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Abstract

Mathematical formulas with special emphasis on statistical distributions. The formulas are sketchy and
not necessarily complete or correct. Corrections can be sent to fn@imm.dtu.dk.
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Chapter 1

Distributions

1.1 Normal distributions

The “stationary colored noise” matrix normal X(N x P) ~ Ny p(M, X ® Q) (Triantafyllopoulos, 2002}
p. 234)

p(X|M, Q, %) = (27) NP2~ F/2|2| 7N 2 exp {—;tr QX -MEZ (X -M)T] } (1.1)

The probability density function for X(N x P) for “white noise” matrix normal, i.e., N independent
P-dimensional x,, with 71 = M and Q = Iy (Mardia et al., 1979, section 2.5.5)

P(X|ps,2) = 28] exp |~ 3 — )T (0 — 1) (1.2)
= 2727 M2 exp [—;tr {E_I(X 1" (X — luT)}} (1.3)

with sufficient statistics x and S (Mardia et al., 1979} equation 4.1.20)
=277 N2 exp [_];(x —p)' 2N x—p) - ];tr(zls)] (1.4)

The multinormal distribution (the Gaussian distribution) of a P-dimensional x ~ Np(u, X) for a single
case N =1 (Mardia et al., 1979} equation 2.5.1)

Pl 2) = 272l oxp | 50~ )2 x - g0) (15)

With an isotropic (co-)variance

T
_ x—p) (x—p
bl o) = (2m0%) 71 xp |- X KM (16)
Univariate P =1
2
pleli o) = (2n?) 2 exp [ 1] (17)
Standardized central univariate, y =0 and o0 =1
1/2 a?
p(z) = (20) "2 exp <2) (1.8)



1.2 Wishart and y? distributions

The central Wishart distribution for M (P x P) where M can be regarded as a degree of freedom parameter
(Mardia et al., 1979, equation 3.8.1) (Conradsen, 1984, section 2.5)

1
= _ P
9MP/27P(P—1)/4| 33| M/2 Hp F[%(M +1-p)]

1
p(M|X, M) |M|M=P=1)/2 oxp [—2tr(ZlM)] (1.9)

The central Wishart distribution on standard form with 3 =1

1
9MP/2,P(P—1)/4 Hg’ p[%(M +1-1p)]

p(M|M) = M| =P=D/2 oy [_;tr(M)} (1.10)

With a one dimensional P = 1 central Wishart distribution on standard form the M = y ~ x? (“chi-
square”) distribution is attained. The sum of the square of M independently standardized normal
distribution random variables is also x? distributed. The x? probability density function (Mardia et al.,
1979, section B.3)

-1
pre M) = {2420 (M/2)} ™2 exp(—y/2) (111)
The cumulative distribution function is
1
P(y) = T(P/2) v(y/2, P/2) (1.12)

where ~ is the lower incomplete gamma function, see section

1.3 Generalized matrix 7', multivariate Student’s ¢t and Cauchy
distributions

The type I generalized matrix T distribution (Triantafyllopoulos, 2002, p. 72+), (Triantafyllopoulos,

2003)
T —[tr(D)/P+N+P-1]/2

p(T|IM, 2,2, D) x |DV2QDY? + (T - M)Z~H(T — M) : (1.13)

where D is a matrix of degrees of freedom. The matrix 7" distribution is obtained with v = tr(D)/P +
constant and rescaling . With X(N x P) ~ Np(M, ) and B ~ Wy (9, v) then T(N x P) = B~/2X
is a matrix distributed with the matrix T distribution (Hedibert Freitas Lopes) (Dickey, 1967) ?777?
(Triantafyllopoulos, 2002 p. 235)

[(v+P—p+1)/2]

P
p(TM, Q,%,v) =7 N2 T] - Ll(v—p+1)/2]

p=1

|Q|*I//2‘2‘*N/2 ‘Q,1 + (T . M)Efl(T o M)T|*(V+P)/2

(1.14)

The multivariate t distribution is attained with N = 1 and @ = I = 1 (Mardia et al., 1979, section
2.6.5), (O’Hagan, 1994} section 9.5)

NC 32
I'(v/2) [1+ 01t - w)TE 1t - ] +P)/2

pe(t|p, X, v) = (7v) (1.15)

where P is the dimension of t. The multivariate Cauchy distribution is obtained with the degrees of
freedom parameter v = 1

g L(+55) =2
pCa(t‘Hf’ 2) B o F(l;Q) [1 + (t _ M)Tzfl(t B “)] (1+P)/2 (116)




For the univariate P = 1 Cauchy distribution the probability density is

1 1
Aty o?) = ——— 1.17
pcaltlp, o) 7r01+(t;“)2 ( )
The central standardized univariate Cauchy distribution x4 = 0 and 02 = 1
1 1
a(t0,1) = ——= 1.18
pea(tl0 ) = — 1 (1.18)

1.4 Normal-inverse Wishart and normal-inverse gamma distri-
bution

Posterior distribution for joint posterior with an information (natural) conjugate normal-inverse Wishart
prior (Mardia et al., 1979} exercise 4.3.2)

p(p XX, ¢, G, M) =p(p, XX, S, ¢, G, N, M) (1.19)

o || (VHMAD Rty <;21 NS+ G+ (n—¢)(u—)" +N(p—%)(n— x)W) :
(1.20)

where etr(-) is the exponential of the trace: exp(tr(-)).

