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Formal Software Spe
i�
ation | Exer
ises AH, January 20041 Introdu
tionThis do
ument, whi
h is an update of [Hax94℄, 
ontains exer
ises in formal software spe
i�
ation usingRAISE.The exer
ises are based on a textbook, [RAI92℄, on the RAISE spe
i�
ation language, RSL, and extra
tsof a handbook on RAISE justi�
ations, [GP92℄. Hen
e, the exer
ises refer to these books.The exer
ises in se
tions 2-17 
over the topi
s of the RSL textbook (in
luding features su
h as model-oriented spe
i�
ation, algebrai
 spe
i�
ation, appli
ative spe
i�
ation, imperative spe
i�
ation, 
on
ur-ren
y, modularity), and se
tion 16 and 17 
overs re�nement and veri�
ation. Se
tion 18 is devoted toexer
ises in a spe
ial appli
ation area: language based systems. Finally, in se
tion 19, there is a 
olle
tionof sample exam questions.Sour
es of inspiration for the exer
ises have been [HP92℄, [Bj�℄ and [Jon86℄.
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Formal Software Spe
i�
ation | Exer
ises AH, January 20042 Logi
1. Below are some equivalen
es whi
h always hold (are true) in 
lassi
al logi
. Whi
h of them holdin RAISE's 
onditional logi
?(a) �(�a) � a(b) true _ a � true(
) a _ true � true(d) a ) b � �a _ b(e) a _ �a � true(f) (a ^ b) ^ 
 � a ^ (b ^ 
)(g) (a _ b) _ 
 � a _ (b _ 
)(h) (a = a) � true(i) (a � a) � true2. Redu
e the following expressions to simpler expressions:(a) if true then false else 
haos end � ?(b) if a then �(a � 
haos) else false end � ?Hint:Use the following equivalen
es:if true then a else b end � a (1)if false then a else b end � b (2)if a then e1 else e2 end �if a then e1[true/a℄ else e2[false/a℄ end (3)3. Whi
h of the following expressions are true:(a) 8 i : Int � 9 j : Int � i + j = 0(b) 8 i : Int � 9 j : Nat � i + j = 0(
) 9 i : Int � 8 j : Int � i + j = 04. Write an RSL value expression whi
h expresses the fa
t that there is not a largest integer.5. Complete the following de�nition of a fun
tion whi
h tests whether a natural number is even.is even : Nat ! Boolis even(n) � ...
2



Formal Software Spe
i�
ation | Exer
ises AH, January 20043 Produ
ts1. Consider example 5.3 in [RAI92℄.(a) De�ne a type, `Cir
le', with an appropriate representation for 
ir
les.Hint: You need the following type: fj r : Real � r � 0.0 jg(b) De�ne a fun
tion, `on 
ir
le', whi
h takes a 
ir
le and a position as arguments and 
he
kswhether the position is on the ar
 of the 
ir
le.(
) De�ne a value, `
ir
le', whi
h represents a 
ir
le with 
entre in the origin of the system of
oordinates and a radius of length 3.0.(d) De�ne a value, `pos', representing some (not yet known) position on the ar
 of the 
ir
le(`
ir
le') de�ned in (
).2. (a) De�ne a type, `Complex', with an appropriate representation for 
omplex numbers.(b) De�ne a value, `zero', whi
h represents the 
omplex number 0 + 0i.(
) De�ne a value, `
', whi
h represents a 
omplex number of the form x + xi.(d) De�ne fun
tions, `add' and `mult', for addition and multipli
ation of 
omplex numbers.(e) De�ne a fun
tion, `f', whi
h takes a 
omplex number as argument and returns some 
omplexnumber whi
h is di�erent.
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Formal Software Spe
i�
ation | Exer
ises AH, January 20044 Fun
tions1. De�ne a fun
tion, `max', that returns the maximum of two integers in ea
h of the following styles:(a) expli
it fun
tion(b) impli
it fun
tion(
) signature/axiom2. Write a lambda expression whi
h represents the same fun
tion as `max'.3. Write a lambda expression whi
h represents the same fun
tion as `twi
e' (p. 44 -45 in [RAI92℄).4. In [RAI92℄ there is a de�nition of a square root fun
tion, `square root'. De�ne a fun
tion,`approx sqrt', that for a given toleran
e (positive real number) �nds an approximation to thesquare root of non-negative real numbers. The approximation, approx sqrt(x,eps), must be su
hthat the mathemati
al square root, square root(x), lies in the half open interval[approx sqrt(x,eps),approx sqrt(x,eps) + eps[.5. Consider the spe
i�
ation, `EQUIVALENCE RELATION', p. 61 in [RAI92℄. Give a similar spe
-i�
ation but without use of axioms.6. Consider the following fun
tion de�nition:valuef : Int �! Intf(x) � f(x)Whi
h fun
tions (in parti
ular whi
h of the following fun
tions) satisfy the de�nition?(a) valuef : Int �! Intf(x) � 
haos(b) valuef : Int �! Intf(x) � 1(
) valuef : Int ! Intf(x) � 17. Whi
h fun
tions satisfy:valuef : Int ! Intf(x) � f(x)8. Whi
h fun
tions satisfy:valuef : Int �! Intaxiom8 x : Int � f(x) = f(x)9. What is the di�eren
e in the fun
tion de�ned in 6(b) and 6(
)?10. What is the type of: � (x,y) : Int � Int � x � y4



