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11.2

p; is a parameter (a number). A deterministic (fixed) factor
By, is a random factor fx: By, € N(0, 0%)

PBi is a random interaction term fx: PB;. € N(0,0%p)

A more reasonable (useful) model:

Yijm = i+ pi+ ¢ + peij + Bi + Eiji

In ANOVA test PCB, CB and PB terms first in order to reduce model to a more
interpretable or reasonable model (without interaction between the deterministic
factor(s) and the random factor(s)).

If the batches in the example essentially are blocks (restricted randomization) care
should be exercised in interpreting the F-tests (see Montgomery p. 123).

For such blocks both physical placement and time sequence, for example, can be
randomized.

[General ANOVA models|

|An example with a random factor‘

111

A factorial experiment carried out and placed randomly on 3 batches of material se-
lected randomly among many possible batches (complete randomization assumed):

Batch pH=6 pH=7
% 2% 3% | 1% 2% 3%
[ YiYe Y1 Y2 Y1 Y21 Y2 Y1Y2 Y1Y2
I iy vy iy |Y1 Y2 Y12 Yo
I Jy1 92 viye yi %2 Y1 Y2 Y1y Y1y

Y;:jkl = [+ Dpi+cj+pc;+ Bi. + PB;. + CB]'k + PCBj]‘k + Eijkl

etc. Random terms are written with capital letters.

6

[The ANOVA table and the EMS column)]

11.3

The analysis of variance table for the above complete model has the following

appearance.
Source of Name of |SSQ|d.f.| S? |Expected mean square

variation term = EMS = F{S*}

pH i 1 S]% 18¢, + 6023 +20pcp + 0%
concentr. ¢j 2 | S 129, ot +20pcp + 0%
pc-interaction | pcy; 2 SIQ,C 6dpc +20p05 + 0%
Batch B, 2 | S% | 1203460}, + 40k + 20005 + 0%
PB-interaction | PB;;, 2 | S%, 60% 3 +205cp + 0%
CB-interaction | CBj;, 4 | SZ, 4ot + 20pcp + 0%
PCB-interaction | PC B;j;; 4 |S%p 20hcp + 0%
Error Eij 18| S% ot
Total 35

The EMS values determine how tests and component of variance estimates are
constructed. What happens if the reduced model (PB=CB=PCB=0) is used?

8




11.4

\The EMS-column, balanced design, 'unrestricted model’ method|

Y;Ijkl = [+ Dpi+cj+pc;+ By + PB;. + CBjk + PCBM/C + Ez‘jkl

Where do the various components appear
EMS: Op | Pc | Ppe U% 01233 J%B UJZDCB 012'5
pi + - + [+
¢ + + |+
pCi]' + + +
By, + | + + |+
PB;j. + + +
CBj/; + +
PCBijk + +
Error +

Rule: Random terms of higher order which include the term itself contribute
to the EMS for a term (02 5 contribute to the EMS for ¢ and B and itself, see the
[+]'s in the table).

11.6

|Examp|e like 13-2 in Montgomery

Test Operator

item | 1=Hansen | 2=Jensen | 3=Ulrich
1 Y1 Y2 Y1 Y2 Y1 Y2
20 Y1 Y2 Y1 Yo Y1 Y2

Y;jk _ ,U,—FTj“’Oj —I—TOU +E7Ijk

The model has 4 components of variance

T, € N(O, (T%) s O] (S N(O, (T?)) s TO,7 S N(O,U%O> s E,jjk S N(O,U%)

‘Var{Y} = 0% + 0} + 0o+ U%‘

The idea of the experiment is to assess these variances.

115

The coefficient for a variance component is the number of observations per 'level’
of the corresponding model term, for example:

p; : 18 observations per level (i ~ one pH level in the data table)

PBji, : 6 observations per level (one ik-combination = one pHxBatch combina-
tion)

What are the coefficients
EMS: [y | bc | dpe| 0 |0 | 0Cp | 0Pcn | Ok
D 18 6 2 |1
¢ 12 4 2 |1
PCij 6 2 1
By, 12| 6 | 4 2 |1
PBy 6 2 |1
CBj: 4 2 |1
PCB,j;; 2 |1
Error 1
Good small examples: see slides 14.1-14.5 .
10
11.7
'The ANOVA strategy: The EMS column|
ANOVA table for example 13-2
Source SSQ |df| s |E{s?}
Test items T;11185.43[ 19 |63.39| 0%, + 207, + 607
Operators O; 262 | 2 | 131 |0} + 20% + 400
TO-interaction TO;; | 27.05 | 38 | 0.71 | 0% + 20%,
Residual Eix| 59.50 | 60 |0.992| 0%
Total 1274.59 | 119

How should we test the model. What does the E{s?} column tell us? Which terms first? How is
the T'O;j-term tested?

How are the main effects T; and O; tested dependent on whether the T'O;j-term is significant or
not?

Can we estimate 0% (how?) and 0%, (how?).

How are 0% and o estimated dependent on whether the T'O;;-term is significant or not?



11.8

The ANOVA
1: Test TO;; : F(38,60) = 0.71/0.992 = 0.71 is not significant (< 1)

2: If 02 clearly insignificant, then reduce the model and pool variances (look at
EMS column to see how)

ANOVA table for example 13-2, reduced model

Source SSQ [df| & E{s?} F-value
Test items | 1185.43 | 19 [63.39| o2 + 6o~ 72.0
Operators | 2.62 | 2 | 1.31 | o%+400% | 149
Residual | 86.55 | 98 | 0.88 o,
Total 1274.59 119
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11.10

[Mixed effect ANOVA]

ANOVA table for mixed model

Source SSQ | d.f. | s? | E{s?}

Test items (7;) 0% + 204 + 604

Coatings (c;) 0% +20%¢ + 406,

TC-interaction (T'Cj;) 0% + 207

Residual (E;j) ol

Total

Y;j]‘k:,llz—FCEf—FC]'—l—TCj]‘-l-Ejjk

¢; - unknown constants: {ci, ..., ¢.} (with a levels). Define ¢. = =J_, ¢j/(a—1).

T'C;j, are unrestricted random variables as in the 'Unrestricted Mixed Model' de-
scribed in Montgomery at page 498 and 504 (as used in SAS fx).

. capital letters ~ random terms, small letters ~ deterministic terms.

11.9

3: The O; term is not significant. However, it could still be interesting to estimate
all variance components, at this point:

G5 = 5% = 0.88 = 0.94?
5% = (5% — 5%)/6 = (63.39 — 0.88) /6 = 10.42 = 3.23°

55 = (sp — s3)/40 = (1.31 — 0.88) /40 = 0.011 = 0.10°
02)20:>Y,'jk*>Y¢k:,u+T;+Eik

Revised estimates:

L, 85Qo+SSQr _ 2.62+ 86.55

— =0.89 = 0.94%
e 2408 2498

6% = (s% — 7%)/6 = (63.39 — 0.89) /6 = 10.42 = 3.23”

14

11.11

|Random factors and hierarchical variation example‘
Pollution at 3 areas each with 3 sites

Area |
Area ll
[2] (2]
Area lll
=

Variation between areas and between sites within areas.