The normal-inverse gamma distribution is used as the informative (natural) conjugate prior distri-
bution for the parameters in a normal linear model (y = Xb + u,u ~ N;(0,0?)) in Bayesian inference
(O’Hagan, 1994, equation 9.5 and 9.8), (Hansen et al., 2002), (Hansen et al., 2003} eq. 1.6)

(a/2)P7

2 _
pic(b,0%la, D, P,m, V) = (2m)P/2|V|1/20(D/2)

(02)7(D+P+2)/2 exp {%iQ [(b — m)TV*l(b — m) + a]}
(1.21)

o (0_2)—(D+P+2)/2 exp {_Qii [(b — m)TV—l(b _ m) n a] } (1-22)

where P is the dimension of V. The distribution is usually denoted NIG(a, D, m, V). The marginal
distribution of b is the multivariate ¢ distribution ¢(m,aV, D). The marginal distribution of o2 is the
inverse gamma distribution.

Somewhat similar is a distribution for # = b and o (not o squared) (Box and Tiao, 1992, eq. 2.4.6)

p(0,0]x) = % Br (;)} - (”282)”/2 o~ V4D oy {—2; [vs® + N(0 — z)?] } (1.23)

1.5 Inverse cosh distribution or hyperbolic secant distribution
The inverse hyperbolic cosine, hyperbolic secant distribution or Perks’ distribution that is used in inde-
pendent component analysis (ICA) is heavy-tailed (Smyth, 1994)

p(z|B) = 23—13(51/275/2)86‘3}16(@’ (1.24)

where B is the beta function. Standardized g =1

1
p(x) = —sech(x) (1.25)
T
For 3 = 2 there is also a nice normalization factor

p(z|f=2)= %sech2(x) (1.26)



1.6 Multinomial distribution including binomial and Bernoulli

The discrete multinomial distribution for a discrete variate n = [ny,...,np|" containing counts (Mardia

et al., 1979, page 44)

P

n! n

Pla,n) = ——— [Iap, 2 mp=n (1.27)
P p

The parameters a are restricted to be probabilities: a, > 0 and 25 ap = 1. The binomial distribution
is obtained with P = 2
2

n! n! n! _
Pgin(nfa, n) = gl [Tapr= Wa?l(l —ay)"™ = ma?l(l —ay)" ™ (1.28)
p=1

(:l)a?l(l — )™ (1.29)

The Bernoulli distribution appears with n = 1, and then ny € {0,1}
Pge:(nja) = P(nylay) = a* (1 —ay)* ™. (1.30)
...And the important uninomial distribution with P =1

P(nla) =1, a=1 (1.31)

1.7 Dirichlet distribution including beta and uniform distribu-

tions
The Dirichlet distribution is a kind of “inverse” distribution compared to the multinomial distribution
on the bounded continuous variate x = [z1,...,2p] (Mardia et al., 1979, p. 44)
I
p P ap—1
p(xla) = —5— [ apr (1.32)
Hp F(ap) P P

The beta type I distribution is obtained with a bivariate Dirichlet distribution P = 2, ;1 = x and
x9 =1 —z (Mardia et al., 1979} p. 488)

p(z|ag, ag) = mxall(l — )2t (1.33)

A uniform distribution with limits between 0 and 1 is obtained with @ = a1 = ag =1

p(zla) =1, a=1 (1.34)
1.8 Multivariate hypergeometric distribution

P ,
Hp:l (777;:)
(w)

n
where m = [my,ma...mpl,n=[n1,n2...npl, m=m;+me+...+mpandn=ny +ng+... +np.

With P = 2 this is the ordinary hypergeometric distribution.

P(n|m) = (1.35)



1.9 Normal linear model distribution
The multivariate regression model is (Box and Tiao, 1992, page 439)
Y=XB+U (1.36)
With the noise as central matrix normal UY ~ Nyyp(0,X ® Q) ?
BY|X,Y,Z,Q ~?Ngyp (XYY, Z® [X QX)) (1.37)
With U distributed as the white noise matrix normal the maximum likelihood estimates are

B=X"X)"'X"Y=X"Y (1.38)
S = (Y- XB)"(Y - XB)/N (1.39)

With non-informative Jeffrey’s priors a posterior for B is the matrix T' distribution (Box and Tiao,
1992, page 440), (Mardia et al., 1979, page 180)

p(BIX,Y) x [NS + (B - B)TX"X(B — B)|~/? (1.40)

Conjugate priors
p(b[E) = Np(m, W) (1.41)
p(E[b) = Wp (1.42)

Posterior of parameters b for known variance of the residual is a multinormal X, = 02 (O’Hagan, 1994,
page 264) (Goutte et al., 2000} equation 6)

1 P ~
p(b|X,y, m, W,o?) o exp 72—2(10 —~b)"W~ (b -b) (1.43)
g

where the maximum a posteriori (MAP) estimates are

b= (W '+ 2X"X)" (W 'm+ 0 2XTy), (1.44)

W= (W45 2XTX)! (1.45)

1.10 Gaussian mixture distributions

Gaussian mixture distributions or Mixture of Gaussian (MoG) with a fixed number K of mixtures where
M = [py,..., ] and a data matrix X(N x P)

N K
XM, 2y, k) = [[ D p(xaly, T) P(k) (1.46)
n k

Heterogeneous isotropic variance (Bishop, 1995, equation 2.77)

N K < _ Tix. —
p(XIM, 0%,....0%) = [[ > (@ro) "2 exp {_( n Hk;aé n “k)] P(k) (1.47)
n k c

Equal isotropic variances 0 = o7 with equal mixture weights P(k) = 1/K. Number of parameters is
PxK+1.