Formal Software Spe
i�
ation | Exer
ises AH, January 20045 Sets1. Write a value expression representing the set of odd numbers between 0 and 10.2. A university information system is to be spe
i�ed. The system should keep tra
k of the enrolledstudents and provided 
ourses. For ea
h 
ourse the system should keep tra
k of the studentsattending that 
ourse. De�ne a module, `UNIVERSITY SYSTEM', 
ontaining de�nitions of(a) a type `Student' of student identi�
ations,(b) a type `Course' of 
ourse identi�
ations,(
) a type `University' with an appropriate representation for universities, su
h that it for a givenuniversity is possible to extra
t information about students and 
ourses as stated above,(d) a fun
tion , `students', whi
h gives the set of students of a given university,(e) a fun
tion , `
ourses', whi
h gives the set of 
ourses of a given university,(f) a fun
tion, `stud of', whi
h gives the set of students whi
h are attending a given 
ourse at agiven university,(g) a fun
tion, `attending', whi
h gives the set of 
ourses whi
h a given student is attending at agiven university,(h) a fun
tion, `new stud', whi
h enrols a new student at a university,(i) a fun
tion, `drop stud', whi
h removes a student from a university,(j) a fun
tion, `sizes ok', whi
h tests for a given university that there are no 
ourses with morethan 100 students or less than 5 students.
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Formal Software Spe
i�
ation | Exer
ises AH, January 20046 Lists1. De�ne the following fun
tions:(a) `length' whi
h 
al
ulates the length of a list, without using the built-in operator len,(b) `rev', that reverses the elements of a list,(
) `drev', that takes a list of lists of elements as argument, and doubly reverses it.Example:drev(hhe11, :::, e1ii,:::,hen1, :::, enmii) �hhenm, :::, en1i,:::,he1i, :::, e11ii2. Write an expli
it de�nition of the fun
tion `insert' that has an impli
it de�nition in se
tion 9.10 in[RAI92℄.3. Write an expli
it de�nition of the fun
tion `sort' that has an impli
it de�nition in se
tion 9.9 in[RAI92℄.4. De�ne a fun
tion, `pas
al', whi
h generates Pas
al triangles up to the order n. That is a list of nlists, the latter being the rows of the triangle. The �rst rows of su
h a triangle looks like:h1ih1 , 1ih1 , 2 , 1ih1 , 3 , 3 , 1ih1 , 4 , 6 , 4 , 1iThe nth row, for n>1, starts, and ends with 1, and its ith element, for 1<i<n, is the sum of the(i-1)st and ith element of the (n-1)st row.5. A system for 
he
king words on pages et
. is to be spe
i�ed. A page 
onsists of lines of words.Pun
tuation marks should be ignored. De�ne a module, `PAGE', providing(a) types `Page', `Line' and `Word',(b) a fun
tion, `is on', whi
h 
he
ks that a given word is on a given page,(
) a fun
tion, `number of', whi
h gives the number of o

urren
es of a parti
ular word on a givenpage,(d) a type, `Di
t', of di
tionaries of 
orre
tly spelled words,(e) a fun
tion, `spell 
he
k', that for a given page returns the words whi
h are not 
orre
tly spelledwith respe
t to a given di
tionary of 
orre
t words.
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Formal Software Spe
i�
ation | Exer
ises AH, January 20047 Maps1. Consider exer
ise 5.2. Propose another representation for universities and rewrite the spe
i�
ationa

