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Solution for exercise 6.1.2 in Karlin and Pinsky

From Chapter 6.1 we know

Pn(t) =
n−1∏
i=0

λi[
n∑
k=0

Bk,ne
λkt]

Bk,n =
1∏n

i=0 i 6=k (λi − λk)

and with λk = α + kβ we optain

Bk,n =
(−1)k

βn(n− k)!k!

⇒ Pn(t) =
n−1∏
i=0

(α + i · β) ·
n∑
k=0

(−1)k

βn(̇n− k)!k!
· e−(α+kβ)t

=
n−1∏
i=0

(α + i · β) · e−αtβ−n
n∑
k=0

(−1)k

(n− k)!k!
· e−kβt

=
n−1∏
i=0

(α + i · β) · e−αtβ−n · 1

n!

n∑
k=0

n!

(n− k)!k!
· (−e−βt)k

=
n−1∏
i=0

(α + i · β) · e−αtβ−n · 1

n!
(1− e−βt)n

=
βnΓ(n+ α

β
)

Γ(α
β
)

· e−αtβ−n · 1

n!
(1− e−βt)n

=
Γ(n+ α

β
)

Γ(α
β
)n!

· e−αt(1− e−βt)n

If we choose α = β we optain the same result as in a yule process up to n+ 1

indiviuals by reproduction.

Instead of the Gamma function we could as well use generalized binomial

coefficens.


