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C
ontext-free G

ram
m

ar 

B
N

F
-n

o
tatio

n
 

<
u
1
>
 →

 
<
u
1
>
 
+
 
<
u
2
>
 

 
<
u
2
>
 

<
u
2
>
 →

 
<
u
2
>
 ∗∗ 

<
u
3
>
 

 
<
u
3
>
 

<
u
3
>
 →

 
(
 
<
u
1
>
 
)
 
 
a
 

 
b
 

D
erivatio

n
 

Substitute all occurrences of nonterm
inal sym

bols w
ith a right hand side of a 

B
N

F-rule for the non-term
inal: 

<
u
1 >
 ⇒

 
<
u
1
>  
+
 
<
u
2 >
 ⇒

 
<
u
2 >
 
+
 
<
u
2 >
 ⇒

 

<
u
3 >
 
+
 
<
u
2 >
 ⇒

 
<
u
3 >
 
+
 
<
u
2
>
 ∗  

<
u
3 >
 ⇒

 

<
u
3 >
 
+
 
<
u
2 >
 ∗  

a
 ⇒

 
<
u
3 >
 
+
 
<
u
3 >
 ∗  

a
 ⇒

 

<
u
3 >
 
+
 
b
 ∗  

a
 ⇒

 
 a
 
+
 
b
 ∗  

a
 
 

 
 

 
 

 
 

↑
 

the substitution has term
inated 

 From
 this the nam

es term
inal/non-term

inal: 

<
u
1

>
, <
u
2

>
 , <

u
3

>
 

are  non-term
inal sym

bols 

a
 
,
 
b
 
,
 
(
 
,
 
)
 
,
 
+
 
,
 ∗∗  

are  term
inal sym

bols 
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A
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C
ontext-F

ree G
ram

m
ar 

G
=

(V
T ,V

N ,S,P) 
 • V

T  : the T
erm

inal A
lphabet, the set of term

inal sym
bols 

• V
N  : the N

onterm
inal  A

lphabet, the set of N
onterm

inal sym
bols 

V
=

 V
T  ∪

 V
N  

• S : startsym
bol, S∈

V
N  

• P : a finite non-em
pty set of productions 

 
A

 production has the form
 

 
 

A
→

 α
 , w

here A
∈

 V
N  , α∈

V
* 

E
xam

ple: 
 

V
T  =

 {a,b,(,),+
,*} 

 
V

N  =
 {E

,T
,F} 

 
S =

 E
 

 
P=

   E
 →

 E
 +

 T
 

 
 

E
 →

 T
 

 
 

T
 →

 T
 ∗  F 

 
 

T
 →

 F 
 

 
F →

 ( E
 ) 

 
 

F →
 a 

 
 

F →
 b 
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D
erivation (form

al definition) 
C

onsider a context-free gram
m

ar  G
=

(V
T ,V

N ,S,P), V
=

 V
T  ∪

 V
N  

R
elations in V

* : 

 
⇒

 
derives in one step  

 
 

definition ; 

 
α

A
β  ⇒

 αγβ   
 

 
iff (A

→
γ )∈

P, α
, β  ∈

 V
* 

 
 

 
 

⇒
+ 

derives in one or m
ore steps  

 
 

definition : 

L
et α

1  , α
2  , ... , α

n   ∈
 V

* such that 

α
1  ⇒

 α
2  ⇒

 α
3  ⇒

... ⇒
 α

n  , (n>
1), a derivation of  α

n from
  α

1 

then  

α
1  ⇒

+ α
n   

or 
 α

1  derives in one ore m
ore steps  α

n  

 
 

 
 

⇒
* 

derives in zero or m
ore steps  

 
 

definition : α
 ⇒

* β  iff  α
 ⇒

+ β  or α
 =

 β  

 T
he L

anguage defined by G
 

G
=

(V
T ,V

N ,S,P), V
=

 V
T  ∪

 V
N

 