ordingly.
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Formal Software Spe
i�
ation | Exer
ises AH, January 20048 Subtypes1. Write subtype expressions for(a) �nite integer lists of at least two elements(b) �nite integer lists with no repetitions(
) �nite non-empty sets of natural numbers2. What are the maximal types of the types de�ned in previous question?3. For a given type T, write a subtype expression whi
h represents T-set as a subtype of T-infsetand a subtype expression whi
h represents T� as a subtype of T!.4. In ea
h of the following 
ases de
ide what subtype relations there are between the Tis:(a) T1 = fj i : Nat � is even(i) jgT2 = fj i : Nat � is even(i) ^ i � 5 jg(b) T1 = fj i : Int � in2 = 0 jgT2 = fj i : Int � in2 = 1 jg(
) T1 = A ! BT2 = A �! B(d) T1 = Int ! IntT2 = Nat ! IntT3 = Int ! NatT4 = Nat ! Nat
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Formal Software Spe
i�
ation | Exer
ises AH, January 20049 Data Modelling1. A hierar
hi
al Unix-like �le system is to be spe
i�ed.A dire
tory 
onsists of named entities. An entity is a �le or a dire
tory. Files are not furtherspe
i�ed. Names may be quali�ed.De�ne a modul, `FILE SYS', whi
h provides appropriate types (e.g. `Dir', `Entity', `File' and`Name'), and the following fun
tions:(a) `w� name in dir', whi
h tests whether a name is well-formed wrt. a given dire
tory,(b) `look up', whi
h looks up a given name in a given dire
tory,(
) `ls', whi
h gives the entities in a given dire
tory.2. A \bag" is an unordered 
olle
tion of values of same type, possibly in
luding dupli
ates.(a) De�ne a type `Bag' of bags of elements of type `Elem', where `Elem' is some given type.(b) De�ne values `
ount' (whi
h for a given bag and a given element gives the number of o

ur-ren
es of the element in the bag), `empty', `insert' and `bag union'.3. A bank system is to be spe
i�ed:Ea
h 
ustomer may have zero, one or more a

ounts. An a

ount has a balan
e. Ea
h 
ustomerhas an overdraft.De�ne a modul, `BANK', whi
h provides appropriate types, (e.g. a type `Bank'), and the followingfun
tions:(a) `new 
ustomer', whi
h 
reates a new 
ustomer in a given bank,(b) `new a

ount', whi
h 
reates a new a

ount for a given 
ustomer in a given bank,(
) `balan
e', whi
h for a given a

ount in a given bank gives the balan
e of the a

ount,(d) `delete 
ustomer', whi
h deletes a given 
ustomer in a given bank,(e) `delete a

ount', whi
h deletes a given a

ount in a given bank.4. Consider the spe
i�
ation of bills of produ
ts in se
tion 10.8 in [RAI92℄.A more advan
ed system is to be spe
i�ed. For ea
h produ
t it should also keep tra
k of thenumber of o

urren
es of its subprodu
ts.(a) Propose a new representation for `Bop'.(b) Reformulate the spe
i�
ation a

ordingly.(
) De�ne a fun
tion, `parts', whi
h for a given produ
t, p, and bop, in whi
h it is re
orded, yieldsa table whi
h map ea
h of p's subprodu
ts to their total number of o

urren
es.
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Formal Software Spe
i�
ation | Exer
ises AH, January 200410 Variant Type De�nitions1. Consider the following spe
i�
ation:s
hemeSET =
lasstype Set == empty j add(Elem; Set); Elemvalueis in : Elem � Set ! Boolaxiom[ is in empty ℄ 8 e : Elem � is in(e; empty) � false;[ is in add ℄ 8 e; e1 : Elem; s : Set � is in(e; add(e1; s)) � e = e1 _ is in(e; s);[ unordered ℄ 8 e1; e2 : Elem; s : Set � add(e1; add(e2; s)) � add(e2; add(e1; s));[ no dupli
ates ℄ 8 e : Elem; s : Set � add(e; add(e; s)) � add(e; s)endIs the following expression true in all models? (Justify your answer.)8 e1, e2, e3 : Elem � add(e1, add(e2, add(e3, empty))) � add(e1, add(e3, add(e2, add(e1,empty))))2. Expand the following variant type de�nitions into the de�nitions they are short-hands for:(a) type Figure == box(length : Real, width : Real) j 
ir
le(radius : Real)(b) type Figure == box(length : Real, width : Real) j 
ir
le(radius : Real) j(
) type Figure == box(length : Real, width : Real) j 
ir
le(radius : Real) j (base line : Real)(d) type Tree == empty j node(left : Tree, val : Elem, right : Tree)3. Consider the variant type de�nition of the type `Tree'.De
ide for ea
h of the following expressions whether it is true in all models.(a) 8 e : Elem, t1, t2 : Tree � t1 6= t2 ) node(t1,e,t2) 6= node(t2,e,t1)(b) 8 e1, e2 : Elem, t1, t2 : Tree � e1 6= e2 ) node(t1,e1,t2) 6= node(t1,e2,t2)(
) 8 e : Elem � node(empty,e,empty) 6= node(node(empty,e,empty),e,empty)4. Rewrite the spe
i�
ation of Peanos numbers (see se
tion 7.14 in [RAI92℄) su
h that a variant typede�nition is used.5. De�ne a module `ORIENTATION' whi
h provides(a) a type `Orientation' whi
h has four values, one for ea
h orientation (north, south, east andwest)(b) fun
tions `turnleft', `turnright' and `opposite' whi
h take an orientation and give a new ori-entation.
10



Formal Software Spe
i�
ation | Exer
ises AH, January 20046. Prove8 v : Orientation � turnleft(v) 6= v7. Write an algebrai
 spe
i�
ation of sta
ks by de�ning a module `STACK' whi
h provides(a) types, `Elem' and `Sta
k',(b) a 
onstant, `empty', representing the empty sta
k,(
) a fun
tion, `push', whi
h pushes an element on a sta
k,(d) a fun
tion, `top', whi
h gives the top element (last inserted element) of a sta
k,(e) a fun
tion, `pop', whi
h removes the top element of a sta
k.

