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Each week (W ) 3 batches (B) are selected and from each batch samples are taken from
4 productions (P ) (each batch gives rize to several productions). The conductivity is
measured on 4 tiles (E) from each production. The structure of the data is thus (in
principle):
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in that each week has 3 batches, each batch has 4 productions and each production has
4 tiles, that is a complete hierarchial structure which can be modelled using the terms:

B(W ) , P (WB) and E(WBP )

Question 1
We are interested in identifying sources of variation and it is therefore reasonable to model
all effects as random. The statistical model is then:

Yijkl = µ + Wi + B(W )j(i) + P (WB)k(ij) + El(ijk),

where µ is the general level and

Wi ∈ N(0, σ2
W ); B(W )j(i) ∈ N(0, σ2

B(W ));

P (WB)k(ij) ∈ N(0, σ2
P (WB)); El(ijk) ∈ N(0, σ2

E)

For brevity the term E(WBP )l(ijk) is written as El(ijk).

EMS-table for ANOVA
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i j k l σ2
W σ2

B(W ) σ2
P (WB) σ2

E

3 3 4 4
Wi 1 3 4 4 48 16 4 1
B(W )j(i) 1 1 4 4 16 4 1
P (WB)k(ij) 1 1 1 4 4 1
El(ijk) 1 1 1 1 1

The P (WB) effect is tested against the E effect. The B(W ) effect is tested against the
P (WB) effect. The W effect is tested against the B(W ) effect.

If reasonable (after testing) sums of squares from not significant effects can be pooled
which will lead to stronger tests.

If, for example, the P(WB) effect is not significant its SSQ can be pooled with the residual
SSQ and subsequently the B(W ) term can be tested against the new residual SSQ.

Question 2

The sums of squares for our model can be derived from the sums of squares for a com-
pletely crossed splitting of the variation:

SSQW = 411.3, f = 2

SSQB(W ) = SSQB + SSQWB = 211.1, f = 6

SSQP (WB) = SSQP + SSQBP + SSQWP + SSQWBP = 545.9, f = 27

SSQE(WBP ) = SSQE + SSQEW + SSQEB + SSQEWB + SSQEP +

SSQEWP + SSQEBP + SSQEWBP = 180.1, f = 108.

The ANOVA table thus becomes:

Variation SSQ f EMS
W 411.3 2 48σ2

W + 16σ2
B(W ) + 4σ2

P (WB) + σ2
E

B(W ) 211.1 6 16σ2
B(W ) + 4σ2

P (WB) + σ2
E

P (WB) 545.9 27 4σ2
P (WB) + σ2

E

Residual E 180.1 108 σ2
E

Total 1348.4 143

H
(1)
0 : σ2

P (WB) = 0 against H
(1)
1 : σ2

P (WB) 6= 0

F = 545.9/27
180.1/108

= 12.1,

which is compared with an F (27, 108)-distribution. It is strongly significant.
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H
(2)
0 : σ2

B(W ) = 0 against H
(2)
1 : σ2

B(W ) 6= 0

F = 211.1/6
545.9/27

= 1.7 ∼ F (6, 27)0.16 ⇒ H
(2)
0 .

New pooled SSQP (WB) = 191.3 + 535.7 = 757.0, f = 33.

H
(3)
0 : σ2

W = 0 against H
(3)
1 : σ2

W 6= 0

F = 411.3/2
757.0/33

= 9.0 > F (2, 33)0.001 ⇒ H
(3)
1

Thus the identified model is:

Yijkl = µ + Wi + P (WB)k(ij) + El(ijk)

which includes a variation between weeks and between productions, while batches do not
seem to be very different.

Question 3

The estimates corresponding to the final model are:

µ̂ = x

σ̂2
E =

180.1

108
= 1.667 = 1.292

σ̂2
P (WB) =

1

4

(
757.0

33
− 180.1

108

)
= 5.318 = 2.312

σ̂2
W =

1

48

(
411.3

2
− 757.0

33

)
= 3.806 = 1.952

One could removed the batches from the model and conclude:

Yijkl = µ + Wi + P (W )k(i) + El(ik)

where now k is production number within one week and then

µ̂ = x

σ̂2
E =

180.1

108
= 1.667 = 1.292

σ̂2
P (W ) =

1

4

(
757.0

33
− 180.1

108

)
= 5.318 = 2.312

σ̂2
W =

1

48

(
411.3

2
− 757.0

33

)
= 3.806 = 1.952
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