N K < Tix.
p(X|M, 0?) = %HZ@M?)—P/? exp [—( n “%Ug " “”f)} (1.48)
n k



with hard assignment where p,, is the mixture component p,, assigned exclusively for the x,, data point,
and where k(N x 1) contains the assignment indicators for all N objects

N

1 )T (%, —
p(X|M, 02, k) = 1;[ —(270?) " exp {— (x “”;ng o) (1.49)
1.10.1 Ad hoc variances
The variance can be computed with a maximum likelihood estimate
1 K M
2 2
O—ML_W§TZL||X71_HI@H : (1.50)
Another “unbiased” form (that is not unbiased!)
1 X L
2 2
o= 5 2 o7 2 el (151)

This estimate does, however, not work in practice since there might be a small number of objects in a
specific cluster such that Ny = 1. An ad hoc fix with “modified unbiased estimator”

K 1 Ny, 9 .
1 > [|xn — pi || if Np>1
2 Np—1 n v k
==W E k 1.52

Where W is “some weight” most simply taken as W =1

(1.53)

1.10.2 Univariate Gaussian mixture models

The symmetric subgaussian Pearson mixture model as seen in (Lee et al., 1999): p(s|u,0?) =
1/2 (N(,U,70'2) + N(—’u’ 02))

p(s|p, 0?) = 47302 {exp (—(‘92;2&) + exp (—(8;‘5)2)] (1.54)

1.11 Hyperbolic secant mixture distribution

The univariate hyperbolic secant mixture distribution is used in independent component analysis to
model both heavy-tailed distributions and bimodal distributions (Lee et al., 1999, equation 2.29)

p(slp) oc sech?(s — ) 4 sech®(s + p) (1.55)

1.12 Dirichlet-multinomial distribution

With a data matrix N(N x P) with N independent distributed samples from a Dirichlet-multinomial
distribution where an infinite number of multinomial is mixed and weighted by a Dirichlet distribution

P(NJan) = [ [ pont (Nla) poss(aler) da (1.56)

Here a > 0 contains the parameters for the multinomial(s) and a contains the Dirichlet parameters,
i.e., a hyperparameter for the multinomial distribution. Minka calls the Dirichlet-multinomial a “Polya
distribution” (Minka, 2003b). The model has been applied in text analysis (Madsen et al., 2005]).



1.12.1 Beta-binomial mixture distribution

The beta-binomial mixture distribution (BBM) is continuously mixing via a beta distribution (Griffith,
1973; [Erdfelder, 1993), Anders Hald?

1
P(n|n,a) = P(nq|n, o) = / Pgin(n]ar, n) ppir(a;|a) day (1.57)
0
:<n>B(n1+a1,n—n1+a2)7 (1.58)
ni B(Oll,OéQ)

where n = [n1,n2]" and n = n; + ny. It might be said not to be a mixture distribution since the beta
distribution could be regarded as a Bayesian prior distribution (that in this case is the natural conjugate
prior) where a is the hyperparameters. Applications appear in (Lowe, 1999a; Lowe, 1999b).

1.13 Gaussian ratio distribution
The univariate Gaussian ratio distribution constructed from two correlated Gaussian distributions:

p(x|pg,0,) and p(y|py, oy) with correlation coefficient p. The distribution of the ratio z = z/y is
given as (Hinkley, 1969, equations 1 and 2)

o b)) )\ L) b |
Pletas g, 72, 00, ) \/%o—waya%z)[ {ﬂa<z)} ‘D{ ma(z)H (1.59)
VAR eXp{_Qucp?)}’ (1.60)

Toz04a%(2)
1
22 2pz 1\?2
a(z) = (2 e 2) : (1.61)
oy 0.0y O
z? T HyZ
b(z) = ,U72 _ p(pa + py2) + &g’ (1.62)
o2 OL0y o2
2 2
e o _ 2Pty | Hy (1.63)

2 20
oz 010y o,

d(z) = exp {M} , (1.64)

D(u) = /_“ d(v) dv, where  ¢(v) = 1 3v?

me_EU : (1.65)

With the form of (Pham-Gia et al., 2006)) with a confluent hypergeometric function

2(1 - p?)oio;
= F(1,1/2,0 1.66
0222 —2p0o,0yz + 02 [1F1 (1,172, 62(2) (1.66)

(2|, fy, Oz, 0y, p) = Ko

2
[O'gﬂxz — poyoy(pyz — pa) + :U'yo'?c]

0 = 1.67
2(2) 0:042(1 — p?)(0222 — 2po,0y2 + 02) (1.67)
1 o an — 20050y g by + 203
Ky=—— exp |- Dt TP Oulely T (1.68)

2no0y/1 — p? 2(1 = p*)ozo;

10



1.13.1 Gaussian ratio distribution with no correlation

With correlation coefficient set to zero p = 0 in (Hinkley, 1969, equations 1 and 2)

0= o850 (5

2 1 %
a@):<22+2> (1.70)
oz oy
Hzz |y
b(z)="5+ -5 (1.71)
x y
2 2
Hy M
o=ty (1.72)
x y
b%(2) — ca’(z2)
d(z) = _— 1.
(2) = exp { 202 (2) } (1.73)
With the form of (Pham-Gia et al., 2006) with confluent hypergeometric function
K
p(zm:m:uy?UI?vap =0)= 0522 + 02 [1F1(1,1/2,0:(2))] (1.74)

1 (02paz + pyo?)”

