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Solution to exercise 31

Except for the missing observations we have a usual two-way analysis of variance
design with one observation per cell. It is thus reasonable to apply the following
model (without interaction term - why ?)

Yij=p+ki+ fi+eij, ;€ NID(0,0%)

With the given data this can be written in matrix notation:
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that is in the form: Y =z 3+ €.
The usual linear restrictions for the f’s and the k’s are

> rik; =0; r; = number of obs. in row no. 4
> s;f; =0; s; =number of obs. in column no. j

The estimate for § is found by solving the system of equations (the normal equa-
tions):

and the linear restrictions.

Z?‘iki = 0
Zijj = 0

We can now construct the actual normal equations and solve them:
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Solving these equations gives:

i = 81820
k= —0.3035 fi = —0.4829
ky = —0.2557 fo = 02211
ks = 0.2498 fs = 0.1963
ks =  0.3363

The deviations between the observations and the corresponding estimated model
values are:

Type of seed

A B B2
Potash 10 | 0.2244 | -0.0796 | -0.1448
20 0.0026 | -0.0026
30 | -0.1889 | 0.0770 | 0.1119
40 | -0.0354 0.0354

with sum of squares 0.1343, and it has 10 — (8 —2) = 4 degrees of freedom. Note
that, for example, the sum of deviations is 0 both row-wise and column-wise.

We want test the row effect, that is to determine whether the amount of potash
has (significant) influence on the strength index. We will therefore compare the
full model above with the following reduced hypothetical (reduced) model, where
potash is left out:

HE' " Yy = p+ fi+ey, ey € NID(0,0%)

In the same way as above the general linear model corresponding to Hj is con-
structed, and we find the solution:

i = 8.1820
F, = —0.3887
fr = 0.1180
fi = 0.2030

and the residual sum of squares is 0.8962, which has a total of 10 — (4 —1) = 7
degrees of freedom.

The removal of potash from the model led to an increase of the residual sum of
squares amounting to 0.8962 — 0.1343 = 0.7619 with 7 — 4 = 3 degrees of freedom.
We can now construct the analysis of variance table:

General ANOVA concerning potash

Variation SSQ | f | Test quantity
Potash effect 0.7619 | 3 | z = 8:15}12?2 =7.56

Residual (full model) | 0.1343 | 4
Deviation from
Hj hypothesis 0.8962 | 7

For a test with level of significance 5% the critical value is z > F(3,4).05 = 6.59,
wherefore the potash effect is statistically significant at the 5% level.
We now want to assess the type of seed effect in the same way by choosing:

nged : Y;'j =u+k + €ijs €i5 € NID(O,O’Q)



and we find
L = 8.1820
ki = —0.3253
ks = —0.0470
ks = 0.2280
ke = 0.1930

Note that, for example, the linear restriction
k1 + 2ko + 3ks +2ks = 0

is satisfied.

General ANOVA concerning type of seed

Variation SSQ | f | Test quantity
Seed effect 0.8693 | 2 | z = g:fgig/i =12.95

Residual (full model) | 0.1343 | 4
Deviation from

Hjy hypothesis 1.0036 | 6

Since F(2,4)0.05 = 6.94, the type of seed effect is also statistically significant at
the 5% level of significance.

We conclude that both the amount of potash and the type of seed are important
for the fiber strength. We therefore stick to the original full model and as estimate
for the effects we use the values given on page 77.

The highest index is obtained by choosing one of B-types of seed.

In praxis the above general procedure is done by applying a proper statistical
computer program and the most often used procedure is usually called GLM. It will
automatically give the correct F-values and corresponding to the above procedure.

Sometimes is is illustrative to estimate the missing values and analyze the data
including these values. The ANOVA then becomes balanced and can be carried out
in the usual way provided a correction for degrees of freedom is made.