S ⇒
* α

 , 
 

α
 ∈

 V
*, α

 is a sentential form
 

S ⇒
* x , 

 
x ∈

 V
T

*, x is a sentence  

L
(G

) =
 {x | S ⇒

+ x ∧
 x ∈

 V
T

*} , the set of all sentences 
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C
ontext-F

ree G
ram

m
ar 

D
erivation 

  D
erives in

 o
n

e step
 ⇒⇒

 
T
 
+
 
F
 
*
 
a
 ⇒

 
T
 
+
 
(
 
E
 
)
*
 
a
 

 D
erives in

 o
n

e o
re m

o
re step

s ⇒⇒
+ 

T
 
+
 
F
 
*
 
a
 ⇒

 
T
 
+
 
(
 
E
 
)
*
 
a
 ⇒⇒

 
T
 
+
 
(
 
E
 
+
 
T
 
)
*
 
a
 ⇒⇒

 
 

T
 
+
 
(
 
E
 
+
 
F
 
)
*
 
a
 ⇒⇒

 
T
 
+
 
(
 
E
 
+
 
b
 
)
 
*
 
a
 

is a derivation of   T
 +

 (
 
E
 
+
 
b
 
)
 
*
 
a

   from
   T

 +
 F

 *
 a

   so 

T
 +

 F
 *

 a
  ⇒⇒

+ T
 +

 (
 
E
 
+
 
b
 
)
 
*
 
a

 

 S
en

ten
tial F

o
rm

, S
en

ten
ce 

E
 ⇒

 
E
 
+
 
T
 ⇒

 
T
 
+
 
T
 ⇒

 
F
 
+
 
T
 ⇒

 
a
 
+
 
T
 ⇒

 
a
 
+
 
T
 
*
 
F
 ⇒

 
a
 
+
 
F
 
*
 
F
 ⇒

 
a
 
+
 
b
 
*
 
F
 ⇒

 
a
 
+
 
b
 
*
 
b
 
 

      

E
 →

 
E
 
+
 
T
 
|
 
T
 

T
 →

 
T
 
*
 
F
 
|
 
F
 

F
 →

 
(
 
E
 
)
 
|
 
a
 
|
 
b
 

sentence
 

sentential form
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L
eftm

ost &
 R

ightm
ost D

erivations, P
arse T

rees 

L
eftm

ost derivation:  
In every derivation step expand leftm

ost nonterm
inal: 

S ⇒
l * w

 A
 β  ⇒

l  w
 γ  β  ⇒

l * w
 x ,   

(A
→

γ )∈
P,   w

∈
 V

T *,   β  ∈
 V

* 

 ⇒
l  

 
leftm

ost derives in one step 

⇒
l + 

 
leftm

ost derives in one or m
ore steps 

⇒
l * 

 
leftm

ost derives in zero or m
ore steps 

S ⇒
l * α

 
 

α
 is a left sentential form

 

   R
ightm

ost derivation:  
In every derivation step expand rightm

ost nonterm
inal: 

S ⇒
r * α

 A
 w

 ⇒
r  α

 γ  w
 ⇒

r * x w
 ,   (A

→
γ )∈

P,   w
∈

 V
T *,   α

 ∈
 V

* 

 ⇒
r  

 
rightm

ost derives in one step 

⇒
r + 

 
rightm

ost derives in one or m
ore steps 

⇒
r * 

 
rightm

ost derives in zero or m
ore steps 

S ⇒
r * α

  
α

 is a right sentential form
 

   A
 sentence x∈

L
(G

) usually has m
any derivations 

including S ⇒
l * x (the leftm

ost derivation), S ⇒
r * x (the rightm

ost derivation). 

S
 

w
 

x
 

A
 

β
 

γ
 S

 

w
 

x
 

A
 

α
 γ
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L
eftm

ost D
erivations, P

arse T
rees 

E
 ⇒

  

E
 +

 T
 ⇒

 

 T
 +

 T
 ⇒

 

 F +
 T

 ⇒
 

 a +
 T

 ⇒
 

 a +
 T

 ∗  F ⇒
 

  a +
 F ∗  F ⇒

 

   a +
 b ∗  F ⇒

 

  a +
 b ∗  a ⇒

 

  

