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SOLUTIONS TO TEST 3

1. TENSOR CALCULUS AND GROUP THEORY (estimated time ~ 15 min):

1.1) Calculate
o’ =0} + 05 + 03, (1)
where o1, 09, and o3 are the Pauli spin matrices, and show that
[GZ, O-j] =0, (2)
for j=1,2,3.

1.2) Let ® be a traceless Dirac matrix. Calculate tan ® and Arctan®.

SOLUTION:

1.1) From the known relation o}=I (unit matriz) we find that 0® = 0? + 0% + 03 = 31. This
gives us
[0%,0;] = [31,0] = 3(Io; — o;I).

Since I is the unit matriz we know that Ioj=o0;1 and thus
[0%,0;] = 3(Ioj — o;I) = 3(0;1 — 0;1) = 0.
1.2) Since ® is a traceless Dirac matriz we know (see Homework 67) that
® = ¢101 + ¢202 + @303, on€R
and the expansion for tan ® is given by

o 22n(22n _ 1)Bn@2n—1
tan® = Z @n)!

n=1

From Homework 67 we know that ®*"! = |®>" 2, which gives

o 92n 22n_1Bn©2n—2 P o 92n(92n _ 1 Bn(I)2n71 P
= 05 2N VBB @ - 1B,

= — — tan|®
2n) o) @n) ] tan @l

Likewise the expansion for Arctan® is given by

n—|—1(p2n 1 n—|—1|(P|2n 1 (I>
Arctan® = = — Arctan|®
rctan Z @n= 1) \<I>|Z @n—1) ® rctan|®|
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2. CALCULUS OF VARIATIONS (estimated time ~ 15 min.):

Consider the Lagrangian density L=L(u, u*, us, U5, Uyy, vk, ), given by
L=+ fugel? = ) [u+? 3)
T o + 1 bl

where o > 0 is a real parameter and u* is the complex conjugate of the function u=u(z,t).

2.1) Use Hamilton’s principle to derive the dynamical equation for u(z,t) (remember that u
and u* are treated as independent functions).

SOLUTION:

2.1) According to Hamilton’s principle u(x,t) must satisfy the FEuler-Lagrange equations

oL 0 (0L n o (oL _ 0
ou* Ot \ Ou; or2 \ouz, )

We first write the Lagrangian density (8) in the form

1
o+1

L = wu; + Uggtty, — (

) (uu*)aﬁ—l‘
The FEuler-Lagrange equations then become

L) w10 4+ 1)) = 2 () + 2 () = 0
- —|u o ) — —(u ——(uge) =0,
o+1 ot "’ 0x?
which we can reduce to
Uyt — Uggzy T \u|2”u =0.
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3. CALCULUS OF VARIATIONS (estimated time ~ 10+5+15 min.):
Consider the eigenvalue problem

a
dzx

(Vzug) + %u =0, re(l,4], u(l)=u4)=0, (4)

where u=u(z) and u,=du/dz. For this problem the exact minimum eigenvalue is A\min = 72/4.

3.1) Show that requiring J, given by

J:/f\/iuidm, (5)

to have a stationary value, subject to the constraint or normalizing condition

/fjj—}dx:& (6)

leads to the Sturm-Liouville equation in Eq. (4) (remember you are free to choose either
+A or —\ as the constant Lagrangian multiplier).

3.2) Find the constant « that makes the function
u(z) = 2° — 5z + « (7)
suitable as a trial eigenfunction for the Rayleigh-Ritz variational technique.

3.3) Use the Rayleigh-Ritz variational technique with the trial eigenfunction (7) to find an
approximate value for the ground-state (or minimum) eigenvalue.

SOLUTION:

3.1) The normalization (6) requires that the variation is zero:

(5/1 é(u,z)dz =0, d(u, ) = u*/V/x.

Combining with the variation 6J=0J(u,, £)=0 we obtain

4
(5/ 9(u, ug, ) dr = 0, 9= g(u,ug, ) = Vau? — €’/ /7,
1

where X is constant Lagrange multiplier. The new composite function g must satisfy the
usual Euler-Lagrange equations

dg d (og\ _ _u d _ d

which we identify as the Sturm-Liouville problem (4).

u =0,

Sl
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3.2) To apply the Rayleigh-Ritz variational technique on the eigenvalue problem (/) requires
that the trial function must satisfy the corresponding boundary conditions u(1)=u(4)=0:

u(l) = 1-54+a = a—4=0 _
ud) = 16—-20+a = a—4=0} - a=d

3.3) The eigenvalue problem (4) is a Sturm-Liouville problem with p(x) = v/ and w(z) =
1/\/z, for which the boundary contribution [puyu)i=0 is zero. Thus one may use either
expression for the functional F(u,us, ) to obtain the a variational approrimation A to
the minimum eigenvalue,

f14(3:1/2u§)d:13 B f14[x1/2(23: —5)%]dz
f14(x_1/2u2)d:v a f14[:v_1/2(x2 — bz + 4)?|dx
[H (4252 — 2023/ 4 2521/2)da
[H(@7/2 = 1025/2 4 2323/2 — 4021/2 + 160-1/2)dx
[827/2 — 825/2 + B g3/2] 2175

F =

- = =2.64
[%.’IJg/Q _ ?$7/2 + ‘%5_633-5/2 _ %$3/2 + 32x1/2]é]1- 824
= )‘t ~ /\min
The relative deviation 1s \ \
AN = % = 6.98%,

which s reasonable. As a check we see that Ay > Apin as we know it should be.