11



Formal Software Spe
i�
ation | Exer
ises AH, January 200411 Case and Let Expressions1. De�ne a fun
tion, `f', that for n � 0 gives element number n in a sequen
e of numbers, ai, deter-mined by a0 = 0, a1 = 1 and an = an�2 + 2 * an�1 for n � 2.2. Consider the variant type de�nition of �gures.type Figure == box(length : Real, width : Real) j 
ir
le(radius : Real)(a) De�ne a fun
tion, `enlarge', that enlarges a �gure with a fa
tor 4.(b) What is enlarge(box(5.0,3.0))?3. De�ne a fun
tion, `rm3w', that takes a list of 
olours as argument and returns the same list ex
eptif it has a third element whi
h is white, in whi
h 
ase this is removed from the list.4. De�ne a fun
tion, `dunion', that takes a set, ss, of sets of elements as argument and returns theset of all those elements whi
h are elements of some set in ss.Example:dunion(f f1,2g, f7,1g, f5g g) = f1,2,7,5g

12



Formal Software Spe
i�
ation | Exer
ises AH, January 200412 Union and Short Re
ord De�nitions1. Spe
ify a system to re
ord information about vehi
les.Vehi
les are either 
ars or lorries. For 
ars as well as lorries the system should keep informationabout their 
urrent value and age. For lorries the system should additionally keep informationabout the tonnage.The system should also provide a fun
tion whi
h for a given vehi
le in
reases its age.2. Rewrite the spe
i�
ation of vehi
les, su
h that no union or short re
ord type de�nitions are used.

13



Formal Software Spe
i�
ation | Exer
ises AH, January 200413 Imperative Spe
i�
ation1. Given a variable de�nition:variable x : Int := 0Redu
e the following expressions:(a) x := 1; x := 2 �(b) x := x + 1 �(
) initialise; x �(d) ((x := 1 ; x) � (x := 0 ; x+1)) �(e) ((x := 1 ; x) = (x := 0 ; x+1)) �2. Write a model-oriented, imperative spe
i�
ation of sta
ks. The spe
i�
ation must provide a fun
-tion `empty' whi
h makes the sta
k empty, a fun
tion `push' whi
h pushes an element on the sta
k,a fun
tion `is empty' whi
h tests whether the sta
k is empty, a fun
tion `top' whi
h gives thetop element (last inserted element) of the sta
k (without removing it) and a fun
tion `pop' whi
hremoves the top element of the sta
k.Use expli
it fun
tion de�nitions.3. Write a model-oriented, imperative spe
i�
ation of sta
ks. Use impli
it fun
tion de�nitions (i.e.use post expressions { don't use equivalen
e expressions).4. Write an algebrai
, imperative spe
i�
ation of sta
ks.5. Consider the model-oriented, imperative spe
i�
ation of databases in se
tion 18.11 in [RAI92℄.Write a 
orresponding spe
i�
ation using post expressions instead of equivalen
e expressions.
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Formal Software Spe
i�
ation | Exer
ises AH, January 200414 Con
urren
y1. De�ne a pro
ess that 
ontinuously inputs two integers from two 
hannels l1 and l2, one from ea
h
hannel, and outputs their maximum on a 
hannel r.2. De�ne a pro
ess that 
ontinuously inputs two integers from two 
hannels l1 and l2, one from ea
h
hannel, and outputs their maximum on one 
hannel r1 and their minimum on another 
hannel r2.3. Con
rete 
on
urrent sta
k:De�ne a module, `CC STACK', that provides(a) A type, `Elem', of elements, and a type, `Sta
k', of sta
ks of elements. `Sta
k' should be givensome 
on
rete representation in terms of `Elem'.(b) A sta
k pro
ess (fun
tion), `sta
k p', whi
h is de�ned expli
itly as an external 
hoi
e betweenfour 
ommuni
ation behaviours (one for emptying the sta
k, one for pushing an element tothe sta
k, one for testing whether the sta
k is empty, and one for poping an element o� thesta
k). The sta
k pro
ess should take a sta
k as argument.(
) Channels.(d) Fun
tions `empty', `push', `is empty' and `pop', whi
h serve as interfa
e to the `sta
k p' pro-
ess.4. Con
rete 
on
urrent imperative sta
k:How 
ould you 
hange `CC STACK' su
h that `sta
k p' does not take a sta
k as argument?5. Abstra
t 
on
urrent sta
k:De�ne a module, `AC STACK', whi
h is more abstra
t than `CC STACK' in that(a) No 
on
rete representation for sta
ks is given.(b) No 
hannels are de�ned.(
) The sta
k pro
ess and interfa
e fun
tions are not expli
itly de�ned, instead axioms relatingparallel 
omposition of the sta
k pro
ess and the interfa
e fun
tions are given.6. Consider the following spe
i�
ation:s
heme SEMAPHORE =hide get, release, semaphore in
lasstypePro
ess = Unit �! in any out any Unit
hannel get, release : Unitvaluesystem, p1, p2, p3, f1, f2, f3, semaphore : Pro
essaxiomp1() � f1() ; p1(),p2() � f2() ; p2(),p3() � f3() ; p3(),semaphore() � skip,system() � p1() k p2() k p3() k semaphore()endWe want to use the semaphore to ensure that only one of the pro
esses `f1', `f2', and `f3' 
anrun at any one time, regardless of how they are implemented. Change the �rst 4 axioms only of`SEMAPHORE' to a
hieve this.Hint: The a