E
 

E
 

+
 

T
 

T
 

E
 

E
 

+
 

T
 

F 

T
 

E
 

E
 

+
 

T
 

F 

T
 a 

E
 

E
 

+
 

T
 

F 

T
 a 

T
 

* 
F 

E
 

E
 

+
 

T
 

F 

T
 a 

T
 

* 
F 

F 

E
 

E
 

+
 

T
 

F 

T
 a 

T
 

* 
F 

F 

b 

E
 

E
 

+
 

T
 

F 

T
 a 

T
 

* 
F 

F 

b 

a 

E
 

E
 

+
 

T
 

G
ram

m
ar: 

E
 →

 E
 +

 T
 | T

 

T
 →

 T
 * F | F 

F →
 ( E

 ) | a | b 
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R
ightm

ost D
erivations, P

arse T
rees 

E
 ⇒

 

E
 +

 T
 ⇒

 

 E
 +

 T
 ∗  F ⇒

 

 E
 +

 T
 ∗  a ⇒

 

  E
 +

 F ∗  a ⇒
 

  E
 +

 b ∗  a ⇒
 

  T
 +

 b ∗  a ⇒
 

  F +
 b ∗  a ⇒

 

  a +
 b ∗  a ⇒

 

E
 

E
 

+
 

T
 

T
 

* 
F E

 

E
 

+
 

T
 

T
 

* 
F a 

E
 

E
 

+
 

T
 

E
 

E
 

+
 

T
 

T
 

* 
F 

F 
a 

E
 

E
 

+
 

T
 

F 

T
 

T
 

* 
F 

F 

b 

a 

E
 

E
 

+
 

T
 

T
 

* 
F 

F 

b 

a 

E
 

E
 

+
 

T
 

T
 

T
 

* 
F 

F 

b 

a 

E
 

E
 

+
 

T
 

F 

T
 a 

T
 

* 
F 

F 

b 

a 

G
ram

m
ar: 

E
 →

 E
 +

 T
 | T

 

T
 →

 T
 * F | F 

F →
 ( E

 ) | a | b 
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O
ne L

anguage, Several G
ram

m
ars 

A
 language m

ay be defined by several different gram
m

ars: 

E
xam

ple: the E
xpression L

anguage 
G

1: 
E

 →
 E

 +
 T

 | T
 

T
 →

 T
 * F | F 

F →
 ( E

 ) | a | b 

 O
perators have different priority, 

 
 

 
 

pr(∗ ) >
 pr(+

) . 

O
perators are left associative . 

    

G
2: E

 →
 E

 +
 T

 | E
 ∗  T

 | T
 

T
 →

 ( E
 ) | a | b 

   O
perators have sam

e priority. 

O
perators are left associativ. 

E
 

E
 

+
 

T
 

F 

T
 a 

T
 

* 
F 

F 

b 

a +* 

T
 

E
 

F b 

a       +
     b         *        a    +

   b 

E
 

E
 

* 
T

 

T
 

a 

b 

a 

+* 
T

 

E
 

b 

E
 

E
 

T
 

E
 

+* 

T
 

a      +
        b     *       a     +

          b 
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G
ram

m
ars D

efining the Sam
e L

anguage 
 

E
 →

 
E
 
+
 
T
 
|
 
T
 

T
 →

 
T
 
*
 
F
 
|
 
F
 

F
 →

 
(
 
E
 
)
 
|
 

 
a
 
|
 
b
 

+
 has low

er priority than *  

+
 and * are left associative 

 E
 →

 
E
 
+
 
T
 
|
 

 
E
 
*
 
T
 
|
 
T
 

T
 →

 
(
 
E
 
)
 
|
 

 
a
 
|
 
b
 

 +
 and * have sam

e priority 

+
 and * are left associative 

 E
 →

 
T
 
+
 
E
 
|
 
T
 

T
 →

 
F
 
*
 
T
 
|
 
F
 

F
 →

 
(
 
E
 
)
 
|
 

 
a
 
|
 
b
 

 +
 has low

er priority than * 

+
 and * are right associative 

 E
 →

 
E
 
+
 
T
 
|
 
T
 

T
 →

 
F
 
*
 
T
 
|
 
F
 

F
 →

 
(
 
E
 
)
 
|
 

 
a
 
|
 
b
 

 +
 has low

er priority than * 

+
 is left associative, * is right associative 

 E
 
 →

 
T
 
E
m
 
 

E
m
 →

 
 
+
 
T
 
E
m
 
|
 ε 

T
 
 →

 
F
 
T
m
 
 

