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Written test, date: 9. December 2008 Course no. : 02409

Course name: Multivariate Statistics “Multivariat Statistik”.

Aids allowed: All usual ones

“Weighting”: The questions are given equal weight.

This exam is answered by:

(name) (signature) (study no.)

There is a total of 30 questions for the 8 problems. The answers to the 30 questions must be written into
the table below.

Problem 1 1 1 1 1 1 1 1 1 1
Question 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 1.10
Answer

Problem 1 2 2 2 2 2 3 3 3 3
Question 1.11 2.1 2.2 2.3 2.4 2.5 3.1 3.2 3.3 3.4
Answer

Problem 3 3 3 3 3 4 5 6 7 8
Question 3.5 3.6 3.7 3.8 3.9 4.1 5.1 6.1 7.1 8.1
Answer

The possible answers for each question are numbered from 1 to 6. If you enter a wrong number, you may
correct it by crossing the wrong number in the table and writing the correct answer immediately below. If
there is any doubt about the meaning of a correction then the question will be considered not answered.

Only the front page must be returned. The front page must be returned even if you do not answer
any of the questions or if you leave the exam prematurely. Drafts and/or comments are not considered,
only the numbers entered above are registered.

A correct answer gives 5 points, a wrong answer gives −1 point. Unanswered questions or a 6 (corresponding
to “don’t know”) gives 0 points. The total number of points, needed for a satisfactorily answered exam is
determined at the final evaluation of the exam.

Remember to write your name, signature and study number on the front page.
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Please note, that there is one and only one correct answer to each question. Furthermore, some of the
possible alternative answers may not make sense. When the text refers to SAS-output the values may be
rounded to fewer decimal places than in the output itself. Please check that all pages of the exam paper and
the enclosure are present.

About Enclosures A, B, and C.
The data are part of a larger study by Dr. Rick Linthurst while he was doing his PhD at Noth Carolina
State University. He considered the aerial biomass of a certain marsh grass Spartina Alterniflora in the
Cape Fear Estuary of North Carolina.

There are corresponding observations of aerial biomass, and soil characteristics: salinity, acidity, potassium,
sodium, zinc. Furthermore, there are recordings of locality and type of vegetation.

The variables are:

Variable Description
Location : OI=Oak Island, SI=Smith Island, SM=Snows Marsh
Type : DVEG=revegetated ”dead” areas, SHRT=”short” Spartina areas,

TALL=”tall” Spartina areas
Biomass : aerial biomass (g/m2)
Salinity : salinity (o/oo)
pH : acidity as measured in water (pH)
K : potassium (ppm)
Na : sodium (ppm)
Zn : zinc (ppm)

These data are used for different analyses in Enclosures A, B, and C.

Problem 1.
The marked part of the SAS-program and Enclosure A with the corresponding SAS-output belongs to this
problem.

The origin of the data and the different variables are explained on page 2 of this exam.

The problem continues on the next page
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Question 1.1.

Consider the correlation matrix where we condition on pH.

The usual test for hypotheses of the type: ρij|pH = 0 has the following degrees of freedom:

1 � 41

2 � 42

3 � 43

4 � 44

5 � 45

6 � Don’t know.

Question 1.2.

Consider the correlation matrix where we condition on pH.

The usual test for the hypothesis: ρBiomass,K|pH = 0:

1 � is not significant at level 0.0001, but is significant at level 0.001

2 � is not significant at level 0.001, but is significant at level 0.005

3 � is not significant at level 0.005, but is significant at level 0.01

4 � is not significant at level 0.01, but is significant at level 0.025

5 � is not significant at level 0.025, but is significant at level 0.05

6 � Don’t know.

Question 1.3.

The partial correlation ρSalinity,Zn|pH can be calculated by:

1 � −0.42

2 � −0.42√
(−0.051)2(−0.72)2

3 �
−0.42−(−0.051)(−0.72)√

(1−(−0.051)2)(1−(−0.72)2)

4 � −0.42√
(−0.051)(−0.72)

5 � Cannot be given using the information provided

6 � Don’t know.