esses of `p1', `p2', `p3' and `semaphore' mean that they 
an input from or output tothe 
hannels `get' and `release'. 15



Formal Software Spe
i�
ation | Exer
ises AH, January 200415 Modularity1. Sta
k development.(a) Write an algebrai
 appli
ative spe
i�
ation of sta
ks by de�ning a s
heme, `PSTACK1', whi
hprovides:i. a type `Sta
k',ii. a 
onstant, `empty', representing the empty sta
k,iii. a fun
tion, `push', whi
h pushes an element on a sta
k,iv. a fun
tion, `top', whi
h gives the top element (last inserted element) of a sta
k,v. a fun
tion, `pop', whi
h removes the top element of a sta
k.vi. a fun
tion, `is empty', whi
h tests whether a sta
k is empty.Hint 1: Be sure that you only get models whi
h have the desired properties, e.g. that allsta
ks must be �nitely generated by the 
onstru
tors, `empty' and `push'.Hint 2: Use parameterization.(b) De�ne a s
heme, `INT STACK', for sta
ks of integers.(
) Propose a development of `PSTACK1' to a more 
on
rete s
heme, `PSTACK2'.2. De�ne a s
heme, `STACK STACK', for sta
ks of sta
ks of elements. The type of sta
ks of sta
ksof elements should have the name `Sta
k of sta
ks'.Expand your de�nition to an equivalent de�nition where the right-hand side is a basi
 
lass ex-pression.3. Consider the spe
i�
ation, `CC STACK', de�ned in exer
ise 14.3.Propose a more general spe
i�
ation, `PCC STACK', by using parameterization. Can you reuse`PSTACK2' in this spe
i�
ation?4. Consider the obje
t, `SYSTEM', de�ned p. 239 in [RAI92℄.Propose a more general spe
i�
ation (a parameterized s
heme), `SYSTEM S'.How 
an you obtain `SYSTEM' from `SYSTEM S'?5. A 
ir
ular bu�er is to be spe
i�ed in an expli
it, imperative style.A 
ir
ular bu�er has a maximal size, `max'. The 
ir
ular bu�er should 
ontain as many variables,v1, ..., vmax, as `max' indi
ates, and some variables, `start' and `next', keeping tra
k of where thebu�er starts and ends. In the initial state `start' and `next' should be 1.Example:If `max' = 5 and the 
ontents of `start' and `next' are 2 and 4, respe
tively, then the bu�er 
ontaintwo elements (in v2 and v3) and a put(e) would assign v4 to e and `next' to 5, while a get wouldassign `start' to 3 and return the 
ontents of v2.De�ne a s
heme `CIRCULAR BUFFER', that is parameterized wrt. the kind of elements in thebu�er and the size, `max', of the bu�er. The s
heme should provide to the surroundings:(a) a fun
tion, `put', that puts an element into the bu�er(b) a fun
tion, `get', removes an element from the bu�er and returns that element as resultHint: De�ne two auxilliary fun
tions `is empty' and `is full' that test whether the bu�er is emptyand full, repe
tively.
16



Formal Software Spe
i�
ation | Exer
ises AH, January 200416 Re�nements1. Whi
h of the following type de�nitions are implementations (re�nements) of ea
h other?(a) type t(b) type t = Int(
) type t = Nat2. Whi
h of the following value de�nitions are implementations (re�nements) of ea
h other?(a) value x : Int(b) value x : Int � x > 2(
) value x : Int = 2(d) value x : Nat(e) value x : Nat � x > 2(f) value x : Nat = 2(g) value x : Nat � x < 03. Whi
h of the following fun
tion de�nitions are implementations (re�nements) of ea
h other?(a) valuef : Int �! Intf(x) � xpre x � 0(b) valuef : Int �! Intf(x) � xpre x � 2(
) valuef : Int ! Intf(x) � x4. Consider the development of `PSTACK1' to `PSTACK2' in exer
ise 15.1.(a) Does `PSTACK2' stati
ally implement `PSTACK1'?(b) What are the re�nement 
onditions for the development? (Write them in the form of anaxiom de
laration.)

