02262: Formal Aspects of Software Engineering I Subtypes; ch.11, pp.83–90 Foil 8.1

Anne Haxthausen, IMM/DTU Spring 2002

Technical University of Denmark

Informatics and Mathematical Modelling

Computer Science and Technology

IMM/DTU, Building 322, DK–2800 Lyngby, Denmark; Phone: +45-45-257510, Fax: +45-45-930007, E-mail: ah@imm.dtu.dk February 14, 2002

Subtypes

Contents

• what is a subtype? 2 • subtype expressions 2 • subtype relation 3 • maximal types 4 • type checking 7 • examples of specification using subtypes 8 • subtypes in quantified expressions 10 • subtypes in value definitions 11 • empty subtypes 14

02262: Formal Aspects of Software Engineering I Subtypes; ch.11, pp.83–90 Foil 8.2

Anne Haxthausen, IMM/DTU Spring 2002

Technical University of Denmark Informatics and Mathematical Modelling

Computer Science and Technology

IMM/DTU, Building 322, DK–2800 Lyngby, Denmark; Phone: +45-45-257510, Fax: +45-45-930007, E-mail: ah@imm.dtu.dk February 14, 2002

Subtypes

A type is a collection of related values.

In RSL one type T_1 is said to be a subtype of another type T_2, if T_1 is a subset of T_2.

Subtype Expressions

In RSL, a subtype expression defines a type as a subtype of another type. Examples:

{| l : Int�^ffl len l > 0 |} {| rs : Record-set^ffl is wf Database(rs) |} General form:

{| binding : type expr^ffl logical-value expr |}

02262: Formal Aspects of Software Engineering I Subtypes; ch.11, pp.83–90 Foil 8.3

Anne Haxthausen, IMM/DTU Spring 2002

Technical University of Denmark Informatics and Mathematical Modelling Computer Science and Technology

IMM/DTU, Building 322, DK–2800 Lyngby, Denmark; Phone: +45-45-257510, Fax: +45-45-930007, E-mail: ah@imm.dtu.dk February 14, 2002

Subtype Relation

If T_1 is a subtype of T_2, we write T_1 ⪯ T_2. ⪯ is reflexive and transitive Nat ⪯ Int T� ⪯ T!

Proving Subtype Relations

T_1 = {| id : T^ffl p_1(id) |} T_2 = {| id : T^ffl p_2(id) |} T_1 ⪯ T_2 ?

∀ id : T^ffl p_1(id) ⇒ p_2(id) Examples:

{| j : Int^ffl j ≥ 7|} ⪯ {| j : Int^ffl j ≥ 0|} ∀ j : Int^ffl j ≥ 7 ⇒ j ≥ 0 true

02262: Formal Aspects of Software Engineering I Subtypes; ch.11, pp.83–90 Foil 8.4

Anne Haxthausen, IMM/DTU Spring 2002

Technical University of Denmark

Informatics and Mathematical Modelling

Computer Science and Technology

IMM/DTU, Building 322, DK–2800 Lyngby, Denmark; Phone: +45-45-257510, Fax: +45-45-930007, E-mail: ah@imm.dtu.dk February 14, 2002

Maximal Types

Definition: T is maximal iff

∀ T2^ffl T ⪯ T2 ⇒ T2 = T Maximal types:

• Unit, Bool, Int, Real, Char (not Nat, Text) • composite types built by application of ×, -infset, !, ¸→m and ¸→ (not -set, �, →m , →) on maximal types.

02262: Formal Aspects of Software Engineering I

Subtypes; ch.11, pp.83–90

Foil 8.5

Anne Haxthausen, IMM/DTU Spring 2002

Technical University of Denmark

Informatics and Mathematical Modelling

Computer Science and Technology

IMM/DTU, Building 322, DK–2800 Lyngby, Denmark; Phone: +45-45-257510, Fax: +45-45-930007, E-mail: ah@imm.dtu.dk February 14, 2002

Maximal Type of

Definition:

The maximal type of a type T is the unique type max (T) for which

1. max (T) is maximal

2. T ⪯ max (T)

Rules for calculating the maximal type of a type:

max (Nat) = Int max (Text) = max (Char�) max (Int) = Int . max (T_1 × ... × T_n) = max (T_1) × ... × max (T_n) max (T-set) = max (T)-infset max (T-infset) = max (T)-infset max (T�) = max (T)! max (T!) = max (T)!

max ({| id : T^ffl expr |}) = max (T) max (T_1 →m T_2) = max (T_1) ¸→m max (T_2) max (T_1 ¸→m T_2) = max (T_1) ¸→m max (T_2) max (T_1 ¸→ T_2) = max (T_1) ¸→ max (T_2) max (T_1 → T_2) = max (T_1) ¸→ max (T_2)