‘Y = Constant + Area + Site(Area) + Uncertainty(Area,Site)‘

The variation between 'Areas’ is a random variation (there can be many 'Areas’).

The effect of Area is called A; written in capital letters indicating a random variable.



11.12

The variation between 'Sites’ is a random variation within 'Areas’ (indicated by
parentheses as Sites(Areas))

The total variation of Y is composed of the variation from 'Area’, 'Site(Area)’ and
the measurement 'Uncertainty’ within (Area,Site)

‘The design is a hierarcial components of variance design :‘

Yije = p+ A + S(A) o) + U(AS) i)

sometimes only, when it is obvious that U(AS); ;) is the error term

Yijk = p+ Ai + S(A) i) + Egij)
Assumptions: 4; € N(0,0%) , S(A);i) € N(U,U%(A)) . Eyij) € N(0,0%) .

12.2

|Genera| notation for models with many factors‘

Factors are a/A, b/B and ¢/C etc. If the factor is fixed use a;, b; or ¢, etc. If it is
random use A;, B; or C}, etc.

An interaction between a fixed and a random factor, fx between a; and B; is random
and is called AB;;.

A factor C}, nested within a fixed factor b; is called C(b)j).

A factor C}, nested within a random factor B; is called C/(B)y;).

A nested factor is practically always random.

The interaction between a; and C'(b)y;) is called AC(b);;(;) and is random.
The interaction between a; and C'(B)y;) is called AC(B);(;) and is random

12.1
\All possible structures for three factors|
Typel Type 1l
AxB A
AxXC
s B
BxC
C
o
A B(A) C(AB)
Type HI
A
JB E i %, g i
(o3
AxB C(AB)
Type VI Type V
A A
A 1 2
e DN NN
Bl
B I B2
I B3
.
BXC B(A) C(A) AXB BXC C(A)
18
12.3

Indices are 4, j and k& while ¢ denotes repetition no. They can take the values

i={l..a}, j={1..b}, k={l..c} and £ = {1...r}.
The residual is denoted ;) and the index £ runs within the (ijk) combinations.
EMS tables for all (relevant) three factor models are given from slide Supplement

V.1. The various models are organized as types |, Il, lll, IV and V corresponding
to the structures shown on slide 12.1.

All EMS values correspond the 'Alternate Mixed Model’, see page 526, where
interactions are modeled as unrestricted random variables.



12.4

In some cases there are no direct tests for all terms in the model. For
example in the model V.4 (slide 19.12) there is no direct test for A;. If, in this

model, both AB;; and C(A);; are clearly significant, the approximate F-test (p
505) could be considered.

If, for example, AB;; is not significant, reduce the model and pool the AB;; SSQ
with the BC(A);1;) SSQ and test the A; term against the C'(A); ;) term.

In general, do the testing 'bottom up’, and in many cases the EMS structure can
be simplified and good tests can be constructed.

The approximate F-test is not generally recommendable, since it often has poor
power.

21

12.6
We often write the error term shorter:
Yij = p+ P+ B(P)j) + Ej)

Both plants and batches are random variables in this model

Another possibility is:

Yije = i+ pi + B(D) ) + Ery)

where the plants are deterministic (fixed). Depends on how plants are selected
(explain)

23

A nested (hierarchical) design‘

Plant A

Batch 1 2

A A

Rep: E 121212121212

Plant B

Plant C

A A A

AAK AN A

12

Nested design with three
batches per plant and two
repetitions per batch

Yijr = p+ P+ B(P)ji) + E(PB)iuy)

|From crossed to nested ANOVA computations‘

Model: Y =y + A + B(A) + C(AB) + E(ABC)

A — A=A
B

AB  — B(A)=B
C

AC

BC

ABC — C(AB) =C + AC + BC + ABC

E
AE
BE
ABE
CE
ACE
BCE

ABCE — E=E(ABC)=E+ AE+ ...+ ABCE

Applies to SSQ’s and d.f.'s

+ AB

1

2

1

2

12,5

12.7



12.8 12.9

\From crossed to nested ANOVA computations| Example 14-1
Model: Y:/L+A+B+AB+C(A)+BC(A)+E(ABC) Plant A ~ ay Plant B ~ ay Plant C ~ a3
batches batches batches
37_’3:”; 1 2 3 4|1 2 3 4|1 2 3 4
AB; AB‘ AR 94 91 91 94[94 93 92 93|95 91 94 96
- _

G 92 90 93 97|91 97 93 96|97 93 92 95

93 89 94 9390 95 91 95|93 95 95 94
/QS;C(A) =C+AC 279 270 278 284[275 285 276 284]285 279 281 285
ABC — BC(A) = BC + BCA 11 1120 1130
E

11112 + 11202 + 11302 12
AE 55Q, = PRI S 4506
BE
ABE
279242702 + ...+ 2852 11112+ 11202 + 11302

CE S5 Qi — + oW + + 600
ACE 3 12
BCE
ABCE — E=E(ABC)=E + AE + . . . + ABCE o=3—1=2and fp)=34-1)=9

12.10 1211

|Ana|ysis of variance - detailed‘

Computational relation : B(a) =B + BA (orB(a) =B + AB)
Y;j]‘/g =pn+a;+ B(a)j(i) + Ek(ij)

Crossed computation: Nested computation:

Term 5SQ d.f. Term 55Q d.f Source SSQ | d.f.| s* |EMS

a 15.06 3-1 a 15.06 | 3-1 Plants 15.06 | 2 |7.53 a%+30%(a)+12¢)a
B 25.64 4-1 Batches(plants) | 69.92 | 9 |7.77 02E+3U%(a)

AB 4428 | (3-1)(4-1) | | B(a) 69.92 | 3(4-1) Residual 63.33 | 24 |2.64 | 0%

Residual | 63.33 | 12(3-1) Residual | 63.33 | 12(3-1) Total 148311 35

Total 148.31 35 Total 14831 35

Test batches : Fyutches = 7.77/2.64 = 2.94 ~ F(9,24)
Two more examples: (factors organized A, B, C, D)

1) : CD(aB) = CD + ACD + BCD + ABCD
2) : B(aCD) = B + AB + BC + ABC + BD + ABD + BCD + ABCD

Variation between batches significant using o = 0.05.

27 28



12.12

F(9,24)

F(9.24), ;s = 2.30

Test plants : Flqpis = 7.53/7.77 = 0.97 ~ F'(2,9)
Since F'(2,9)0.05 = 4.26 > 0.97 plants are not significantly different

Reduced model, write fx:

Yiji = 1+ Bij + Egay)

29

13.1

More nested (hierarchical) models‘

Plant A (a1) Plant B (az) Plant C (a3)

Batches I II I I

Parts 112 213(1|2

Data MARARARARARARARARARARARA RARNARE RARADS
Y1y / YIYIY Y YIYIY I YIY|YY

w
—
M| —
w
—
[N
w

For each plant two batches are selected. From each batch three parts are formed

(selected), and on each part two measurements are performed.
Mathematical model (for fixed plants ~ a;) :

Yijee = i+ a; + Bla) ;i) + P(aB)iij) + Eyjr)

31

12.13
\Conclusion for example 14-1
Source SSQ |df.| s> |EMS
15.06 | 2
69.92 | 9
Batches | 84.98 | 11 |7.73 | 0% + 30%,
Residual | 63.33 | 24 |2.64 | 0%
Total 148.31 | 35
Estimation:
Level: i = 3361/36 = 934
0% = 2.64 = 1.63?
6% = (7.73 —2.64)/3 = 1.70 = 1.30°
Model again: Y =pu+ B+ E
Var{Y'} = 0% + 0% ~ 2.64 + 1.70 = 2.08?
30
13.2

In the design, essentially, 3x2 = 6 different batches are used and 3x2x3 = 18

different parts.