17



Formal Software Spe
i�
ation | Exer
ises AH, January 200417 Veri�
ationConsider the following development relation and spe
i�
ations:devt relation STACK DEV ( STACK2 for STACK1 ) :` STACK2 � STACK1s
hemeSTACK1 =
lasstype Elem; Sta
k == empty j push(top : Elem; pop : Sta
k)valueis empty : Sta
k ! Boolis empty(st) � st = emptyends
hemeSTACK2 =
lasstype Elem; Sta
k = Elem�valueempty : Sta
k = hi;push : Elem � Sta
k ! Sta
kpush(e; st) � hei b st;top : Sta
k �! Elemtop(st) � hd st pre st 6= hi;pop : Sta
k �! Sta
kpop(st) � tl st pre st 6= hi;is empty : Sta
k ! Boolis empty(st) � st = hiend1. Does STACK2 stati
ally implement STACK1?2. What are the implementation 
onditions for the development?3. Justify the development 
onditions ex
ept the indu
tion axiom by using the proof rules for unfoldingof fun
tion appli
ations and value names, and the proof rules below.The justi�
ation should be formal with the following two ex
eptions:(a) You need not to expose readonly and 
onvergent appli
ability 
onditions and their justi�
ationin your justi�
ations if you 
an 
onvin
e your-self that they are obviously satis�ed.(b) Other appli
ability 
onditions should be exposed and their justi�
ation may be informal.
18



Formal Software Spe
i�
ation | Exer
ises AH, January 2004assume type T value eb : Bool ininferen
e rules[ all assumption inf ℄id : T ` eb��������8 id : T � ebassume type T value e, e0 : T, el : T!, eb : Bool invalue rules[ equality annihilation ℄e = e ' true when readonly(e) ^ 
onvergent(e)[ is annihilation ℄e � e ' true[ hd 
on
atenation2 ℄hd(heibel) ' e when readonly(el) ^ 
onvergent(el)[ tl 
on
atenation2 ℄tl(heibel) ' el when readonly(e) ^ 
onvergent(e)[ empty list inequality2 ℄hi 6= heibel ' truewhen 
onvergent(e) ^ readonly(e) ^ 
onvergent(el) ^ readonly(el)[ empty list inequality3 ℄heibel 6= hi ' truewhen 
onvergent(e) ^ readonly(e) ^ 
onvergent(el) ^ readonly(el)[ not true ℄�true ' false[ not not ℄� � eb ' eb[ in equality expansion ℄e 6= e0 ' � (e = e0)