0 = 1.75

1(Z> 20_50_5 0'522+0'3 ( )
050 1 ,u2 MQ

K ==Y =y Y 1.76

L= exp< Tk (1.76)

1.13.2 Gaussian ratio distribution with no mean

With correlation coefficient set to zero p = 0 and no means p, =0, pu, = 0 in (Hinkley, 1969, equations
1 and 2)

1
= = = = 1
p(Z“Lx 07 ,Uy Oa Uxa Uya /0 0) 7TO'$0'ya (Z) ( 77)
2 1 2
a(z) <22+2> (1.78)
o2 o2

b(z) = (1.79)

c=0 (1.80)

d(z)=1 (1.81)

1 0z /0y
p(zlpe =0,y = 0,04,04,p=0) = = (1.82)

11



...and this is the Cauchy distribution with zero mean. If p#0

1—p?
p(z\uw - 07My - Oa Oz, Oy, p) - WUIO'y(lz(Z) (183)
22 2pz 11\°2
T 2y Yy
b(z) = 0 (1.85)
c=0 (1.86)
d(z) =1 (1.87)
1 B
p(zlpe = 0, py = O,Uxaffyaﬂ) = ;ma (1.88)
where, o= p& (1.89)
Oy
8=22 /1=, (1.90)
Oy

i.e., the Cauchy distribution with non-zero mean (Curtiss, 1941, page 411).

1.14 Finite binomial mixture distribution

The finite binomial mixture distribution is a finite discrete mixture distribution, sometimes refered to as
finite binomial mixture (FBM) (Gelfand and Solomon, 1974)), (Emrick, 1971))?, Poisson? Pearson (1915)?
also discussed in (Everitt and Hand, 1981} pp. 89-97), (Titterington et al., 1985) with K components

K

PN, P, A) = > A Poin (2N, pi); (1.91)
k=1

where z € {0,...,N} and 0 < )\, < 1, ZkK Ar = 1 are the mixing proportions. The parameters are
identifiable with N > 2K — 1. The likelihood can be written with another sufficient statistics ¢

M K Cm
p(C‘N,p,)\) = H lz Akpbin(m|N,pk)‘| (192)

m=0 Lk=1

where ¢, = ZN 1 and m =0...M. This might be more efficient to work with if M is small.

n=1,x,=m

(1.93)

1.15 Multinomial mixture distribution

A data matrix X(N x P) with N independent samples from a multinomial mixture distribution with
A containing parameters for the multinomial distributions and g containing the weighting parameters
between the multinomials

N K Pxnp | P N
PX|Aq) =][]>] ey Tup)! agnr (1.94)

K P | kp
n k Hp (Enp. P

There are several applications of this model in text analysis, e.g., (Rigouste et al., 2005; Nigam et al.,
2000)).

12



1.16 Mixture of matrix hypergeometric distributions

With K mixtures and N objects

Jony o (1.95)

13



Chapter 2

Statistical tests and other

2.1 Correlation coefficient
With the correlation coefficient

— > (@i — 7)(yi — 9)
TV P - 0)) (2.1)

r

And the hypotheses

HO rxy = 0
i, re £ 0 (2.2)
The test statistic is
t N=2 (2.3)
=T .
1—1r2

and distributed with a t-distribution with N—2 degrees of freedom if x and y are identical and independent
Gaussian distributed (Gaussian iids).

2.2 Partial correlation coefficient

The partial correlation coefficient between x and y with z as the nuisance

Tey — TxzTyz
Teylz = u 2 d 5 (24)
\/(1 - ra:z)(l - Tyz)
The test statistic is formed as
popy N2 K (2.5)
=T _— .
1—7r2

Where K is the size of the subspace factored out and N is the number of samples. For Gaussian
distributed signals (Gaussian iids) this can be compared to a t-distribution with N — 2 — K degrees of
freedom.

14



2.3 Effect sizes

Hedges g for the effect size between two groups (Hedges and Olkin, 1985])

g= T T2 where s = \/(m = Dsi+ (n2 = 1)53, (2.6)
s ny+no —2
With
- ning
n" =n; +neg an n ——— (2.7)
the population value
H1 — M2
0= 2.8
L2, (23)
and the bias correction factor
T'(a/2 3
J(a) = (a/2) ~1— (2.9)
a/2T((a —1)/2) 4a —1

then under Gaussianity of the data v/fg follows a noncentral t-distribution with n* degress of freedom
and the noncentrality parameter 6v/72, so the expection and variance of g are (Hedges and Olkin, 1985,
p. 104)

E(g) =6/J(n") (2.10)
30
ol 4(n1—|—n2) -9 (211)
n* 9 n* 1
~ i + 62 1 (213)

n* 2(’/L1 + ng — 394)

2.4 Combining mean and standard deviation

A data set consisting of two parts where the mean and standard deviation is known for the two part:
What are the mean and standard deviation for the full data set?

x| 5] (2.14)

The two means combined in a weighted fashion to the full mean

2 = — %, 2.15
1 o XL: 1, (2.15)
% L ¥ (2.16)
Xy = — Xo ;i .
2 ng - 2,5
1 n —_ —_
x = Lyoy Rt %ens (2.17)
n - ni + no
Unbiased standard deviations
1 &
Sl = = 1 Z(Xl’i — )_(1)(X1,i - )_(1), (218)
1 &
_ LT LT /
Sy = g D (ke —Re)xzy — o) (2.19)
J
1
2 = — [s1(n1 — 1) + s2(n2 — 1) + N1 T + no73 — nz’] (2.20)
1
= [Si(n1 — 1) + Sa(ng — 1) + n1X1 X + naXaXy — nXX'] (2.21)
n —

15



Chapter 3

Matrices

3.1 Definition

A matrix is a 2-dimensional table/array of numbers (elements). The numbers can be complex or real.
Usually all the elements should be defined, though in some statistical applications one allows for “missing
values”, — in R denoted by NA (“not available”).

