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Solution for exercise 5.4.1 in Pitman 1

Question a) The idea is to use area considerations in this question, but we will
need the density to solve the following questions. Thus we start by deriving f(x1, x2).

Define

1A(x) =

{
1 for x ∈ A
0 for x /∈ A

,

where A is a completely general set. In the following A will be a subset of either R or
R2.

Now define A1 = {x ∈ R|0 ≤ x ≤ 1} and A2 = {y ∈ R|0 ≤ x ≤ 2}. We have

fX(x)=1 · 1A1(x) = 1A1(x)

and

fY (y)=
1

2
· 1A2(y) =

1

2
1A2(y)

Now define A = A1 × A2= {(x, y) ∈ R2|0 ≤ x ≤ 1 ∧ 0 ≤ y ≤ 2}, to get

f(x, y)=fX(x)fY (y) = 1A1(x)
1

2
1A2(y) =

1

2
1A((x, y)).

The joint density of (X1, X2) can now be written as

f(x1, x2) =

{
1
2

0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 2

0 otherwise

We find

P (X1 + X2 ≤ 2) =

∫
x1+x2≤2

1

2
dx1dx2.

Alternatively we can use straightforward area considerations (see the figure below), to
get P (X1 + X2 ≤ 2)=3

4
.
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Question b) Define Z = X + Y . We have

fZ(z) =

∫ ∞
−∞

f(x, z − y)dx =

∫ ∞
−∞

1

2
1A(x)dx

=

∫ ∞
−∞

1

2
1{0≤x≤1∧0≤z−x≤2}dx

=

∫ ∞
−∞

1

2
1{0≤x∧z−2≤x∧x≤1∧x≤z}dx

=

∫ ∞
−∞

1

2
1{max (0,z−2)≤x≤min (1,z)}dx

=

∫ min (1,z)

max (0,z−2)

1

2
dx

Density of X + Y :
If the random variable pair (X, Y ) has
density f(x, y), then their sum X + Y
has density function

fX+Y (z) =

∫ ∞
−∞

f(x, z − x)dx

The integral needs to be evaluated differently for 0 ≤ z < 1, 1 ≤ z < 2, and
2 ≤ z ≤ 3 (see the figure below). We use the boxed expression page 372 to get

fx1+x2(z) =


∫ z

0
1 · 1

2
dx1 0 ≤ z ≤ 1∫ 1

0
1 · 1

2
dx1 1 ≤ z ≤ 2∫ 1

z−2 1 · 1
2
dx1 2 ≤ z ≤ 3

thus

fx1+x2(z) =


z
2

0 ≤ z ≤ 1

1
2

1 ≤ z ≤ 2

3−z
2

2 ≤ z ≤ 3



The question can be solved directly in Maple using the following code

fx := x -> piecewise(x<0,0,0<=x<=1,1,1<x,0);

fy := x -> piecewise(x<0,0,0<=x<=2,1/2,2<x,0);

fz := z-> int(fx(x)*fy(z-x),x=-infinity..infinity);

fz(z);

however, I think it is instructive and necessary to be able to derive the expression
also without the use of Maple. Having said that, it is excellent to be able to use both
approaches.
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1 1 ≤ z ≤ 2

2 ≤ z ≤ 3

0 ≤ z ≤ 1

Question c) We find the cumulative distribution function by integrating. That
is,

Fx1+x2(z) =

∫ z

0

fx1+x2(u)du =


z2

4
0 ≤ z ≤ 1

2z−1
4

1 ≤ z ≤ 2

6z−z2−5
4

2 ≤ z ≤ 3


