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Overview

SML programs accepting the languages of DFAs
structure of the programs follows the structure of the DFASs

systematic (automatic) derivation of programs from DFASs
correctness proof using structural induction on lists
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An Example: Even number of 0Os and 1s
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Answer from the SML system:
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Sample runs

- 902, O 1, O, 1, O, 1, 1, O];
> val 1t = false : bool

- g0 [];

> val 1t = true : bool

- g0 [O, O, 1, 1, O, O];
> val 1t = true : bool

- ql [O’ 1101 1101 1’ 110];
> val 1t = false : bool

For which strings xs does g evaluate to true, I.e.

g xs ~- true ?
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Constructing programs from DFAsS: senario

Given DFAM = (Q, %, , qo, F).

The task is to declare mutually recursive functions:
q:xL" — bool forqg € Q

satisfying that for all xs € X*:

Vq € Q.(g xs ~ true &> 6(q,xs) € F)

(©Michael R. Hansen, Fall 2004 — p.5/9



Constructing programs from DFAsS: senario

Given DFAM = (Q, %, , qo, F).
The task is to declare mutually recursive functions:

q:xL" — bool forqg € Q
satisfying that for all xs € X*:

Vg € Q.(g xs ~ true & /S(q,xs) c F)

In particular we have

qo Xs ~ true <= xs € L(M)
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The construction for M = (Q, X, 0, qo, F)

Let 2 ={ay,...,a}, Q ={qo,..., qn). The program has the form:

fun qo - k + 1 clauses for q
and g7 - k + T clauses for q;

and (n --- k + 1 clauses for g,
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The construction for M = (Q, X, 0, qo, F)

Let 2 ={ay,...,a}, Q ={qo,..., qn). The program has the form:

fun dqo --- k + 1 clauses for qo
and (7 - k + 1 clauses for q;
and (n --- k + 1 clauses for g,

where the k + 1 clauses for g € Q are

Q((11 . XS) = P11 XS where P1 = 5((],(11)

Pn XS where p,, = 8(q, an)

o
@
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o
L
|

true IfqéeF

| q ] = b where b = |
false oOtherwise
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Correctness of the construction

We must prove that for all xs € L*:

Vg € Q.(g xs ~ true & g(q,xs) c F)
P(xs)
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Correctness of the construction

We must prove that for all xs € L*:

Vg € Q.(g xs ~ true & g(q,xs) c F)
P(xs)

Method: Use induction on the structure of lists, I.e. establish

1. P([]) base case
2. P(xs) = P(a:xs),foreveryae X induction step
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Correctness of the construction

We must prove that for all xs € L*:

Vg € Q.(g xs ~ true & g(q,xs) c F)
P(xs)

Method: Use induction on the structure of lists, I.e. establish

1. P([]) base case
2. P(xs) = P(a:xs),foreveryae X induction step

Specialization of well-founded induction using suffix ordering, I.e.

xs <ys <= 3dsy,...,Snp.(S71 - Sq xS =ys)
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Proof of base case: P([])

We must establish Vg € Q.(q [] ~ true & 5(q,[]) € F).

Consider arbitrary q € Q.
We must show q [] ~ true < 8(q,[]) € F.
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Proof of base case: P([])

We must establish Vg € Q.(q [] ~ true & 5(q,[]) € F).

Consider arbitrary q € Q.
We must show q [] ~ true < 8(q,[]) € F.

Two cases

qeF:
q [] ~ true, as q [| = true is a clause in the program

5(q,[1) = q € F, by def. of &
q ¢ F:
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Proof of base case: P([])

We must establish Vg € Q.(q [] ~ true & 5(q,[]) € F).

Consider arbitrary q € Q.
We must show q [] ~ true < 8(q,[]) € F.

Two cases

qeF:
q [] ~ true, as q [| = true is a clause in the program

5(q,[1) = q € F, by def. of &

q¢F:
q [] ~ false, as q [| = false is a clause in the program

8(q,[]) = q € F, by def. of &

(©Michael R. H

ansen, Fall 2004 — p.8/9



Proof of inductive step

For arbitrary a € L, xs € L*, g € Q, we must establish
P(xs) = (q(a:xs)~ true & b(q,a:xs) € F)

Assume the induction hypothesis P(xs):

Vg € Q.(q xs ~ true & /S(q,xs) c F)
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Proof of inductive step

For arbitrary a € L, xs € L*, g € Q, we must establish
P(xs) = (q(a:xs)~ true & b(q,a:xs) € F)

Assume the induction hypothesis P(xs):

Vg € Q.(q xs ~ true & /S(q,xs) c F)

Letp = 6(q, a). We have

q(a:xs) ~ pxs,as d(a:xs) =7p xsis aprogram clause

8(q,a: xs) = d(p,xs), by def. and properties of &
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Proof of inductive step

For arbitrary a € L, xs € L*, g € Q, we must establish
P(xs) = (q(a:xs)~ true & b(q,a:xs) € F)

Assume the induction hypothesis P(xs):

Vq € Q.(q xs ~ true & &(q,xs) € F)

Letp = 6(q, a). We have

q(a:xs) ~ pxs,as d(a:xs) =7p xsis aprogram clause

8(q,a: xs) = d(p,xs), by def. and properties of &

Using the induction hypothesis (q as p) we obtain the desired result

g(a:xs) ~ p xs ~ true & d(q, a :: xs) zg(p,xs) e F
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