19
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i�
ation of Language-based Systems1. A simple typed appli
ative language, SAL3, of expressions is to be spe
i�ed.A SAL3 expression is either a 
onstant, an in�x expression, a pre�x expression, an identi�er or alet expression.A 
onstant is either an integer 
onstant or a boolean 
onstant.An in�x expression 
onsists of an in�x operator and two operand expressions.A pre�x expression 
onsists of a pre�x operator and an operand expression.A let expression 
onsists of an identi�er and two expressions.There are in�x operators for integer addition, integer subtra
tion, integer equality, Boolean 
on-jun
tion, Boolean disjun
tion and Boolean equality.There are pre�x operators for integer negation and Boolean negation.Con
rete syntax examples:5true2 + 4true ^ (5 = 8)� 1let x = 7 in x + 3 � 1 end(a) De�ne an abstra
t syntax for SAL3, i.e. de�ne a type of SAL3 expressions.(b) De�ne an appropriate stati
 semanti
s for SAL3, i.e. de�ne a fun
tion whi
h tests whether aSAL3 expression is well-formed.Hint: De�ne an auxilliary fun
tion, `type of', whi
h extra
ts the type of a SAL3 expression.(
) De�ne a dynami
 semanti
s for SAL3, i.e. a fun
tion whi
h gives meaning to (stati
ally
orre
t) SAL3 expressions.2. A simple imperative language, SIL3, of programs is to be spe
i�ed.A SIL3 program 
onsists of zero, one or more variable de
larations followed by a statement.A variable de
laration 
onsists of a name of a variable and a 
onstant (natural number), the latterrepresenting the initial 
ontents of the variable.A statementmay be an assignment, an if statement, a for statement or a sequen
e of two statements.An assignment 
onsists of the name of a variable and an expression.An if statement 
onsists of an expression and two statements. Here expressions evaluating to zeroshould be interpreted as \true".A for statement 
onsists of a name, a (from) expression, a (to) expression and a statement in whi
hthe name may be used.An expression is either a 
onstant (a natural number), a plus expression or a name (introdu
ed in avariable de
laration or in an en
losing for statement). A plus expression 
onsists of two expression.Con
rete syntax examples:variablex = 2,y = 7beginx := y + 1;for z = 1 to 20 dox := x + zend;if x then y := 5 else y := 3 endend 20
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i�
ation | Exer
ises AH, January 2004(a) De�ne an abstra
t syntax for SIL3, i.e. de�ne a type of programs.(b) De�ne an appropriate stati
 semanti
s for SIL3, i.e. de�ne a fun
tion whi
h tests whether aprogram is well-formed.(
) De�ne a dynami
 (appli
ative) semanti
s for SIL3, i.e. a fun
tion whi
h gives meaning to(stati
ally 
orre
t) programs.3. A language of di�erentiable expressions and a fun
tion whi
h perform derivations of su
h expres-sions is to be spe
i�ed.There are the following kinds of expressions (explained by 
on
rete syntax examples):� 
onstants (1.0)� variables (x)� addition expressions (e1 + e2)� multipli
ation expressions (e1 � e2)� monadi
 minus expressions (� e)� sine expressions (sin e)� 
osine expressions (
os e)(a) De�ne an abstra
t syntax for the language of di�erentiable expression.(b) For the expression: 1.0 + 
os x + sin (2.0�x) give a 
orresponding abstra
t expression.(
) De�ne a fun
tion, `di�', whi
h applies to a di�erentiable expression and produ
es its derivativewrt. a given variable.
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t syntax and semanti
s of a one-sorted algebrai
 spe
i�
ation language is going to bespe
i�ed. The senten
es in the language are 1. order predi
ate 
al
ulus formulas.Informal des
ription of the syntax:A spe
i�
ation 
onsists of a signature and 0, 1 or more senten
es.A signature 
onsists of de
larations of fun
tions and predi
ates. A de
laration of a fun
tion 
onsistsof a fun
tion name and an arity. A de
laration of a predi
ate 
onsists of a predi
ate name and anarity.A senten
e is a formula (with no free variables).A formula 
an be an appli
ation of a predi
ate name to a (possibly empty) list of terms, a negationof a formula, an impli
ation between two formulas, or a universal quanti�
ation of a formula wrt.a variable.A term is a variable name or an appli
ation of a fun
tion name to a (possibly empty) list of terms.(a) De�ne an abstra
t syntax for spe
i�
ations.(b) De�ne a stati
 semanti
s for spe
i�
ations.Hint 0: The senten
es must 
onform to the signature.Hint 1: De�ne a type, `Di
t', of di
tionaries and de�ne an auxiliary fun
tion, `di
t', whi
h for agiven signature gives a di
tionary. Di
tionaries may be seen as a more abstra
t representationof signatures.(
) We are now going to de�ne the dynami
 semanti
s of spe
i�
ations.Informally, the mening of a spe
i�
ation is the 
olle
tion of all interpretations that ea
h(
onforms to the signature and) satis�es ea
h of the senten
es.An interpretation binds fun
tion names to fun
tion values and predi
ate names to predi
atesvalues.A senten
e satis�es an interpretation if ...An assignment binds variable names to values.We de�ne the dynami
 semanti
s in a number of steps:i. De�ne an abstra
t type, `Val', of denotations of variables. De�ne types `FunVal' and`PredVal' of fun
tion values and predi
ate value, respe
tively, in terms of `Val'.ii. De�ne a type, `Interpretation', of interpretations.iii. De�ne a fun
tion that tests whether an interpretation 
onforms to a di
tionary, i.e. givesdenotations to the names in the di
tionary, and that the denotations are right wrt. thearities.iv. De�ne a type, `Asg', of assignments.v. De�ne a fun
tion, `eval', that evaluates a term in an interpretation wrt. a given assign-ment.vi. De�ne a fun
tion, `eval', that evaluates a formula in an interpretation wrt. a givenassignment.vii. De�ne an fun
tion, `satis�ed', that evaluates a senten
e in an interpretation.viii. De�ne a meaning fun
tion for spe
i�
ations.
22
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ises AH, January 200419 Sample Exam Questions1. Data modellingA forest 
onsists of a �nite 
olle
tion of uniquely named trees. A tree 
onsists of a root and aforest. Tree names and roots are not further spe
i�ed.Example of a forest:
r1

