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Solution for exercise 9.2.5 in Karlin and Pinsky

We choose Py;(t) = P(D(t) = j|N(0) = k) and

Pi(t) = >_miPy(t) = P(D(t) = j)

Doing a first step analysis we look first at k = 0, in an infinitesimal interval At
either one new customer arrives and we have to consider F;; or no customer

arrives and we look at Fy;.
Poj(t + At) = MAtP;(t) + [1 — AAt]| Py (t) + o(At)

Similar for £ > 0 either one customer arrives, one customer leaves the system

and only 57 — 1 customer have to leave the system or nothing changes.
We can use this to derive

Pi(t+At) = Y m(Pylt+ At))
= 7o (AALP;(t) + [1 — MAt Ry, (t) + O(At))
+ S (AP o1 (1) + AAEP (1) + [L = (A + p) At Py () + O(A1)

k=1

= Z Wkpkj(t) + ﬂo)\Atplj(t) — Wo)\AtP()j(t)
k=0

+ Z T At Py ;1 (t) + Z TeAAL Py 15(t)

k=1 k=1

— Z Wk)\Athj(t) — Z WkMAthj(t) + O(h)

k=1 k=1



If we use the fact mp\ = T4, we can get

Pi(t+At) = Pi(t)+ Y mpAtPyjo1(t) + Y mAAtPe(t)

k=1 k=0
— D mMAALP(t) = Y muAtPy(t) + o(h)
k=0 k=1
= P](t) + Z kal)\Ath,Ljfl(t) + Z?Tk+1,uAtpk+1j (t)
k=1 k=0
— > mMAALP(t) = Y muAtP(t) + o(h)
k=0 k=1

= Py(t) + AATP,, (1) — AALP,(t)

we can use this to get

byt + At) — Pi(t)
At

= APy (t) — AP;(t) + o(At) /At

For At — 0 we get the differential equation of a Poisson process!