The problem continues on the next page
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Question 1.4.

Consider the unconditional correlation matrix used in the factor analysis. Which correlation between two
variables will be most significant, when considering the usual test for hypotheses of the type: ρij = 0

1 � ρSalinity,K

2 � ρpH,K

3 � ρpH,Zn

4 � ρpH,Salinity

5 � ρK,Na

6 � Don’t know.

Question 1.5.

The first 3 factors together:

1 � explain more than or equal to 20%, but less than 50% of the total variation

2 � explain more than or equal to 50%, but less than 75% of the total variation

3 � explain more than or equal to 75%, but less than 90% of the total variation

4 � explain more than or equal to 90%, but less than 95% of the total variation

5 � explain more than or equal to 95%, but less than 99% of the total variation

6 � Don’t know.

Question 1.6.

The first normed eigenvector of the correlation-matrix used in the factor analysis is:

1 � [−0.21 − 0.61 0.67 0.68 0.75]′

2 � 1.88[−0.21 − 0.61 0.67 0.68 0.75]′

3 �
√

1.88[−0.21 − 0.61 0.67 0.68 0.75]′

4 � 1
1.88 [−0.21 − 0.61 0.67 0.68 0.75]′

5 � 1√
1.88

[−0.21 − 0.61 0.67 0.68 0.75]′

6 � Don’t know.

The problem continues on the next page
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Question 1.7.

Consider the correlation-matrix used in the factor analysis. In order to calculate the usual test statistic for
the hypothesis: λ1 ≥ λ2 ≥ λ3 ≥ λ4 = λ5 we (among other things) need the following piece of information:

1 � 5

2 � 0.0428+0.0212
2

3 � 0.9101 · 0.9356

4 �
√

1.8838

5 � 0.2138+0.1059
2

6 � Don’t know.

Question 1.8.

Consider the correlation-matrix used in the factor analysis. The usual test statistic under the hypothesis:
λ1 ≥ λ2 ≥ λ3 ≥ λ4 = λ5 has the following approximate distribution:

1 � χ2(1)

2 � χ2(2)

3 � χ2(3)

4 � χ2(4)

5 � χ2(5)

6 � Don’t know.

Question 1.9.

Consider the factor analysis. The variable with the largest value of uniqueness is:

1 � Salinity

2 � pH

3 � K

4 � Na

5 � Zn

6 � Don’t know.

The problem continues on the next page
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Question 1.10.

Consider the factor analysis. The 3 varimax-rotated factors can be interpreted as:

1 � Varimax-rotated factor 1: mainly describes variation in pH, K, Na, and Zn; Varimax-rotated factor 2:
mainly describes variation in K, Na, and Zn; Varimax-rotated factor 3: mainly describes variation in
Salinity.

2 � Varimax-rotated factor 1: mainly describes variation in K and Na; Varimax-rotated factor 2: mainly
describes variation in pH and Zn; Varimax-rotated factor 3: mainly describes variation in Salinity.

3 � Varimax-rotated factor 1: mainly describes variation in Salinity, pH, and Zn; Varimax-rotated factor 2:
mainly describes variation in Salinity, K, and Na; Varimax-rotated factor 3: mainly describes variation
in pH, K, Na, and Zn.

4 � Varimax-rotated factor 1: mainly describes variation in Zn; Varimax-rotated factor 2: mainly describes
variation in K and Na; Varimax-rotated factor 3: mainly describes variation in Salinity and pH.

5 � Varimax-rotated factor 1: mainly describes variation in Salinity; Varimax-rotated factor 2: mainly
describes variation in pH and K; Varimax-rotated factor 3: mainly describes variation in Na and Zn.

6 � Don’t know.

Question 1.11.