2y 2y s Plants

Batches

Parts

Measure—
ments

32



133
Mixed model, example 14-2 p. 536]
Layout I II
Operator | 1 2 3 41 2 3 4
KKA EMB AHJ HS|MK PBB HM HR
Method 1| v y y v |y y y oy
y y Y Yy |y y y ¥
Method 2| 'y y y Vv |y y y oy
y y Yy Y ¥ Y y |y
Method 3| v y y v |y y y oy
y y Y Y|y y y ¥y
Eight different operators (indicated by their initials) participated.
The factor 'Operator’ is random and nested within "Layout’.
33
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|ANOVA table and expected mean squares computation‘

Source SSQ | df | s* |E{s?}
Methods (m) | 82.80 | 3—1 | 414 | see
Layouts ()| 4.08 | 2—1 | 4.08 | below

)119.04 | 2 | 952
Y[ 7191 | 6 |11.99
)1 6584 | 12 | 549

Interaction  (mxI1
Operators (o
Interaction (mxO(l)

Residual E| 56.00 | 24 | 233

Total 299.67 | 48—1
Model 3242 Expected mean squares
term 1 k vien & O%(l) U_?VO(I) o,
m; 024 2|16 2 1
l 3042 24 6 2 1
mi;; 0042 8 2 1
O(D)k(y) 3112 6 2 1
MOy |1 11 2 2 1
Eyij 1111 1

35

13.4

Design in principle

Layout | Layout Il

1 (2 \3 \4 A4 Operator
Method 1
Method 2
Method 3

Y;jky =pn+m;+ lj + mlj]‘ + O(l)k(j) + MO(l)ik(j) + Eu(z‘jk)

Note: Totally 8 different operators participated, 4 for each layout.

34

13.6

Fyroq) = 549/2.33 = 2.36 ~ F(12,24)
F(12,24)9.05 = 2.18 < 2.36 = MO(l) term significant (in principle)

Remaining tests can then be based on 5%\10(1) with 12 degrees of freedom

|The remaining tests‘

Fou = 11.99/5.49 = 218 < F(6,12))05 = 3.00

It can be discussed whether the O(I)-term should be removed from model.

Fou = 9.52/5.49 = 1.73 < F(2,12)0.05 = 3.89

The ml-term is not significant

Test of layouts : F} = s7/sp,;) = 4.08/11.99 = 0.34 << F(1,6).05 = 5.99

36



13.7

Alternatively:

Remove O(1) from model and compute

S310(1)—new = (65.84 + T1.91) /(12 + 6) = 7.65, with d.f.= 12+ 6 = 18 and then

F, = 952/765 =124 < F(Q, 18)0,05 = 3.55
F, =4.08/7.65 = 0.53 << F(1,18)0,05 = 8.29
Same conclusion : ml-interaction and [-effect not significant

The layouts are probably not different !

Test of methods
Directly : F,, = s7,/s%00) = 7-54 ~ F(2,12)
=541 ~ F(2,18)

—new

Alternatively : F,, = an/s?wo(z)

Both cases result in significance

14.1

[Model with two crossed factors, both fixed|

Temperature Two crossed factors
Concentr. | 15°C 25°C 35°C | both fixed
1% Yy Yy vy
2% YY ¥y ¥y

Yijek = p+ i+t + ctij + Ergj

The table also correspond to the

39

Model [a b r EMS In the
term |1 ] k| ¢ ¢ ¢a 0% | example
¢ |0 b r|br=6 1 a=2
tj ja 0 r ar=4 1 b=3
Ctjj 001 =2 1 r=2

Eyip |1 11 1

EMS-method described slide 19.1.

13.8

Layouts are not of importance, but methods and operators are:

c’rQE = SQE
~2
a0 = (
b
p=Y. . =
my =Y,
mo — 72
ms = 75

Yiji = p+m; + O + MOy, + B,y

=233 =1.53
s30 — %) /2 = 249528 — 1,58 = 1.26°

= (s} — s3;0)/6 = L2519 — 1 08 = 1,042

1252/48 = 26.08

— Y. =404/16 — 26.08 = —0.83
=Y. =447/16 — 26.08 = +1.86
=Y. =401/16 — 26.08 = —1.02

Significant differences between methods found. The best (fastest assembly time)
is no. 3, with estimated mean 26.08 — 1.02 = 25.06. Three (or two) components
of variance identified.

14.2

[Two random factors crossed]

Operator Two crossed factors
Batch |Hans John Curt| both random
Batchl | yy vy vy

BatchII| vy vy vy

Y;jk = U+ B; + O.j + BOU‘ + Ek(ij)

40

Model |a b r EMS In the
teem |i j k| 0% 03 0%y 0%| example
B; |1 Db r|br=6 =2 1 a=2
O; |alr ar=4 r=2 1 b=3
BO;; |1 1 r r=2 1 r=2

Epip |1 11 1



14.4

[Two factors, one fixed and one nested and random|

Rule: A nested factor will in practice always be random

Animals Two factors,
Gender | 1 2 3 one fixed,

Yiji = p+mi + O; + MOy + Ejj

14.3
| Two factors, one fixed and one random|
Operator Two crossed factors
Method | Joan Anna Miriam | one fixed
my vy VY vy one random
ma yy yV¥ yy
ms yy ¥y Yy

Males |yy yy
Females |y y

yy| onerandom and

vy yy| nested

Yije = o+ 9 + Al9)j6) + Ergj)

Model [a b r EMS In the
term |1 j k| ¢y 031(_,]) % | example
gi 0 b r|lbr=6 r=2 1 a=2
A9 |1 1 r r=2 1 b=3
Ek(ij) 111 1 r=2

Model [a b r EMS In the

teem |i j k| ¢ 0h 039 0F| example

m; |0 b r|br=6 =2 1 a=3

O; |lalr ar=6 1=2 1 b=3

MO; |1 1 r =2 1 r=2

Byip |11 1 1

a1
145
[Two random factors, one nested|
Animals Two factors,

Litter | 1 2 3 one nested,
Ly |yyy vyy yyy/| bothrandom

15.1

|Sp|it plot designs‘

Example: Treatments at different temperatures and using different lengths of times
of treatment.

Ly |yyy vyy vvy

Ly |yyy yyy vyyy

Ly |yyy yyy yyy

Yijr = p+ Li+ A(L) ) + Engj
Model [a b r EMS In the
teem i j k| of Ui( L 0% | example

L; 0b ribr=9 r=3 1 a=4

Factorial design

Temperature
20°C 25°C 30°C 35°C
S5min | 217 158 229 223
188 126 160 201
162 122 167 182
10min| 233 138 186 227
201 130 170 181
170 185 181 201
15min| 175 152 155 156
195 147 161 172
213 180 182 199

For each litter three animals are considered and three measurements are made on
each animal. Thus totally 12 animals participated.