T
m
 →

 ∗ 
F
 
T
m
 
|
 ε 

F
 
 →

 
(
 
E
 
)
 
|
 

 
a
 
|
 
b
 

 T
ransform

ed gram
m

ar for top-dow
n syntax-

analyses (left recursion rem
oved) 

 E
 →

 
E
 
+
 
E
 
|
 

 
E
 
*
 
E
 
|
 

 
(
 
E
 
)
 
|
 

 
a
 
|
 
b
 

 priority ? 

associativity ? 
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A
m

biguous G
ram

m
ars 

E
 →

 
E
 
+
 
E
 
|
 

 
 

E
 
*
 
E
 
|
 

 
 

(
 
E
 
)
 
|
 

 
 

a
 
|
 
b
 

 E
 ⇒

R  
E
 
+
 
E
 ⇒

R  
E
 
+
 
E
 ∗∗  

E
 ⇒

R  
 

E
 
+
 
E
 ∗∗  

a
 ⇒

R  
E
 
+
 
a
 ∗∗  

a
 ⇒

R  
 

a
 
+
 
a
 ∗∗  

a
 
 

  E
 ⇒

R  
E
 ∗∗  

E
 ⇒

R  
E
 ∗∗  

a
 ⇒

R  
 

E
 
+
 
E
 ∗∗  

a
 ⇒

R  
E
 
+
 
a
 ∗∗  

a
 ⇒

R  
a
 
+
 
a
 ∗∗  

a
 
 

  T
w

o different rightm
ost-derivations of the sam

e 
expression, and hence tw

o different parse-trees !! 

N
otice, it is the gram

m
ar that is am

biguous, not the language. 

 If (in a language reference) a language is defined by an am
biguous gram

m
ar, 

disam
biguating rules  m

ust be added, e.g.: 

E
 →

 
E
 
+
 
E
 
|
 

 
 

E
 
*
 
E
 
|
 

 
 

(
 
E
 
)
 
|
 

 
 

a
 
|
 
b
 

 

D
isam

biguating rules: 

T
he operators +

 and ∗  are left associative. 
T

he operator ∗  has greater priority than +
 

 

E
 

∗∗ 
E
 

E
 

E
 

+
 

E
 

a
 

a
 

a
 

E
 

∗∗ 

E
 

E
 

E
 +
 

E
 

a
 

a
 

a
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 A
m

biguous G
ram

m
ars (dangling else) 

s
t
a
t
 →

 i
f
 
c
o
n
d
 
t
h
e
n
 
s
t
a
t
 
|
 

 
 
i
f
 
c
o
n
d
 
t
h
e
n
 
s
t
a
t
 
e
l
s
e
 
s
t
a
t
 

 
 
i
d
 
:
=
 
e
x
p
r
 
|
 
 

 
 
.
.
.
 

c
o
n
d
 →

 
.
.
.
 

 U
nam

biguous statem
ents: 

 
 

if C
1  then if C

2  then S
2 

 
 

if C
1  then S

1  else if  C
2  then S

2 

 
 

if C
1  then  if C

2  then S
1  else S

2  else S
3 

 A
m

biguous statem
ents: 

 
 

if C
1  then if C

2  then S
1 else S

2 

 
 

 
 

 
 

     ? 

 
 

if C
1  then if C

2  then if C
3  then S

1 else S
2 else S

3  

 
 

 
 

 
 

 
 

 
 

   ? 
 D

isam
biguating rule: 

A
n e

l
s
e

 should alw
ays be paired w

ith the previous unm
atched t

h
e
n
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A
m

biguous G
ram

m
ars (dangling else) 

      

stat 

if 
cond 

then 

C
1  

stat 

if 
cond 

then 
stat 

else 
stat 

C
2  

S
1  

S
2  

if  
 

C
1  

 
 

then  
if  

 
C

2  
th

en
  

S
1  

 
else  

  S
2  

stat 

if 
cond 

then 
C

1  

stat 

if 
cond 

then 
else 

stat 

C
2  

S
1  

S
2  

stat 

if  
 

C
1  

 
 

then  
if  

 
C

2  
 

th
en

  
 