02262: Formal Aspects of Software Engineering I Subtypes; ch.11, pp.83–90 Foil 8.6

Anne Haxthausen, IMM/DTU Spring 2002

Technical University of Denmark Informatics and Mathematical Modelling

Computer Science and Technology

IMM/DTU, Building 322, DK–2800 Lyngby, Denmark; Phone: +45-45-257510, Fax: +45-45-930007, E-mail: ah@imm.dtu.dk February 14, 2002

Maximal Type of

Fact:

Any type can be expressed as a subtype of its maximal type:

T = {| t : max (T)^ffl p(t) |} for some p Examples:

Nat = {| i : Int^ffl i ≥ 0 |} S → T = {| f : S ¸→ T^ffl ∀ x : S^ffl f(x) post true |}

02262: Formal Aspects of Software Engineering I Subtypes; ch.11, pp.83–90 Foil 8.7

Anne Haxthausen, IMM/DTU Spring 2002

Technical University of Denmark

Informatics and Mathematical Modelling

Computer Science and Technology

IMM/DTU, Building 322, DK–2800 Lyngby, Denmark; Phone: +45-45-257510, Fax: +45-45-930007, E-mail: ah@imm.dtu.dk February 14, 2002

Maximal Type Checking

• subtype checking is not statically decidable • the type checker performs only maximal type checking Example:

value n : {| i : Int^ffl i ≥ 2 |} axiom n = 1

is statically ok, but inconsistent!

02262: Formal Aspects of Software Engineering I

Subtypes; ch.11, pp.83–90

Foil 8.8

Anne Haxthausen, IMM/DTU Spring 2002

Technical University of Denmark

Informatics and Mathematical Modelling

Computer Science and Technology

IMM/DTU, Building 322, DK–2800 Lyngby, Denmark; Phone: +45-45-257510, Fax: +45-45-930007, E-mail: ah@imm.dtu.dk February 14, 2002

Subtype Example

scheme EQUIVALENCE RELATION = class type

Elem, Partition Id, Relation = {| r : Elem ¸→m Partition Id^ffl is wf Relation(r) |} value

is wf Relation : (Elem ¸→m Partition Id) → Bool is wf Relation(m) ≡

(∀ e : Elem^ffl e ∈ dom m ∧

(∃! p : Partition Id^ffl r(e) ≡ p )),

initial : Relation,

make equivalent : Elem × Elem × Relation → Relation make equivalent(e1,e2,r) ≡

r † [ e → r(e2) | e : Elem^ffl r(e) = r(e1) ],

are equivalent : Elem × Elem × Relation → Bool are equivalent(e1,e2,r) ≡ r(e1) = r(e2)

axiom

∀ e1, e2 : Elem^ffl e1 ≠ e2 ⇒ initial(e1) ≠ initial(e2), end

02262: Formal Aspects of Software Engineering I

Subtypes; ch.11, pp.83–90

Foil 8.9

Anne Haxthausen, IMM/DTU Spring 2002

Technical University of Denmark

Informatics and Mathematical Modelling

Computer Science and Technology

IMM/DTU, Building 322, DK–2800 Lyngby, Denmark; Phone: +45-45-257510, Fax: +45-45-930007, E-mail: ah@imm.dtu.dk February 14, 2002

Subtype Example

scheme QUEUE = class type

Element, Queue = {| q : Element�^ffl len q ≤ max |}, Extensible Queue = {| q : Queue^ffl len q < max |}, Reducible Queue = {| q : Queue^ffl q ≠ empty |}

value

max : Nat^ffl max > 0,

empty : Extensible Queue = ⟨⟩,

put : Element × Extensible Queue → Reducible Queue put(e,eq) ≡ eq b ⟨e⟩,

get : Reducible Queue → Extensible Queue × Element get(rq) ≡ (tl rq,hd rq) end

02262: Formal Aspects of Software Engineering I

Subtypes; ch.11, pp.83–90

Foil 8.10

Anne Haxthausen, IMM/DTU Spring 2002

Technical University of Denmark

Informatics and Mathematical Modelling

Computer Science and Technology

IMM/DTU, Building 322, DK–2800 Lyngby, Denmark; Phone: +45-45-257510, Fax: +45-45-930007, E-mail: ah@imm.dtu.dk February 14, 2002

Subtypes in Quantified Expressions

Examples

∀ x : {| id : Int^ffl id ≥ 2 |}^ffl x ≠ 0 equivalent to:

∀ x : Int^ffl x ≥ 2 ⇒ x ≠ 0

∃ x : {| id : Int^ffl id ≥ 2 |}^ffl x = 3 equivalent to:

∃ x : Int^ffl x ≥ 2 ∧ x = 3

Generally

Assume p[id] convergent for id : T.