Consider the factor analysis. The factor loading for variable Salinity in varimax-rotated factor 1 can be
found by:

1 �

⎡
⎢⎣ 0.70

−0.68
−0.20

⎤
⎥⎦ · [−0.21 0.44 0.86]

2 � [−0.21 0.44 0.86] ·
⎡
⎢⎣ 0.70

−0.68
−0.20

⎤
⎥⎦

3 � 0.04982 + 0.068120.98772

4 �

⎡
⎢⎣ 0.70

0.70
−0.13

⎤
⎥⎦ · [−0.21 0.44 0.86]

5 � [−0.21 0.44 0.86] ·
⎡
⎢⎣ 0.70

0.70
−0.13

⎤
⎥⎦

6 � Don’t know.
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Problem 2.
The marked part of the SAS-program and Enclosure B with the corresponding SAS-output belongs to this
problem.

The origin of the data and the different variables are explained on page 2 of this exam.

Option ”simple” in the ”proc discrim” statement gives various univariate statistics.

Question 2.1.

Consider the output from the first ”proc discrim”. The estimate of the variance-covariance matrix used to
construct the classification functions is based on:

1 � 1 degree of freedom

2 � 14 degrees of freedom

3 � 28 degrees of freedom

4 � 29 degrees of freedom

5 � 30 degrees of freedom

6 � Don’t know.

Question 2.2.

Consider the output from the first ”proc discrim”. The value of the usual F-distributed test statistic for the
hypothesis µOI = µSI amounts to: 9.0245

In that case the test is

1 � significant at level 0.25, but not at level 0.1

2 � significant at level 0.1, but not at level 0.05

3 � significant at level 0.05, but not at level 0.01

4 � significant at level 0.01, but not at level 0.005

5 � significant at level 0.005

6 � Don’t know.

The problem continues on the next page
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Question 2.3.

Consider the output from the first ”proc discrim”. A new observation (xSalinity, xK) is classified as ”OI”
if:

1 � −70.47 + 4.02xSalinity + 0.00846xK > 0

2 � −61.17 + 3.85xSalinity + 0.00326xK > 0

3 � −70.47 + 4.02xSalinity + 0.00846xK > −61.17 + 3.85xSalinity + 0.00326xK

4 � −70.47 + 4.02xSalinity + 0.00846xK < −61.17 + 3.85xSalinity + 0.00326xK

5 � −70.47 + 4.02xSalinity + 0.00846xK > 0 ∧ −61.17 + 3.85xSalinity + 0.00326xK > 0

6 � Don’t know.

Question 2.4.

The usual test statistic for the hypothesis: ”variable ”K” does not contribute to a better discrimination” is
found as:

1 � 15+15−2−1
1

15·15(2.4957−0.3718)
(15+15)(15+15−2)+15·15·0.3718

2 � 15+15−2−1
2(15+15−2)

15·15
15+152.4957

3 � 15+15−2−1
2(15+15−2)

15·15
15+150.3718

4 � 14+14−2−1
1

14·14(2.4957−0.3718)
(14+14)(14+14−2)+14·14·0.3718

5 � 14+14−2−1
2(14+14−2)

14·14
14+142.4957

6 � Don’t know.

Question 2.5.

We wish to construct a quadratic discriminant rule with equal priors based on one single variable: ”Salinity”.

Which one of the following numbers is not needed:

1 � 33.07

2 � 31.33

3 � 8.579

4 � 7.781

5 � 8.381

6 � Don’t know.
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Problem 3.
The marked part of the SAS-program and Enclosure C with the corresponding SAS-output belongs to this
problem. #### indicates that information has been concealed (Danish: skjult el. fjernet).

Note: the first ”proc reg” is based on all 45 observations, the second ”proc reg” is based on 44 observations
(observation 34 has been deleted).

The origin of the data and the different variables are explained on page 2 of this exam.

For several of the following questions we will be referring to the following models:

”Model M1”: corresponds to the first ”proc reg” and is a regression model based on all 45 observations
which might be written as:
⎡
⎢⎢⎢⎢⎣

676
516
...