S
1   

else  
  S

2 
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G
ram

m
ars D

efining the Sam
e L

anguage 

O
perator P

riority/ B
inding Strength  

G
1: u

0
 →

 i
f
 
u
0
 
t
h
e
n
 
u
0

 e
l
s
e

 u
0

 | u
1
 

u
1

 →
 u
1
 
&
 
u
2

 | u
2
 

u
2

 →
 u
3

 =
 u
3

 | u
3
 

u
3

 →
 u
3

 +
 u
4

 | u
4
 

u
4

 →
 u
4

 *
 u
5

 | u
5
 

u
5

 →
 ( u

0
 ) | I

d
 | C

o
n
s
t

 

low
est priority/ 

 
binding strength  

   highest priority/ 
 

binding strength  

 a +
 (

 i
f

 a =
 b &

 c =
 d t

h
e
n

 2 e
l
s
e

 a +
 b +

 c ∗ d  )
 +

 e 

   G
2: 

u
0

 →
 u
0
 
&
 
u
1

 | u
1
 

u
1

 →
 u
2

 =
 u
2

 | u
2
 

u
2

 →
 u
2

 +
 u
3

 | u
3
 

u
3

 →
 u
3

 *
 u
4

 | u
4
 

u
4

 →
 i
f
 
u
0
 
t
h
e
n
 
u
0

 e
l
s
e

 u
4

 | u
5
 

u
5

 →
 ( u

0
 ) | I

d
 | C

o
n
s
t

 

low
est priority/ 

 
binding strength  

   highest priority/ 
 

binding strength  

 a +
 (

 i
f

 a =
 b &

 c =
 d t

h
e
n

 2 e
l
s
e

  a   +
  b  +

 c ∗ d  )
 +

 e 
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T
opD

ow
n P

arsing 
C

onsider a context-free gram
m

ar  G
=

(V
T ,V

N ,S,P), V
=

 V
T  ∪

 V
N  

L
et x∈

V
*, find leftm

ost derivation S ⇒
L

* x . 

T
he general step: 

S ⇒
L

*   w
 A

 β   ⇒
l  w

 α
 β   ⇒

L
* w

 y =
 x,   

 

 select (A
→

α
)∈

 { A
→

α
1 , A

→
α

2 , ... , A
→

α
n , } 

such that α
 β⇒

l * y 
         A

 gram
m

ar is L
L

(1)  
if it is possible to determ

ine the production A
→

α
   

 
from

 A
  and the lookahead sym

bol  c  

L
L

(1) ~L
eft to R

ight Parse, L
eftm

ost-derivation, 1 -sym
bol lookahead. 

 N
ecessary conditions for L

L
(1): 

• N
o left recursive sym

bols (e.g. u
2

 →
 u
2

 +
 u
3

 | u
3
 

) 

• N
o alternatives starting w

ith sam
e sym

bol (e.g. u
2

 →
 u
3

 +
 u
2

 | u
3

) 

S
 y

 
w

 

rinput 
c

 

A
 

β
 

α
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T
opD

ow
n P

arsing, L
eft F

actoring 
 A

 →
 αβ

1  | αβ
2  | ... | αβ

m  | γ
1  | γ

2  | ... | γ
n   

       Select A
 →

 αβ
i  ∈

 {A
 →

 αβ
1  , A

 →
 αβ

2  , ... , A
 →

 αβ
m }, im

possible !! 

D
efer decision until the difference appears: 

A
 →

 α
 (  β

1  | β
2  | ... | β

m  )  | γ
1  | γ

2  | ... | γ
n   

   ⇓
 

A
 →

 α
  A

tail  | γ
1  | γ

2  | ... | γ
n   

A
tail  →

  β
1  | β

2  | ... | β
m   

 E
xam

ple: 

S
 →

 i
f

 C
 t
h
e
n

 S
 e
l
s
e

 S
 f
i

 | i
f

 C
 t
h
e
n

 S
 f
i

 

⇓
 

S
 →

 i
f

 C
 t
h
e
n

 S
 (  e

l
s
e

 S
 f
i

 | f
i
 
)

 

⇓
 

S
  

 
→

 i
f

 C
 t
h
e
n

 S
 I
f
t
a
i
l

 

I
f
t
a
i
l
 →

 e
l
s
e

 S
 f
i

 | f
i

 