3.2 Types of matrices

The matrix can be ordered according to several criteria (from the Matrix Market):
e Non-zero structure: Full, diagonal, tridiagonal, block diagonal, sparse, (lower/upper) triangular.
e Shape: Square, non-square, (row/column) vector, scalar
e Element type: Complex, real, integer, non-negative, positive, binary.

e Numerical symmetric: Hermitian, symmetric, positive definite, ...

3.2.1 Monomial

A monomial matrix (also called a generalized permutation matrix) contains exactly one non-zero entry
in each row and column, i.e. is of full-ranked (Berman and Plemmons, 1994, p. 67). A non-singular
monomial matrix has exactly one non-zero entry in each column Thus permutation and identity matrices
are specializations.

Figure 3.1: Matrix taxonomy

16



3.2.2 Semiconvergent and convergent matrices
For a semiconvergent matrix C the following applies (Berman and Plemmons, 1994, p. 152)

lim CF exists. (3.1)

k—o0

A convergent matrix B satisfies (Berman and Plemmons, 1979, p. 9)

lim B¥ =0 (3.2)

k—o0

In both case the convergence is related to the spectral radius: For a convergent p(B) < 1.

3.2.3 Z-matrices

A real square matrix is a Z-matrix if all its off-diagonal elements are non-positive (Guo, 2003), and it
can be written as

A=sI-B, B>0. (3.3)

M-matrices

An M-matrix is square and has nonnegative diagonal elements and nonpositive off-diagonal elements
(Graham, 1987, chapter 5). An M-matrix A can be decomposed into an positive scaled identity matrix
(sI, s > 0) and a nonnegative matrix B

A =sI-B. (3.4)

(Guo, 2003) relates the spectral radius p(-) to s: A Z-matrix is an M-matrix if s > p(B), a singular
M-matrix if s = p(B) and a non-singular M-matrix if s > p(B). The inverse of such a non-singular
M-matrix is non-negative (Guo, 2003)E|

3.2.4 Nonnegative matrices

A nonnegative matriz A(N x M) is a matrix where all the element are greater than or equal to zero
A>0 = Vijai; >0 (3.5)

And similarly a positive matrix B(N x M) is a matrix where all the elements are greater than zero

B > 0. (3.6)

Doubly nonnegative

A doubly nonnegative square matrix is both nonnegative and positive semi-definite. A doubly nonnega-
tive matrix A that is completely positive can be decomposed with a (not necessarily square) nonnegative
matrix B (Berman and Plemmons, 1994, p. 304)

A=BB'" A>0 B>o0. (3.7)

Inverse nonnegative matrices

Some non-negative matrices have an inverse that is an M-matrix. Other classes of inverse nonnegative
matrices are strictly ultrametric matrices (SUM) and generalized ultrametric matrices (GUM) (Berman
and Plemmons, 1994] p. 306-307).

For a non-singular non-negative matrix A its inverse A~! is only non-negative if (and only if) A is
(non-negative) monomial (Berman and Plemmons, 1994 chapter 3, exercise 6.7).

An example of a simple inverse non-negative matrix is

A:A”:[?é}, (3.8)

and this is monomial.

1Is Graham’s and Guo’s M-matrix the same?
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3.2.5 Normal matrices
(Graham, 1987, p. 86+).
A*A = AA” (3.9
3.2.6 Hermitian
A complex matrix is Hermitian if the following applies
A=A (3.10)

where * denotes the conjugate transpose (tranjugate) (Graham, 1987, p. 67).

Symmetric

A real hermitian matrix is symmetric
AT =A, (3.11)

i.e., a symmetric matrix is real.

3.2.7 Unitary matrices
A complex square matrix U(N x N) is unitary if it satisfy (Graham, 1987, p. 67)
U*'U =1=UU~, (3.12)

“Special unitary matrices” are unitary matrices with det(X) = 1.

Orthogonal matrices

A real matrix P that is unitary satisfy (Graham, 1987, p. 68)

P P=PP =1 (3.13)
det(P) = +1 (3.14)
P l=PT (3.15)

Givens matrices

Givens matrices are rotation matrices.

Helmert matrix

A Helmert matrix A(N x N) can be used to decorrelate random variables.

1/\/N,...,1/\/N} ifn=1
’ Ap) =
) Vin=Dn,...,/(n—=1n, 0,...,0 otherwise
~——

(n — 1) elements (N — n) elements

a)
A= : (3.16)

a(N)

Permutation matrices

A permutation matriz P is a matrix that can be used to interchange the rows (with PA) or columns
(with AP) of an other matrix (here A). An example is (Graham, 1987, p. 43)

00 1 0
0100

P=10 00 1 (3.17)
100 0

Permutation matrices are orthogonal and binary matrices.
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3.3 Arithmetic operations

The row sum of A(N x M) gives a column vector r(N x 1)

M
r= Zanm = Aly,. (3.18)

Strangely, in matlab the multiplication ‘X*ones (size(X,2),1)’ is faster than a “simple” sum ‘sum(X,2)’,
— perhaps because of poor cache management (Minka, 20034)).
3.4 Vectorization
A matrix X(N x P)
X = [x1, X2,...,Xp (3.19)
Vectorization of X into a column vector XV(NP x 1)
X1
X2
xV=1| . |. (3.20)
xp

Arithmetric operations with A(I x J) and B(J x K)