We show the method:

The missing observations are Y2; and Yj. By means of the estimates from the
full model we find:

Vor =it ho+fi = 8.1820—0.2557 — 0.4829
— 744

Yio=f+ks+fi = 81820+ 0.3363 +0.2211
— 874

By adding these data to the original data we get:

Type of seed
A B1 B2 Sum
Potash 0 [ 7.62 | 8.02] 7.93 ] 23.57
10 8.15 | 8.12 | 23.71
20| 7.76 | 873 | 8.74 | 25.23
30 | 8.00|[87]| 8752549
Sum | 30.82 | 33.64 | 33.54 | 98.00




And further

30.822 + 33.642% + 33.542 - 98.002

Squeed = 4 12
3206.4536
= —0 " 800.3333 = 1.2801
23.57 + 23.71%2 + 25.332 4+ 25.492  98.002
SSQpotash = 3 - 19
= 1.007
98.002
SSUyorar = 71-62%+---+8.75% — = 2.4151
SSUposiguar = 2.4151 — 1.0007 — 1.2801 = 0.1343

Since there are only 10 independent observations in the data the ssqiotai, which
is the variation around the total average of the data, has 10 — 1 = 9 degrees of
freedom.

The residual variation thus has 9 — 2 — 3 = 4 degrees of freedom.

We find as follows:

Approximate ANOVA
Variation ssq f s? Test quantity
Seed 1.2801 2 0.6401 19.05
Potash 1.0007 | 3 0.3336 9.94
Residual (full model) | 0.1343 | 6-2 | 0.0336
Total 2.4151 | 11-2

F(2,4)0.95 =6,94; F(3,4)0.95 = 6.59

We conclude that both potash and type of seed are statistically significant as
above.

In comparison with the previous analysis both test quantities exhibit a little
stronger significance, and that will generally be the case when an approximate
analysis is based on estimated values instead what is found from the exact analysis.

Reestimating the model on the data including the estimated values gives:

A* = 98/12 = 8.1667

ki = 23.57/3—8.1667 = —0.3100
ks = 23.71/3—8.1667 = —0.2633
ki = 25.23/3 —8.1667 = 0.2433
ki = 25.49/3—8.1667 = 0.3300
fr = 30.82/4—8.1667 = —0.4617
fx = 33.64/4 —8.1667 = 0.2433
fx = 33.54/4 — 8.1667 = 0.2183

We (for the sake of illustration) end by splitting the variation corresponding to
the effects in the approximate analysis by means of orthogonal contrasts.

With respect to the types of seed it would be reasonable to to see if the A-type
deviates from the B-types as such and if the two B-types can be considered not
different or not.



We find
Cseed, = 2T4—Tp, —Tg,
= 2.30.82-33.64—3354 = 554
Cyedy = Tp, —Tp,=3365-3354 =  0.10
ssqu_p = (—5.54)2/(22-4+4+4) = 1.2788
ssdp,_p, = 0.12/(4+4) = 0.0013
SSQgeeq = 1.2801

For potash we apply orthogonal polynomials:

CPotesh = —3Ty — 1T1o + 1Ta0 + 3T5o
= 3-2357—-23.71+2523+3-2549 = 7.28
ng;‘;ﬁh = —To+Tio+ T — T30 = —0.12
crotash — — Ty 4 3Ty — 3T + T30 = 264
S8, = 7.28%2/(32-3+3+3+3%-3) = 0.8833
$5Qguadr. = (—0.12)%/(3+3+3+3) = 0.0012
SSUpypic = (—2.54)2/(3+3%2-3+32-3+3) = 0.1162
SSUpotasn, = 1.0007
Approximate ANOVA with complete splitting of variation
Variation ssq f 52 Test quantity
A-seed deviates | 1.2788 | 1 | 1.2788 38.06
from B-seed
Bi-seed deviates | 0.0013 | 1 | 0.0013 0.04
from Bs-seed
Linear dep. 0.8833 | 1 | 0.8833 26.29
from potash.
Quadr. dep. 0.0012 | 1 | 0.0012 0.04
from potash
Cubic dep. 0.1162 | 1 | 0.1162 3.46
from potash
Residual 0.1343 | 4 | 0.0336
Total 24151 | 9

F(1,4)0.95 = 7.71, and we see that only the A-B effect and the linear potash
effect are significant.
The estimate for the change in strength index by using B instead of A is

1 [k [k ik
§(f2 +f3) — fi =0.69
For potash we find the linear polynomial:

Tpotash — 15

u =
10
)\1 - 2
Cpotash 7.28
A _ linear = —— =10.1213
! 3-(32+12+12+3%) 60 ’
such that
h— 15
Index = const+0.1213. 2. potesh = 22

10

const 4 0.0243 - Zpotash

where Zporqsn = the amount of potash pr kg pr acre.



