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Subtype Relation|

If Ty is a subtype of Ty, we write T; < Ts.
= is reflexive and transitive
Nat < Int

™ < T¥

‘Proving Subtype Relationsl

Ty ={]id: T-pyid) |}
Ty ={|id: T+ psid) |}

Ty Ty ?
Vid: T - pi(id) = po(id)

Examples:
{li:Int-j>7} 2{|j: Int-j>0[},
VitInt.j>7=j2>0,

Ltrue
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A type is a collection of related values.

In RSL one type T is said to be a subtype of another type
Ty, if Ty is a subset of Ty.

‘Subtype Expressions'

In RSL, a subtype expression defines a type as a subtype of
another type.

Examples:

{/1: Int*-lenl> 0|}
{] rs : Record-set - is_wf_Database(rs) |}

General form:

{| binding : type_expr - logical-value_expr |}
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‘Maximal Types|

Definition: T is mazimal iff

VT2.: T<T2=T2=T

Maximal types:

¢ Unit, Bool, Int, Real, Char (not Nat, Text)

e composite types built by application of X, -infset, ¥, 7>
and 5 (not -set, *, 7, —) on maximal types.
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‘Maximal Type ofI

Definition:

The mazimal type of a type T is the unique type maz(T) for
which

1. maz(T) is maximal

2. T < maz(T)
Rules for calculating the maximal type of a type:

maz(Nat) = Int
maz(Text) = maz(Char*)
maz(Int) =Int

maz(Tl X ... Xx Tp) = maz(Ty) x ... x maz(T,)
(T-set) = maz( )-infset
(T-infset) = maz(T)-infset
(T*) = maz(T)”
maz(T¥) = maz(T)”
mazg{ id: T -expr |}) = maz(T)
(
(
(

maz
maz
maz

maz (T, m To) = maz(Ti) m> maz(Ty)
maz(Ty m> To) = maz(Ti) 7> maz(T)
maz(T; = Tg_) = maz(Ty) = maz(Ty)
maz(Ty — Tp) = maz(Ty) = maz(Ty)
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'Maximal Type Checking]

o subtype checking is not statically decidable

o the type checker performs only maximal type checking
Example:

valuen: {|i:Int.-i> 2|}
axiomn =1

is statically ok, but inconsistent!
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‘Maximal Type ofI

Fact:

Any type can be expressed as a subtype of its maximal type:
T = {| t: maz(T) - p(t) |} for some p
Examples:

Nat ={|i: Int-1>0|}
S—=T = {|f: S3T-Vx:S-f(x) post true |}
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Subtype Example]

scheme EQUIVALENCE_RELATION =
class
type
Elem,
Partition_Id,
Relation = {| r: Elem > PartitionId « is_wf Relation(r) |]
value
is_wf Relation : (Elem - Partition_Id) — Bool
is_wf_Relation(m) =
(Ve: Elem-e € domm A
(3! p: Partition Id - r(e) = p )),

initial : Relation,

make equivalent : Elem x Elem x Relation — Relation
make_equivalent(el,e2,r) =
rtfer r(e2)|e: Elem - r(e) = r(el)],

are_equivalent : Elem x Elem x Relation — Bool
are_equivalent(el,e2,r) = r(el) = r(e2)

axiom
Vel,e2: Elem - el # e2 => initial(el) # initial(e2),
end
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‘Subtype Examplel

scheme QUEUE =
class

type
Element,
Queue = {| q : Element* « len q < max |},

Extensible_Queue = {| q : Queue - len g < max |},
Reducible Queue = {| q : Queue + q # empty |}

value
max : Nat « max > 0,

empty : Extensible_ Queue = (),
put : Element x Extensible Queue — Reducible_Queue
put(e,eq) = eq -~ (e),

get : Reducible_ Queue — Extensible_Queue x Element
get(rq) = (t1 rq,hd rq)
end
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'Subtypes in Constant Definitions]

Example I

valuec: {|i:Int-i>1|}
equivalent to

value c : Int
axiomc>1 (oraxiomce {i|i:Int-i>1})

valuec: {|i:Int-i>1]} =2

Generally I

Assume plid] convergent for id : T.

consistent as 2 > 1

valuec: {|id: T .p[id] |}
equivalent to

valuec: T
axiom p[c] (oraxiomce {id|id: T-p[id]})

valuec: {|id: T.p[id] |} =e

consistent only if p[e] is true
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‘Subtypes in Quantified Expressionsl

Examples I

Vx:{lid:Int-id>2|}-x#0
equivalent to:
Vx:Int-x>2=x#0

Ix:{|id: Int-id>21}-x=3
equivalent to:
Idx:Int-x>2Ax=3

Assume plid] convergent for id : T.

Vx: {]id: T-p[id] |} - ¢[x]
equivalent to:
Vx: T-p[x]= e[x]

Ix:{|lid: T-p[id] |} - ¢e[x]
equivalent to:
Ix: T-p[x]Ae[x]
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'Subtypes in Function Definitions|

Example I

valuef: {|i:Int-i>1|} - {|]i:Int-i>2]}

equivalent to

value f: Int = Int
axiom V x: Int - x > 1 = (f(x) post true A f(x) > 2)

equivalent to

value f: Int = Int
axiom V x : Int - f(x) as y post y > 2 prex > 1

Assume pl[id] convergent for id : T1.
valuef: {|id: T1.pl[id] |} — {|id: T2.p2[id] |}
equivalent to

value f: T1 & T2
axiom V x: T1 - pl[x] = (f(x) post true A p2[f(x)])
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‘Subtypes in Explicit Function Deﬁnitionsl

Example I

valuef: {|i:Int-i#0|} — Int
flx)=1/x

equivalent to

value f: Int = Int
flx)=1/x
prex #0

value f: {| id: T1 - is_wff(id) |} — T2
f(x) = e[ x]
equivalent to
value f: T1 = T2
f(x) = ¢[x]
pre is wif(x)

whenV x : T1 . ¢[x] post true pre is_wff(x) is true

‘Empty Subtypesl

equivalent to

equivalent to

equivalent to

axiom

equivalent to
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type Nolnt = {| i : Int . false |}

value no_constant : Nolnt

value no_constant : Int
axiom no_constant € {i|i: Int - false }

value no_fun : Unit — Nolnt

value no_fun : Unit — Int
axiom no_fun() € {i|i: Int - false }

value no_arg fun : Nolnt — Int

value no_arg fun : Int = Int
axiom V x : Int - false = f(x) post true

V x : Nolnt - false, ~(3 x : Nolnt), { x | x : Nolnt } = {}

axiom true, true, true
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