43
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Naive model : Y. = p+t; + m; + tmy; + By

Source SSQ |df.| s> |[EMS
Temperatures | 12494 3 [4165| 0% + 9¢;
Minutes 566 | 2 | 283 | 0% + 126,
Interaction | 2601 | 6 | 434 | 0% + 3
Residual 13670 | 24 | 570 | 0%,

Total 293311 35

|A wrong randomization scheme‘

Carry out one temperature at a time. Only randomization within temperatures:

No randomization

between temperatures

20°C 25°C 30°C 35°C
5min | 18 1 22 31
14 9 27 33
13 2 23 32
10 min | 10 4 19 34
16 8 24 30
17 5 26 29
15 min | 11 3 20 36
12 7 21 35
15 6 25 28

The 9 measurements at 25°C are
20°C, then 30°C and finally 35°C.

15.2

15.4

carried out first, then the 9 measurements at

153

|A question of randomization|

How should the experiment be carried out ideally. The following shows a random-

ization scheme:

Complete randomization
20°C  25°C 30°C 35°C
5min | 25 3 24 26
7 30 2 10
12 4 34 11
10 min | 13 14 15 8
6 1 20 32
22 21 36 23
15 min | 17 16 27 35
5 31 29 9
18 28 33 19

The table shows the order in which the measurements are performed using complete
randomization

Is it thinkable that this is how it was carried out? - No, because it would take a
very long time to do so.

How would it often be carried out in practice instead?

46

155

Since all measurements at one temperature level are carried out together one tem-
perature level is also a block!

Y;j]; =u+t+ Bi(b|OCk Z) +mj +tm;; + Ek(i]‘)

t; and B; are confounded. The temperature effect cannot be estimated free from
the blocking or tested.

48



15.6

15.7
The split plot design
| LN & ‘ The three measurements no. , for example, now form a block: A whole plot
Use three rounds and carry out each temperature at a time. Randomize minutes th 3 enlit ol
within temperatures: with 5 split plots.
Round | Minutes | 20°C 25°C 30°C 35 °C Randomization restrictions
5 min 6 1 7 10 R
1 10 min 4 2 9 11 1
15 min 5 3 8 12 R
S5min | 14 22 21 17 2
M | 10min | 13 23 19 18 R =
5min | 15 24 20 16 2 = N
5 min 30 25 33 34 whole plots split plots
111 10 min 29 27 32 36 replicates
5min | 28 26| 31 35
49 50
15.8 15.9

|The split plot model‘

Yijkg =u+ R+ t;+ RTZ']' +my + RM;, + tmyy, + RTMi]'k + Eg(,'jk)

Data example for a split plot experiment
Round | Minutes | 20°C  25°C 30°C 35 °C
5min | 217 158 217 217
I 10 min | 233 138 233 233
15min | 175 152 175 175
5 min 188 126 160 201
II 10 min | 201 130 170 181
15min | 195 147 161 172
S5min | 162 122 167 182

11 10 min | 170 185 181 201
15min | 213 180 182 199 is also a random variable

RT;; is called the whole plot error

RT M;jy, is called the split plot error

RT;; = R x t-interaction + block-effect(z, j) is a random variable

RTM;ji, = R x t x m-interaction + split-plot-effect(i, j, k)
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15.10 15.11

'ANOVA of split plot experiment

Source | SSQ |d.f.| s? |F-test
R; 1963 | 2 | 982
t; 12494 | 3 | 4165 | F, = 4165/296 ~ F(3,6
Model Expected mean squares J 2| 5/ (3,6)
term 0% ¢p Okr bm TRy Gun O o2 R, 1774 | 6 | 2%
0 112? d gT m Z‘” fm le 1’5 my, 566 | 2 | 283 | F,, = 283/1755 ~ F(2,4)
. o L RMy, | 7021 | 4 | 1755
b ) L tmy, | 2601 | 6 | 434 | F, = 434/243 ~ F(6,12)
Y RT My | 2912 | 12 | 243
my 12 4 1 1
RMj, 4 11 By | 0 10 | =
" Total  |29331] 35
tmjy 31 1
RT M, 11
Euijny 1 . . . o
It is problematic, that the RM;; term is so large. It would be reasonable if it was
small to test the m;, term against the split plot error term RTM;jy..
Under all circumstances, the temperature (¢;) is significant, but the time (m;) is
not.
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16.1 16.2
|Repeated measures design‘ |Partition of sums of squares in the simplest case‘
Characteristics: Several treatments applied to the same “individual”:
Yz‘jk =u+a;+ IDJ + APZ] + Ek(u)
Treat- | Individual number 1 ga(Y - Y .)? = Variation between individuals
ment | 1 | 2 |...]...| n
1 |y |vi2 Yin s =iy (Yy — Y ;)? = variation within individuals
2y |y Yon I —
=rn(Vi =Y )P+ o (Y, =Y =Y+ V)
a Yal | Ya2 Yan SSQTreatmcnts + SSQUncertainty

The design is not completely randomized. Randomization can sometimes be made
within individuals (persons), sometimes not (time). Measurements on the same
individual are correlated - the time sequence may be important.
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16.3

'ANOVA technique if correlation within individuals is neglected|

16.4

|A more realistic repeated measures design|

Often used in the development of drugs

Model EMS

term | ¢, 0% oip 0%
a; n 1 1
P; a 1 1
AP 1 1
Eiij) 1

For k = 1 there is no estimate for 0% (no degrees of freedom).

E{s’p} = 0%p + 0F (confounding of AP; and Ej;j))

The design can analyzed as a two-way ANOVA with one fixed and one random
factor if the correlation within individuals is small (not too many treatments per

individual).

16.5

|Repeated measures model with time efFect‘

Yijpe = p+a; + P(a)m) + i+ aty + PT(a)jk(i) + Eyijn)

Model EMS

term D (r%,((,) Ot Dar U%TW o%
a; = treatments | pt t 1
P(a);i) = individuals t

7 = time ap
atiy P
PT(a)j)
Eiiji)

Uy

S

No estimate for 0% (no degrees of freedom)

The model structure corresponds to a type V.1 model.

The time point ‘0’ is special (no effect start value)

A special problem is timextreatment interaction as illustrated below

A model for the (auto-) correlation within individuals is generally needed

59

Response for one individual

Treatment | Indivi- Time
group dual |1 2 3 . ot
No 1 Vyy . y
dose 2 Vyy . y
(vehicle) 3 |lyvyvy v
Low 4 Iy yvy. y —tt——t—t—
dose 5 Vyy y ot 2z 3 s

6 |yvy y
Medium 7 Vyy . y
dose 8 yyy y

9 |y vy y
High 10 |y vy y
dose 11 |y vy y

12 |y yy. y

58
16.6

|Time Effect profiles‘

Parallel effect profiles for two drugs

Drug II

Identical effects for two drugs
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16.7

Effects, but different time profiles Only one drug has effect

Two drugs and no effects

16.9

| Description and model ‘

3 groups of 7 persons are presented to 3 training programs and their throwing
velocities are measured before and after the training

The 21 individuals are randomly allocated to the groups

Yijpe = p 4 a; + P(a)]‘@) + T + aty + PT(a)]‘k(i) + E[(i]‘k)

a; = treatments, P(a)j(,;) = individuals, t;, = time periods.
The number of treatments per individual is only 2, so the autocorrelation cannot be

distinguished from the treatment effect (and it is most often assumed to be small
in this case).