(ABC)" = (C"® A)BY, (3.21)
(AB)Y = (Ix ® A)BY (3.22)
=BT eI)AY. (3.23)

3.5 Function with scalar output

3.5.1 Norms

The rank of a matrix is the number of non-zero singular values
rank(A) = Z 0(oi(A) #0). (3.24)
The ordinary norm (spectral norm or 2-norm) is the largest singular value.
[[A]l2 = y/max;(N\;(AHA)). (3.25)
If the matrix is symmetric it is the largest eigenvalue
[A]l2 = max;(Ai(A)), (3.26)

Frobenius norm (Golub and Van Loan, 1996| section 2.3)

IAlE = /> lal? (3.27)

=[S ora) (3.28)
k

_ \/Z M(ATA) = \/Z M(AAT) (3:29)
k k

= \/ir(ATA) = | /r(AAT) (3.30)
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where the o;’s are the singular values, and the \;’s are the eigenvalues.

In some tasks of least squares the cost function is the Frobenius norm and in certain cases it may be
faster to compute the cost function in a different way. In the case where the number of columns in A is
large and the number of columns in B the following may result in fewer computation during an iterative
algorithm where B and C are optimized:

|A -~ BC|2 = tr [(A ~BC) (A — BC)T} (3.31)
— tr [AAT] 2ty [B (CAT)} ttr [B (CCT) BT] (3.32)
= A% - 2tr [B (CAT)} Ftr [B (CCT) BT} (3.33)

The scalar term ||A[|% only needs to be computed once during the iterations.

3.5.2 Spectral radius

The spectral radius p(A) is the largest of the absolute values of the eigenvalues

p(A) = max;(|Ai(A)]) (3.34)

3.6 Inversion

The inverse A~! of a square and non-singular matrix A satisfies

ATA=AA'=1 (3.35)

aC+a’C* +a*C? + ... +a"CF = (1 -aC)™! -1, (3.36)

which is used in a recursive centrality index computation (Katz, 1953]).

3.6.1 Properties
Some properties, see, e.g., (Mardia et al., 1979, section A.2.4) and the matrix cookbook

AT =(AT) =A™ HT (3.37)
(cA)y ™' =ctAT! (3.38)
(AB)"'=B'A™! (3.39)
ABT=(BTA)" (3.40)
Kronecker product
(AoB)'=A1'eB! (3.41)

3.6.2 Matrix inversion lemma

‘Matrix inversion lemma’ or ((Bartlett-)Sherman-)Morrison-Woodbury formula (Mardia et al., 1979,
equation A.2.4f), (Golub and Van Loan, 1996, section 2.1.3)

(A+BCD) '=A"'-A'B(C!'+DA'B)"'DA! (3.42)

In simplified versions
(A+BD)'=A"'-A'BI+DA'B)"'DA! (3.43)
(A+ab") ' =A"!t— (A tab"TA H)(1+bTAta)"! (3.44)
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3.6.3 2 x 2 inversion

With a (2 x 2)-matrix

a b
A= { e d ] (3.45)
the inverse is ) )
d —b d —b
—1 _ _
A _detA{—C a}_ad—bc[—c a]’ (3.46)
i.e., the inversion of a positive (and invertible) (2 x 2)-matrix will always have an inverse in which two
of the elements are negative, — either the off-diagonal or (with negative determinant) the on-diagonal

elements.

3.7 Determinant

A determinant only applies for square matrices. With a square A(P x P)

lcA| = cP|A| (3.47)
A”| = A" (3.48)
|AB| = |A||B] (3.49)
|A+BC| = |A|Ip + A"'BC| (3.50)
=|A||Ix + CA'B| (3.51)
3.8 Trace
The trace of a square matrix is the sum of the diagonal elements
tr(A) =Y ai. (3.52)
tI‘(CTD) = Z Cijdij (353)
i g
=(cY)"DY (3.54)
tr(A + B) = tr(A) + tr(B) (3.55)
For a ‘squared’ matrix the trace can be computed with the Frobenius norm
tr(CTC) = ||C||% (3.56)
3.9 Derivatives
Matrix derivatives are defined as, see, e.g., (Mardia et al., 1979, section A.9)
9f(X) _ [0f(X)
= : 3.57
3.9.1 Determinant
0ln |X] T1-1
X [X ] . (3.58)
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3.10 Integrals

3.10.1 Transformation with Jacobian

Change from one coordinate system x to another u by the transformation x = ¢(u) (Jacobsen, 2004)
[ seix= [ fow)|der)|du, (359)
D D’
with the Jacobian J = d¢p(u)/0u and the integration region ¢(D’') = D.

3.10.2 Dirac function

Scalar integral involving Dirac delta function (MacKay, 1999, page 3) relevant for ‘no-noise’ distributions

/5(:0—1)5) f(s)ds = ﬁf(sc/v)7 (3.60)
and the matrix version
J 1 1AL
/Hé(xj — Viisi) [ fi(si) d's = 0 15V )7 (3.61)
j i i

22



Chapter 4

Functions

4.1 Gamma function

The gamma function (found in Matlab as gamma) defined as
I'(z) = /OO u" e ™" du
0
The faculty function, when z is a positive integer
I(z) = (z—1)!
The lower incomplete gamma,

'y(x,a):/ u e " du
0

The lower “standardized” incomplete gamma is computed by Matlab’s gammainc

v(z,a) =1/T(a) /09” ute " du

The generalized gamma function (Box and Tiao, 1992 equation 8.2.22)

I'(M,N) = [F (1)]M(M_l)/2 ﬁr (N e M) ,

2 2

and since T'(1/2) = /7

M

_ _M(M-1)/4 m+ M
I'M,N)=m= ImlI‘(N+ 5 )
The digamma function
I'(x)
U(z) = o(x) = Tw) ~ dr InT(x)

4.2 Basis functions

Chebyshev polynomials of the first kind 7}, (x) are orthogonal
T, (x) = cos (nacos(z)) ze[-1;1,n=0...