∀ x : {| id : T^ffl p[ id ] |}^ffl e[ x ] equivalent to:

∀ x : T^ffl p[ x ] ⇒ e[ x ]

∃ x : {| id : T^ffl p[ id ] |}^ffl e[ x ] equivalent to:

∃ x : T^ffl p[ x ] ∧ e[ x ]

02262: Formal Aspects of Software Engineering I

Subtypes; ch.11, pp.83–90

Foil 8.11

Anne Haxthausen, IMM/DTU Spring 2002

Technical University of Denmark

Informatics and Mathematical Modelling

Computer Science and Technology

IMM/DTU, Building 322, DK–2800 Lyngby, Denmark; Phone: +45-45-257510, Fax: +45-45-930007, E-mail: ah@imm.dtu.dk February 14, 2002

Subtypes in Constant Definitions

Example

value c : {| i : Int^ffl i ≥ 1 |} equivalent to

value c : Int axiom c ≥ 1 (or axiom c ∈ { i | i : Int^ffl i ≥ 1 })

value c : {| i : Int^ffl i ≥ 1 |} = 2

consistent as 2 ≥ 1 Generally

Assume p[id] convergent for id : T.

value c : {| id : T^ffl p[ id ] |} equivalent to

value c : T axiom p[ c ] (or axiom c ∈ { id | id : T^ffl p[ id ] })

value c : {| id : T^ffl p[ id ] |} = e

consistent only if p[ e ] is true

02262: Formal Aspects of Software Engineering I Subtypes; ch.11, pp.83–90 Foil 8.12

Anne Haxthausen, IMM/DTU Spring 2002

Technical University of Denmark Informatics and Mathematical Modelling Computer Science and Technology

IMM/DTU, Building 322, DK–2800 Lyngby, Denmark; Phone: +45-45-257510, Fax: +45-45-930007, E-mail: ah@imm.dtu.dk February 14, 2002

Subtypes in Function Definitions

Example value f : {| i : Int^ffl i ≥ 1 |} → {| i : Int^ffl i ≥ 2 |} equivalent to

value f : Int ¸→ Int axiom ∀ x : Int^ffl x ≥ 1 ⇒ (f(x) post true ∧ f(x) ≥ 2 ) equivalent to

value f : Int ¸→ Int axiom ∀ x : Int^ffl f(x) as y post y ≥ 2 pre x ≥ 1 Generally Assume p1[id] convergent for id : T1.

value f : {| id : T1^ffl p1[ id ] |} → {| id : T2^ffl p2[ id ] |} equivalent to

value f : T1 ¸→ T2 axiom ∀ x : T1^ffl p1[ x ] ⇒ (f(x) post true ∧ p2[ f(x) ])

02262: Formal Aspects of Software Engineering I Subtypes; ch.11, pp.83–90 Foil 8.13

Anne Haxthausen, IMM/DTU Spring 2002

Technical University of Denmark

Informatics and Mathematical Modelling

Computer Science and Technology

IMM/DTU, Building 322, DK–2800 Lyngby, Denmark; Phone: +45-45-257510, Fax: +45-45-930007, E-mail: ah@imm.dtu.dk February 14, 2002

Subtypes in Explicit Function Definitions

Example

value f : {| i : Int^ffl i ≠ 0 |} → Int

f(x) ≡ 1 / x equivalent to

value f : Int ¸→ Int

f(x) ≡ 1 / x pre x ≠ 0 Generally

value f : {| id : T1^ffl is wff(id) |} → T2

f(x) ≡ e[ x ] equivalent to

value f : T1 ¸→ T2

f(x) ≡ e[ x ] pre is wff(x) when ∀ x : T1^ffl e[ x ] post true pre is wff(x) is true

02262: Formal Aspects of Software Engineering I

Subtypes; ch.11, pp.83–90

Foil 8.14

Anne Haxthausen, IMM/DTU Spring 2002

Technical University of Denmark

Informatics and Mathematical Modelling

Computer Science and Technology

IMM/DTU, Building 322, DK–2800 Lyngby, Denmark; Phone: +45-45-257510, Fax: +45-45-930007, E-mail: ah@imm.dtu.dk February 14, 2002

Empty Subtypes

type NoInt = {| i : Int^ffl false |}

value no constant : NoInt equivalent to

value no constant : Int axiom no constant ∈ { i | i : Int^ffl false }

value no fun : Unit → NoInt equivalent to

value no fun : Unit → Int axiom no fun() ∈ { i | i : Int^ffl false }

value no arg fun : NoInt → Int equivalent to

value no arg fun : Int ¸→ Int axiom ∀ x : Int^ffl false ⇒ f(x) post true

axiom

∀ x : NoInt^ffl false, ∼(∃ x : NoInt), { x | x : NoInt } = {} equivalent to

axiom true, true, true