63

A repeated measures example - two measurements per individual |

Group Individuals | Pretest: ¢, Post-test: ty
1 26.25 29.50
Training 2 24.33 27.62
program [ 3 22.52 25.71
4 29.33 31.55
a 5 28.90 31.35
6 25.13 29.07
7 29.33 31.15
8 27.47 28.74
Training 9 25.19 26.11
program II 10 23.53 25.45
11 24.57 25.58
as 12 26.88 27.70
13 27.86 28.82
14 28.09 28.99
15 22.27 22.52
Training 16 21.55 21.79
program IIT 17 23.31 23.53
18 30.03 30.21
as 19 28.17 28.65
20 28.09 28.33
21 27.55 27.86

|ANOVA under the no-autocorrelation assumption‘

Model EMS
term Oa 0123(0) b1 bar 0'123T<a) o2
a; 4 2 T 1
P(a)]'(i) 2 1 1
t 21 11
atik 7 1 1
PT(G)]Lm 1 1
Eijry 1
Source SSQ | d.f. 52
Program a; 28.14| 2|14.07|F, = 14.07/13.49
Indiv(progr) P(a);) [242.91| 18| 13.49
Time t; 21.26| 1]21.26| F; = 21.26/0.117
Programx Time at;; | 12.38| 2| 6.19| F, = 6.19/0.117
Indivx Time(progr) 2.10| 18|0.117
Residual 0.00] 0
Total 306.79 | 41

64
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16.11

\Graphical representation of results|

Progr |

Progr Il
Progr Il

Pretest Post-test
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17.1

|Regression analysis, introduction‘

Estimated line ®

L Ei (estimated residual)

(Xi’Yi) (observed data)

Y=pu+oa x,+E

A linear regression line, the simplest univariate case

16.12

[Comments on the results found|

There is a significant mean effect from participating in a training program. However,
the differences between alternative programs are not statistically significant.

The analysis assumes that complete randomization was applied, but, of course, the
factor 'time’ cannot be randomized. This is not accounted for in the example.

However the tests used are still reasonable, and the results are understandable.
There is much literature about correct analyses of repeated measures designs.

In designs where 'time’ is the factor within individuals there are models which take
the time sequence into account using time series analysis methods (autocorrelation
for example).
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17.2

|Linear regression model and assumptions|

Yi=p+ta v+ E

Assumption : E; € Normal(0, o%)

Method : Least squares for B, = Y; — ji — & - x;

@:Z{(Yi—Y)(Ii—f>/2i(xi—f)2 and ﬂZV—@T
op=Yi—p—a-z/(n-2)

There is at least one solution.
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17.3 17.4

|Some concepts on regression |Two examples of regression equation

An estimated regression equation is an [empirical model|, that is a model based on
datal, .

x; is value set by the experimenter for the i'th measurement, it is a deterministic
quantity chosen by the experimenter without (or with an unimportant) uncertainty.

Y =a, exp(-b x9) + E

(nonlinear model)
®

Y; is the measured value in case no. 1,

Y =P, + B, x+B, x> +E

and Y is a random variable with

the expectation E{YL} =u+a-z; and Polynomial linear regression estimation General function estimation
the variance Var{Y;} = Var{E;} = 0% The first example is called a polynomial regression model.
The errors E; are assumed to independent with constant variance and (at least The second example is an example of a non-linear regression model (non-linear in
approximately) normally distributed. the unknown parameters a, b and ¢).
69 70
175 17.6
|A regression model often used for optimization of chemical processes| |Mu|tip|e linear regression by an example‘

Exercise 10-12 and 10-13.

Data and polynomial variables

Response surface Y [2 2| 22 22 229

2 10 1.0] 1.0 1.0 1.0
24 11.0 1.0/ 1.0 1.0 1.0
17515 40/2.25 160 6.0
160 1.5 4.0(2.25 160 6.0
16315 4.0/2.25 160 6.0
55105 20025 40 1.0
62115 2.0[225 40 30
100]0.5 3.0(0.25 9.00 15
2 1.0 15| 1.0 225 15
, , 30 105 15025 225 0.75
Y=a+8 o1+ vty a1 +n 2+0- v+ F 70 [1.0 25| 1.0 625 25

71105 25(025 625 1.25

Multiple polynomial regression

An example of a multiple linear regression model.
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17.7 17.8

Determine 2nd order polynomial response function. Linear regression (computer |Genera| regression model test - examples|
program) yields:

|Layout of the general test‘

Linear regression estimation

Model I 1 o 72 23 my Full model : Y; = By + 51 - Tii+ ...+ O T+ FE;

Estimates 24.41[-38.03 0.72 |34.98 11.07 -9.98
Standard dev. 2659 | 4045 1168|2156 316 8.7 Reduced model : ¥; = o + 1 - @ia + ... + O - Tiom + Ei
t—values 092 [-094 006]1.62 350 -1.14 where m < k (fewer independent variables):

p—values (two sided) | 0.39 | 0.38 0.95 | 0.16 0.01 0.30

— — The general multiple F-test
‘Several insignificant coefficients = reduce model‘ Source 355G 1f T2 Tovalwe
Removed terms SSQo=SSQ-SSQ1 | fo=km |s3| s3/s?
Residual full model SSQy f1=N-k-1 3%
Reduced model SSQo fo=N-m-1
73 74
17.9 17.10
The table shows a (large) number of reasonable model alternatives: Test the term @1z
Source SSQ df.| s |F-value
Model based on Residual SSQ d.f. 2129 266.71—219.071 1 4764 1.30

pow Tzl o3 mxe|  219.07 12-6=6 Residual 219.07 6 |36.51

poxy wy wy a3 266.71 12-5=7 Total 266.71 7

[ X1 To x% 787.48 12—4 =8

I x] To rg 331.89 12—4 =38

o 12319.00 | 12-3 =9

w T2 3 373.23 123 =9 Test both terms 22 and ;2 in full model:‘

I x] To 809.36 12-3=9

un oz 23759.67 12—-2 =10

M oo 1331.87 12-2 = 10 Source SSQ df.| s* |F-value

i 35311.67 19—1 =11 ’E% and z19 331.89—219.07| 2 |56.41| 1.55
Residual (full model) 219.07 6 |36.51
Total (without 2% and z;29) 331.89 8
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17.11

Test if 21 can be removed from full model:|

Source SSQ df | s |F-value
Ty, x% and x1x9 373.23—219.07| 3 |51.38| 1.41
Residual (full model) 219.07 6 |36.51

Total (without ;) 373.23 9

The test shows, that the removal of z;, 27 and x1zy from the model does not
increase the uncertainty significantly, since F'(3,6)g05 = 4.76 >> 1.41.