Other orthogonal polynomials are Hermite and Legendre polynomials.
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4.3 Link functions

Bradley-Terry-Luce z(P x 1)

where z? is elementwise.
Softmax transformation

The logit transform
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Chapter 5

Inequalities

5.1 Jensen’s inequality

log <Z /\ixi) > Alog(z;)  IfA; >0and » A =1
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Chapter 6

Optimization

6.1 Gradient descent
Gradient descent (also steepest descent)
Xnt1 = Xn — YV f(Xn)

Gradient ascent
Xnt1 = Xn + 7YV f(X0)

6.2 Newton method

Minimization:
-1
Xn+1 = Xp — Hxxfo(X”)

26
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Chapter 7

Information theory

7.1 Entropies

Shannon entropy for a discrete random variable
H(X)=-> Px(x)logy[Px(z)]. (7.1)
zeX

Rényi entropy of order a (Cachin, 1997, page 15)

1

Ha(X) = 11—«

log > Px(z)*, (7.2)

zeX

where o > 0 and a # 1. Rényi entropy of order o = 2 aka. quadratic entropy (Torkkola, 2002])
Hy(X) = ~logy ) [P(@)]*. (7:3)
“Guessing” entropy for ordered probabilities
Hg(X) = log, Z i Di- (7.4)
i
Rényi’s quadratic entropy for a continuous random variable X

Hy(X) = —log, / p(x)? dx. (7.5)

X

7.2 Mutual information

The mutual information is a measure of the dependence between two random variables x and y, i.e., a
generalized form of correlation coefficient.

_ x pxy)
I(X,y)—//p( ,Y) logp(x)p(y) (7.6)

For independent variables, p(x,y) = p(x)p(y), and the mutual information is I = 0. The measure is
symmetric in x and y

I(x,y) =1(y,x) (7.7)
Expectation value of the mutual information for multinomial variables (Hutter, 2002, eq. 15), see
also (Wolf and Wolpert, 1996 |[Wolf and Wolpert, 1993)

€] = 5 S [ + 1) = ¥l + 1) = (g + 1) + ¥+ 1) (73)
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Chapter 8

Networks

8.1 Types of networks

Table 8.1: Types of graphs

Name Description Reference

Causal network DAG (Ripley, 1988, p. 262)
Arborescence Same as “directed tree” MathWorld
Complete digraph Digraph with all possible edge MathWorld
Connected digraph  Can either be weakly or strongly connected Mathworld

Forest (undirected) Acyclic graph

Forest Polyforest where all nodes have only one parent David Pennock
Functional graph Digraph in which each vertex has outdegree one MathWorld

Moral graph Undirected graph constructed from a DAG by turn-  (Ripley, 1988, p. 270)

ing the directed edges to undirected edges and adding
edges between parents

Polyforest DAG with no undirected cycles David Pennock

Polytree Single-connected DAG, i.e., a DAG in which only a (Ripley, 1988, p. 247),
single path exists between any vertices. A connected David Pennock
polyforest

Simple directed Digraph with no loops and no multiple edges MathWorld

graph

8.2 Graph matrices

A graph can be represented as a matrix in a variaty of ways: Adjacency matrix A, incidens matrix B,
cycle matrix C and cut-set matrix (Fould, 1992, chapter 6).

An incidence matrix B(/N x P) for a graph G with N nodes and P links can be defined in two ways.
In the first case the element are set to one if a link p connects to a node n

B _ 1 if node n and link p are incident (8.1)
" 10 otherwise ’
Graph
Symmetric J Bipartite Connected Acyclic 28 Planar Regular Disconnected
Complete bipartite ’ Biconnected Sequential Tree 2-regular Cubic ’ Strongly regular Complete 0-regular

. l
Path Cayley tree Cycle Cage K1 K4

|




Digraph

Weakly connected digraph ‘

Cayley graph F Functional graph ‘ ‘ Simple directed graph ‘

|

‘ Directed strongly regular graph ‘

Oriented graph

Transitive digraph ‘

Polyforest

Forest Polytree

N/

‘ Directed tree

Weakly but not strongly connected digraph L Strongly connected digraph ‘

Complete Digraph

Tournament

Butterfly graph Transitive triple

‘ Hyperstring

Cyclic triple

Figure 8.2: Digraph taxonomy

8.2.1 Eigenvalues and vectors

The eigenvalues of a graph is the eigenvalues of its adjacency matrix, and similar for the eigenvectors.
The graph sepctrum is the set of eigenvalues, e.g., the vector of eigenvalues .
8.3 Eccentricity, radius, diameter
The eccentricity for a node u is the maximum of the shortest distance d to all other nodes
e(u) = max,d(u,v) (8.2)
The diameter of a graph is the maximum eccentricity
d = max, [max,d(u,v)] (8.3)
The radius of a graph is the minimum eccentricity
7 = min,, [max,d(u,v)] (8.4)

The set of nodes with eccentricity equal to the radius is the graph center.

8.4 Centralization

While centrality is a local measure for an individual node centralization is a global measure considering
the distribution of links to nodes, e.g., if there is a single node which receives all links the network has a
high degree of centralization. On the other hand regular grids and (Poisson-distributed) random network
are examples of networks with no centralization.