1560

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

1 5.00 35184.5
1 4.75 28170.4

...
1 5.40 16892.2

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎣ α

β1

β2

⎤
⎥⎦ +

⎡
⎢⎢⎢⎢⎣

ε1

ε2
...

ε45

⎤
⎥⎥⎥⎥⎦

The residuals are assumed identically, independently, and normally distributed.

”Model M2”: is a regression model based on all 45 observations which might be written as:
⎡
⎢⎢⎢⎢⎣

676
516
...

1560

⎤
⎥⎥⎥⎥⎦ = μ +

⎡
⎢⎢⎢⎢⎣

ε1

ε2
...

ε45

⎤
⎥⎥⎥⎥⎦

The residuals are assumed identically, independently, and normally distributed.

Question 3.1.

Using maximum likelihood α in model M1 is estimated at:

1 � -475.73

2 � 404.95

3 � -0.02333

4 � 0.0893

5 � 0.0101

6 � Don’t know.

The problem continues on the next page
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Question 3.2.

The reduction in variance when going from model M2 to model M1 amounts to the following fraction:

1 � 1.0

2 � 0.6584

3 � 40.48

4 � 394.85

5 � 45

6 � Don’t know.

Question 3.3.

For model M1 the usual (formal) test statistic for the hypothesis: ”R2 = 0” has the value:

1 � 40.48

2 � -1.74+8.48-2.70

3 � 0.6584

4 � 394.85

5 � 39.45

6 � Don’t know.

Question 3.4.

Consider model M1. Under the null-hypothesis ”R2 = 0” the usual (formal) test statistic is distributed as:

1 � F(42,44)

2 � F(3,44)

3 � F(3,42)

4 � F(2,44)

5 � F(2,42)

6 � Don’t know.

The problem continues on the next page
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Question 3.5.

Using model M1 the first observation is predicted at:

1 � 728.30

2 � -475.72

3 � 394.85

4 � 404.94

5 � -52.30

6 � Don’t know.

Question 3.6. Values of Cook’s D for model M1 can be compared to a suitable percentile in the
following distribution:

1 � F(1,44)

2 � F(2,43)

3 � F(3,42)

4 � F(4,41)

5 � F(5,40)

6 � Don’t know.

Question 3.7.

RSTUDENT34 (corresponding to observation 34) for model M1 is estimated at:

1 � 1168

2 � 1168
394.85

3 � 1168
353.47

4 � 1168
394.85

√
1−0.0423

5 � 1168
353.47

√
1−0.0423

6 � Don’t know.

The problem continues on the next page
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Question 3.8.

In order to calculate a 95% prediction interval for model M1 we need a suitable percentile in a t-distribution.
The value we need is:

1 � 1.68 (approximately)

2 � 2.02 (approximately)

3 � 2.92 (approximately)

4 � 3.18 (approximately)

5 � 4.30 (approximately)

6 � Don’t know.

Question 3.9.

A general linear model ”Model M3” based on all 45 observations with separate intercepts for the three
localities might be written as:

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

676
516
...

352
...

1560

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 5.00 35184.5
1 0 0 4.75 28170.4

...
0 1 0 3.35 12822.0

...
0 0 1 5.40 16892.2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

αOI
αSI
αSM
γ1

γ2

⎤
⎥⎥⎥⎥⎥⎦ +

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ω1

ω2
...

ω17
...

ω45

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

The residuals are assumed identically, independently, and normally distributed.