7

17.13

|Conc|usion for the example‘:

The following model could be reasonable to use:

Possible model proposal

Model u | x wy
Estimates 1.74 16.27 6.41 8.09
Standard dev. 16.09 |1 6.28 11.87 2.39
t—values 0.11 |1.00 0.54 3.39
p—values (two sided) | 0.92 |0.35 0.60 0.01

:1:% is significant, so x5 cannot be removed.

x1 is not significant, but it may be of interest to assess its influence anyhow.

Sometimes it is difficult to find a good model!

9

17.12

|An alternative strategy could be (successive testing) |:

Start by concluding x;22 not significant (no interaction!) and remove it from the

full model:

Model based on | Residual SSQ d.f.
uor xT9 T T3 266.71 12-5=7
[ xT] To r% 787.48 12—4 =38
n T To x% 331.89 12—4 =8
0oy x2 12319.00 12-3=9
Iz T 3 373.23 12-3=9
X1 X9 809.36 12—-3=9
JOR 23759.67 | 12—2 =10
10 T 1331.87 12—2 =10
0 30311.67 |12—-1=11

The following test(s) can then be based on the residual SSQ 266.71 with 7 d.f.

|The partial F-test|

Consider again:

78

Estimated model

17.14

Model 10 1 To x%
Estimates 1.74 16.27 6.41 8.09
Standard dev. 16.09|6.28 11.87 2.39
t—values 0.11 |1.00 0.54
p—values (two sided) | 0.92 [0.35 0.60 0.01

Suppose we want to test x3 separately (however reasonable), based on this model.

‘ Model based on

Residual SSQ

2
Wox x2 T

H Ty T2

331.89
809.36

d.tf.
12—-4 =238
12-3=9
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17.15

Test for one parameter - partial F-test

Source SSQ |df.| s F-value

3 ATTAT| 1 47747 |s3/s3 = 11.50 = 3.392
Residual 331.89| 8 | 41.84 Note: F = t? here
Reduced model | 809.36 | 9

The partial F-test is equivalent to the two-sided t-test when d.f. = 1.

'ANOVA and multiple regression example|

Machines

Treatments 1 2 3

Formulation as regression model: Y = 26 + E :

ANOVA model

2|31 missing 59

It is used to remove parameters from the model one-by-one. This method is called

'backwards elimination’.

81

18.2
Result of estimation (use fx: ay =0 and 33 = O)‘
ola a| B B B
59.5(-8.0 0.0(-29.0 -15.5 0.0
- - [225 36.0 515

Estimated values are Yij=p+a; + Bj

= Y =l35 50.5

and residuals

-0.5

0.0

0.5

E=Y-Y=

0.5 missing -0.5

SSQresia = 1.00 , df=5-(3-1)-(2-1)=1

|Test of para meters‘

Test for row effect: H :Yj; = pu+ 0, + Eij < {a1 = ap = 0}.

Test for column effect: Hoj Y =p+oa+Ej e {f=0=0=0}

83

29 110100 " En

36 110010/ o

s2l=l110001U 241 R,

31 1o1100||% Eo

59 1o01001]|® FEys
3

Model is overparametrized: Use two (linear) restrictions!

H§ is a hypothetical model without row effect, and Hoj is a hypothetical model

without column effect.

Compute residual SSQ for model H§: Yi; = p+ G + E;j, - — 65.00

ANOVA for H{

Source of variation | SSQ | f F-value
Rows 64.0 |2—1 | T = 64.00
Residual 10 1 ~ F(1,1)
Total under H' 650 2

Compute residual SSQ for model H(f Yij =p+a;+ Ej . — 842.76

ANOVA for H))

Source of variation | SSQ f F-value
Columns 84167 |31 | M7 = 420.83
Residual 1.0 ~ F(2,1)
Total under H(]J 842.67
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18.4

The two tables can be collected in one ANOVA table:

Exact ANOVA for Hf' and H,

Source of variation | SSQ f F-value
Rows 64.00 |2-1 T = 64.00
Columns 841.67 | 3—1| Y002 = 420.83
Residual 1.0 1

Total 925.00 | 5-1

It is noted that the two sums of squares for rows and columns show the increase
of residual SSQ when the row and column parameters are removed from the full
model.

Since the data are not balanced the sums of squares for rows, columns and residual
do not sum to the total sum of squares.

85

19.2

Simple model : Yj; = p1 4 a; + €5

Model with correction for the covariate x:
Yij=p+a+p8-(z;—7.)+Ej

or using u* = u — 0T,

Yij=p' +ai+08 x;+E;

Which model is the best. What is the risk by using the model neglecting the
covariate x ?

How large is Var{e;;} = 02 7
U? = Var{ﬁxij + Ei]'} = ﬂQ-Var{xij} + O’%

If z;; varies much and (3 is not very small the residual variance o2 can be much

larger than ¢, = The simple model yields less precise estimates and poorer tests.
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19.1

\Analysis of covariance: ANOVA with covariate|

Determination of yield (Y) by addition of a chemical in alternative concentrations:
(5%,10%,15%).

A non-controllable factor is degree of purity (x) in raw material. However, we
assume that x can be measured.

The results were

5% 10% | 15%

3612040223521
4112548283723
3912439224226
42125 145|30 | 34|21
4913244283215

86

19.3

Mathematical model in general formulation

36 110020
41 110025
39 110024
42 110025
49 1100 32
40 101022
48 101028
Y =439} and z=¢1010 22
45 101030
44 101028
35 100121
37 100123
42 100126
34 1001 21
32 100115

0 ={u* ai,asa3 B} and YV =20+ F
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Least squares estimation :|

If different slopes: Yi; = 4 a; + 5; - zij + Eij .

For balanced data:

o 5V = Yi) (i —7i)

Bi=

Start by testing Hy: /1 = ... =

sy —Ti)?

a=Y,-Y - B

89

'ANOVA for covariance example - common slope assumed:|

The treatment effect is not significant. Nevertheless it is (often) of
interest to estimate the treatment means under the full model (adjusted means) as
well as under the model where the covariate is not taken into account (unadjusted

means):

ANOVA for covariance model

Source SSQ |df.| s* | F-value
Concentrations | 13.28 6.64 2.61
Purity (x) 178.01 178.01 | 69.97
Residual 2798 | 11 | 2.54

Total 346.40 | 14

Treatment 5% 10% 15%
Unadjusted means | Y, 4140 43.20 36.00
Adjusted means | Y,; — 3(z;, —7.) [40.38 41.42 38.80

Covariate dependence : Sz = 0.9540 - purity

Residual variance : 6% = 2.54 = 1.59?
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19.4

19.6

92

19.5
Test and estimation of example|
Model based on | Estimates Residual SSQ d.f.
@ {ayas,asp | {17.39}{—3.82,3.52,0.2005}
{81, Bo, Bs} {1.10,0.86,0.86} | 25.25 15-6 =9
@ {ay,as,as} B {17.18}{0.18,1.32, —1.40}{0.9540} | 27.08  |15—4 = 11
1 Bl {14.14} {10797} | 4127 |15-2=13
w {ar,a,as) | {40.201{1.20,3.00, —4.20} 206.00 | 15—3 =12
w {40.20} 346.40 15—-1=14
27.98-25.25)/2
Fioos = BB 049~ F(2,9)
41.27-27.98)/2
[ Treatment effect:] Elreatments = W = 261~ F(2,11)
. 206.00—27.98)/1
\Test for purity effect:\ Fourity = W = 69.97 ~ F(1,11)
90
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Warning: The correct application of the analysis of covariance model assumes, that
the covariate (x) does not depend on the treatment



Supplement 1V.8

\The easy way to EMS in balanced designs - more general|

Consider the model:

Yijke = p+ a; + B(a) i) + C(a)re) + BC(a) k6 + Eujr
and suppose i = {1,a}, j = {1,b}, k ={1,¢} and £ = {1,r}.