r3

r4 r5

r7

r9

r6 r8r2

n2 n6 n8
n7

n9

n1 n4

n3

n5

(a) De�ne a type, `Forest', of forests and a type, `Tree', of trees.(b) Assume given the following value de�nitions:valuen1, n2, n3, n4, n5, n6, n7, n8, n9 : Name,r1, r2, r3, r4, r5, r6, r7, r8, r9 : Root,De�ne a value, `a forest', that represents the forest in the �gure.(
) De�ne a fun
tion `only ones' whi
h tests for a given forest that tree names must only appearones.2. Data modellingA marriage bureau is to be spe
i�ed. The mariage bureau has a database 
ontaining informationsabout whi
h female 
lients want to be married, whi
h male 
lients want to be married, and whi
h
ouples are married.De�ne a module `MARRIAGE BUREAU', whi
h provides:(a) types, `Woman', `Man' and `Database',(b) a fun
tion, `is married', whi
h tests whether a woman is registrated as married, and a similarfun
tion for men,(
) fun
tions, `register woman' and `register man', whi
h are used to register new 
lients in adatabase,(d) a fun
tion, `marry', whi
h is used to update a database when two 
lients are married withea
h other.The spe
i�
ation style should be appli
ative and expli
it.Hint 1: Remember possible well-formedness 
onditions on databases.Hint 2: Remember appropriate pre-
onditions for the fun
tions.
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 spe
i�
ationWrite an algebrai
 appli
ative spe
i�
ation of �nite, deterministi
 maps by de�ning a module,`MAP', whi
h provides:(a) a type `Map',(b) a 
onstant `empty' representing the empty map,(
) a fun
tion `add' , whi
h adds a domain element and a range element to a map,(d) fun
tions `eq', `dom', `rng', `n', `y' and `apply' with the obvious meanings.Be sure that the spe
i�
ation only has models with desired properties.4. Imperative spe
i�
ationConsider the following appli
ative spe
i�
ation, `POOL', of a pool:s
hemePOOL(E1 : ELEM; E2 : ELEM) =
lasstype Pool = E1:Elem !m E2:Elem-setvalueinit : Pool = [ ℄;exist : E1:Elem � Pool ! E2:Elem-setexist(e1; p) � if e1 2 dom p then p(e1) else fg end;
reate : E1:Elem-set � E2:Elem � Pool ! Pool
reate(e1s; e2; p) � p y [ e1 7! exist(e1; p) [ fe2g j e1 : E1:Elem � e1 2 e1s ℄;destroy : E1:Elem-set � E2:Elem � Pool ! Pooldestroy(e1s; e2; p) � p y [ e1 7! exist(e1; p) n fe2g j e1 : E1:Elem � e1 2 e1s ℄endWrite a similar but imperative spe
i�
ation of a pool. The spe
i�
ation should be expli
it wrt.variables and all fun
tions should be expli
itly de�ned.5. Pro
ess spe
i�
ationWrite an 
on
urrent spe
i�
ation of a pool.There should be a pool pro
ess, `pool p', and interfa
e fun
tions (pro
esses). The spe
i�
ationshould be expli
it wrt. 
hannels and all fun
tions should be expli
itly de�ned.
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ises AH, January 20046. ModularityExpand the de�nition of the `VISITOR POOL' s
heme:s
hemeVISITOR POOL(D : DATE; V : VISITOR) =use visitors for exist; 
reate visitor for 
reate; destroy visitor for destroy inPOOL(DfDate for Elemg; VfVisitor for Elemg)
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Formal Software Spe
i�
ation | Exer
ises AH, January 2004where `POOL' is the appli
ative s
heme shown in exer
ise 4, and `DATE' and `VISITOR' are asshown below:s
hemeDATE = 
lass type Date ends
hemeVISITOR = 
lass type Visitor end7. Re�nementsWhi
h of the following variable de�nitions are implementations (re�nements) of ea
h other?(a) variable v : Int := 2(b) variable v : Int := 1 + 1(
) variable v : Intaxiom initialise ; v := 2 � initialise(d) variable v : Int8. Language des
riptionAbstra
t syntax and stati
 semanti
s for an imperative loop-exit language is to be spe
i�ed.A program 
onsists of a sequen
e of de
larations, followed by a sequen
es of statements. A de
la-ration 
onsists of a name of a variable. A statement is either an assignment, a loop, or an exit. Anassignment 
onsists of a variable name and an expression. A loop is a sequen
e of senten
es. Anexit 
onsists of an expression. Expressions are not further spe
i�ed.(a) De�ne an abstra
t syntax for the language of programs (i.e. de�ne types of programs, state-ments, et
.)(b) De�ne an appropriate stati
 semanti
s for the language (i.e. de�ne appropriate well-formednessfun
tions). Formulate in words whi
h 
ontext 
onditions you have imposed on the language.
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