An ANOVA table for this model is:

Source of Variation Sum of squares Degrees of Freedom
|| pM3

(Y ) − pM2
(Y ) ||2 13908507 4

|| Y − pM3
(Y ) ||2 5262456 40∑45

i=1(Yi − 1
45

∑45
i=1 Yi)2 19170963 44

The usual test statistic for testing if there is a difference in intercept between the three locations is found
as:

1 �
(13908507−5262456)/2

19170963/44

2 �
(13908507−6548174)/2

5262456/42

3 �
(13908507−12622789)/2

19170963/44

4 �
(13908507−12622789)/1

5262456/40

5 �
(13908507−12622789)/2

5262456/40

6 � Don’t know.
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Problem 4.
The following data corresponds to a subset of the original data in e.g. Enclosure A

Location Type Salinity pH
OI DVEG 33 5.00
OI SHRT 33 5.05
OI TALL 30 4.10
SI DVEG 30 3.25
SI SHRT 30 3.25
SI TALL 29 7.10
SM DVEG 26 4.85
SM SHRT 25 4.55
SM TALL 24 5.60

Question 4.1.

The following questions are to be answered: a) Is there a difference in mean content of (Salinity, pH) with
respect to ”Location”? b) Is there a difference in mean content of (Salinity, pH) with respect to ”Type”?

The most sensible way of analysing this is by means of:

1 � A one-sided multivariate analysis of variance with three observations in each group.

2 � A two-sided multivariate analysis of variance with one observation per cell.

3 � Four univariate one-sided analyses of variance, testing for differences in ”Location” and ”Type” for
each of the variables ”Salinity” and ”Type”.

4 � Two univariate two-sided analyses of variance, testing for differences in ”Location” and ”Type” for
each of the variables ”Salinity” and ”Type”.

5 � A general linear model, where ”Salinity” is the dependent variable and ”Location”, ”Type”, and ”pH”
are independent variables.

6 � Don’t know.
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Problem 5.
Consider the two random vectors: X and Y =

[
X
U

]
where E(Y ) = 0

Question 5.1.

Then the covariance between X and Y , denoted C(X, Y ) equals

1 � [D(X), D(U)]

2 � [C(U , X), D(X)]

3 � [D(X), C(U , X)]

4 � [D(X), C(X, U)]

5 � [C(X, U), D(X)]

6 � Don’t know.

Problem 6.
Consider the random vector: X, the constant vector b, and the constant matrix A

Question 6.1.

Then D(A(b + X)) equals

1 � AD(X)

2 � b + AD(X)

3 � b + AD(X)A′

4 � AD(X)A′

5 � AbA′ + AD(X)A′

6 � Don’t know.
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Problem 7.
Consider the following spatial layout of data-sampling points A, B, C. The distances between the data points
is also indicated.

A B

C

4

5
3

It is assumed that each of the 3 observations have equal variance σ2, such that:

⎡
⎢⎣ XA

XB

XC

⎤
⎥⎦ ∈ N(µ, σ2Σ)

Furthermore, the spatial correlation between any pair of data points is assumed to be inversely proportional
to the distance between the points.

Question 7.1.

Then Σ equals:

1 �

⎡
⎢⎣ σ2 1

4
1
3

1
4 σ2 1

5
1
3

1
5 σ2

⎤
⎥⎦

2 �

⎡
⎢⎣ 1 1

4
1
3

1
4 1 1

5
1
3

1
5 1

⎤
⎥⎦

3 �

⎡
⎢⎣ 1 1

16
1
9

1
16 1 1

25
1
9

1
25 1

⎤
⎥⎦

4 �

⎡
⎢⎣ 1 4 3

4 1 5
3 5 1

⎤
⎥⎦

5 �

⎡
⎢⎣

1
3 0 0
0 1

4 0
0 0 1

5

⎤
⎥⎦

6 � Don’t know.
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Problem 8.
Below is given values for four polynomials for a certain set of numbers.

ξa ξb ξc ξd

1 -2 -1 -3
-1 1 3 -1
-1 -1 -3 1
1 2 1 3

Question 8.1.

In that case the following polynomials are pairwise orthogonal, namely:

1 � ξa, ξc, ξd

2 � ξb, ξc, ξd

3 � ξa, ξb, ξd

4 � ξa, ξb, ξc

5 � ξa, ξb, ξc, ξd

6 � Don’t know.
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