The total number of observations is N = a-b-c-r. We want the EMS for the

main effect a;. It will consist of ¢, (a; is a deterministic effect) and all (and only)

other random terms involving a : U%(a), J%(a), U%C(a), and (of course always)

2 2
OF ™~ OFE(aBC):
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Supplement 1V.10

The easy way to EMS in balanced designs - two more examples

Model : Yiju =pu+a;+ B(a)]-m + C( )1\( )+ BC( )]k i)+ E[(”;\)
Term Expected moan squares

@; : N - Pat b f?(n)Jr ;\I_C ' U?I(a)Jr % ’ U%U(a)+ U%
Bla)p) . odot e OBo@T OF
Cla)ka) b Tyt abe Thowt O
BC(a);rG) - T’t\)‘c . U%C(aﬁ 0%
Euijr) : of

where the indices for the components of the variances are the model terms, N is
the total number of measurements and 'a’, 'b’, 'c’, etc, are the levels of the factors
in the design. Thus fx N=abcr. For the nested index j the number of levels is the
number of levels within each () - in the usual way.

Note that in the coefficients the numerator is the total number of observations and
the denominator is derived directly from the corresponding model term!
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Supplement 1V.9

The coefficient corresponding to a term is equal to the number of observations per
term in the design. N = abcr.

For example consider the term B(a);(;).

There are (j = b) - (i = a) of these terms and thus N/(a - b) = ¢ - r observations
for each B(a);;). The coefficient for o7, yis N/(a-b)=c-r.

EMS(a) = E{S2} = ber - o+ cr - 0y + b1 - 02y + 7+ Opoa) + 05

For the term B(a);(;) the EMS will contain O'B< ) and UBC and o% (but NOT
0¢(q) because it does not contain B(a)).
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Supplement V.11

Model : Yjjre = p + a; + b + abij + C(ab)ij) + Eijn)

Term Expected mean squares

Q; : ? . @a + % . U'g'(aw + U%j
b : b o+ abe Oy + OF
ab“‘ : :‘_b < Gap + aNE : 0'(27(,1;,) + OJE
O((lb) : % . 0—(27(ah) + O—QE
Euijr : 0¥

For the nested index k the number of levels is the number of levels within each
(i, j) combination - again in the usual way. Also note that ¢, does not appear in
the EMS for neither @; nor b; because it is deterministic (fixed). The term U%(ab)
appears for a;, b; and ab;; because it is random and contains all three terms.

Modification: If you have an interaction between a fixed and a random effect, fx between a; and Bj, the interaction
term % appears in both EMS(a) and EMS(B) (this corresponds to the 'unrestricted model’ page 526). If you
only let it appear for the fixed effect a;, but not for B; you get the 'restricted model' EMS generally used in

"Montgomery'.
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Supplement V.1

[EMS tables for models with three factors|

Type I.1 design

I1:Yyu=p+a;+ bj + abi]- + ¢+ acy + bcjk + CLbC,'jk + Eé(ijk)

abocr

1] k ¢ on d)b Dab ¢c d)a(‘, d)bc Dabe 0'}25
a; 0 b ¢ r|ber 1
b; a0 cr acr 1
ab;j 00¢cr cr 1
Cr abO0r abr 1
acy; |0 b 0 r br 1
bej, a0 0 1 ar 1
abcij |00 0 1 T 1
Eygi |1 111 1

The number of factors levels are a, b and ¢, and r repetitions for each factor
combination. The table also correspond to the method shown in supplement VI.
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Supplement V.3

Type 1.3 design

1.3: }/ng =p+a;+ Bj + ABU + Ck + ACZk + BCjk + ABCUk + Eé’(ijk)

abecr

i j k£l o o} ohp 0t dhc The Thpe O
a; 0 b ¢ r|ber cr br r 1
B; alecr acr  cr ar r 1
AB;; 11 c¢r cr r 1
Ch ab 1lr abr br ar r 1
ACy, 1 b1r br T 1
BCjy, al 1l ar r 1
ABCijk 1117 T 1
By |11 11 1

The number of levels for the factors are a, b and ¢, and r repetitions are made for
each factor combination.
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Supplement V.2

Type |.2 design

1.2 Y = p+a; + b + aby; + Cr+ AC; + BCjk + ABCi]'k + Eé(z‘jk)

abecr

ikl ¢ & bw 0b ho Tho Thpo 0%
a; 0 b ¢ r|ber br r 1
b; a 0 cr acr ar r 1
ab;j 00 cr cr r 1
Ch ab 1lr abr br ar r 1
ACy, 1 b1r br T 1
BCjy, al 1l ar r 1
ABCijk 1117 T 1
Eyry |11 11 1

The number of levels for the factors are a, b and ¢, and r repetitions are made for
each factor combination.
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Supplement V.4

Type 1.4 design

1.4: Yijk'[ =u+ A+ Bj + ABZ']' + Cy + ACy, + BOjk + ABOU]{ + E/(ijk)

abocr

i j k t|ok o} dip ot dhc The Thpe O
A; 1 b ¢ r|ber cr br T 1
B; a l cr acr  cr ar i 1
AB;; 11 c¢r cr T 1
Ch ab 1lr abr br ar T 1
ACj; 1 b1lr br T 1
BCy;, al 1 r ar r 1
ABijk 1117 T 1
Eygry |11 11 1

The number of levels for the factors are a, b and ¢, and r repetitions are made for
each factor combination.
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Type II.1 and 11.2 designs

I1.1: K]M—/L—I—al-{—B( )

Supplement V.5

+ C(CLB) k(i7) + Ep (ijk)

abecr

i j k€| ¢a 0h Olup
a; 0 b ¢ ri{ber ocr r 1
B(a); 1 1cr cr r 1
ClaB)rg;|1 1 1 r r 1
Eyiji 1111 1

I1.2: Y = p+ A+ B(A)ju

+C(AB) (i5) +E€(zyk

abcr

i J k C]o} oh otus oF
A, 1 bec riba o I 1
B(A)i 11ecr cr r 1
C(AB k(ij) 1117 T 1
Eqjr 1111 1

