 fo —

T 1+pTlO r p — 00
and then
p

=(1-— t
o ( 1+ pT )EO
At = T, ur = — T

T 4T 0 1+pT™°

and the Hamilton function is constant:

=
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LQ problem Continuous time and Free

Consider the linear dynamic system
T = Axt + But 0 =

and the cost function

1 1T
J= 5x%Pa3T + 3 / a:tTth + u?Rut dt
0

The problem has the Hamiltonian:
1 1
H = Eszxt + Equut + AT (Azy + Buy)
and the Euler-Lagrange equations:
T = Axt + But 0 = x
A =zTQ+2TA M =aLp
0=ulR+ B

or

T = Ax; + Buy T = I
At = Quxy + AT\ Ar = Pxr oru
-4
ut = —R_lBT)\t >




We will try the candidate function:
At = Stxe
Then

At = Sewe + Siie = Sewe + S (Aoct _ BR_IBTStxt)

If inserted in the costate equation

_).\t = ta + AT)\t

—S'txt — St (Axt — BRilBTStwt) = th + ATStxt

then for every x¢:

—Stxt = St Azt + ATStIt + Qxt — StBRilBTStCCt

which fulfilled if (the Riccati equation):

—S =S8 A+ ATS, +Q—S,:BR™'BTS,

Sp=P

ut = —R_lBTStwt

Y'Y W]

1=




Minimum drag nose shape (Newton 1686)

Find the shape i.e. r(x) of a axial symmetric nose, such that the drag is minimized.

1] -

The decision u(z) is the slope of the profile:

or =—u=—tan(d) r0)=a
Ox

DU

i
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Minimum drag nose shape (Newton)

Find the shape i.e. r(x) of a axial symmetric nose, such that the drag is minimized.
a
D= q/ Cp(0)2nrdr
0

1
q= EpV2 (Dynamic pressure) Cp(0) = 2sin(8)? for >0

[ e

DU

i
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Minimum drag nose shape (Newton)

1] -

Dynamic:

or =—u Tr9=a tan(0) = u
ox

Cost function (drag coefficient, including a blunt nose):

D ! 3
Cy = =2r§+4/ b <1
qma? o 1+u?

DU

i
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Minimum drag nose shape (Newton)

rlla

2 25 3 35

DU

i
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Reading guidance

DO: 11-14, 27-34
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