In economics and ecology the Lorenz curve has been used to describe centrality. The Gini coefficient
(or ratio) is one way of summarizing the Lorenz statistics

1 N N
G = N%;;'xi_%' (85)

Here x; might be the indegree og the j node.

8.5 Spectral gap and expansion

(The spectral gap is the smallest non-zero eigenvalue of the Laplacian matrix of a graph.)
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8.6 Bridge, hinge and articulation

An articulation node (also called articulation vertex, articulation point, cut vertex, cutpoint, hinge,
point of articulation) is a node which removal will cause the (remaining) graph to become disconnected
or increase the number of disconnected subgraphs. The articulation property is also defined for links
with names such as articulation edge, bridge, cut edge, isthmus. Others use the word bridge to denote
a node that connects to peaks. More generally we might speak of a bridge that is connecting two nodes.
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Chapter 9

Receptor kinetics

An introduction to PET and SPECT neuroreceptor kinetics is (Ichise et al., 2001). A general description
of compartmental models is (Gunn et al., 2001)).

Table 9.1: Receptor kinetics. Partially from (Maguire and Leen-
ders, 2003). A dagger (1) indicates that the symbol is not widely

to free ligand in tissue

31

used.
Symbol Unit Name Description, Reference
Biax [mol /1] Total concentration of receptors
Bl .« [mol/1] Concentration of available receptors Buax — B (Innis, 2003| p. 49)
Bl ox [fmol/mg] TReceptor density (after cortical thick- The unit is per milligram protein (Foru-
ness weighting) tan et al., 2002)
BP [] Binding potential
BPg [] 7Binding potential (graphical) BP when determined by a “graphical”
method, that is the Logan plot (Biver,
et al., 1994). To distinguish it from,
e.g., BPnLr
Cp [mol/1] Concentration in plasma
f1 [] Fraction of free ligand in plasma f1 = Cree/Ctotal = Ctree/ (Ciree + Cbound)
Some part of total ligand might be
bound to proteins in the blood
DVR [] Distribution volume ratio The ratio between distribution vol-
ume in a receptor region and a non-
containing receptor (reference) region
(Logan et al., 1996)
fa [] Fraction of free ligand in tissue
K, [min~?] Rate (constant) from blood to tissue
ko [min—!] Rate (constant) from tissue to blood
ks [min—!] Rate (constant) from free ligand in tis-
sue to bound to specific receptor
k4 [min—1!] Rate (constant) from receptor bound to
free ligand
ks [min—1!] Rate (constant) from free ligand in tis-
sue to nonreceptor sites (non-specific
bound)
ks [min—1!] Rate (constant) from nonreceptor sites




Symbol Unit Name Description, Reference

Ky [nM] Equilibrium  dissociation  constant. Ky = kog/kon (Innis, 2003, p. 48)
“Affinity” is 1/Kjy. (Lammertsma, 2003| p. 63)

kot [min—1!] Rate of dissociation (Tnnis, 2003} p. 48)

Kon [nM~! min~!]  Rate of association (Innis, 2003, p. 48)

K; mol

R; [] “Relative delivery of radiotracer nor- R; = Kjror/Ki rer, (Rabiner et al.,
malized to the cerebellum” 2002)

SA [TBg/mmol]  Specific activity

Va [] Volume of distribution Also called “distribution volume” (DV)

and the same as the partition coefficient

Ci/Cyp

9.1 Distribution volume

The “distribution volume” or “volume of distribution” is a ratio between tissue concentration and blood
concentration of a ligand and can be found abbreviated as Vz or DV

Va=ci/ep (9.1)

The blood concentration value can be corrected with the fraction of the ligand that is free (Knudsen,
2003} p. 77)

Ct
V)= — 9.2
"= fie (9.2)
For a single-tissue compartment model
Vi =Ki/ky (9.3)
For a two-tissue compartment model
K, ks
Vi=—(1+— 9.4
=5 (14 2) (9.4
For a three-tissue compartment model (Lammertsma, 2003, p. 66)
K ks ks
Vi=— |1+ —+— 9.5
Tk ( TE T R (9:5)

This value was refered to as Knrr (for estimation with Non-Linear Regression) in (Biver et al., 1994]).
The “distribution volume ratio” is actually an estimate of the binding potential.

9.2 Binding potential

The binding potential (Lammertsma, 2003} p. 64), Mintun 1984

BP = k3 /ky (9.6)
BP = foBumax/Ka (9.7)
The “SRTM” model (Rabiner et al., 2002, p. 622)
Bmaxf2
BP = 9.8
Kp(1+ 3 fi/K) %
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The distribution volume ratio is a estimate of the binding potential using a two-tissue model with
a reference region with no specific receptor binding

DV
DV atio = ~ 9.9
* DVreference ( )
where DV is taken from equation (as V) and the distribution volume of the reference is
K
DVreference = 71 (910)
ko
One is substracted to give an estimate of the binding potential
ks
BP = — =DV, a0 — 1 (9.11)
k4
9.3 Specific binding ratio
2 O(t) dt
SBR =7 —— —1, (9.12)
;7 Cr(t)dt

where C(t) is the radioactive concentration at time ¢ for the region of interest and Cg(t) is for the
reference region. This appears in, e.g., (Farde et al., 1997; |Okubo et al., 1999).

9.4 Other values

Incorporation coefficient (Sadzot et al., 1995, p. 789) at time T with plasma activity C),

_ ROI(T)
Q= Tead (9.13)
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