Type 111.3 and 1V.1 designs

Supplement V.7

I11.3: Yy = p+ A + Bj + AB;; + C(AB)yij) + Enijiy

(@) ki) + Euijry

abocr
i j k o} of 0ip 0lup TF
A; 1 b ¢ r|ber cr T 1
B; alcr acr  cr T 1
ABijj 11cr cr T 1
Eyijn) 1111 1
IVi1: Y;;jkg =pu+a;+ B((I)]-(Z-) + C’(a)k(l) + BC
abocr
ik ] ¢u OB Olw Thcw OF
a; 0 b c riber ecr br r 1
B(a);q) 1 1cr cr T 1
Cla)is |1 b1 br r 1
BC(a)jrp |1 1 1 ¢ T 1
Euiiy 1111 1
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Type l1.1 and 111.2 designs
IIT.1: Yijee = po+ ai + by + aby; + Clab) iy + Eygijr

abecr

ik l)ga O b U%‘(ab) JZE
a; 0 b ¢ r|ber r 1
b; a 0 cor acr r 1
ab;j 00 cr cr r 1
C (ab)k(m 1117 T 1
Eyijr 1111 1

I11.2: Yz‘jk( = u+a;+ Bj + ABij + C(CLB)k@J) + EZ(ijk)

abecr

ij k(g 0123 U%B U%((lB) UJQE‘
a; 0 b ¢ r|bcr cr T 1
B; alecr acr  cr I 1
ABj; 11 cr cr r 1
ClaB)g |1 1 1 x r 1
Eyijn 1111 1
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Type IV.2 design

IV2: Y = p+ Ai + B(A) o) + C(A)riy + BO(A) i) + Euijry

abocr

i j k o) b i) Thow Th
A; 1 bec r|ber cr br r 1
B(A)j 1 1cr cr r 1
CAks |1 b1 br r 1
BC(A)]L(7) 1117 I 1
Euiny 1111 1

The number of levels for the factors are a, b and ¢, and r repetitions are made for
each factor combination.
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Supplement V.9

Type V.1 design

Vi1: Y;]'M =pn+ta;+ b]' + abi]' + C(a)k(j) + BC(G)jk(j) + E[(i]‘k)

abecr

i J k] d & bw 0t Thew O
a; 0 b ¢ r|ber br r 1
b; a0 cr acr r 1
aby; 00 cr cr r 1
C(a)iy) 1 b1r br r 1
BC(a)jki|1 1 1 r 1
Eyijr 1111 1

The number of levels for the factors are a, b and ¢, and r repetitions are made for
each factor combination.
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Type V.3 design

V.3 : Yk = p+a; + Bj+ AB;j + C(B)k(j) + AC’(B)ik(j) + Eyijn)

abocr

i j k l|¢a o} dhp 0t Thew
a; 0 b ¢ r|ber cr r 1
B; alcr acr  cr ar T 1
ABj; 11c¢r cr I 1
CBg) |a 1 1 ar T 1
AC(B),k(7) 1117 T 1
Eyijr 1111 1

The number of levels for the factors are a, b and ¢, and r repetitions are made for
each factor combination.
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Type V.2 design

V2: Y;jkf =pn+a;+ B]' + ABU + C(a)k(i) + BC’(a)jk(i) + Ef(j]‘k)

abocr

i j k€| ¢a 0f 0hp Olw Thow OF
a; 0 b ¢ r|ber cr br r 1
B; alecr acr  cr r 1
AB;; 11cr cr r 1
Cla)r 1 b1lr br r 1
BC(a)jri|1 1 1 r 1
By |1 111 1

The number of levels for the factors are a, b and ¢, and r repetitions are made for
each factor combination.
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Type V.4 design

Vid: Y= p+ Ai+ Bj+ ABjj + C(A)iy + BC(A) jriy + Eugijn

abecr

i j k £)of o} oip ot Thow OF
A; 1 b ¢ r|ber cr br r 1
B alcr acr  cr r 1
AB;; 11¢c¢r cr T 1
C(A)ra) 1 b1lr br r 1
Eqijr 1111 1

The number of levels for the factors are a, b and ¢, and r repetitions are made for
each factor combination.
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Supplement VI.1

Montgomery's method for computing EMS-values - simple version|

The method is illustrated by the EMS-tables shown in supplement V and in the
tables shown in slides 14.1 to 14.5, for example.

1.19.

Construct correct model fx:

Y;jj},« =u+a;+ B]' + Aszj + Ek(ij)

Model | Type | a b n| Coefficients to
2

term | ofterm | i | k| @, 0% oip 0%
a; determ. b n |bn n 1
B; random | a n an n 1
AB;; |random n n 1
FEjij) | random @@ 1

1: Write(1) under all indices in parentheses

2: Write [0] or [1] under all index coincidences: [0] for deterministic effect terms and
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3: Write the number of levels for the indices in the columns at the remaining
positions (a, b or n in the example)

4: For each term cover the columns for the indices of the term. Look up all rows
with terms having index as the term considered or the same plus more indices.

5: The product of the numbers in the row (except the covered one(s)) is the
coefficient to the corresponding component. Fx the term a; will get contributions
from the rows with a;, AB;; and Ej;;), i.e. components ¢,, 0% and o7 (the
'i'-column covered)

For mixed models the method corresponds to the 'Unrestricted Mixed Model’, as
in the present example — see Montgomery p. 504.

for random effect terms
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|Mu|tip|e linear regression in general formulation‘

Yi 1 @iy @ip .. 2 g? E,
Y = Y2 , T = 1 IQI :1:?72 x?’k , B=4302¢ and FE = EQ
YN 1 IN1 TN2 --- TNk i EJ\

B

|Matrix notation model : Y = z(6 + E‘

‘Least squares condition: (z'z)3 = I/Y‘

Simplest solution: 3 = (2/'x)2'Y if (2/x)~! exists.



Supplement VII.2

General model reduction test

1 1}1,1 oo T $17m+1 xl,k
1 @1 ... o Tomsr --- Tk

r=4_ T X " ' o =A{xy | 21}
lang oo TNm TNmt+1 -+ TNE

Model Y =20+ E = 200y + 101 + E

where x corresponds to x's that are not to be tested, while 1 corresponds to x's
that are to be testet. Formally:

Hypothesis : 51 =0 <= Y = z¢fy + E versus 3; # 0
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variable.

In the present example the purity must not depend on the concentration of the ad-
ditive. The purity should therefore , for example, be measured before the treatment
is applied.

After the analysis the covariate () should generally be analyzed in relation to the
treatments (ANOVA, plots etc.)

Supplement VII.3

Method:

Solve (z"2)3 = 2"Y and (x{¢)3) = Y

Compute

SSQ, = (Y —2B)T(Y — 23) and f; = N-k-1 (Residual SSQ full model)
SSQo = (Y — 20B80)T (Y — z0f) and fy = N-m-1 (Residual SSQ reduced model
S8Qy =55Q) — SSQ1 and fo = fo — f1 = k-m  (Increase of SSQ for ) = 0)

The general multiple F-test. see also slide 17.8
Source SSQ d.f. 52 | F-value
Removed terms SSQa | fo=km |[s3| s3/s?
Residual full model | SSQy | f;=N-k-1 5%
Reduced model SSQo | fop=N-m-1

Critical 5% F-value = F'(k-m,N-k-1).05
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