S
 

y
 

w
 

A
 β

i  
α

 

A
tail 
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R
ecursive D

escent T
opD

ow
n P

arsing 
U

sing E
B

N
F: 

X
1
 
=
 
X
2
 
[
R
e
l
O
p
r
t
 
X
2
 
]
 

R
e
l
O
p
r
t
 
=
 
"
>
"
 
|
 
"
>
=
"
 

X
2
 
=
 
X
3
 
{
 
"
-
"
 
X
3
 
}
 

X
3
 
=
 
X
4
 
{
 
"
/
"
 
X
4
 
}
 

X
4
 
=
 
"
(
"
 
X
1
 
"
)
"
 
|
 
I
c
 
|
 
I
d
 

         

X
1 

X
2 

X
3 

X
4 

Id 

/ 
X

4 

a 

( 

X
1 

) 

X
2 

X
3 

X
4 

Id 

- 
X

3 

X
4 

Ic 

a 
/ 

( 

b 
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- 

X
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 R
ecu

rsive D
escen

t P
arser

  - to
p

 d
o

w
n

 (1) 

C
o
m
m
a
n
d
 
 

=
 
"
q
u
i
t
"
 
|
 
"
s
h
o
w
"
 
X
0
 
|
 
"
e
v
a
l
"
 
X
0
 
 

  nextC
om

m
and() 

{ Input new
 com

m
and from

 user; 

 
F

ind firstT
oken; 

 
sw

itch
(firstT

oken) 
 

{ case  E
O

F
_T

:   b
reak ; //em

pty com
m

and line 

 
 

case  Q
U

IT
_T

:  //quit if nextT
oken is E

O
F

 

 
 

case  S
H

O
W

_T
:{ findN

extT
oken(); ep=

 x0P
();  

 
 

 
 

 
 

 
 

 
 

 
 

nextT
oken should be E

O
F

_T
 

 
 

 
 

 
 

 
 

 
 

 
 

P
rint ep to screen;} b

reak ; 

case  E
V

A
L_T

:  { findN
extT

oken(); ep=
 x0P

();  

 
 

 
 

 
 

 
 

 
 

nextT
oken should be E

O
F

_T
; 

 
 

 
 

 
 

 
 

 
 

print value of ep;} b
reak ; 

 
 

d
efau

lt :   
 

 
 

syntaxerror; 
 

} 
} 
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 R
ecu

rsive D
escen

t P
arser

 (2) 

X
0
 
  

=
 
X
1
 
{
 
"
-
"
 
X
1
 
}
 

X
1
 
  

=
 
X
2
 
{
 
"
/
"
 
X
2
 
}
 

X
2
 
  

=
 
"
(
"
 
X
0
 
"
)
"
 
|
 
C
o
n
s
t
 
|
 
I
d
 

 X
0P

() 
{ ep=

 x1P
(); 

 
w

h
ile (currentT

oken =
=

 M
IN

U
S

_T
) 

 
 

{ findN
extT

oken(); rop=
 x1P

(); 
 

 
 

ep=
 S

ub(ep,rop); 
 

 
} 

 
retu

rn
 ep; 

}  x1P
() 

{ ep=
 x2P

(); 
 

w
h

ile (currentT
oken =

=
 D

IV
_T

) 
 

 
{ findN

extT
oken(); rop=

 x2P
(); 

 
 

 
ep=

 n
ew

 D
iv(ep, rop); 

 
 

} 
 

retu
rn

 ep; 
} x2P

() 
{ sw

itch
(currentT

oken) 
 

{ case  LeftP
_T

: findN
extT

oken; ep=
 x0P

();  
 

 
 

 
 

 
 

 
 

 
nextT

oken should be a right parenthesis;  
  

 
 

 
 

 
 

 
 

 
retu

rn
 ep; 

 
 

case  IC
O

N
S

T
_T

:  
 

 
 

retu
rn

 the value of the constant; 

 
 

case  ID
_T

:  
 

 
 

{ Id=
 S

c.getT
ext; findN

extT
oken; 

 
 

 
 

retu
rn

 V
alue of ‘Id’; } 

 
 

d
efau

lt : syntaxerror(); 
}  


